Part XXIV

Appendices






A

Multinomial Theorems and Calculus Results

Given a multi-index a € Z7}, let |a| = a1 + -+ + ap, al i= aq! -y,

a & o o J?_ “ — - _jz_ “
% = :xj and@m—<8w> .—jll(axj) .

We also write J
Oy f(x) := af(x +1v)¢=0-

A.1 Multinomial Theorems and Product Rules

For a = (a1,az,...,a,) € C*, m € N and (i1,...,4m) € {1,2,...,n}™ let
& (i1, .-y tm) = #{k i, = j}. Then

(Zal) = Z iy ooy, = Z C(a)a®

D1y yim =1 \a|:m
where

Cla) =#{(i1,. . sim) : &5 (11,...,im) = o for j =1,2,...,n}

I claim that C(a) = ZL_" Indeed, one possibility for such a sequence
(a1,...,a;, ) for a given « is gotten by choosing
@1 (6%} [e20)
—— —— ———
(@1y...,01,02,...,02, ..., Qpy ..., 0p).

Now there are m! permutations of this list. However, only those permutations
leading to a distinct list are to be counted. So for each of these m! permuta-
tions we must divide by the number of permutation which just rearrange the
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groups of a;’s among themselves for each i. There are ! := a1!--- ;! such
permutations. Therefore, C(a) = m!/al as advertised. So we have proved

- " m!
<2; Cli) = ‘ Z_: Jao‘. (Al)
Now suppose that a,b € R™ and « is a multi-index, we have

aPpe—F =

(a+0) Z Bl — 5 b Z 5!51 (A-2)
B<La B+o=«
Indeed, by the standard Binomial formula,
al_i'_b CE,_ Z /szoﬁ Bi
gz, Pilla Bil( — Bi)!

from which Eq. (A.2) follows. Eq. (A.2) generalizes in the obvious way to

a!
(a1 + - +ap)” = Z ﬁ ah ﬁl. a,g’” (A.3)
BrttBr=a
where a1,as2,...,ar € R" and o € Z7}.

Now let us consider the product rule for derivatives. Let us begin with the
one variable case (write d™ f for f(") = di—n f) where we will show by induction

that
(79 =Y (})ais -t (A1)

k=0
Indeed assuming Eq. (A.4) we find

dn+1 (fg) = (Z)dkﬂf - kg+Z( ) dn k+1g
k=0

n+1
—z(k) g S (e
k=1

n+1
[(k ) ()]dkf'd"_k“ﬁd"“f-ﬁf-dn+1g.

=1

(k . 1) + <Z> “ Tk +T)!(k it m —n/!f)!m

n!

1 1
e— 1) (n—Fk)! [(nk’Jrl) +E}

n! n+1 n+1
B (k—l)!(n—k)!(n—k+1)k::< k )

Since
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the result follows.
Now consider the multi-variable case

(i) oo- 1[5 (2o

i=1 Lk

= Z Zn H(Z‘:)&kfaa—kgzz <Z)akf.8a—kg

k1=0 kn=01i=1 k<a

where k = (k1, ko, ..., k,) and

(&) =11() = s

So we have proved

o(fo) = 3 (5)0°1 % (A.5)

Ba

A.2 Taylor’s Theorem

Theorem A.l. Suppose X C R"™ is an open set, x : [0,1] — X is a C* -
path, and f € CN(X,C). Let vs := z(1) —x(s) and v = v; = x(1) — x(0), then

N-1

=3 % (07 f) (2(0)) + Ry (A.6)
m=0
where
1 ) 1 d
Ry = ﬁ/@ (856(8)6{)5_ ) (x(s))ds = %/o (-EQJXJC) (z(s))ds.
(A7)
and 0! := 1.

