14

Hilbert Spaces Basics

(BRUCE: Perhaps this should be move to between Chapters 7 & 87)

Definition 14.1. Let H be a complex vector space. An inner product on H is
a function, (-|) : H x H — C, such that

1. {az + by|z) = a(z|z) + b{y|z) i.e. z — (z|2) is linear.

2. (zly) = (y|z).
3. ||z||? := (z|z) > 0 with equality ||z||*> =0 iff z = 0.

Notice that combining properties (1) and (2) that © — (z|z) is anti-linear
for fixed z € H, i.e.

(laz + by) = a(zla) + b(=ly)-

The following identity will be used frequently in the sequel without further
mention,

o+ yll* = (z+ylz +y) = |=l* + lyll* + (zly) + (y|z)
= [|z[|* + [lylI* + 2Re(zly). (14.1)

Theorem 14.2 (Schwarz Inequality). Let (H,{-|-)) be an inner product
space, then for all x,y € H

[(@ly)| < lllllyll
and equality holds iff x and y are linearly dependent.

Proof. If y = 0, the result holds trivially. So assume that y # 0 and
observe; if z = ay for some a € C, then (z|y) = a||y||* and hence

2
[(zly) =Tl lyll™ = ll=[lllyll-

Now suppose that = € H is arbitrary, let 2z := z — ||ly|| 7%(z|y)y. (So 2 is the
“orthogonal projection” of = onto y, see Figure 14.1.) Then
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Fig. 14.1. The picture behind the proof of the Schwarz inequality.
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from which it follows that 0 < [|y||?||z||? — |(z|y)|? with equality iff z = 0 or
equivalently iff z = |y =2 (z|y)y. ]
Corollary 14.3. Let (H, (-|-)) be an inner product space and ||z|| := /(x|z).
Then the Hilbertian norm, ||-||, is a norm on H. Moreover (-|-) is continuous

on H x H, where H is viewed as the normed space (H, ||-||).
Proof. If z,y € H, then, using the Schwarz’s inequality,
lz +yl* = llzl® + Ilyll* + 2Re(z]y)
< llll® + llyl® + 2lzlllyll = (el + vl
Taking the square root of this inequality shows ||-|| satisfies the triangle in-
equality. Checking that ||-|| satisfies the remaining axioms of a norm is not
routine and will be left to the reader. If z, 2'y,y’ € H, then
[(@ly) = @' 1y)] = (@ = 2"ly) + (@'ly = /)|
< llyllle =2l + 2y — ¥/l
< lyllllz = 'l + (llzll + lle = 21D ly — ¥/l
= llylllz — 'l + l=lllly — y'll + lle — 2"lllly — 'l
from which it follows that (-|-) is continuous. ]
Definition 14.4. Let (H,(-|-)) be an inner product space, we say x,y € H
are orthogonal and write x L y iff (x|y) = 0. More generally if A C H is a
set, x € H is orthogonal to A (write x L A) iff (x|y) =0 for ally € A. Let
A+ ={x € H:x L A} be the set of vectors orthogonal to A. A subset S C H

is an orthogonal set if x L y for all distinct elements x,y € S. If S further
satisfies, ||x|| =1 for all x € S, then S is said to be orthonormal set.
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Proposition 14.5. Let (H, (-|-)) be an inner product space then
1. (Parallelogram Law)
Iz +ylI? + llz = ylI* = 2l|z[|* + 2y )| (14.2)

forall z,y € H.
2. (Pythagorean Theorem) If S C H is a finite orthogonal set, then

el =Skl (14.3)

zeS zes

3. If AC H is a set, then A* is a closed linear subspace of H.

Remark 14.6. See Proposition 14.54 for the “converse” of the parallelogram
law.

