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431 Kloehuw Vsdfhv

43141 Kloehuw Vsdfhv Edvlfv1

Gh�qlwlrq 43141 Ohw K eh d frpsoh{ yhfwru vsdfh1 Dq lqqhu surgxfw rq K lv d
ixqfwlrq/ k�> �l = K �K $ F> vxfk wkdw

41 kd{. e|> }l @ dk{> }l. ek|> }l l1h1 {$ k{> }l lv olqhdu1
51 k{> |l @ k|> {l1
61 n{n5 � k{> {l � 3 zlwk htxdolw| n{n5 @ 3 l� { @ 3=

Qrwlfh wkdw frpelqlqj surshuwlhv +4, dqg +5, wkdw { $ k}> {l lv dqwl0olqhdu iru
�{hg } 5 K> l1h1

k}> d{. e|l @ �dk}> {l.�ek}> |l=
Zh zloo riwhq �qg wkh iroorzlqj irupxod xvhixo=

n{. |n5 @ k{. |> {. |l @ n{n5 . n|n5 . k{> |l. k|> {l
@ n{n5 . n|n5 . 5Uhk{> |l+4314,

Wkhruhp 4315 +Vfkzdu} Lqhtxdolw|,1 Ohw +K> k�> �l, eh dq lqqhu surgxfw vsdfh/
wkhq iru doo {> | 5 K

mk{> |lm � n{nn|n
dqg htxdolw| krogv l� { dqg | duh olqhduo| ghshqghqw1

Surri1 Li | @ 3> wkh uhvxow krogv wulyldoo|1 Vr dvvxph wkdw | 9@ 3= Iluvw r� qrwlfh
wkdw li { @ �| iru vrph � 5 F> wkhq k{> |l @ � n|n5 dqg khqfh

mk{> |lm @ m�m n|n5 @ n{nn|n=
Pruhryhu/ lq wklv fdvh � =@ k{>|l

n|n5 =
Qrz vxssrvh wkdw { 5 K lv duelwudu|/ ohw } � { � n|n�5k{> |l|= +Vr } lv wkh

�ruwkrjrqdo surmhfwlrq� ri { rqwr |> vhh Iljxuh 591, Wkhq

Iljxuh 591 Wkh slfwxuh ehklqg wkh surri1

3 � n}n5 @
����{� k{> |l

n|n5 |
����
5

@ n{n5 . mk{> |lm5
n|n7 n|n5 � 5Uhk{> k{> |ln|n5 |l

@ n{n5 � mk{> |lm5
n|n5
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iurp zklfk lw iroorzv wkdw 3 � n|n5n{n5 � mk{> |lm5 zlwk htxdolw| l� } @ 3 ru
htxlydohqwo| l� { @ n|n�5k{> |l|=
Fruroodu| 43161 Ohw +K> k�> �l, eh dq lqqhu surgxfw vsdfh dqg n{n =@sk{> {l= Wkhq
n � n lv d qrup rq K= Pruhryhu k�> �l lv frqwlqxrxv rq K �K> zkhuh K lv ylhzhg dv
wkh qruphg vsdfh +K> n�n,=
Surri1 Wkh rqo| qrq0wulyldo wklqj wr yhuli| wkdw n�n lv d qrup lv wkh wuldqjoh

lqhtxdolw|=

n{. |n5 @ n{n5 . n|n5 . 5Uhk{> |l � n{n5 . n|n5 . 5n{n n|n
@ +n{n. n|n,5

zkhuh zh kdyh pdgh xvh ri Vfkzdu}*v lqhtxdolw|1 Wdnlqj wkh vtxduh urrw ri wklv
lqhtxdolw| vkrzv n{. |n � n{n. n|n= Iru wkh frqwlqxlw| dvvhuwlrq=

mk{> |l � k{3> |3lm @ mk{� {3> |l. k{3> | � |3lm
� n|nn{� {3n. n{3nn| � |3n
� n|nn{� {3n. +n{n. n{� {3n, n| � |3n
@ n|nn{� {3n. n{nn| � |3n. n{� {3nn| � |3n

iurp zklfk lw iroorzv wkdw k�> �l lv frqwlqxrxv1
Gh�qlwlrq 43171 Ohw +K> k�> �l, eh dq lqqhu surgxfw vsdfh/ zh vd| {> | 5 K duh
ruwkrjrqdo dqg zulwh { B | l� k{> |l @ 3= Pruh jhqhudoo| li D � K lv d vhw/
{ 5 K lv ruwkrjrqdo wr D dqg zulwh { B D l� k{> |l @ 3 iru doo | 5 D= Ohw
DB @ i{ 5 K = { B Dj eh wkh vhw ri yhfwruv ruwkrjrqdo wr D= Zh dovr vd| wkdw d
vhw V � K lv ruwkrjrqdo li { B | iru doo {> | 5 V vxfk wkdw { 9@ |= Li V ixuwkhu
vdwlv�hv/ n{n @ 4 iru doo { 5 V> wkhq V lv vdlg wr eh ruwkrqrupdo1

Sursrvlwlrq 43181 Ohw +K> k�> �l, eh dq lqqhu surgxfw vsdfh wkhq

41 +Sdudoohorjudp Odz,

n{. |n5 . n{� |n5 @ 5n{n5 . 5n|n5+4315,

iru doo {> | 5 K=
51 +S|wkdjruhdq Wkhruhp, Li V � K lv d �qlwh ruwkrqrupdo vhw/ wkhq

n
[
{5V

{n5 @
[
{5V

n{n5=+4316,

61 Li D � K lv d vhw/ wkhq DB lv d forvhg olqhdu vxevsdfh ri K=

Uhpdun 43191 Vhh Sursrvlwlrq 4316: lq wkh dsshqgl{ ehorz iru wkh �frqyhuvh� ri
wkh sdudoohorjudp odz1

Surri1 L zloo dvvxph wkdw K lv d frpsoh{ Kloehuw vsdfh/ wkh uhdo fdvh ehlqj
hdvlhu1 Lwhpv 41 dqg 51 duh suryhg e| wkh iroorzlqj hohphqwdu| frpsxwdwlrqv=

n{. |n5 . n{� |n5 @ n{n5 . n|n5 . 5Uhk{> |l. n{n5 . n|n5 � 5Uhk{> |l
@ 5n{n5 . 5n|n5>
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dqg

n
[
{5V

{n5 @ k
[
{5V

{>
[
|5V

|l @
[
{>|5V

k{> |l

@
[
{5V

k{> {l @
[
{5V

n{n5=

Lwhp 61 lv d frqvhtxhqfh ri wkh frqwlqxlw| ri k�> �l dqg wkh idfw wkdw

DB @ _{5D nhu+k�> {l,
zkhuh nhu+k�> {l, @ i| 5 K = k|> {l @ 3j � d forvhg vxevsdfh ri K=

Gh�qlwlrq 431:1 D Kloehuw vsdfh lv dq lqqhu surgxfw vsdfh +K> k�> �l, vxfk wkdw
wkh lqgxfhg Kloehuwldq qrup lv frpsohwh1

H{dpsoh 431;1 Ohw +[>P> �, eh d phdvxuh vsdfh wkhq K =@ O5+[>P> �, zlwk
lqqhu surgxfw

+i> j, @

]
[

i � �jg�

lv d Kloehuw vsdfh1 Lq H{huflvh 4319 |rx zloo vkrz hyhu| Kloehuw vsdfh K lv �htxly0
dohqw� wr d Kloehuw vsdfh ri wklv irup1

Gh�qlwlrq 431<1 D vxevhw F ri d yhfwru vsdfh [ lv vdlg wr eh frqyh{ li iru doo
{> | 5 F wkh olqh vhjphqw ^{> |` =@ iw{. +4� w,| = 3 � w � 4j mrlqlqj { wr | lv
frqwdlqhg lq F dv zhoo1 +Qrwlfh wkdw dq| yhfwru vxevsdfh ri [ lv frqyh{1,

Wkhruhp 431431 Vxssrvh wkdw K lv d Kloehuw vsdfh dqgP � K eh d forvhg frqyh{
vxevhw ri K= Wkhq iru dq| { 5 K wkhuh h{lvwv d xqltxh | 5P vxfk wkdw

n{� |n @ g+{>P, @ lqi
}5P

n{� }n=

Pruhryhu/ liP lv d yhfwru vxevsdfh ri K> wkhq wkh srlqw | pd| dovr eh fkdudfwhul}hg
dv wkh xqltxh srlqw lq P vxfk wkdw +{� |, BP=

Surri1 E| uhsodflqj P e| P � { =@ ip� { = p 5Pj zh pd| dvvxph { @ 3=
Ohw � =@ g+3>P, @ lqip5P npn dqg |> } 5P> vhh Iljxuh 5:1

Iljxuh 5:1 Wkh jhrphwu| ri frqyh{ vhwv1
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E| wkh sdudoohorjudp odz dqg wkh frqyh{lw| ri P>

5n|n5 . 5n}n5 @ n| . }n5 . n| � }n5 @ 7n| . }

5
mm5 . n| � }n5 � 7�5 . n| � }n5=

+4317,

Khqfh li n|n @ n}n @ �> wkhq 5�5 . 5�5 � 7�5 . n| � }n5> vr wkdw n| � }n5 @ 3=
Wkhuhiruh/ li d plqlpl}hu iru g+3> �,mP h{lvwv/ lw lv xqltxh1
H{lvwhqfh1 Ohw |q 5P eh fkrvhq vxfk wkdw n|qn @ �q $ � � g+3>P,= Wdnlqj

| @ |p dqg } @ |q lq Ht1 +4317, vkrzv 5�5p . 5�5q � 7�5 . n|q � |pn5= Sdvvlqj wr
wkh olplw p>q$4 lq wklv htxdwlrq lpsolhv/

5�5 . 5�5 � 7�5 . olp vxs
p>q$4

n|q � |pn5=

Wkhuhiruh i|qj4q@4 lv Fdxfk| dqg khqfh frqyhujhqw1 Ehfdxvh P lv forvhg/ | =@
olp
q$4

|q 5P dqg ehfdxvh n�n lv frqwlqxrxv/
n|n @ olp

q$4
n|qn @ � @ g+3>P,=

Vr | lv wkh ghvluhg srlqw lq P zklfk lv forvhvw wr 3=
Qrz iru wkh vhfrqg dvvhuwlrq zh ixuwkhu dvvxph wkdw P lv d forvhg vxevsdfh ri

