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Leonardo of Pisa — Fibonacci
(c.1170-c.1250)
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Liber Abaci (1202)

Quot paria coniculorum in uno
anno ex uno pario germinentur.

Quidam posuit unum par cunicu-
lorum in quodam loco, qui erat
undique pariete circundatus, ut
sciret, quot ex eo paria germinar-
entur In uno anno, cum natura
eorum sit per singulum mensem
aliud par germinare, et in se-
cundo mense ab eorum natiui-
tate germinant.
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Liber Abaci (1202)

How many pairs of rabbits are
created by one pair in one year?

A man placed one pair of rab-
bits together in an enclosure, so
he might know how many are
created from a pair in one year,
when it is the nature of them in
a single month to bear another
pair, and in the second month
those born to bear also.

Viq!
gemmar: e fEifo mEepirn + evquib’Tune site duo pgmans
ZgemnAC Mt W i © comeloeoficRpma | T @
feoer QUIET 10 pANTE R ¢ SRTTD mEfe gt & o gl
para mmzurolh-l {m‘t;‘l - quiladdinsci Pl & fre

wwy 1FprT 7 T metecrdbipnn L § geminam fuerE i
nfe i gap e T e Gty o prupgiians > fic 97 fovto et
PRTITE qbﬂ-‘lbh“fptﬂjf"l 1§ gemindr Teptio ¢ T 1 1%
qurtd 7 o ol Qb adINC eyt « | § geminde T ocrnito midfe:
SEETO PR - . ol b ys < . § gemnirine
nomefe AT THo pvl s ~ i quibasdiarrure pIYr o

) Qggmm:f'f&qmo:@%f@ PIE | ¢ o o quib addmt pindi
vl 7 0 2TOr It eper i gare 7 phiteo loco T arptte unt
b

% it 6l e fie Dieepr donee itvin deomil o nndeamoudeh

- e AN — My A e =
T o £3 7bum_a~ﬂ'qu cumc{bfaﬁmﬁi‘ mdehe, -~
e poflel fadep ordine X Tmarmiicmehl)
vit ﬁ-h’lﬁﬁqu’ogmzwfcﬁf?&i‘l}ﬁrﬁﬁoﬁmmq: ~Ed i
931291':- ' u-?-q;':'-- f!n?t-?ﬁ'«‘ T QST e fr
k},ﬁcm’r ? 7 e qrunafg hiv. A0 boCait midr Tuni orF
(Qn o il Erplid vor fime diiow 1nog:..af';1".lﬁnﬁ.1acoqzhﬁ'u

@Egg,a o d EMEAT T umdeqmo mfe: T 71 pana = ¢ o
CiEqEF IEOLINCG o o § geminic m uloome yrefe: erife

EQ] . pn:fc;i:b’é? hae margme: qualic boc opret finmi.g. T

(¢ pmiinumcd fo midh i i ¢ pfm & oo yton ol G >t

|'||1

. ﬁfn@m?q‘tq-mﬁ:amrmx?c‘cﬁ-hﬁnfc@y TOTeNEr T peon
ﬁ;m.s.grqu._t fierreriit S0t pimy~ f1 - by hieh s - vemamebir
o oL 2T 5 o YRR erFedF0, + armadcdfor 1 f
; ~ - % ~
21l 2 QL BOIC termaneliic pmeo hat 3% | -
f, 2 Ermmf T 1 _-f.‘ﬁ o1y ~drn kﬁr;-;:mu'!é'm’_tmmncbﬁfvﬁ A
: \mbbutiﬁ.'aebt'yfr' LoevemTIOEOf T - Arttapmi o fedi hair
[ remanelBice BF L GSidentiaq dRIC 1 gt bdieeT -
.-.' ftfl?cﬁ ¢ fRjerdi i it nummd f peddE o
[ figpofien ﬁﬁvq'fn-éfn_ni'i?fm hSICAmMEDMor + ~  pant fim
Rt pRedtior ©  Crmibailadiod o o opmi v -
- *| SBmAleCE poftdie qfiqe folm gfté qfiqy 1.5 nriEe § ol poffe
O'ﬁ Ab biftqui fohut 5 PofIY conolie/ mlE & tdimt e LT arivekics

1! v o 3 ey e
- BT St F el i oy oG con-fifma. equal fifie

mid ﬁrl’:i s L & bl e o, f A Tequal fiifo: el
88 e oo i dfhone 14 s tediie = - ez
) 2t biie 5 ¢ §F oty hive oFtor « ﬁ.i‘f‘ca'r:rév?

Purhi i 2eVEIC

O ST T
il
|
L ;
B
| s |
l'L':.':[‘ I
T
| &';Tlr '
g
a |
sfﬂ';
£1 {
Sepr
| B4, |2y
| ‘p_'r:m. -3’
| 77, 13
| Ttom IQ.
o \ 3
169 |8
7 .
P | e |B
| | '\'? i !
2 1d3d]
et 0N | CEL |
£ ¥ H
- ‘ .-i‘a-. ?:I
s gz'
JEl
B3
B4
gﬁ"
é‘_’é’:
1
K
ik

HIAINY
-

-



Phyllotaxis

pinecone



Phyllotaxis

8 spirals counterclockwise



Phyllotaxis

13 spirals clockwise



Phyllotaxis

sunflower



Phyllotaxis

34 spirals clockwise



Phyllotaxis

55 spirals counterclockwise



Abraham de Moivre Jacques Philippe Marie Binet
1667-1754 1786—-1856



Questions

1. What is the parity (evenness/oddness) of F},?

2. Use the recurrence relation to define Fj, for negative integers n.
3. Find a formula for finite Fibonacci series: Fy + Fo +--- + F,,.
4. Find a formula for: F; + F3+--- + F5,,_1.

5. Find a formula for: FZ + Ff + ...+ F2.

6. Use the fact that ¢? = ¢ + 1 to find a formula for ¢™.

7. Find a formula for F), involving ¢, but not 1/¢.
Fn—|—1

8. What is lim

n—oo

?

n



Phyllotaxis

calla lily: 1 petal



Phyllotaxis

euphorbia: 2 petals



Phyllotaxis

trillium: 3 petals



Phyllotaxis

buttercup: 5 petals



Phyllotaxis

columbine: 5 petals



Phyllotaxis

Tp/

delphinium: 5 petals



Phyllotaxis
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bloodroot: 8 petals



Phyllotaxis

delphinium: 8 petals



Phyllotaxis

signet marigold: 8 petals



Phyllotaxis

black-eyed Susan: 13 petals



Phyllotaxis

13 petals



Phyllotaxis

chrysanthemum carinatum: 21 petals



Phyllotaxis

daisy: 21 petals



Phyllotaxis

sunflower: 21 petals



Phyllotaxis




Phyllotaxis

2.307




Questions

1. What are the first several convergents of ¢ = 1 + /27

2. Find a quadratic equation satisfied by ¢ (and —1/).

3. What is the corresponding recurrence relation?

4. What are the numbers analogous to the Fibonacci numbers?

And some geometry questions ...