Proof. By the fundamental theorem of calculus and the chain rule,
t g t
1) = 1eO) + | fal@)ds = 1)+ [ (@i 1) w(s)ds (15)
and in particular,
1
F@) = £@O) + [ (@i 1) (wls)is

This proves Eq. (A.6) when N = 1. We will now complete the proof using
induction on V.
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Applying Eq. (A.8) with f replaced by N e (8i(5)8£71f) gives

T O? 1) (6 = Ty (95002 ) (@(0)

+ ﬁ / (0i(5)00 " 0pey f) (w(t))dt

= Jé, (d Nf)( (0 ))—%/Os (d%aﬁaw)f> (x(t))dt

wherein we have used the fact that mixed partial derivatives commute to show
LONf = N0 50N 1 f. Integrating this equation on s € [0,1] shows, using
the fundamental theorem of calculus,

Ry =57 000 @) = 7 [ (0000 ) (aloasa

1___

el SN0

L on
=N (82 F) (2(0)) + Ryn+1

1 N

which completes the inductive proof. m

Remark A.2. Using Eq. (A.1) with a; replaced by v;0; (although {v;0;};_, are
not complex numbers they are commuting symbols), we find

' f = (ZW@) f= Z a|v “9”.
i=1 la|=m
Using this fact we may write Egs. (A.6) and (A.7) as
1
f@) = > —v"0"f(@(0)+ Ry

la|<N-1

and

Ry=3 a|/ (——v“@“ )(w(s))ds.

lee|=N

Corollary A.3. Suppose X C R"™ is an open set which contains z(s) = (1 —
s)xo + sr1 for 0 < s <1 and f € CV(X,C). Then

=1 1!
flan) = 30 = @) (o) + 577 | (@) s (o (A.9)
m=0
= ¥ Lt -+ Y [ [ 0] e
laj<N |a\ N

(A.10)
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where v := x1 — xg and dvy is the probability measure on [0,1] given by
dvy(s) := N(1 — s)V~lds. (A.11)

Ifweletx =x¢ and y =21 — ¢ (S0 x+y =z1) Eq. (A.10) may be written
as

_ 8zaf($) a 1 ! « a
fatn= ¥ Eyre 3 ([ ot man) v
la|]<N a:la|=N
(A.12)
Proof. This is a special case of Theorem A.1l. Notice that
vs=z(1) —a(s) = (1= s)(x1 —xg) = (1 — s)v

and hence

Ry =i | 1 (<4090 s ) twlots = 5 | (0 1) ()N ()N s,

Ezample A.4. Let X = (—1,1) C R, B € R and f(x) = (1 — x)”. The reader
should verify

FO(@) = (=D)"B(B-1)... (B —m+1)(1—a)""
and therefore by Taylor’s theorem (Eq. (100.75) with x = 0 and y = x)

N-1
(1- 3:)5 =1+ Z %(—1)”%@ —1)...(B=m+1)2™+ Rn(z) (A.13)
where
R(e) = g [ (D83 =1) (8= N+ 1)(1 2N ()
N ! N(1—s)N-1

=S (DYBB -1 (BN + 1)/ st.

0
Now for z € (—1,1) and N > 3,
PN = )N "N =)V ! N
< | 2TV gs< | 279 _gs= [ N1—s)flds= =
O_/o (1—sx)N*5dS_/o 1 —s)v7 ds /0 (1—9)"""ds 3
and therefore,
Y
(N =1)!

[By(z)] < |(B=1)...(B—N+1)|=:pn.
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Since

lim sup PN+
N—oo PN

and so by the Ratio test, |Ry(z)| < py — 0 (exponentially fast) as N — oo.
Therefore by passing to the limit in Eq. (A.13) we have proved

= |z|-lim sup 76:\m|<1
N—o00

- (_1)m m
1-2)f =1+ ——B(B 1) (F-m+ 1) (A.14)
m=1
which is valid for |z] < 1 and 5 € R. An important special cases is § = —1

in which case, Eq. (A.14) becomes ﬁ = > _,a™, the standard geometric
series formula. Another another useful special case is 5 = 1/2 in which case
Eq. (A.14) becomes

3

\/l—le—l—z (_ﬂgm%(%—l)...(%—m—kl)xm

I
—

(2m — 3)!!
2mm)

=1

NE

2™ for all |z| < 1. (A.15)

3
I



B

Zorn’s Lemma and the Hausdorff Maximal
Principle

Definition B.1. A partial order < on X is a relation with following properties

(i) Ifx <y and y < z then z < z.
(i)If x <y and y < x then x = y.
(itif < x for all z € X.