K dqg { 5 K= Ohw | 5 P eh wkh forvhvw srlqw lq P wr {= Wkhq iru z 5 P> wkh
ixqfwlrq

j+w, � n{� +| . wz,n5 @ n{� |n5 � 5wUhk{� |> zl. w5nzn5
kdv d plqlpxp dw w @ 3= Wkhuhiruh 3 @ j3+3, @ �5Uhk{ � |> zl= Vlqfh z 5 P lv
duelwudu|/ wklv lpsolhv wkdw +{� |, BP= Ilqdoo| vxssrvh | 5P lv dq| srlqw vxfk
wkdw +{� |, BP= Wkhq iru } 5P> e| S|wkdjruhdq*v wkhruhp/

n{� }n5 @ n{� | . | � }n5 @ n{� |n5 . n| � }n5 � n{� |n5
zklfk vkrzv g+{>P,5 � n{� |n5= Wkdw lv wr vd| | lv wkh srlqw lq P forvhvw wr {=

Gh�qlwlrq 431441 Vxssrvh wkdw D = K $ K lv d erxqghg rshudwru1 Wkh dgmrlqw
ri D> ghqrwh D�> lv wkh xqltxh rshudwru D� = K $ K vxfk wkdw kD{> |l @ k{>D�|l=
+Wkh surri wkdw D� h{lvwv dqg lv xqltxh zloo eh jlyhq lq Sursrvlwlrq 43149 ehorz1,
Dq erxqghg rshudwru D = K $ K lv vhoi 0 dgmrlqw ru Khuplwldq li D @ D�=

Gh�qlwlrq 431451 Ohw K eh d Kloehuw vsdfh dqg P � K eh d forvhg vxevsdfh1
Wkh ruwkrjrqdo surmhfwlrq ri K rqwr P lv wkh ixqfwlrq SP = K $ K vxfk wkdw iru
{ 5 K> SP+{, lv wkh xqltxh hohphqw lq P vxfk wkdw +{� SP+{,, BP 1

Sursrvlwlrq 431461 Ohw K eh d Kloehuw vsdfh dqg P � K eh d forvhg vxevsdfh1
Wkh ruwkrjrqdo surmhfwlrq SP vdwlv�hv=

41 SP lv olqhdu +dqg khqfh zh zloo zulwh SP{ udwkhu wkdq SP +{,=
51 S 5

P @ SP +SP lv d surmhfwlrq,1
61 S �

P @ SP > +SP lv vhoi0dgmrlqw,1
71 udq+SP , @ P dqg nhu+SP, @PB=

Surri1
41 Ohw {4> {5 5 K dqg � 5 I> wkhq SP{4 . �SP{5 5P dqg

SP{4 . �SP{5 � +{4 . �{5, @ ^SP{4 � {4 . �+SP{5 � {5,` 5PB

vkrzlqj SP{4 . �SP{5 @ SP +{4 . �{5,> l1h1 SP lv olqhdu1
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51 Reylrxvo| udq+SP , @ P dqg SP{ @ { iru doo { 5P 1 Wkhuhiruh S 5
P @ SP 1

61 Ohw {> | 5 K> wkhq vlqfh +{� SP{, dqg +| � SP|, duh lq PB>

kSP{> |l @ kSP{>SP| . | � SP|l
@ kSP{>SP|l
@ kSP{. +{� SP,> SP|l
@ k{> SP|l=

71 Lw lv fohdu wkdw udq+SP, � P= Pruhryhu/ li { 5 P> wkhq SP{ @ { lpsolhv
wkdw udq+SP , @ P= Qrz { 5 nhu+SP, l� SP{ @ 3 l� { @ {� 3 5PB=

Fruroodu| 431471 Vxssrvh wkdw P � K lv d surshu forvhg vxevsdfh ri d Kloehuw
vsdfh K> wkhq K @ P �PB=

Surri1 Jlyhq { 5 K> ohw | @ SP{ vr wkdw {� | 5PB= Wkhq { @ |. +{� |, 5
P .PB= Li { 5P _PB> wkhq { B {/ l1h1 n{n5 @ k{> {l @ 3= Vr P _PB @ i3j =

Sursrvlwlrq 43148 +Ulhv} Wkhruhp,1 Ohw K� eh wkh gxdo vsdfh ri K +Qrwdwlrq
6196,1 Wkh pds

} 5 K
m�$ k�> }l 5 K�+4318,

lv d frqmxjdwh olqhdu lvrphwulf lvrprusklvp1

Surri1 Wkh pds m lv frqmxjdwh olqhdu e| wkh d{lrpv ri wkh lqqhu surgxfwv1
Pruhryhu/ iru {> } 5 K>

mk{> }lm � n{n n}n iru doo { 5 K

zlwk htxdolw| zkhq { @ }= Wklv lpsolhv wkdw nm}nK� @ nk�> }lnK� @ n}n = Wkhuhiruh
m lv lvrphwulf dqg wklv vkrzv wkdw m lv lqmhfwlyh1 Wr �qlvk wkh surri zh pxvw vkrz
wkdw m lv vxumhfwlyh1 Vr ohw i 5 K� zklfk zh dvvxph zlwk rxw orvv ri jhqhudolw| lv
qrq0}hur1 Wkhq P @ nhu+i, � d forvhg surshu vxevsdfh ri K= Vlqfh/ e| Fruroodu|
43147/ K @ P � PB> i = K@P �@ PB $ I lv d olqhdu lvrprusklvp1 Wklv
vkrzv wkdw glp+PB, @ 4 dqg khqfh K @ P � I{3 zkhuh {3 5 PB q i3j =57
Fkrrvh } @ �{3 5PB vxfk wkdw i+{3, @ k{3> }l= +Vr � @ �i+{3,@ n{3n5 =, Wkhq iru
{ @ p. �{3 zlwk p 5P dqg � 5 I>

i+{, @ �i+{3, @ �k{3> }l @ k�{3> }l @ kp. �{3> }l @ k{> }l
zklfk vkrzv wkdw i @ m}=

Sursrvlwlrq 43149 +Dgmrlqwv,1 Ohw K dqg N eh Kloehuw vsdfhv dqg D = K $ N
eh d erxqghg rshudwru1 Wkhq wkhuh h{lvwv d xqltxh erxqghg rshudwru D� = N $ K
vxfk wkdw

kD{> |lN @ k{>D�|lK iru doo { 5 K dqg | 5 N=+4319,

Pruhryhu +D. �E,� @ D� . ��E�> D�� =@ +D�,� @ D dqg nD�n @ nDn iru doo
D>E 5 O+K>N, dqg � 5 F=

2eDowhuqdwlyho|/ fkrrvh %f M�z.tf� vxfk wkdw sE%f� ' �� Iru % M�z zh kdyh sE%3b%f� ' f
surylghg wkdw b G' sE%�� Wkhuhiruh % 3 b%f M � K�z ' tf� c l1h1 % ' b%f� Wklv djdlq vkrzv

wkdw �z lv vsdqqhg e| %f�
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Surri1 Iru hdfk | 5 N> wkhq pds { $ kD{> |lN lv lq K� dqg wkhuhiruh wkhuh
h{lvwv e| Sursrvlwlrq 43148 d xqltxh yhfwru } 5 K vxfk wkdw

kD{> |lN @ k{> }lK iru doo { 5 K=

Wklv vkrzv wkhuh lv d xqltxh pds D� = N $ K vxfk wkdw kD{> |lN @ k{>D�+|,lK
iru doo { 5 K dqg | 5 N= Wr �qlvk wkh surri/ zh qhhg rqo| vkrz D� lv olqhdu dqg
erxqghg1 Wr vhh D� lv olqhdu/ ohw |4> |5 5 N dqg � 5 F> wkhq iru dq| { 5 K>

kD{> |4 . �|5lN @ kD{> |4lN . ��kD{> |5lN
@ k{>D�+|4,lN . ��k{>D�+|5,lN
@ k{>D�+|4, . �D�+|5,lN

dqg e| wkh xqltxhqhvv ri D�+|4 . �|5, zh �qg

D�+|4 . �|5, @ D�+|4, . �D�+|5,=

Wklv vkrzv D� lv olqhdu dqg vr zh zloo qrz zulwh D�| lqvwhdg ri D�+|,= Vlqfh

kD�|> {lK @ k{>D�|lK @ kD{> |lN @ k|>D{lN
lw iroorzv wkdw D�� @ D= Ehfdxvh

nD�|n5K @ kD�|>D�|lK @ kDD�|> |lN � nDD�|nN n|nN � nDn nD�n n|n5N
krogv iru doo |> nD�n5 � nDn nD�n > l1h1 nD�n � nDn = Uhsodflqj D e| D� lq wklv
htxdwlrq vkrzv nDn � nD�n vr nD�n @ nDn = Wkh dvvhuwlrq wkdw +D. �E,� @
D� . ��E� lv ohiw wr wkh uhdghu/ vhh H{huflvh 43141

H{huflvh 43141 Ohw K>N>P eh Kloehuw vsdfh/ D>E 5 O+K>N,> F 5 O+N>P, dqg
� 5 F= Vkrz +D. �E,� @ D� . ��E� dqg +FD,� @ D�F� 5 O+P>K,=

H{huflvh 43151 Ohw K @ Fq dqgN @ Fp htxlsshg zlwk wkh xvxdo lqqhu surgxfwv/
l1h1 k}> zlK @ } � �z iru }> z 5 K= Ohw D eh dq p� q pdwul{ wkrxjkw ri dv d olqhdu
rshudwru iurp K wr N= Vkrz wkh pdwul{ dvvrfldwhg wr D� = N $ K lv wkh frqmxjdwh
wudqvsrvh ri D=

H{huflvh 43161 Ohw N = O5+�, $ O5+�, eh wkh rshudwru gh�qhg lq H{huflvh :1451
Vkrz N� = O5+�,$ O5+�, lv wkh rshudwru jlyhq e|

N�i+|, @
]
[

�n+{> |,i+{,g�+{,=

Gh�qlwlrq 4314:1 ix�j�5D � K lv dq ruwkrqrupdo vhw li x� B x� iru doo � 9@ �
dqg nx�n @ 41

Sursrvlwlrq 4314; +Ehvvho*v Lqhtxdolw|,1 Ohw ix�j�5D eh dq ruwkrqrupdo vhw/
wkhq [