Proof. I will assume that H is a complex Hilbert space, the real case being
easier. Items 1. and 2. are proved by the following elementary computations;

Iz +yll* + llz — y|I?
= ||z + |lylI*> + 2Re(z|y) + [|=]|*> + |lyl|* — 2Re(z|y)
=2|lz||* + 2[ly|I?,

and

S 2 =0 "> = (aly)

zeS zeS yeSs z,yes
= ale) = [l
zeS €S

Item 3. is a consequence of the continuity of (-|-) and the fact that
AT = Nyea Nul((]z))
where Nul((:|z)) = {y € H : (y|z) = 0} — a closed subspace of H. ]

Definition 14.7. A Hilbert space is an inner product space (H,(-|-)) such
that the induced Hilbertian norm is complete.

Ezample 14.8. Suppose X is a set and p: X — (0,00), then H := £2 (u) is a
Hilbert space when equipped with the inner product,

(flo) =Y f@)g@)pu().

zeX

”

In Exercise 14.6 you will show every Hilbert space H is “equivalent” to a

Hilbert space of this form with p = 1.
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More example of Hilbert spaces will be given later after we develop the
Lebesgue integral, see Example 23.1 below.

Definition 14.9. A subset C' of a vector space X is said to be convex if for
all z,y € C the line segment [x,y] :== {tz + (1 —t)y : 0 < ¢ < 1} joining x to
y is contained in C' as well. (Notice that any vector subspace of X is convez.)

Theorem 14.10. Suppose that H is a Hilbert space and M C H is a closed
convez subset of H. Then for any x € H there exists a unique y € M such
that
—y|| =d(x, M) = inf ||z — z||.
Iz~ yll = d(z, M) = inf o — 2|

Moreover, if M is a vector subspace of H, then the point y may also be char-
acterized as the unique point in M such that (x —y) L M.

Proof. Uniqueness. By replacing M by M —z:={m —z:m € M} we
may assume = = 0. Let 0 := d(0, M) = inf,,ep [|m| and y, z € M, see Figure
14.2.

Fig. 14.2. The geometry of convex sets.

By the parallelogram law and the convexity of M,

20lyl1? + 2lll* = lly + 21> + Iy — 2>

y+z
= 4f|=——II?

+ly = 2lI* > 46% + [ly — 2||*. (14.4)
Hence if ||y|| = ||z|| = 6, then 262 +262 > 462 + ||y — 2|2, so that ||y —z||* =
Therefore, if a minimizer for d(0, )| exists, it is unique.
Existence. Let y, € M be chosen such that ||y,|| = 6, — & = d(0, M).
Taking y = y,, and z = y,, in Eq. (14.4) shows
202, + 262 > 46% + |lyn — yml%

m n =

Passing to the limit m,n — oo in this equation implies,
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26% +26% > 462 + lim sup lyn — ymH27

m,n— oo

i.e. imsup,, ;oo |Yn — ym|> = 0. Therefore, by completeness of H, {y,} -,

is convergent. Because M is closed, y := lim y, € M and because the norm
n—oo

is continuous,
lyll = lim [jy.] =& = d(0, M).
n—oo

So y is the desired point in M which is closest to 0.
Now suppose M is a closed subspace of H and = € H. Let y € M be the
closest point in M to x. Then for w € M, the function

9(t) = llz = (y + tw)[|* = & = y|* - 2tRelz — ylw) + *|lw]|?

has a minimum at ¢t = 0 and therefore 0 = ¢’(0) = —2Re(z — y|w). Since
w € M is arbitrary, this implies that (z —y) L M.

Finally suppose y € M is any point such that (x —y) L M. Then for
z € M, by Pythagorean’s theorem,

lz = 21* = lle —y +y -2 = llz = ylI* + ly — 21* > |« — y|I?

which shows d(z, M)? > ||z — y||?. That is to say y is the point in M closest
to x. |

Definition 14.11. Suppose that A : H — H is a bounded operator. The
adjoint of A, denote A*, is the unique operator A* : H — H such that
(Az|y) = (z|A*y). (The proof that A* exists and is unique will be given in
Proposition 14.16 below.) A bounded operator A : H — H is self - adjoint
or Hermitian if A = A*.

Definition 14.12. Let H be a Hilbert space and M C H be a closed subspace.
The orthogonal projection of H onto M 1is the function Py : H — H such that
for x € H, Py (x) is the unique element in M such that (x — Pp(x)) L M.