Example B.2. Let Y be a set and X = 2. There are two natural partial
orders on X.

1. Ordered by inclusion, A < Bis A C B and
2. Ordered by reverse inclusion, A < B if B C A.

Definition B.3. Let (X, <) be a partially ordered set we say X is linearly a
totally ordered if for all x,y € X either x <y ory < x. The real numbers R
with the usual order < 1is a typical example.

Definition B.4. Let (X, <) be a partial ordered set. We say x € X is a
mazimal element if for all y € X such that y > x implies y = x, i.e. there is
no element larger than x. An upper bound for a subset E of X is an element
x € X such that x >y for ally € E.

Ezxample B.5. Let
X:{az{1}b={1,2}c={3}d={2,4}e:{2}}

ordered by set inclusion. Then b and d are maximal elements despite that fact
that b £ a and a £ b. We also have

e If E ={a,e,c}, then FE has no upper bound.

Definition B.6. ¢ If E = {a,e}, then b is an upper bound.
o E ={e}, then b and d are upper bounds.

Theorem B.7. The following are equivalent.
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1. The axiom of choice: to each collection, {Xa},c 4, of non-empty sets
there exists a “choice function,” x : A — [] Xa such that z(a) € X, for

acA
al € A, ice. [Tpcn Xa # 0.
2. The Hausdorff Maximal Principle: Every partially ordered set has a
mazimal (relative to the inclusion order) linearly ordered subset.
3. Zorn’s Lemma: If X is partially ordered set such that every linearly
ordered subset of X has an upper bound, then X has a mazimal element.!

Proof. (2 = 3) Let X be a partially ordered subset as in 3 and let F = {E C
X : FE is linearly ordered} which we equip with the inclusion partial ordering.
By 2. there exist a maximal element E € F. By assumption, the linearly
ordered set E has an upper bound x € X. The element = is maximal, for if
y €Y and y > z, then F U {y} is still an linearly ordered set containing E.
So by maximality of F, E = EU{y}, i.e. y € E and therefore y < x showing
which combined with 3 > x implies that y = .2

(3=1) Let {Xa},c4 be a collection of non-empty sets, we must show
[I,c4 Xa is not empty. Let G denote the collection of functions g : D(g) —
[{,c4 Xa such that D(g) is a subset of A, and for all @ € D(g), g(a) € Xq.
Notice that G is not empty, for we may let ag € A and xg € X, and then
set D(g) = {ap} and g(ag) = xo to construct an element of G. We now put
a partial order on G as follows. We say that f < g for f,g € G provided
that D(f) € D(g) and f = g|p(s). If & C G is a linearly ordered set, let
D(h) = UgeaD(g) and for a € D(g) let h(co) = g(«). Then h € G is an upper
bound for @. So by Zorn’s Lemma there exists a maximal element h € G. To
finish the proof we need only show that D(h) = A. If this were not the case,
then let ag € A\ D(h) and xg € X4,. We may now define D(h) = D(h)U{ap}
and )

Pa) = {h(a) }f ! E_D(h)
zo if a=aqg.

L If X is a countable set we may prove Zorn’s Lemma by induction. Let {zn}oe,
be an enumeration of X, and define E,, C X inductively as follows. For n =1
let 1 = {z1}, and if E, have been chosen, let Ent1 = Ep U {@ny1} if Zpg
is an upper bound for E,, otherwise let Ey,41 = E,. The set £ = U2 E, is a
linearly ordered (you check) subset of X and hence by assumption E has an upper
bound, z € X. I claim that his element is maximal, for if there exists y = xm, € X
such that y > x, then z,,, would be an upper bound for E,,_1 and therefore
Yy =xm € E, C E. That is to say if y > =z, then y € E and hence y < z, so
y = x. (Hence we may view Zorn’s lemma as a “ jazzed” up version of induction.)