�5D
mk{> x�lm5 � n{n5 iru doo { 5 K=+431:,

Lq sduwlfxodu wkh vhw i� 5 D = k{> x�l 9@ 3j lv dw prvw frxqwdeoh iru doo { 5 K=

Surri1 Ohw � � D eh dq| �qlwh vhw1 Wkhq

3 � n{�
[
�5�

k{> x�lx�n5 @ n{n5 � 5Uh
[
�5�

k{> x�l kx�> {l.
[
�5�

mk{> x�lm5

@ n{n5 �
[
�5�

mk{> x�lm5
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vkrzlqj wkdw [
�5�

mk{> x�lm5 � n{n5=

Wdnlqj wkh vxsuhpxp ri wklv htxdwlrq ri � �� D wkhq suryhv Ht1 +431:,1

Sursrvlwlrq 4314<1 Vxssrvh D � K lv dq ruwkrjrqdo vhw1 Wkhq v @
S

y5D y
h{lvwv lq K l�

S
y5D nyn5 ?4= +Lq sduwlfxodu D pxvw eh dw prvw d frxqwdeoh vhw1,

Pruhryhu/ li
S

y5D nyn5 ?4> wkhq

41 nvn5 @S
y5D nyn5 dqg

51 kv> {l @S
y5Dky> {l iru doo { 5 K=

Vlploduo| li iyqj4q@4 lv dq ruwkrjrqdo vhw/ wkhq v @
4S
q@4

yq h{lvwv lq K l�

4S
q@4

nyqn5 ? 4= Lq sduwlfxodu li
4S
q@4

yq h{lvwv/ wkhq lw lv lqghshqghqw ri uhduudqjh0

phqwv ri iyqj4q@4=
Surri1 Vxssrvh v @

S
y5D y h{lvwv1 Wkhq wkhuh h{lvwv � �� D vxfk wkdw

[
y5�

nyn5 @
�����
[
y5�

y

�����
5

� 4

iru doo � �� Dq� /zkhuhlq wkh �uvw lqhtxdolw| zh kdyh xvhg S|wkdjruhdq*v wkhruhp1
Wdnlqj wkh vxsuhpxp ryhu vxfk � vkrzv wkdw

S
y5Dq� nyn5 � 4 dqg wkhuhiruh[

y5D
nyn5 � 4 .

[
y5�

nyn5 ?4=

Frqyhuvho|/ vxssrvh wkdw
S

y5D nyn5 ?4= Wkhq iru doo � A 3 wkhuh h{lvwv �� �� D
vxfk wkdw li � �� D q ��> �����

[
y5�

y

�����
5

@
[
y5�

nyn5 ? �5=

Khqfh e| Ohppd 61:6/
S

y5D y h{lvwv1
Iru lwhp 4/ ohw v� =@

S
y5�� y> wkhq

mnvn � nv�nm � nv� v�n ? �

dqg

3 �
[
y5D

nyn5 � nv�n5 ? �5=

Ohwwlqj �$ 3 zh ghgxfh iurp wkh suhylrxv wzr htxdwlrqv wkdw nvn5 @S
y5D nyn5=

Lwhp 51 lv d vshfldo fdvh ri Ohppd 61:61

Iru wkh �qdo dvvhuwlrq/ ohw vQ �
QS
q@4

yq dqg vxssrvh wkdw olpQ$4 vQ @ v h{lvwv

lq K dqg lq sduwlfxodu ivQj4Q@4 lv Fdxfk|1 Vr iru Q A P=

Q[
q@P.4

nyqn5 @ nvQ � vPn5 $ 3 dv P>Q $4

zklfk vkrzv wkdw
4S
q@4

nyqn5 lv frqyhujhqw/ l1h1
4S
q@4

nyqn5 ?4=
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Fruroodu| 431531 Vxssrvh K lv d Kloehuw vsdfh/ � � K lv dq ruwkrqrupdo vhw dqg
P @ vsdq �= Wkhq

SP{ @
[
x5�

k{> xlx>+431;,

[
x5�

mk{> xlm5 @ nSP{n5 dqg+431<,

[
x5�

k{> xlkx> |l @ kSP{> |l+43143,

iru doo {> | 5 K=

Surri1 E| Ehvvho*v lqhtxdolw|/
S

x5� mk{> xlm5 � n{n5 iru doo { 5 K dqg khqfh
e| Sursrvlwlrq 4314;/ S{ =@

S
x5�k{> xlx h{lvwv lq K iru doo { 5 K dqg

kS{> |l @
[
x5�

kk{> xlx> |l @
[
x5�

k{> xlkx> |l+43144,

iru doo | 5 K= Wdnlqj | 5 � lq wklv h{suhvvlrq vkrzv wkdw kS{> |l @ k{> |l> l1h1
wkdw k{ � S{> |l @ 3= Vlqfh | 5 � lv duelwudu|/ zh ohduq wkdw +{� S{, B vsdq �
dqg e| frqwlqxlw| zh dovr kdyh +{� S{, BP @ vsdq �= Vlqfh S{ lv dovr lq P> lw
iroorzv iurp wkh gh�qlwlrq ri SP wkdw S{ @ SP{ surylqj Ht1 +431;,1 Htxdwlrqv
+431<, dqg +43143, qrz iroorz iurp +43144,/ Sursrvlwlrq 4314< dqg wkh idfw wkdw
kSP{> |l @ kSP{> SP|l iru doo {> | 5 K= Lqghhg/

kSP{> |l @ kSP{> SP|l @ k
[
x5�

k{> xlx>SP|l @
[
x5�

k{> xlkx> SP|l

@
[
x5�

k{> xlkSPx> |l @
[
x5�

k{> xlkx> |l=

43151 Kloehuw Vsdfh Edvlv1

Gh�qlwlrq 43154 +Edvlv,1 Ohw K eh d Kloehuw vsdfh1 D edvlv � ri K lv d pd{lpdo
ruwkrqrupdo vxevhw � � K=

Sursrvlwlrq 431551 Hyhu| Kloehuw vsdfh kdv dq ruwkrqrupdo edvlv1

Surri1 Ohw I eh wkh froohfwlrq ri doo ruwkrqrupdo vxevhwv ri K rughuhg e|
lqfoxvlrq1 Li � � I lv olqhduo| rughuhg wkhq ^� lv dq xsshu erxqg1 E| ]ruq*v
Ohppd +vhh Wkhruhp E1:, wkhuh h{lvwv d pd{lpdo hohphqw � 5 I =

Dq ruwkrqrupdo vhw � � K lv vdlg wr eh frpsohwh li �B @ i3j = Wkdw lv wr vd|
li k{> xl @ 3 iru doo x 5 � wkhq { @ 3=

Ohppd 431561 Ohw � eh dq ruwkrqrupdo vxevhw ri K wkhq wkh iroorzlqj duh htxly0
dohqw=

41 � lv d edvlv/
51 � lv frpsohwh dqg
61 vsdq � @ K=

Surri1 Li � lv qrw frpsohwh/ wkhq wkhuh h{lvwv d xqlw yhfwru { 5 �B q i3j =
Wkh vhw � ^ i{j lv dq ruwkrqrupdo vhw surshuo| frqwdlqlqj �> vr � lv qrw pd{lpdo1
Frqyhuvho|/ li � lv qrw pd{lpdo/ wkhuh h{lvwv dq ruwkrqrupdo vhw �4 � K vxfk wkdw
� ) �4= Wkhq li { 5 �4 q �> zh kdyh k{> xl @ 3 iru doo x 5 � vkrzlqj � lv qrw
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frpsohwh1 Wklv suryhv wkh htxlydohqfh ri +4, dqg +5,1 Li � lv qrw frpsohwh dqg
{ 5 �B q i3j > wkhq vsdq � � {B zklfk lv d surshu vxevsdfh ri K= Frqyhuvho|

li vsdq � lv d surshu vxevsdfh ri K>�B @ vsdq �
B

lv d qrq0wulyldo vxevsdfh e|
Fruroodu| 43147 dqg � lv qrw frpsohwh1 Wklv vkrzv wkdw +5, dqg +6, duh htxlydohqw1

Wkhruhp 431571 Ohw � � K eh dq ruwkrqrupdo vhw1 Wkhq wkh iroorzlqj duh htxly0
dohqw=

41 � lv frpsohwh ru htxlydohqwo| d edvlv1
51 { @

S
x5�

k{> xlx iru doo { 5 K1

61 k{> |l @
S
x5�

k{> xl kx> |l iru doo {> | 5 K=

71 n{n5 @ S
x5�

mk{> xlm5 iru doo { 5 K=

Surri1 Ohw P @ vsdq � dqg S @ SP =
+4, , +5, E| Fruroodu| 43153/

S
x5�

k{> xlx @ SP{= Wkhuhiruh

{�
[
x5�

k{> xlx @ {� SP{ 5PB @ �B @ i3j =

+5, , +6, lv d frqvhtxhqfh ri Sursrvlwlrq 4314<1
+6, , +7, lv reylrxv/ mxvw wdnh | @ {=
+7, , +4, Li { 5 �B> wkhq e| 7,/ n{n @ 3> l1h1 { @ 3= Wklv vkrzv wkdw � lv

frpsohwh1

Sursrvlwlrq 431581 D Kloehuw vsdfh K lv vhsdudeoh l� K kdv d frxqwdeoh ruwkrqru0
pdo edvlv � � K= Pruhryhu/ li K lv vhsdudeoh/ doo ruwkrqrupdo edvhv ri K duh
frxqwdeoh1

Surri1 Ohw G � K eh d frxqwdeoh ghqvh vhw G @ ixqj4q@41 E| Judp0Vfkplgw
surfhvv wkhuh h{lvwv � @ iyqj4q@4 dq ruwkrqrupdo vhw vxfk wkdw vsdqiyq = q @
4> 5 = = = > Qj � vsdqixq = q @ 4> 5 = = = > Qj= Vr li k{> yql @ 3 iru doo q wkhq k{> xql @ 3
iru doo q= Vlqfh G � K lv ghqvh zh pd| fkrrvh iznj � G vxfk wkdw { @ olpn$4zn
dqg wkhuhiruh k{> {l @ olpn$4k{>znl @ 3= Wkdw lv wr vd| { @ 3 dqg � lv frpsohwh1

Frqyhuvho| li � � K lv d frxqwdeoh ruwkrqrupdo edvlv/ wkhq wkh frxqwdeoh vhw

G @

;?
=
[
x5�

dxx = dx 5 T. lT = &ix = dx 9@ 3j ?4
<@
>

lv ghqvh lq K=
Ilqdoo| ohw � @ ixqj4q@4 eh dq edvlv dqg �4 � K eh dqrwkhu ruwkrqrupdo edvlv1