Theorem 14.13 (Projection Theorem). Let H be a Hilbert space and
M C H be a closed subspace. The orthogonal projection Py satisfies:

1. Py is linear and hence we will write Pyrx rather than Py (x).
2. P%, = Py (Py is a projection).

3. Py = Py, (Par is self-adjoint).

4. Ran(Pyr) = M and Nul(Py) = M*.

Proof.

1. Let x1,29 € H and « € F, then Pyxy + aPyxs € M and
Pyrx1 + aPyxe — (l’l +Ozl’2) = [P]uitl —x1 + a(PMxQ — xg)] € ML

showing Py;x1 + aPyxe = Py (21 + as), i.e. Py is linear.

202 14 Hilbert Spaces Basics

2. Obviously Ran(Py) = M and Pyz = z for all x € M. Therefore P, =
P]\/I.
3. Let z,y € H, then since (z — Pyrx) and (y — Ppy) are in M+,
(Puly) = (Payz|Pyy +y — Puy) = (Puz|Puy)
= (Pyx + (z — Py2)|Puy) = (z|Pyy).
4. We have already seen, Ran(Py;) C M and Pyx =0iff x =2 —0€ M+,
i.e. Nul(Py) = M+,
[

Corollary 14.14. If M C H is a proper closed subspace of a Hilbert space H,
then H=M ® M~.

Proof. Given x € H, let y = Pyx so that + —y € M*. Then = =
y+(x—y) e M+ ML+ Itz e MNM?L, then z Lz, ie. |z]> = (z|z) = 0. So
MnMt=/{0}. [

Exercise 14.1. Suppose M is a subset of H, then M++ = m.
Theorem 14.15 (Riesz Theorem). Let H* be the dual space of H (Nota-
tion 7.9). The map

seH - (|2) e HY (14.5)
is a conjugate linear' isometric isomorphism.

Proof. The map j is conjugate linear by the axioms of the inner products.
Moreover, for x,z € H,

[(z[2)] < ||zl [|2]] for all z € H

with equality when « = z. This implies that ||jz]| 7. = [|[(:|2)|lg- = |12]-
Therefore j is isometric and this implies j is injective. To finish the proof we
must show that j is surjective. So let f € H* which we assume, with out
loss of generality, is non-zero. Then M =Nul(f) — a closed proper subspace
of H. Since, by Corollary 14.14, H = M @ M+, f : H/IM = M+ — Fis a
linear isomorphism. This shows that dim(M 1) = 1 and hence H = M @ Fxq
where zg € M=\ {0} .2 Choose z = Az € M such that f(zo) = (wo|2), i.e.
A = f(z0)/ ||lzo||* . Then for z = m + Azg with m € M and \ € F,

f(@) = Mf(wo) = Mwolz) = (Amolz) = (m + Azo|2) = (]2)
which shows that f = jz. [ ]
lRTallthat j is conjugate linear if
Jj(z1+az) =jz1 + ajze

for all z1,22 € H and a € C.

2 Alternatively, choose zo € M~ \ {0} such that f(zo) = 1. For z € M* we have
f(z — Axzo) = 0 provided that \ := f(z). Therefore x — Axo € M N M+ = {0},
i.e. & = Azo. This again shows that M™ is spanned by 0.
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Proposition 14.16 (Adjoints). Let H and K be Hilbert spaces and A :
H — K be a bounded operator. Then there exists a unique bounded operator
A*: K — H such that

(Azly)k = (x|A*y)y for allz € H and y € K. (14.6)
Moreover, for all A,B € L(H,K) and X € C,

1. (A4+AB)" = A* + AB*,

2. A = (A")* = 4,

3. ||A|| = [[A]| and

4 1A Al = (L 4)°.

5.If K = H, then (AB)" = B*A*. In particular A € L (H) has a bounded
inverse iff A* has a bounded inverse and (A*) " = (Afl)*.

Proof. For each y € K, the map z — (Az|y)x is in H* and therefore
there exists, by Theorem 14.15, a unique vector z € H such that

(Azly)k = (x|2) g for all x € H.