2 Similarly one may show that 3 = 2. Let F = {E C X : E is lincarly ordered}

and order F by inclusion. If M C F is linearly ordered, let E = UM = |J A.
AEM

If x,y € E then x € A and y € B for some A, B C M. Now M is linearly ordered
by set inclusion so A C Bor BC Aie. z,y € Aor x,y € B. Since A and B are
linearly order we must have either x < y or y < z, that is to say E is linearly
ordered. Hence by 3. there exists a maximal element F € F which is the assertion
in 2.
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Then h < h while h #+ h violating the fact that h was a maximal element.

(1 = 2) Let (X, <) be a partially ordered set. Let F be the collection of
linearly ordered subsets of X which we order by set inclusion. Given zy € X,

{x0} € F is linearly ordered set so that F # (.

Fix an element Py € F. If Py is not maximal there exists P, € F such
that Py & P;. In particular we may choose = ¢ Py such that Py U {z} € F.

The idea now is to keep repeating this process of adding points x € X until
we construct a maximal element P of F. We now have to take care of some
details.

We may assume with out loss of generality that F = {P € F: P is not maximal}
is a non-empty set. For P € F,let P* = {x € X : PU{z} € F}. As the above
argument shows, P* # () for all P € F. Using the axiom of choice, there exists
f €1lpcr P We now define g : ¥ — F by

P if P is maximal
9(P) = {P U {f(z)} if P is not maximal. (B.1)

The proof is completed by Lemma B.8 below which shows that g must have
a fixed point P € F. This fixed point is maximal by construction of g. m

Lemma B.8. The function g : F — F defined in Eq. (B.1) has a fized point.

Proof. The idea of the proof is as follows. Let Py € F be chosen arbitrarily.
Notice that & = { g(”) Po)} o C F is alinearly ordered set and it is therefore

easily verified that P; = U g(") (Py) € F. Similarly we may repeat the process
n=0

to construct Py = U g™ (P)) € Fand P3 = U g™ (Py) € F, etc. etc. Then

take Py, = 0P and start again with Py replaced by Ps. Then keep going
this way untll eventually the sets stop increasing in size, in which case we
have found our fixed point. The problem with this strategy is that we may
never win. (This is very reminiscent of constructing measurable sets and the
way out is to use measure theoretic like arguments.)

Let us now start the formal proof. Again let Py € F and let 1 = {P €
F : Py C P}. Notice that F; has the following properties:

1. Py € F1.
2. If & C F; is a totally ordered (by set inclusion) subset then U € Fj.
3. If P € F; then g(P) € Fi.

Let us call a general subset F' C F satisfying these three conditions a
tower and let

3 Here is an easy proof if the elements of F happened to all be finite sets and
there existed a set P € F with a maximal number of elements. In this case the
condition that P C g(P) would imply that P = g(P), otherwise g(P) would have
more elements than P.
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Fo=n{F : F'is a tower} .

Standard arguments show that Fy is still a tower and clearly is the smallest
tower containing Py. (Morally speaking Fq consists of all of the sets we were
trying to constructed in the “idea section” of the proof.)

We now claim that Fy is a linearly ordered subset of F. To prove this let
I' C Fy be the linearly ordered set

I'={CeFy: forall Ae Fyeither AC Cor C C A}.

Shortly we will show that I" C Fy is a tower and hence that Fy = I'. That is
to say Fy is linearly ordered. Assuming this for the moment let us finish the
proof. Let P = UFy which is in Fy by property 2 and is clearly the largest
element in Fy. By 3. it now follows that P C g(P) € Fp and by maximality of
P, we have g(P) = P, the desired fixed point. So to finish the proof, we must
show that I" is a tower.

First off it is clear that Py € I' so in particular I" is not empty. For each
Cellet

Pc :={A € Fy:either AC Corg(C)C A}.

We will begin by showing that @ C Fy is a tower and therefore that oo = Fy.
1. Py € &¢ since Py C Cforall C € I' C Fy. 2. If @ C & C Fy is totally
ordered by set inclusion, then Ag := U® € Fy. We must show Ag € @, that
is that Ag € C or C C Ag. Now if A C C for all A € @, then A C C and
hence Ag € P¢. On the other hand if there is some A € & such that g(C) C A
then clearly g(C) C Ag and again Ag € P¢.
3. Given A € &¢ we must show g(A) € P, i.e. that

g(A) C Cor g(C) C g(A). (B.2)

There are three cases to consider: either A & C, A = C, or g(C) C A. In the
case A =C, g(C) = g(A) C g(A) and if g(C) C A then g(C) C A C g(A) and
Eq. (B.2) holds in either of these cases. So assume that A & C. Since C € T,
either g(A) € C (in which case we are done) or C C g(A). Hence we may
assume that

A CCg(A).