Wkhq wkh vhwv

Dq @ iy 5 �4 = ky> xql 9@ 3j

duh frxqwdeoh iru hdfk q 5 Q dqg khqfh E =@
4V
q@4

Dq lv d frxqwdeoh vxevhw ri D=

Wkh surri zloo eh �qlvkhg e| vkrzlqj E lv frpsohwh dqg khqfh pd{lpdo/ vr wkdw
D @ E= Wr vhh wkdw E lv frpsohwh/ vxssrvh wkdw { 5 EB dqg wkhuh h{lvwv y 5 DqE>
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vr kxq> yl @ 3 iru doo q 5 Q= Wkhq

k{> yl @
4[
q@4

k{> xqlkxq> yl @ 3=

Vlqfh e| dvvxpswlrq k{> yl @ 3 iru doo y 5 E> lw iroorzv wkdw k{> yl @ 3 iru doo y 5 D
dqg ehfdxvh D lv frpsohwh/ { @ 3=

Gh�qlwlrq 431591 D olqhdu pds X = K $ N lv dq lvrphwu| li nX{nN @ n{nK
iru doo { 5 K dqg X lv xqlwdu| li X lv dovr vxumhfwlyh1

H{huflvh 43171 Ohw X = K $ N eh d olqhdu pds/ vkrz wkh iroorzlqj duh htxlydohqw=

41 X = K $ N lv dq lvrphwu|/
51 kX{>X{3lN @ k{> {3lK iru doo {> {3 5 K> +vhh Ht1 +43148, ehorz,
61 X�X @ lgK =

H{huflvh 43181 Ohw X = K $ N eh d olqhdu pds/ vkrz wkh iroorzlqj duh htxlydohqw=

41 X = K $ N lv xqlwdu|
51 X�X @ lgK dqg XX� @ lgN =
61 X lv lqyhuwleoh dqg X�4 @ X�=

H{huflvh 43191 Ohw K eh d Kloehuw vsdfh1 Xvh Wkhruhp 43157 wr vkrz wkhuh h{lvwv
d vhw [ dqg d xqlwdu| pds X = K $ c5+[,= Pruhryhu/ li K lv vhsdudeoh dqg
glp+K, @ 4> wkhq [ fdq eh wdnhq wr eh Q vr wkdw K lv xqlwdulo| htxlydohqw wr
c5 @ c5+Q,=

Uhpdun 4315:1 Vxssrvh wkdw ixqj4q@4 lv d wrwdo vxevhw ri K> l1h1 vsdqixqj @ K1
Ohw iyqj4q@4 eh wkh yhfwruv irxqg e| shuiruplqj Judp0Vfkplgw rq wkh vhw ixqj4q@41
Wkhq iyqj4q@4 lv dq ruwkrqrupdo edvlv iru K1

H{dpsoh 4315;1 41 Ohw K @ O5+^��> �`> gp, @ O5++��> �,> gp, dqg hq+�, @
4s
5�
hlq� iru q 5 ]= Vlpsoh frpsxwdwlrqv vkrz � =@ ihqjq5] lv dq ruwkrqru0

pdo vhw1 Zh qrz fodlp wkdw � lv dq ruwkrqrupdo edvlv1 Wr vhh wklv uhfdoo wkdw
Ff++��> �,, lv ghqvh lq O5++��> �,> gp,= Dq| i 5 Ff++��> �,, pd| eh h{0
whqghg wr eh d frqwlqxrxv 5� � shulrglf ixqfwlrq rq U dqg khqfh e| H{huflvh
<1<,/ i pd| xqlirupo| +dqg khqfh lq O5, eh dssur{lpdwhg e| d wuljrqrphwulf
sro|qrpldo1 Wkhuhiruh � lv d wrwdo ruwkrqrupdo vhw/ l1h1 � lv dq ruwkrqrupdo
edvlv1

51 Ohw K @ O5+^�4> 4`> gp, dqg D =@ i4> {> {5> {6 = = = j= Wkhq D lv wrwdo lq K e|
wkh Vwrqh0Zhlhuvwudvv wkhruhp dqg d vlplodu dujxphqw dv lq wkh �uvw h{dpsoh
ru gluhfwo| iurp H{huflvh <1451 Wkh uhvxow ri grlqj Judp0Vfkplgw rq wklv vhw
jlyhv dq ruwkrqrupdo edvlv riK frqvlvwlqj ri wkh �Ohjhqguh Sro|qrpldov1�

61 Ohw K @ O5+U> h�
4

5
{5g{,=H{huflvh <145 lpsolhv D =@ i4> {> {5> {6 = = = j lv wrwdo

lq K dqg wkh uhvxow ri grlqj Judp0Vfkplgw rq D qrz jlyhv dq ruwkrqrupdo
edvlv iru K frqvlvwlqj ri �Khuplwh Sro|qrpldov1�

Uhpdun 4315< +Dq Lqwhuhvwlqj Skhqrphqd,1 Ohw K @ O5+^�4> 4`> gp, dqg E =@
i4> {6> {9> {<> = = = j= Wkhq djdlq D lv wrwdo lq K e| wkh vdph dujxphqw dv lq lwhp 51
H{dpsoh 4315;1 Wklv lv wuxh hyhq wkrxjk E lv d surshu vxevhw ri D= Qrwlfh wkdw D
lv dq dojheudlf edvlv iru wkh sro|qrpldov rq ^�4> 4` zkloh E lv qrw$ Wkh iroorzlqj
frpsxwdwlrqv pd| khos uholhyh vrph ri wkh uhdghu*v dq{lhw|1 Ohw i 5 O5+^�4> 4`> gp,>
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wkhq/ pdnlqj wkh fkdqjh ri yduldeohv { @ |4@6> vkrzv wkdw] 4

�4
mi+{,m5 g{ @

] 4

�4

���i+|4@6,���5 4
6
|�5@6g| @

] 4

�4

���i+|4@6,���5 g�+|,+43145,

zkhuh g�+|, @ 4
6|

�5@6g|= Vlqfh �+^�4> 4`, @ p+^�4> 4`, @ 5> � lv d �qlwh phdvxuh rq
^�4> 4` dqg khqfh e| H{huflvh <145 D =@ i4> {> {5> {6 = = = j lv d wrwdo lq O5+^�4> 4`> g�,=
Lq sduwlfxodu iru dq| � A 3 wkhuh h{lvwv d sro|qrpldo s+|, vxfk wkdw] 4

�4

���i+|4@6,� s+|,
���5 g�+|, ? �5=

Krzhyhu/ e| Ht1 +43145, zh kdyh

�5 A

] 4

�4

���i+|4@6,� s+|,
���5 g�+|, @ ] 4

�4

��i+{,� s+{6,
��5 g{=

Dowhuqdwlyho|/ li i 5 F+^�4> 4`,> wkhq j+|, @ i+|4@6, lv edfn lq F+^�4> 4`,= Wkhuh0
iruh iru dq| � A 3> wkhuh h{lvwv d sro|qrpldo s+|, vxfk wkdw

� A nj � snx @ vxs imj+|,� s+|,m = | 5 ^�4> 4`j
@ vxs

���j+{6,� s+{6,
�� = { 5 ^�4> 4`� @ vxs

���i+{,� s+{6,
�� = { 5 ^�4> 4`� =

Wklv jlyhv dqrwkhu surri wkh sro|qrpldov lq {6 duh ghqvh lq F+^�4> 4`, dqg khqfh
lq O5+^�4> 4`,=
43161 Zhdn Frqyhujhqfh1 Vxssrvh K lv dq lq�qlwh glphqvlrqdo Kloehuw vsdfh
dqg i{qj4q@4 lv dq ruwkrqrupdo vxevhw ri K= Wkhq/ e| Ht1 +4314,/ n{q � {pn5 @ 5
iru doo p 9@ q dqg lq sduwlfxodu/ i{qj4q@4 kdv qr frqyhujhqw vxevhtxhqfhv1 Iurp
wklv zh frqfoxgh wkdw F =@ i{ 5 K = n{n � 4j > wkh forvhg xqlw edoo lq K> lv qrw
frpsdfw1 Wr ryhufrph wklv sureohpv lw lv vrphwlphv xvhixo wr lqwurgxfh d zhdnhu
wrsrorj| rq [ kdylqj wkh surshuw| wkdw F lv frpsdfw1

Gh�qlwlrq 431631 Ohw +[> n�n, eh d Edqdfk vsdfh dqg [� eh lwv frqwlqxrxv gxdo1
Wkh zhdn wrsrorj|/ �z> rq [ lv wkh wrsrorj| jhqhudwhg e| [�= Li i{qj4q@4 � [

lv d vhtxhqfh zh zloo zulwh {q
z$ { dv q $ 4 wr phdq wkdw {q $ { lq wkh zhdn

wrsrorj|1

Ehfdxvh �z @ �+[�, � �n�n =@ �+in{� �n = { 5 [j > lw lv kdughu iru d ixqfwlrq
i = [ $ I wr eh frqwlqxrxv lq wkh �z � wrsrorj| wkdq lq wkh qrup wrsrorj|/ �n�n=
Lq sduwlfxodu li ! = [ $ I lv d olqhdu ixqfwlrqdo zklfk lv �z � frqwlqxrxv/ wkhq ! lv
�n�n � frqwlqxrxv dqg khqfh ! 5 [�=

Sursrvlwlrq 431641 Ohw i{qj4q@4 � [ eh d vhtxhqfh/ wkhq {q
z$ { 5 [ dv q$4

l� !+{, @ olpq$4 !+{q, iru doo ! 5 [�=

Surri1 E| gh�qlwlrq ri �z> zh kdyh {q
z$ { 5 [ l� iru doo � �� [� dqg � A 3

wkhuh h{lvwv dq Q 5 Q vxfk wkdw m!+{,� !+{q,m ? � iru doo q � Q dqg ! 5 �=
Wklv odwhu frqglwlrq lv hdvlo| vhhq wr eh htxlydohqw wr !+{, @ olpq$4 !+{q, iru doo
! 5 [�=

Wkh wrsrorjlfdo vsdfh +[> �z, lv vwloo Kdxvgru�/ krzhyhu wr suryh wklv rqh qhhgv
wr pdnh xvh ri wkh Kdkq Edqdfk Wkhruhp 5517 ehorz1 Iru wkh prphqw zh zloo
frqfhqwudwh rq wkh vshfldo fdvh zkhuh [ @ K lv d Kloehuw vsdfh lq zklfk fdvh
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K� @ i!} =@ k�> }l = } 5 Kj > vhh Sursrvlwlrqv 431481 Li {> | 5 K dqg } =@ |�{ 9@ 3>
wkhq

