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Chapter 4

Figure 11: The graphs of y = tan 8 and y = 3.

and the boundary conditions imply C cosh v+ D sinhy = 0 and C+ Dy = 0, so D(sinh v—
vcoshvy) = 0, or tanhy = 7. Since tanhvy < « for all positive 7, there are no non-zero
solutions of this equation, and thus no negative eigenvalues.

4.3.12.

(a)

(c)

If A =0, then v(z) = C + Dz which implies v/(z) = D. The boundary condition
V'(0) = V() = “—(l—)-“l—“@—) therefore implies D = D = %Q, a condition which is
satisfied for all C, D. Therefore, v(z) = C + Dz is an eigenfunction for all constants
C, D. In particular, A = 0 has two linearly independent eigenfunctions Xy(z) = 1 and
Yo(z) = z.

If X = 8% > 0, then v(z) = Ccos(fz) + Dsin(fz). The boundary condition v/(0) =
V(1) = “”)_l—“(o) implies

[C cos(Bl) + Dsin(Bl)] — C
l :

The first equality implies that D(1 —cos(fl)) = —C'sin(5l). The second equality implies
that D(8l —sin(Bl)) = C(cos(8l) — 1). So to find a solution (C, D) # (0, 0) requires the
equality

DB = —Cpsin(pl) + DB cos(fl) =

(1 — cos(B1))* = (Bl — sin(Bl)) sin(B1).

Multiplying this out, it can be written as

2(1 —cos(fl)) = Blsin(p1).

Let v = Bl/2. Therefore,
2—2 ! l
Bsin(Bl) = _c{osﬂ = %Sin(ﬁl) =1 —cos(f3l)
= ~sin(2y) =1 — cos(27)
= 2vysinycosy=1—[1 —2sin 4]
=—> vsinycosy = sin’® .




(d)

Chapter 4

The equation +y sin~y cos y = sin® «y implies either y cosy = sin+y or siny = 0. If siny = 0,
then v = nr. In this case, we conclude that we have eigenvalues A = % = (2y/1)? =
(2nm/1)2.

In the other case, we have v = tan-~y. Therefore, our other eigenvalues are given by
A = 32 = (2v/1)? where v = tan~.

For A = 0, we have eigenfunctions Xp(z) = 1 and Yy(z) = z. If A = 5% = (2n7/0)?, then
using the equality

DG = C cos(fl) + ?sm(ﬁl) -~ C”

we see that D(2nm/l) = 0 which implies that D = 0. Therefore, the eigenfunctions
corresponding to A, = (2n7/l)? are given by

2nm

e = o (22).

Our other eigenvalues are given by A = 32 = (2v/l)? where v = tan(v). The condition
D(1 — cos(l)) = —C'sin(l) implies the corresponding eigenfunctions are given by

= sin(51) i = - 2 sin{fz
Vila) = con(fa) = ( 0L ) sin(oz) = cos() - 2 sne)
by part (b).

Now to solve the heat equation with the boundary conditions specified above, we use
separation of variables to lead us to the eigenvalue problem stated above. To recap, our
eigenvalues and eigenfunctions are given by

Mo =0 with Xy(z) = 1,Y(z) =2

onm\® 2nm
An = - with X, (z) = cos 7

an = 32 where 3, = 2?"’ for 7y, = tan(y,)
: B sin(fBn!) ,
with Y, (z) = cos(f,z) — <1——_c—o_s@—l—)) sin(f,x).
Our equation for T,
T = —k\Th,

has solutions
T, (t) = A e "t

Therefore, the solution is

) - 2nw 2
u(z,t) = Ag + By + Z C,, cos (g?ﬁx> e“k(T) t

n=1

+ Z D, [cos(ﬁnx) — /% sin(G,z) kB2t

where the coefficients Ay, By, Cp, D,, are chosen such that u(z,0) = ¢(z).
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Chapter 4

(g) From our solution in (f), we see that as t — +oo0, all terms decay to zero, except for the
term Ay -+ Bpz. Therefore,

lim w(z,t) = Ay + Byz.

t—+00

4.3.15. Our eigenvalue problem can be rewritten as

REX"+ 003X =0 0O<z<a
REX"+Ap3X =0 a<z<l
X(0) =0 = X(1).

If A = 3% > 0, the solution of our equations is given by

I A cos ﬁle
1
l C cos [ 22

K2

8

+ Bsin (5‘”) O<z<a

X(z) = + Dsin (ﬁpﬂ) a<z<l.