Now if C were a proper subset of g(A4) it would then follow that g(A4)\ A would
consist of at least two points which contradicts the definition of ¢g. Hence we
must have g(A) = C C C and again Eq. (B.2) holds, so &¢ is a tower.

It is now easy to show I is a tower. It is again clear that Fy € I' and
Property 2. may be checked for I" in the same way as it was done for @<
above. For Property 3., if C' € I' we may use ¢ = Fy to conclude for all
A € Fy, either A C C C g(C) or g(C) C A, ie. g(C) € I. Thus I is a tower
and we are done. m



Nets

In this section (which may be skipped) we develop the notion of nets. Nets are
generalization of sequences. Here is an example which shows that for general
topological spaces, sequences are not always adequate.

Example C.1. Equip C® with the topology of pointwise convergence, i.e. the
product topology and consider C(R,C) ¢ CE. If {f,} € C(R,C) is a sequence
which converges such that f,, — f € C® pointwise then f is a Borel measurable
function. Hence the sequential limits of elements in C'(R,C) is necessarily
contained in the Borel measurable functions which is properly contained in
CR. In short the sequential closure of C(R,C) is a proper subset of C¥. On
the other hand we have C(R,C) = C®. Indeed a typical open neighborhood
of f € CR is of the form

N ={geC®:|g(zx) - f(z)| <eforx € A},

where € > 0 and A is a finite subset of R. Since N N C(R,C) # 0 it follows
that f € C(R,C).

Definition C.2. A directed set (A, <) is a set with a relation “<” such that

1.a<aforalacA.
2. Ifa<pB and B <~ then a < .
3. A is cofinite, i.e. a, 5 € A there exists v € A such that o <7y and f < 7.

A net is function x : A — X where A is a directed set. We will often
denote a net x by {xotaca-

Ezample C.3 (Directed sets).

1. A = 2% ordered by inclusion, i.e. « < Bif a C 5. If @ < B and 8 < 7 then
a C B C v and hence a < . Similalry if o, 8 € 2% then o, 8 < aUS =: 7.

2. A = 2% ordered by reverse inclusion, i.e. « < Bif 3 C a. If a < 3 and
B<~vthenaDpODvyandsoa<~vyandif a,f € A then o, < aNp.
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3. Let A = N equipped with the usual ordering on N. In this case nets are
simply sequences.

Definition C.4. Let {za},c4 C X be a net then:

1.z, converges to x € X (written o, — z) iff for all V € 1, zo, € V
eventually, i.e. there exists f = By € A such that x,, € V for all a > B.

2. x is a cluster point of {xo}taca if for allV € 1,, x4 € V frequenily,
i.e. for all B € A there exists a > 3 such that x, € V.

Proposition C.5. Let X be a topological space and E C X. Then

1. z is an accumulation point of E (see Definition 8.28) iff there exists net
{za} C B\ {x} such that xo — .
2. x € E iff there exists {xo} C E such that x, — .

Proof. 1. Suppose x is an accumulation point of F and let A = 7, be ordered
by reverse set inclusion. To each o € A = 7, choose z, € (o \ {z}) N E
which is possible sine x is an accumulation point of F. Then given V € 7,
for all « > V (i.e. and o C V), z, € V and hence z, — .

Conversely if {z4}aca C F\ {z} and z, — z then for all V € 7, there
exists # € A such that x, € V for all @« > . In particular z, € (E\
{z}) NV # 0 and so = € acc(E) — the accumulation points of E.

2. If {z,} C E such that z, — « then for all V' € 7, there exists 5 € A such
that x, € VN E for all « > 3. In particular VN E # @ for all V € 7, and
this implies z € E.