3 ? � =@ n}n5 @ !}+}, @ !}+|,� !}+{,=

Wkxv Y{ =@ iz 5 K = m!}+{,� !}+z,m ? �@5j dqg Y| =@ iz 5 K = m!}+|,� !}+z,m ? �@5j
duh glvmrlqw vhwv iurp �z zklfk frqwdlq { dqg | uhvshfwlyho|1 Wklv vkrzv wkdw +K> �z,
lv d Kdxvgru� vsdfh1 Lq sduwlfxodu/ wklv vkrzv wkdw zhdn olplwv duh xqltxh li wkh|
h{lvw1

Uhpdun 431651 Vxssrvh wkdw K lv dq lq�qlwh glphqvlrqdo Kloehuw vsdfh i{qj4q@4 lv
dq ruwkrqrupdo vxevhw ri K= Wkhq Ehvvhov lqhtxdolw| +Sursrvlwlrq 4314;, lpsolhv
{q

z$ 3 5 K dv q$4= Wklv srlqwv rxw wkh idfw wkdw li {q
z$ { 5 K dv q$4> lw

lv qr orqjhu qhfhvvdulo| wuxh wkdw n{n @ olpq$4 n{qn = Krzhyhu zh gr dozd|v kdyh
n{n � olp lqiq$4 n{qn ehfdxvh/

n{n5 @ olp
q$4

k{q> {l � olp lqi
q$4

^n{qn n{n` @ n{n olp lqi
q$4

n{qn =

Sursrvlwlrq 431661 Ohw K eh d Kloehuw vsdfh/ � � K eh dq ruwkrqrupdo edvlv iru
K dqg i{qj4q@4 � K eh d erxqghg vhtxhqfh/ wkhq wkh iroorzlqj duh htxlydohqw=

41 {q
z$ { 5 K dv q$4=

51 k{> |l @ olpq$4k{q> |l iru doo | 5 K=
61 k{> |l @ olpq$4k{q> |l iru doo | 5 �=

Pruhryhu/ li f| =@ olpq$4k{q> |l h{lvwv iru doo | 5 �> wkhq
S

|5� mf|m5 ?4 dqg

{q
z$ { =@

S
|5� f|| 5 K dv q$4=

Surri1 41 @, 51 Wklv lv d frqvhtxhqfh ri Sursrvlwlrqv 43148 dqg 431641 51 @,
61 lv wulyldo1

61 @, 41 Ohw P =@ vxsq n{qn dqg K3 ghqrwh wkh dojheudlf vsdq ri �= Wkhq iru
| 5 K dqg } 5 �>

mk{� {q> |lm � mk{� {q> }lm. mk{� {q> | � }lm � mk{� {q> }lm. 5P n| � }n =
Sdvvlqj wr wkh olplw lq wklv htxdwlrq lpsolhv olp vxsq$4 mk{� {q> |lm � 5P n| � }n
zklfk vkrzv olp vxsq$4 mk{� {q> |lm @ 3 vlqfh K3 lv ghqvh lq K=

Wr suryh wkh odvw dvvhuwlrq/ ohw � �� �= Wkhq e| Ehvvhov lqhtxdolw| +Sursrvlwlrq
4314;,/ [

|5�
mf|m5 @ olp

q$4

[
|5�

mk{q> |lm5 � olp lqi
q$4

n{qn5 �P5=

Vlqfh � �� � zdv duelwudu|/ zh frqfoxgh wkdw
S

|5� mf|m5 �P ?4 dqg khqfh zh
pd| gh�qh { =@

S
|5� f||= E| frqvwuxfwlrq zh kdyh

k{> |l @ f| @ olp
q$4

k{q> |l iru doo | 5 �

dqg khqfh {q
z$ { 5 K dv q$4 e| zkdw zh kdyh mxvw suryhg1

Wkhruhp 431671 Vxssrvh wkdw i{qj4q@4 � K lv d erxqghg vhtxhqfh1 Wkhq wkhuh
h{lvwv d vxevhtxhqfh |n =@ {qn ri i{qj4q@4 dqg { 5 [ vxfk wkdw |n

z$ { dv n$4=

Surri1 Wklv lv d frqvhtxhqfh ri Sursrvlwlrq 43166 dqg d Fdqwru*v gldjrqdol}dwlrq
dujxphqw zklfk lv ohiw wr wkh uhdghu/ vhh H{huflvh 431471
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Wkhruhp 43168 +Dodrjox*v Wkhruhp iru Kloehuw Vsdfhv,1 Vxssrvh wkdw K lv d
vhsdudeoh Kloehuw vsdfh/ F =@ i{ 5 K = n{n � 4j lv wkh forvhg xqlw edoo lq K dqg
ihqj4q@4 lv dq ruwkrqrupdo edvlv iru K= Wkhq

�+{> |, =@
4[
q@4

4

5q
mk{� |> hqlm+43146,

gh�qhv d phwulf rq F zklfk lv frpsdwleoh zlwk wkh zhdn wrsrorj| rq F> �F =@
+�z,F @ iY _F = Y 5 �zj = Pruhryhu +F> �, lv d frpsdfw phwulf vsdfh1

Surri1 Wkh urxwlqh fkhfn wkdw � lv d phwulf lv ohiw wr wkh uhdghu1 Ohw �� eh
wkh wrsrorj| rq F lqgxfhg e| �= Iru dq| | 5 K dqg q 5 Q> wkh pds { 5 K $
k{� |> hql @ k{> hql � k|> hql lv �z frqwlqxrxv dqg vlqfh wkh vxp lq Ht1 +43146, lv
xqlirupo| frqyhujhqw iru {> | 5 F> lw iroorzv wkdw { $ �+{> |, lv �F � frqwlqxrxv1
Wklv lpsolhv wkh rshq edoov uhodwlyh wr � duh frqwdlqhg lq �F dqg wkhuhiruh �� �
�F = Iru wkh frqyhuvh lqfoxvlrq/ ohw } 5 K> { $ !}+{, @ k}> {l eh dq hohphqw ri
K�> dqg iru Q 5 Q ohw }Q =@

SQ
q@4k}> hqlhq= Wkhq !}Q @

SQ
q@4k}> hql!hq lv �

frqwlqxrxv/ ehlqj d �qlwh olqhdu frpelqdwlrq ri wkh !hq zklfk duh hdvlo| vhhq wr eh
� � frqwlqxrxv1 Ehfdxvh }Q $ } dv Q $4 lw iroorzv wkdw

vxs
{5F

m!}+{,� !}Q +{,m @ n} � }Qn $ 3 dv Q $4=

Wkhuhiruh !} mF lv � � frqwlqxrxv dv zhoo dqg khqfh �F @ �+!} mF = } 5 K, � ��=
Wkh odvw dvvhuwlrq iroorzv gluhfwo| iurp Wkhruhp 43167 dqg wkh idfw wkdw vhtxhq0

wldo frpsdfwqhvv lv htxlydohqw wr frpsdfwqhvv iru phwulf vsdfhv1

Wkhruhp 43169 +Zhdn dqg Vwurqj Gl�huhqwldelolw|,1 Vxssrvh wkdw i 5 O5+Uq,
dqg y 5 Uq q i3j = Wkhq wkh iroorzlqj duh htxlydohqw=

41 Wkhuh h{lvwv iwqj4q@4 � Uq i3j vxfk wkdw olpq$4 wq @ 3 dqg

vxs
q

����i+�. wqy,� i+�,
wq

����
5

?4=

51 Wkhuh h{lvwv j 5 O5+Uq, vxfk wkdw ki> Cy!l @ �kj> !l iru doo ! 5 F4
f +Uq,=

61 Wkhuh h{lvwv j 5 O5+Uq, dqg iq 5 F4
f +Uq, vxfk wkdw iq

O5$ i dqg Cyiq
O5$ j

dv q$4=
71 Wkhuh h{lvwv j 5 O5 vxfk wkdw

i+�. wy,� i+�,
w

O5$ j dv w$ 3=

Surri1 41 @, 51 Zh pd| dvvxph/ xvlqj Wkhruhp 43167 dqg sdvvlqj wr d
vxevhtxhqfh li qhfhvvdu|/ wkdw i+�.wqy,�i+�,

wq

z$ j iru vrph j 5 O5+Uq,= Qrz iru
! 5 F4

f +Uq,>

kj> !l @ olp
q$4

ki+�. wqy,� i+�,
wq

> !l @ olp
q$4

ki> !+� � wqy,� !+�,
wq

l

@ ki> olp
q$4

!+� � wqy,� !+�,
wq

l @ �ki> Cy!l>

zkhuhlq zh kdyh xvhg wkh wudqvodwlrq lqyduldqfh ri Ohehvjxh phdvxuh dqg wkh grp0
lqdwhg frqyhujhqfh wkhruhp1



UHDO DQDO\VLV OHFWXUH QRWHV 536

51 @, 61 Ohw ! 5 F4
f +Uq>U, vxfk wkdw

U
Uq

!+{,g{ @ 4 dqg ohw !p+{, @
pq!+p{,> wkhq e| Sursrvlwlrq <156/ kp =@ !p � i 5 F4+Uq, iru doo p dqg

Cykp+{, @ Cy!p � i+{, @
]
Uq

Cy!p+{� |,i+|,g| @ ki>�Cy ^!p +{� �,`l
@ kj> !p +{� �,l @ !p � j+{,=

E| Wkhruhp <153/ kp $ i 5 O5+Uq, dqg Cykp @ !p�j $ j lq O5+Uq, dvp$4=
Wklv vkrzv 61 krogv h{fhsw iru wkh idfw wkdw kp qhhg qrw kdyh frpsdfw vxssruw1
Wr �{ wklv ohw # 5 F4

f +Uq> ^3> 4`, vxfk wkdw # @ 4 lq d qhljkerukrrg ri 3 dqg ohw
#�+{, @ #+�{, dqg +Cy#,� +{, =@ +Cy#, +�{,= Wkhq