This shows there is a unique map A* : K — H such that (Az|y)x =
(x|A*(y)) g for all x € H and y € K.
To see A* is linear, let y1,y2 € K and A\ € C, then for any = € H,
(Azlyr + Myo) i = (Azly1) i + M Azlyo)
= (@A™ (y1)) k + Mz|A%(y2))
= (@[A%(y1) + AA" (y2)) k
and by the uniqueness of A*(y; + Ayz) we find
A*(y1 4 Ay2) = A%(y1) + AA™ (y2).

This shows A* is linear and so we will now write A*y instead of A*(y).
Since

(A*ylzyg = (z|A*y)r = (Azly)k = (y|Az)k

it follows that A** = A. The assertion that (A + AB)" = A* 4+ AB* is Exercise
14.2.
Making use of the Schwarz inequality (Theorem 14.2), we have

[A* = sup [lA"K]|
keEK:|k||=1
= sup sup  |[(A"k|h)|
kEK:||k||=1 heH:||h||=1
= sup sup  [(k|Ah)| = sup [|AR[ = [|A]l.
heH:||h||=1keK:||k|=1 heH:||h||=1

The last item is a consequence of the following two inequalities;
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* * 2
[A* Al < [|A*]|[|A]l = [IA]
and

IAI* = sup JAR|*= sup [{Ah|AR)|

heH:||h]=1 heH:||h||=1
= swp  [(WATAR)| < sup  [|ATAR| =[|A°A]|.
heH:||h||=1 hEH:||h|=1

Now suppose that K = H. Then
(ABh|k) = (Bh|A*k) = (h|B* A™k)
which shows (AB)" = B*A*. If A~! exists then

(A7) A" = (447" =I" =T and

A (AT =(ATA) =" =1

This shows that A* is invertible and (A*)™' = (A~1)". Similarly if A* is
invertible then so is A = A**. [ ]

Exercise 14.2. Let H, K, M be Hilbert spaces, A,B € L(H,K), C €
L(K,M) and X € C. Show (A+ AB)* = A* + AB* and (CA)* = A*C* €
L(M, H).

Exercise 14.3. Let H = C"” and K = C™ equipped with the usual inner
products, i.e. (z|w) g = z-w for z,w € H. Let A be an m xn matrix thought of
as a linear operator from H to K. Show the matrix associated to A* : K — H
is the conjugate transpose of A.

Lemma 14.17. Suppose A : H — K is a bounded operator, then:

1. Nul(A4*) = Ran(A)*.

2. Ran(A) = Nul(4*)+.

3. if K=H andV C H is an A — invariant subspace (i.e. A(V) C V), then
VL ois A* — invariant.

Proof. An element y € K is in Nul(4*) iff 0 = (A*y|z) = (y|Ax)
for all x € H which happens iff y € Ran(A4)*. Because, by Exercise 14.1,
Ran(A4) = Ran(A)*+, and so by the first item, Ran(A4) = Nul(4*)*. Now
suppose A(V) C V and y € V| then

(A*ylz) = (y|Az) =0for allz € V

which shows A*y € V1. [ ]
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14.1 Hilbert Space Basis

Proposition 14.18 (Bessel’s Inequality). Let T' be an orthonormal set,
then for any x € H,

> @) < |2l for allz € H. (14.7)

veT

In particular the set T, := {v € T : (x|v) # 0} is at most countable for all
r € H.

Proof. Let I' C T be any finite set. Then
0< Jlo— Y (ao)o]® = llz|* = 2Re Y {afv) (v]z) + D [(alo)]?

vel’ vel vel

= [l = > [(zlv)|®

vel’
showing that Z [{z|v)[? < ||z||?. Taking the supremum of this inequality over
IccrT then proves Eq. (14.7). ]

Proposition 14.19. Suppose T' C H is an orthogonal set. Then s =3 pv
exists in H (see Definition 7.15) iff 3,7 |v]|* < co. (In particular T must
be at most a countable set.) Moreover, if 3., o |[v]|* < oo, then

L |s|® = Lyerllvl® and
2. (slx) = > cplvlz) for all x € H.

o0
Similarly if {v,}52, is an orthogonal set, then s = Y v, emists in H
n=1

iff E lval|?> < co. In particular if E vy, exists, then it is independent of
n=1
rearmngements of {vn}22,.