For the converse recall Proposition 8.30 implies E = E U acc(E). If = €
acc(E) there exists a net {z,} C E such that z, — z by item 1. If x € F
we may simply take z, =z for alln € A :=N.

|

Proposition C.6. Let X and Y be two topological spaces and f : X — Y
be a function. Then f is continuous at x € X iff f(xo) — f(x) for all nets

To — T.

Proof. If f is continuous at z and x, — x then for any V' € 74, there exists
W € 7, such that f(W) C V. Since z, € W eventually, f(z,) € V eventually
and we have shown f(z,) — f(z).

Conversely, if f is not continuous at x then there exists W € 7y(,) such
that f(V) € W for all V € 7,. Let A = 7, be ordered by reverse set inclusion
and for V € 7, choose (axiom of choice) zy € V such that f(xy) ¢ W. Then
xy — x since for any U € 7, xy € U V > U (i.e. V. C U). On the over
hand f(xy) ¢ W for all V € 7, showing f(zv) - f(z). m

Definition C.7 ( Subnet). A net (yg)pep is a subnet of a net (xa)aca if
there exists a map f € B — ag € A such that

1. yg = oy for all B € B and
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2. for all ag € A there exists By € B such that ag > o whenever § > [y,
i.e. ag > o eventually.

Proposition C.8. A point x € X is a cluster point of a net {(xy)aca iff
there exists a subnet (yg)gep such that yg — .

Proof. Suppose (ys)pep is a subnet of (za)aca such that ys = 2., — .
Then for W € 7, and o € A there exists 3y € B such that yg = 2., € W
for all B > By. Choose 31 € B such that ag > oy for all 8 > /51 then choose
B3 € B such that 83 > 1 and 83 > B then ag > ap and z,, € W for all
B > B3 which implies z, € W frequently.

Conversely assume z is a cluster point of a net (z4)aeca. We mak B := 7, x
A into a directed set by defining (U, ) < (U’, ) iff « < &' and U D U’. For
all (U,7) € B =1, x A, choose oy,,) > v in A such that yy) = Tag., €U
Then if ag € A for all (U’,7') > (U, ), ie. v > ap and U C U, oy 7y >
7" > ap. Now if W € 7, is given, then yyy) € U C W for all U C W. Hence
fixing a € A we see if (U,7y) > (W, a) then yw,) = Za(,., € U C W showing
that y.) — = &

Ezercise C.1. [#34, p. 121] Let (z4)aca be a net in a topological space and
for each @ € Alet E, = {23 : § > a}. Then z is a cluster point of (z,) iff

re N E..
acA

Proof. If z is a cluster point, then given W € 7, we know E, N W # () for

all @ € E since 3 € W frequently thus = € E, for all a, ie. x € () Ea.
a€cA
Conversely if x is not a cluster point of (z,) then there exists W € 7, and

a € A such that zg ¢ Wior all B > a, i.e. WN E, = (. But this shows

v¢ E,and hencex ¢ (| E,. ®
acA

Theorem C.9. A topological space X is compact iff every net has a cluster
point iff every net has a convergent subnet.

Proof. Suppose X is compact, (Za)aca C X is a net and let F, :=
{zg:p > a}. Then F, is closed for all « € A, F, C Fy if @ > o and
F,,N---NF,, DO F, whenever v > «; fori =1,...,n. (Such a v always exists
since A is a directed set.) Therefore F,, N---NF, # 0 ie. {F,}laca has the
finite intersection property and since X is compact this implies there exists
x € () F, By Eexrcise C.1, it follows that x is a cluster point of (z4)neca-

aca
Conversely, if X is not compact let {U;};c; be an infinite cover with no

finite subcover. Let A be the directed set A = {a C J : # (&) < oo} with
a < B iff a C B. Define a net (x4)aca in X by choosing

o € X\ UUj # () for all « € A.

jEa
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This net has no cluster point. To see this suppose x € X and j € J is chosen

so that € U;. Then for all @ > {j} (ie. j € a), zo ¢ U Uy 2 U; and
YEQ

in particular z, ¢ U;. This shows z, ¢ U; frequently and hence x is not a
cluster point. ®
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