Cy +#�kp, @ Cy#�kp . #�Cykp @ � +Cy#,� kp . #�Cykp

vr wkdw #�kp $ kp lq O5 dqg Cy +#�kp,$ Cykp lq O5 dv � & 3= Ohw ip @ #�pkp
zkhuh �p lv fkrvhq wr eh juhdwhu wkdq }hur exw vpdoo hqrxjk vr wkdw

n#�pkp � kpn5 . nCy +#�pkp,$ Cykpn5 ? 4@p=

Wkhq ip 5 F4
f +Uq,> ip $ i dqg Cyip $ j lq O5 dv p$4=

61 @, 71 E| wkh ixqgdphqwdo wkhruhp ri fdofxoxv

��wyip+{,� ip+{,

w
@

ip+{. wy,� ip+{,

w

@
4

w

] 4

3

g

gv
ip+{. vwy,gv @

] 4

3

+Cyip, +{. vwy,gv=+43147,

Ohw

Jw+{, =@

] 4

3

��vwyj+{,gv @
] 4

3

j+{. vwy,gv

zklfk lv gh�qhg iru doprvw hyhu| { dqg lv lq O5+Uq, e| Plqnrzvnl*v lqhtxdolw| iru
lqwhjudov/ Wkhruhp :15:1 Wkhuhiruh

��wyip+{,� ip+{,

w
�Jw+{, @

] 4

3

^+Cyip, +{. vwy,� j+{. vwy,` gv

dqg khqfh djdlq e| Plqnrzvnl*v lqhtxdolw| iru lqwhjudov/������wyip � ip
w

�Jw

����
5

�
] 4

3

n��vwy +Cyip,� ��vwyjn5 gv @
] 4

3

nCyip � jn5 gv=

Ohwwlqj p$4 lq wklv htxdwlrq lpsolhv +��wyi � i, @w @ Jw d1h1 Ilqdoo| rqh pruh
dssolfdwlrq ri Plqnrzvnl*v lqhtxdolw| iru lqwhjudov lpsolhv/������wyi � i

w
� j

����
5

@ nJw � jn5 @
����
] 4

3

+��vwyj � j,gv

����
5

�
] 4

3

n��vwyj � jn5 gv=

E| wkh grplqdwhg frqyhujhqfh wkhruhp dqg Sursrvlwlrq <146/ wkh odwwhu whup whqgv
wr 3 dv w $ 3 dqg wklv suryhv 71 Wkh surri lv qrz frpsohwh vlqfh 71 @, 41 lv
wulyldo1



537 EUXFH N1 GULYHU
|

43171 Vxssohphqw 4= Frqyhuvh ri wkh Sdudoohorjudp Odz1

Sursrvlwlrq 4316: +Sdudoohorjudp Odz Frqyhuvh,1 Li +[> n�n, lv d qruphg vsdfh
vxfk wkdw Ht1 +4315, krogv iru doo {> | 5 [> wkhq wkhuh h{lvwv d xqltxh lqqhu surgxfw
rq k�> �l vxfk wkdw n{n =@

sk{> {l iru doo { 5 [= Lq wklv fdvh zh vd| wkdw n�n lv d
Kloehuwldq qrup1

Surri1 Li n�n lv jrlqj wr frph iurp dq lqqhu surgxfw k�> �l> lw iroorzv iurp Ht1
+4314, wkdw

5Uhk{> |l @ n{. |n5 � n{n5 � n|n5
dqg

�5Uhk{> |l @ n{� |n5 � n{n5 � n|n5=
Vxewudfwlqj wkhvh wzr htxdwlrqv jlyhv wkh �srodul}dwlrq lghqwlw|/�

7Uhk{> |l @ n{. |n5 � n{� |n5=
Uhsodflqj | e| l| lq wklv htxdwlrq wkhq lpsolhv wkdw

7Lpk{> |l @ n{. l|n5 � n{� l|n5
iurp zklfk zh �qg

k{> |l @ 4

7

[
�5J

�n{. �|n5+43148,

zkhuh J @ i	4>	lj � d f|folf vxejurxs ri V4 � F= Khqfh li k�> �l lv jrlqj wr h{lvwv
zh pxvw gh�qh lw e| Ht1 +43148,1

Qrwlfh wkdw

k{> {l @ 4

7

[
�5J

�n{. �{n5 @ n{n5 . ln{. l{n5 � ln{� l{n5

@ n{n5 . l
��4 . lm5�� n{n5 � l

��4� lm5�� n{n5 @ n{n5 =
Vr wr �qlvk wkh surri ri +7, zh pxvw vkrz wkdw k{> |l lq Ht1 +43148, lv dq lqqhu
surgxfw1 Vlqfh

7k|> {l @
[
�5J

�n| . �{n5 @
[
�5J

�n� +| . �{, n5

@
[
�5J

�n�| . �5{n5

@ n| . {n5 . n � | . {n5 . lnl| � {n5 � ln � l| � {n5
@ n{. |n5 . n{� |n5 . ln{� l|n5 � ln{. l|n5
@ 7k{> |l

lw vx!fhv wr vkrz { $ k{> |l lv olqhdu iru doo | 5 K= +Wkh uhvw ri wklv surri pd|
vdiho| eh vnlsshg e| wkh uhdghu1, Iru wklv zh zloo qhhg wr ghulyh dq lghqwlw| iurp
Ht1 +4315,1 Wr gr wklv zh pdnh xvh ri Ht1 +4315, wkuhh wlphv wr �qg

n{. | . }n5 @ �n{. | � }n5 . 5n{. |n5 . 5n}n5
@ n{� | � }n5 � 5n{� }n5 � 5n|n5 . 5n{. |n5 . 5n}n5
@ n| . } � {n5 � 5n{� }n5 � 5n|n5 . 5n{. |n5 . 5n}n5
@ �n| . } . {n5 . 5n| . }n5 . 5n{n5 � 5n{� }n5 � 5n|n5 . 5n{. |n5 . 5n}n5=
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Vroylqj wklv htxdwlrq iru n{. | . }n5 jlyhv
n{. | . }n5 @ n| . }n5 . n{. |n5 � n{� }n5 . n{n5 . n}n5 � n|n5=+43149,

Xvlqj Ht1 +43149,/ iru {> |> } 5 K>

7Uhk{. }> |l @ n{. } . |n5 � n{. } � |n5
@ n| . }n5 . n{. |n5 � n{� }n5 . n{n5 . n}n5 � n|n5
� �n} � |n5 . n{� |n5 � n{� }n5 . n{n5 . n}n5 � n|n5�
@ n} . |n5 � n} � |n5 . n{. |n5 � n{� |n5
@ 7Uhk{> |l. 7Uhk}> |l=+4314:,

Qrz vxssrvh wkdw � 5 J> wkhq vlqfh m�m @ 4>

7k�{> |l @ 4

7

[
�5J

�n�{. �|n5 @ 4

7

[
�5J

�n{. ��4�|n5

@
4

7

[
�5J

��n{. ��|n5 @ 7�k{> |l+4314;,

zkhuh lq wkh wklug lqhtxdolw|/ wkh vxevwlwxwlrq �$ �� zdv pdgh lq wkh vxp1 Vr Ht1
+4314;, vd|v k	l{> |l @ 	lkl{> |l dqg k�{> |l @ �k{> |l= Wkhuhiruh

Lpk{> |l @ Uh +�lk{> |l, @ Uhk�l{> |l
zklfk frpelqhg zlwk Ht1 +4314:, vkrzv

Lpk{. }> |l @ Uhk�l{� l}> |l @ Uhk�l{> |l.Uhk�l}> |l
@ Lpk{> |l. Lpk}> |l

dqg wkhuhiruh +djdlq lq frpelqdwlrq zlwk Ht1 +4314:,,/

k{. }> |l @ k{> |l. k}> |l iru doo {> | 5 K=

Ehfdxvh ri wklv htxdwlrq dqg Ht1 +4314;, wr �qlvk wkh surri wkdw { $ k{> |l lv
olqhdu/ lw vx!fhv wr vkrz k�{> |l @ �k{> |l iru doo � A 3= Qrz li � @p 5 Q> wkhq

kp{> |l @ k{. +p� 4,{> |l @ k{> |l. k+p� 4,{> |l
vr wkdw e| lqgxfwlrq kp{> |l @ pk{> |l= Uhsodflqj { e| {@p wkhq vkrzv wkdw
k{> |l @ pkp�4{> |l vr wkdw kp�4{> |l @p�4k{> |l dqg vr li p>q 5 Q> zh �qg

k q
p
{> |l @ qk 4

p
{> |l @ q

p
k{> |l

vr wkdw k�{> |l @ �k{> |l iru doo � A 3 dqg � 5 T= E| frqwlqxlw|/ lw qrz iroorzv wkdw
k�{> |l @ �k{> |l iru doo � A 3=

43181 Vxssohphqw 51 Qrq0frpsohwh lqqhu surgxfw vsdfhv1 Sduw ri Wkhruhp
43157 jrhv wkurxjk zkhq K lv d qrw qhfhvvdulo| frpsohwh lqqhu surgxfw vsdfh1 Zh
kdyh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4316;1 Ohw +K> k�> �l, eh d qrw qhfhvvdulo| frpsohwh lqqhu surgxfw
vsdfh dqg � � K eh dq ruwkrqrupdo vhw1 Wkhq wkh iroorzlqj wzr frqglwlrqv duh
htxlydohqw=

41 { @
S
x5�

k{> xlx iru doo { 5 K=

51 n{n5 @ S
x5�

mk{> xlm5 iru doo { 5 K1
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Pruhryhu/ hlwkhu ri wkhvh wzr frqglwlrqv lpsolhv wkdw � � K lv d pd{lpdo ru0
wkrqrupdo vhw1 Krzhyhu � � K ehlqj d pd{lpdo ruwkrqrupdo vhw lv qrw vx!flhqw
wr frqglwlrqv iru 4, dqg 5, krog$

Surri1 Dv lq wkh surri ri Wkhruhp 43157/ 4, lpsolhv 5,1 Iru 5, lpsolhv 4, ohw
� �� � dqg frqvlghu�����{�

[
x5�

k{> xlx
�����
5

@ n{n5 � 5
[
x5�

mk{> xlm5 .
[
x5�

mk{> xlm5

@ n{n5 �
[
x5�

mk{> xlm5 =

Vlqfh n{n5 @ S
x5�

mk{> xlm5> lw iroorzv wkdw iru hyhu| � A 3 wkhuh h{lvwv �� �� � vxfk

wkdw iru doo � �� � vxfk wkdw �� � �>�����{�
[
x5�

k{> xlx
�����
5

@ n{n5 �
[
x5�

mk{> xlm5 ? �

vkrzlqj wkdw { @
S
x5�

k{> xlx=
Vxssrvh { @ +{4> {5> = = = > {q> = = = , 5 �B= Li 5, lv ydolg wkhq n{n5 @ 3> l1h1 { @ 3= Vr