8

The boundary condition X (0) = 0 implies A = 0. The boundary condition X (I) = 0 implies
C cos ( ‘”l) + Dsin (ﬁ ”21) = 0. In order to guarantee that our eigenfunction is continuous

at £ = a, we require

Bsin (ﬁpl(I) = Ccos (5,02(1) + Dsin (,B,ow) .
%] N 2 Ko

Additionally, to guarantee our eigenfunction has a continuous derivative at z = a, we require

B@ cos <ﬁ,01a\) — _Cﬁpz sin (ﬁpza\) n D5,02 cos (5,02&) |

K1 R1 K2 Ko ) K2

Eliminating B from the last two equations, we see that

PL cot (ﬁpl(I) {Ccos ('6'02(1) + Dsin (ﬁpga)} - _cPgn (502_@) —i—D& oS (ﬂpm) .
K1 K1 L) %) Ko Ko Ko Ko

Now multiplying this equation by cos (ﬁ £2 ) and using the relation

2l
C cos (ﬁp‘ ) + Dsin (ﬁp‘ > =0,
K2 Ko
we see that

: 2t 2 2 ol
) cot (ﬁpﬂl) [—D sin (ﬁp_ ) oS (ﬁp_a) + Dsin (ﬁpﬂ) cos (ﬁp_ )J
K1 K1 )] Ko Ko g

\
= [D& sin <ﬂp2l> sin (ﬁpza> + D& Ccos (_ﬂpza> cos (—ﬁp?l)J .
L & Rz K2 \ Ko Ko
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5.4.19
(2) Differentiating —X” = AX with respect to A gives — X} = AX, + X.

(b) Green’s second identity (5.3.3), with X; = X, and X, = X gives

b
/ XX + XX dx = { ~ XX + XAX’} ,

a

so using the fact that X" = —AX and —X} = XX, + X, this becomes
b

b
/ Xdr = [—X;X +XAX’} :
(c) Let X(z,)\) = sin(vAz). Then X, = IA"Y?zcos(vAz) and X' = v Acos(vAz), so
part (b) applied at A = m2r? /1% gives

i [ 2 9 l
o ML , mem . mmz 1 o MTL [
/o sin T dr = [ X (x, 2 >sm l + 5L 08" — L 5

Section 5.5

5.5.2 If g is the zero function, then the inequality holds since both sides are zero. Now
suppose g is not the zero function, and let H(t) = | f +tg||*>. Then H(t) > 0 for all ¢. Since

H(t) = (f+19,f +t9) = (£,]) + 2,0t + (9.9)¢°
H'(t) =2(f,9) +2(g,9)%,
the only critical point of H ist = —(f,9)/(g,9). Thus

0< H(~(7,9)/(9,9) = (/. ) - %$+%% - 00

Multiplying both sides by (g, g), this yields (f,f)(g,9) — (f.9)* = 0, s0 (£,9)* < [IfI*llg]*.
Taking the square root of both sides gives |(f, g)| < || f]| - Hg||

? 5.5.4 Parts (a) and (b) follow from Exercise 4.3.12.

(c) Let v be an eigenfunction with eigenvalue A\. That is —v,, = \v and v,(0) = v,(I) =
3(”——[”—(0—). Applying Green’s first identity (see Exercise 5.3.12), we have

! !
2
—/ vmvda::/v;dx—~vzv
0 0

Using the properties of v, this becomes

/\J/(;l v dz = /Ol v2 dx — [v(l) — v(0)]*/1.

By Exercise 5.5.3, the right hand side is nonnegative, from which it follows that A > 0.

{

0
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Chapter 5

(d) Note that
¢(z) = A + Br + (orthogonal terms),

where the orthogonal terms are orthogonal to both 1 and z on (0,1). Let

I I
a :/ ¢(z)dz, and Jé; :/ zd(z) dz.
0 0

Then z
1
az/ A+Bxdx=Al+§Bl2
0

and

! 1 1

B = / z(A+ Br)dz = —2-A12 + gBl?’.
0

Then we can solve these two equations for A and B. We get

4la — 64 1206 — 6l
=7 and B = — 5

A

5.5.6 The solution of the diffusion equation is given by the series P

oo
u(z,t) = ZA” sin (n_;rx_) g~ Rt/
n=1

where z
2
A, = —/ qb(w)sin@ dz.
L Jo !

Since ¢ is continuous on [0, (], |¢(z)| is bounded by some constant M on [0,[]. Thus

2 l
|4, < 7/ Mdz =2M
) 0

for all n. Now let

fa(z,t) = Apsin (_’“_7;{) nenke /I
Then

afn — Anﬂ cos ('HJTCL’) e__n27r2kt/12'
Oz [

Note that n
?e-—nzﬂjkt/l2 < Cre——n,ﬂ'zlcf,/l2 = C l:e—wzkt/lﬂ
for some constant C. Fix t > 0 and let » = e~ ¥/ Then 0 < r < 1 and we have
af” —n?rlkt/1? —7r2kt/1?\n n
el < Ane < 2MC(e )» = 2MCr
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