Proof. Suppose s = ) . v exists. Then there exists I' CC T such that

Dol =13

veA veEA

2
<1

for all A cc T\ I', wherein the first inequality we have used Pythagorean’s
theorem. Taking the supremum over such A shows that }° .7 [v]> < 1 and

therefore
STl <14+ > vl < oo

veT vel’

Conversely, suppose that Y, [|v]|* < 0o. Then for all & > 0 there exists
I. cC T such that if A cCc T'\ I,

206 14 Hilbert Spaces Basics

s

veEA

=> |vl? <& (14.8)

veA

Hence by Lemma 7.16, >~ v exists.
For item 1, let I'. be as above and set s. := Z%FE v. Then

sl = Nselll < lls = sell <e
and by Eq. (14.8),

2
0< D loll® —llsel* = > IIoll* < €.

veT vgl,

Letting € | 0 we deduce from the previous two equations that ||sc|| — ||s|| and
lls<l* = Sper I0]| as & | 0 and therefore ||s]|* = 3, [[v]*
Ttem 2. is a special case of Lemma 7.16. For the final assertion, let
N
SN = Y, v, and suppose that imy_.oo sy = s exists in H and in partic-
n=1
ular {sy}y_; is Cauchy. So for N > M.
N
> oal® = llsn — sarll> — 0 as M, N — oo
n=M+1

which shows that Z lvn||? is convergent, i.e Z lon|? < occ.
= —

Alternative proof of item 1. We could use the last result to prove
Item 1. Indeed, if 37 o [[v]|* < oo, then T is countable and so we may writer
T ={v,},2,. Then s = limy_. sy with sy as above. Since the norm, |||,
is continuous on H,

2

Isl* = Jim flsn|* = lim
[e'e] N—oo

oo
2
= loall® =" lloll*.
n=1

veT

N
= lim > floa?
N—oo
n=1

Corollary 14.20. Suppose H is a Hilbert space, 5 C H is an orthonormal
set and M = span 3. Then

Py = Z(x\u}u, (14.9)
uepf
> lalw)* = | Paz|® and (14.10)
uepf
> (alu)(uly) = (Parzly) (14.11)
uep

for all x,y € H.
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Proof. By Bessel’s inequality, 3¢ [(zu)|* < ||z]? for all # € H and
hence by Proposition 14.18, Pz := )" _s(z|u)u exists in H and for all z,y €
H7

uepf

(Paly) = S (olwyuly) = 3 (lu) (uly). (14.12)
uep uep

Taking y € 5 in Eq. (14.12) gives (Pz|y) = (x|y), i.e. that (x — Pz|y) = 0 for
all y € 5. So (x — Px) L span 3 and by continuity we also have (z — Pz) L
M = span . Since Pz is also in M, it follows from the definition of Py
that Pz = Pyz proving Eq. (14.9). Equations (14.10) and (14.11) now follow
from (14.12), Proposition 14.19 and the fact that (Pyzly) = (Pzly) =
(PMx\PMy) for all x,y € H. |

Definition 14.21 (Basis). Let H be a Hilbert space. A basis 8 of H is a
mazimal orthonormal subset § C H.

Proposition 14.22. Every Hilbert space has an orthonormal basis.

Proof. Let F be the collection of all orthonormal subsets of H ordered by
inclusion. If @ C F is linearly ordered then U® is an upper bound. By Zorn’s
Lemma (see Theorem B.7) there exists a maximal element § € F. [

An orthonormal set 3 C H is said to be complete if 3+ = {0} . That is
to say if (z|u) = 0 for all u € B then z = 0.