� lv pd{lpdo1 Ohw xv qrz frqvwuxfw d frxqwhu h{dpsoh wr suryh wkh odvw dvvhuwlrq1
Wdnh K @ Vsdqihlj4l@4 � c5 dqg ohw �xq @ h4�+q.4,hq.4 iru q @ 4> 5 = = = = Dsso|0

lqj Judpq0Vfkplgw wr i�xqj4q@4 zh frqvwuxfw dq ruwkrqrupdo vhw � @ ixqj4q@4 � K=
L qrz fodlp wkdw � � K lv pd{lpdo1 Lqghhg li { @ +{4> {5> = = = > {q> = = = , 5 �B wkhq
{ B xq iru doo q> l1h1

3 @ +{> �xq, @ {4 � +q. 4,{q.4=

Wkhuhiruh {q.4 @ +q. 4,�4 {4 iru doo q= Vlqfh { 5 Vsdqihlj4l@4> {Q @ 3 iru vrph
Q vx!flhqwo| odujh dqg wkhuhiruh {4 @ 3 zklfk lq wxuq lpsolhv wkdw {q @ 3 iru doo
q= Vr { @ 3 dqg khqfh � lv pd{lpdo lq K= Rq wkh rwkhu kdqg/ � lv qrw pd{lpdo
lq c5= Lq idfw wkh deryh dujxphqw vkrzv wkdw �B lq c5 lv jlyhq e| wkh vsdq ri y @
+4> 45 >

4
6 >

4
7 >

4
8 > = = = ,= Ohw S eh wkh ruwkrjrqdo surmhfwlrq ri c5 rqwr wkh Vsdq+�, @ yB=

Wkhq
4[
l@4

k{> xqlxq @ S{ @ {� k{> yl
nyn5 y>

vr wkdw
4S
l@4
k{> xqlxq @ { l� { 5 Vsdq+�, @ yB � c5= Iru h{dpsoh li { @

+4> 3> 3> = = = , 5 K +ru pruh jhqhudoo| iru { @ hl iru dq| l,> { @5 yB dqg khqfh
4S
l@4
k{> xqlxq 9@ {=

43191 Vxssohphqw 6= Frqglwlrqdo H{shfwdwlrq1 Lq wklv vhfwlrq ohw +>I > S ,
eh d suredelolw| vsdfh/ l1h1 +>I > S , lv d phdvxuh vsdfh dqg S +, @ 4= Ohw J � I
eh d vxe � vljpd dojheud ri I dqg zulwh i 5 Je li i =  $ F lv erxqghg dqg i lv
+J>EF, � phdvxudeoh1 Lq wklv vhfwlrq zh zloo zulwh

Hi =@

]


igS=
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Gh�qlwlrq 4316< +Frqglwlrqdo H{shfwdwlrq,1 OhwHJ = O5+>I > S ,$ O5+>J> S ,
ghqrwh ruwkrjrqdo surmhfwlrq ri O5+>I > S , rqwr wkh forvhg vxevsdfh O5+>J> S ,=
Iru i 5 O5+>J> S ,> zh vd| wkdw HJi 5 O5+>I > S , lv wkh frqglwlrqdo h{shfwd0
wlrq ri i=

Wkhruhp 431731 Ohw +>I > S , dqg J � I eh dv deryh dqg i> j 5 O5+>I > S ,=
41 Li i � 3> S � d1h1 wkhq HJi � 3> S � d1h1
51 Li i � j> S � d1h1 wkhuh HJi � HJj> S � d1h1
61 mHJi m � HJmi m> S � d1h1
71 nHJinO4 � ninO4 iru doo i 5 O5= Vr e| wkh E1O1W1 wkhruhp/ HJ h{whqgv

xqltxho| wr d erxqghg olqhdu pds iurp O4+>I > S , wr O4+>J> S , zklfk zh
zloo vwloo ghqrwh e| HJ =

81 Li i 5 O4+>I > S , wkhq I @ HJi 5 O4+>J> S , l�
H+Ik, @ H+ik, iru doo k 5 Je=

91 Li j 5 Je dqg i 5 O4+>I > S ,> wkhq HJ+ji, @ j � HJi> S � d1h1

Surri1 E| wkh gh�qlwlrq ri ruwkrjrqdo surmhfwlrq iru k 5 Je>
H+ik, @ H+i � HJk, @ H+HJi � k,=

Vr li i> k � 3 wkhq 3 � H+ik, � H+HJi � k, dqg vlqfh wklv krogv iru doo k � 3 lq Je>
HJi � 3> S � d1h1 Wklv suryhv +4,1 Lwhp +5, iroorzv e| dsso|lqj lwhp +4,1 wr i � j=
Li i lv uhdo/ 	i � mi m dqg vr e| Lwhp +5,/ 	HJi � HJ mi m> l1h1 mHJi m � HJ mi m> S �
d1h1 Iru frpsoh{ i> ohw k � 3 eh d erxqghg dqg J � phdvxudeoh ixqfwlrq1 Wkhq

H ^mHJi mk` @ H
k
HJi � vjq +HJi,k

l
@ H

k
i � vjq +HJi,k

l
� H ^mi mk` @ H ^HJ mi m � k` =

Vlqfh k lv duelwudu|/ lw iroorzv wkdw mHJi m � HJ mi m > S � d1h1 Lqwhjudwlqj wklv
lqhtxdolw| lpsolhv

nHJinO4 � H mHJi m � H ^HJ mi m � 4` @ H ^mi m` @ ninO4 =
Lwhp +8,1 Vxssrvh i 5 O4+>I > S , dqg k 5 Je= Ohw iq 5 O5+>I > S , eh d

vhtxhqfh ri ixqfwlrqv vxfk wkdw iq $ i lq O4+>I > S ,= Wkhq
H+HJi � k, @ H+ olp

q$4
HJiq � k, @ olp

q$4
H+HJiq � k,

@ olp
q$4H+iq � k, @ H+i � k,=+4314<,

Wklv htxdwlrq xqltxho| ghwhuplqhv HJ> iru li I 5 O4+>J> S , dovr vdwlv�hvH+I �k, @
H+i � k, iru doo k 5 Je> wkhq wdnlqj k @ vjq +I �HJi, lq Ht1 +4314<, jlyhv

3 @ H++I �HJi,k, @ H+mI �HJi m,=
Wklv vkrzv I @ HJi> S � d1h1 Lwhp +9, lv qrz dq hdv| frqvhtxhqfh ri wklv fkdudf0
whul}dwlrq/ vlqfh li k 5 Je>

H ^+jHJi,k` @ H ^HJi � kj` @ H ^i � kj` @ H ^ji � k` @ H ^HJ +ji, � k` =
Wkxv HJ +ji, @ j �HJi> S � d1h1

Sursrvlwlrq 431741 Li J3 � J4 � I 1 Wkhq
HJ3HJ4 @ HJ4HJ3 @ HJ3 =+43153,
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Surri1 Htxdwlrq +43153, krogv rq O5+>I > S , e| wkh edvlf surshuwlhv ri ru0
wkrjrqdo surmhfwlrqv1 Lw wkhq krog rq O4+>I > S , e| frqwlqxlw| dqg wkh ghqvlw| ri
O5+>I > S , lq O4+>I > S ,=
H{dpsoh 431751 Vxssrvh wkdw +[>P> �, dqg +\>Q > �, duh wzr � � �qlwh phdvxuh
vsdfhv1 Ohw  @ [ � \> I @ PQ dqg S +g{> g|, @ �+{> |,�+g{,�+g|, zkhuh
� 5 O4+>I > �  �, lv d srvlwlyh ixqfwlrq vxfk wkdw

U
[�\ �g +� �, @ 4= Ohw

�[ = $ [ eh wkh surmhfwlrq pds/ �[+{> |, @ {> dqg

J =@ �+�[, @ ��4[ +P, @ iD� \ = D 5Pj =
Wkhq i =  $ U lv J � phdvxudeoh l� i @ I � �[ iru vrph ixqfwlrq I = [ $ U
zklfk lv Q � phdvxudeoh/ vhh Ohppd 71951 Iru i 5 O4+>I > S ,> zh zloo qrz vkrz
HJi @ I � �[ zkhuh

I +{, @
4

��+{,
4+3>4,+��+{,, �

]
\

i+{> |,�+{> |,�+g|,>

��+{, =@
U
\ �+{> |,�+g|,= +E| frqyhqwlrq/

U
\ i+{> |,�+{> |,�+g|, =@ 3 li

U
\ mi+{> |,m �+{> |,�+g|, @4=,

E| Wrqhool*v wkhruhp/ wkh vhw

H =@ i{ 5 [ = ��+{, @4j ^
�
{ 5 [ =

]
\

mi+{> |,m �+{> |,�+g|, @4
�

lv d � � qxoo vhw1 Vlqfh

H ^mI � �[ m` @
]
[

g�+{,

]
\

g�+|, mI +{,m �+{> |, @
]
[

g�+{, mI +{,m ��+{,

@

]
[

g�+{,

����
]
\

�+g|,i+{> |,�+{> |,

����
�
]
[

g�+{,

]
\

�+g|, mi+{> |,m �+{> |, ?4>

I ��[ 5 O4+>J> S ,= Ohw k @ K ��[ eh d erxqghg J � phdvxudeoh ixqfwlrq/ wkhq

H ^I � �[ � k` @
]
[

g�+{,

]
\

g�+|,I +{,K+{,�+{> |,

@

]
[

g�+{,I +{,K+{,��+{,

@

]
[

g�+{,K+{,

]
\

�+g|,i+{> |,�+{> |,

@ H ^ki `

dqg khqfh HJi @ I � �[ dv fodlphg1

Wklv h{dpsoh vkrzv wkdw frqglwlrqdo h{shfwdwlrq lv d jhqhudol}dwlrq ri wkh qrwlrq
ri shuiruplqj lqwhjudwlrq ryhu d sduwldo vxevhw ri wkh yduldeohv lq wkh lqwhjudqg1
Zkhuhdv wr frpsxwh wkh h{shfwdwlrq/ rqh vkrxog lqwhjudwh ryhu doo ri wkh yduldeohv1
Vhh dovr H{huflvh 431; wr jdlq pruh lqwxlwlrq derxw frqglwlrqdo h{shfwdwlrqv1

Wkhruhp 43176 +Mhqvhq*v lqhtxdolw|,1 Ohw +>I > S , eh d suredelolw| vsdfh dqg * =
U $ U eh d frqyh{ ixqfwlrq1 Dvvxph i 5 O4+>I > S >U, lv d ixqfwlrq vxfk wkdw
+iru vlpsolflw|, *+i, 5 O4+>I > S >U,> wkhq *+HJi, � HJ ^*+i,` > S � d1h1
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Surri1 Ohw xv �uvw dvvxph wkdw ! lv F4 dqg i lv erxqghg1 Lq wklv fdvh

*+{,� *+{3, � *3+{3,+{� {3, iru doo {3> { 5 U=+43154,

Wdnlqj {3 @ HJi dqg { @ i lq wklv lqhtxdolw| lpsolhv

*+i,� *+HJi, � *3+HJi,+i �HJi,

dqg wkhq dsso|lqj HJ wr wklv lqhtxdolw| jlyhv

HJ ^*+i,`� *+HJi, @ HJ ^*+i,� *+HJi,` � *3+HJi,+HJi �HJHJi, @ 3

Wkh vdph surri zrunv iru jhqhudo !> rqh qhhg rqo| xvh Sursrvlwlrq :1: wr uhsodfh
Ht1 +43154, e|

*+{,� *+{3, � *3�+{3,+{� {3, iru doo {3> { 5 U
zkhuh *3�+{3, lv wkh ohiw kdqg ghulydwlyh ri ! dw {3=

Li i lv qrw erxqghg/ dsso| zkdw zh kdyh mxvw suryhg wr iP @ i4mi m�P > wr �qg

HJ
�
*+iP ,

� � *+HJiP ,=+43155,

Vlqfh HJ = O4+>I > S >U, $ O4+>I > S >U, lv d erxqghg rshudwru dqg iP $ i
dqg *+iP, $ !+i, lq O4+>I > S >U, dv P $4> wkhuh h{lvwv iPnj4n@4 vxfk wkdw
Pn % 4 dqg iPn $ i dqg *+iPn,$ !+i,> S � d1h1 Vr sdvvlqj wr wkh olplw lq Ht1
+43155, vkrzv HJ ^*+i,` � *+HJi,> S � d1h1

431:1 H{huflvhv1

H{huflvh 431:1 Ohw +[>P> �, eh d phdvxuh vsdfh dqg K =@ O5+[>P> �,= Jlyhq
i 5 O4+�, ohw Pi = K $ K eh wkh pxowlsolfdwlrq rshudwru gh�qhg e| Pij @ ij=
Vkrz P5

i @Pi l� wkhuh h{lvwv D 5P vxfk wkdw i @ 4D d1h1

H{huflvh 431;1 Vxssrvh +>I > S , lv d suredelolw| vsdfh dqg D =@ iDlj4l@4 � I
lv d sduwlwlrq ri = +Uhfdoo wklv phdqv  @

c4
l@4Dl=, Ohw J eh wkh � � dojheud

jhqhudwhg e| D= Vkrz=
41 E 5 J l� E @ ^l5�Dl iru vrph � � Q=
51 j = $ U lv J � phdvxudeoh l� j @

S4
l@4 �l4Dl iru vrph �l 5 U=

61 Iru i 5 O4+>I > S ,> ohw H+i mDl, =@ H ^4Dli ` @S +Dl, li S +Dl, 9@ 3 dqg
H+i mDl, @ 3 rwkhuzlvh1 Vkrz

HJi @
4[
l@4

H+i mDl,4Dl =

H{huflvh 431<1 Iroodqg 8193 rq s1 4::1

H{huflvh 431431 Iroodqg 8194 rq s1 4:; derxw ruwkrqrupdo edvlv rq surgxfw
vsdfhv1

H{huflvh 431441 Iroodqg 819: rq s1 4:; uhjduglqj wkh phdq hujrglf wkhruhp1

H{huflvh 43145 +Kddu Edvlv,1 Lq wklv sureohp/ ohw O5 ghqrwh O5+^3> 4`>p, zlwk wkh
vwdqgdug lqqhu surgxfw/

#+{, @ 4^3>4@5,+{,� 4^4@5>4,+{,

dqg iru n> m 5 Q3 =@ Q^i3j zlwk 3 � m ? 5n ohw

#nm+{, =@ 5n@5#+5n{� m,=
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|

Wkh iroorzlqj slfwxuhv vkrzv wkh judskv ri #33> #4>3> #4>4> #5>4> #5>5 dqg #5>6 uh0
vshfwlyho|1

-1

-0.5

0

0.5

1

0.2 0.4 0.6 0.8 1x

Sorw ri #3> 31

-1

-0.5

0

0.5

1

0.2 0.4 0.6 0.8 1x

Sorw ri #4> 31

-1

-0.5

0

0.5

1

0.2 0.4 0.6 0.8 1x

Sorw ri #44=

-2

-1

0

1

2

0.2 0.4 0.6 0.8 1x

Sorw ri #53=

-2

-1

0

1

2

0.2 0.4 0.6 0.8 1x

Sorw ri #54=

-2

-1

0

1

2

0.2 0.4 0.6 0.8 1x

Sorw ri #55=

-2

-1

0

1

2

0.2 0.4 0.6 0.8 1x

Sorw ri #56=

41 Vkrz � =@ i4j ^ �#nm = 3 � n dqg 3 � m ? 5n
�
lv dq ruwkrqrupdo vhw/ 4 gh0

qrwhv wkh frqvwdqw ixqfwlrq 4=
51 Iru q 5 Q> ohw Pq =@ vsdq

�i4j ^ �#nm = 3 � n ? q dqg 3 � m ? 5n
��

= Vkrz

Pq @ vsdq
�i4^m5�q>+m.4,5�q, = dqg 3 � m ? 5q

�
=

61 Vkrz ^4q@4Pq lv d ghqvh vxevsdfh ri O5 dqg wkhuhiruh � lv dq ruwkrqrupdo
edvlv iru O5= Klqw= vhh Wkhruhp <161

71 Iru i 5 O5> ohw

Kqi =@ ki>4l4.
q�4[
n@3

5n�4[
m@3

ki> #nml#nm =
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Vkrz +frpsduh zlwk H{huflvh 431;,

Kqi @
5q�4[
m@3

#
5q
] +m.4,5�q

m5�q
i+{,g{

$
4^m5�q>+m.4,5�q,

dqg xvh wklv wr vkrz ni �Kqinx $ 3 dv q$4 iru doo i 5 F+^3> 4`,=

H{huflvh 431461 Ohw R+q, eh wkh ruwkrjrqdo jurxsv frqvlvwlqj ri q � q uhdo
ruwkrjrqdo pdwulfhv R> l1h1 RwuR @ L= Iru R 5 R+q, dqg i 5 O5+Uq, ohw
XRi+{, @ i+R�4{,= Vkrz

41 XRi lv zhoo gh�qhg/ qdpho| li i @ j d1h1 wkhq XRi @ XRj d1h1
51 XR = O5+Uq, $ O5+Uq, lv xqlwdu| dqg vdwlv�hv XR4

XR5
@ XR4R5

iru doo
R4> R5 5 R+q,= Wkdw lv wr vd| wkh pds R 5 R+q,$ X+O5+Uq,, � wkh xqlwdu|
rshudwruv rq O5+Uq, lv d jurxs krprprusklvp/ l1h1 d �xqlwdu| uhsuhvhqwd0
wlrq� ri R+q,=

61 Iru hdfk i 5 O5+Uq,> wkh pds R 5 R+q, $ XRi 5 O5+Uq, lv frqwlqxrxv1
Wdnh wkh wrsrorj| rq R+q, wr eh wkdw lqkhulwhg iurp wkh Hxfolghdq wrsrorj|
rq wkh yhfwru vsdfh ri doo q� q pdwulfhv1 Klqw= vhh wkh surri ri Sursrvlwlrq
<1461

H{huflvh 431471 Suryh Wkhruhp 431671 Klqw= Ohw K3 =@ vsdq i{q = q 5 Qj �
d vhsdudeoh Kloehuw vxevsdfh ri K= Ohw i�pj4p@4 � K3 eh dq ruwkrqrupdo edvlv
dqg xvh Fdqwru*v gldjrqdol}dwlrq dujxphqw wr �qg d vxevhtxhqfh |n =@ {qn vxfk
wkdw fp =@ olpn$4k|n> �pl h{lvwv iru doo p 5 Q= Ilqlvk wkh surri e| dsshdolqj wr
Sursrvlwlrq 431661

H{huflvh 431481 Vxssrvh wkdw i{qj4q@4 � K dqg {q
z$ { 5 K dv q $ 4= Vkrz

{q $ { dv q$4 +l1h1 olpq$4 n{� {qn @ 3, l� olpq$4 n{qn @ n{n =
H{huflvh 431491 Vkrz wkh yhfwru vsdfh rshudwlrqv ri[ duh frqwlqxrxv lq wkh zhdn
wrsrorj|1 Pruh h{solflwo| vkrz

41 +{> |, 5 [ �[ $ {. | 5 [ lv +�z  �z> �z, � frqwlqxrxv dqg
51 +�> {, 5 I�[ $ �{ 5 [ lv +�I  �z> �z, � frqwlqxrxv1

H{huflvh 4314:1 Hxfolghdq jurxs uhsuhvhqwdwlrq dqg lwv lq�qlwhvlpdo jhqhudwruv
lqfoxglqj prphqwxp dqg dqjxodu prphqwxp rshudwruv1

H{huflvh 4314;1 Vskhulfdo Kduprqlfv1

H{huflvh 4314<1 Wkh judglhqw dqg wkh Odsodfldq lq vskhulfdo frruglqdwhv1

H{huflvh 431531 Ohjhqguh sro|qrpldov1

H{huflvh 431541 Khdw htxdwlrq rq dq lqwhuydo zlwk shulrglf/ Glulfkohw/ dqg Qhx0
pdqq Erxqgdu| frqglwlrqv1

H{huflvh 431551 Lq wklv sureohp |rx duh dvnhg wr vkrz wkhuh lv qr uhdvrqdeoh
qrwlrq ri Ohehvjxh phdvxuh rq dq lq�qlwh glphqvlrqdo Kloehuw vsdfh1 Wr eh pruh
suhflvh/ vxssrvh K lv dq lq�qlwh glphqvlrqdo Kloehuw vsdfh dqg p lv d phdvxuh rq
EK zklfk lv lqyduldqw xqghu wudqvodwlrqv dqg vdwlv�hv/ p+E3+�,, A 3 iru doo � A 3=
Vkrz p+Y , @4 iru doo rshq vxevhwv ri K=