Lemma 14.23. Let $ be an orthonormal subset of H then the following are
equivalent:

1. B is a basis,
2. B is complete and
8. span 3 = H.

Proof. If 8 is not complete, then there exists a unit vector € g+ \ {0}.
The set S U {z} is an orthonormal set properly containing 8, so 3 is not
maximal. Conversely, if 5 is not maximal, there exists an orthonormal set
f1 C H such that 8 & f1. Then if z € f; \ 8, we have (z|u) = 0 for all
u € 8 showing 3 is not complete. This proves the equivalence of (1) and (2).
If B is not complete and = € B+ \ {0}, then span § C x* which is a proper

subspace of H. Conversely if span £ is a proper subspace of H, 3+ = span +
is a non-trivial subspace by Corollary 14.14 and f is not complete. This shows
that (2) and (3) are equivalent. ]

Theorem 14.24. Let § C H be an orthonormal set. Then the following are
equivalent:

1. B is complete, i.e. B is an orthonormal basis for H.

2.2 = > {(zx|lu)u for all z € H.
uep

3. (zly) = > (zlu) (uly) for all z,y € H.

u€ef
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4. z)? = Zﬂ [{z|u)|? for all x € H.
ue

Proof. Let M = span § and P = Py,;.

(1) = (2) By Corollary 14.20, > (z|u)u = Pyz. Therefore
u€ef

x— Z(x\u)u= x— Pyxz € M* =g ={0}.
u€ep

(2) = (3) is a consequence of Proposition 14.19.

(3) = (4) is obvious, just take y = x.

(4) = (1) If = € B+, then by 4), ||z|| = 0, i.e. z = 0. This shows that 3 is
complete. |

Suppose I := {un}zozl is a collection of vectors in an inner product space
(H, (). The standard Gram-Schmidt process produces from I" an ortho-
normal subset, 8 = {v,}52,, such that every element w, € I' is a finite
linear combination of elements from (. Recall the procedure is to define v,
inductively by setting

n

Upt1 = Unt1 — E <un+llvj>vj = Upy1 — Ppvnia
Jj=1

where P, is orthogonal projection onto M,, := span({vg};_;). If vp41 := 0, let
Up41 = 0, otherwise set vy, 11 1= ||Up41 ||71 Up+1- Finally re-index the resulting
sequence so as to throw out those v,, with v,, = 0. The result is an orthonormal
subset, 8 C H, with the desired properties.

Definition 14.25. As subset, I, of a normed space X is said to be total if
span(I") is a dense in X.

Remark 14.26. Suppose that {u,}5°; is a total subset of H. Let {v,,}22 1 be
the vectors found by performing Gram-Schmidt on the set {u,}52;. Then
B = {v,}52, is an orthonormal basis for H. Indeed, if h € H is orthogonal
to 3 then h is orthogonal to {u,}3; and hence also span {u,},-, = H. In
particular h is orthogonal to itself and so h = 0.

Proposition 14.27. A Hilbert space H is separable iff H has a countable
orthonormal basis 8 C H. Moreover, if H is separable, all orthonormal bases of
H are countable. (See Proposition 4.14 in Conway’s, “A Course in Functional
Analysis,” for a more general version of this proposition.)

Proof. Let D C H be a countable dense set D = {u,}52,. By Gram-
Schmidt process there exists 8 = {v,}32; an orthonormal set such that
span{v, : n =1,2...,N} D span{u, : n =1,2...,N}. So if (z|v,) = 0 for
all n then (z|u,) = 0 for all n. Since D C H is dense we may choose {wy} C D
such that x = limy_, o, wy, and therefore (z|z) = limy_ o (z|wg) = 0. That is to
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say ¢ = 0 and B is complete. Conversely if 5 C H is a countable orthonormal
basis, then the countable set

Zauu:au6@+i@:#{u:au7ﬁ0}<oo

u€ep

is dense in H. Finally let 8 = {u,}>2, be an orthonormal basis and 8; C H
be another orthonormal basis. Then the sets

Bn = {U € 51 : <’U‘u’ﬂ> 7é 0}

o0
are countable for each n € N and hence B := |J B, is a countable subset

n=1
of B1. Suppose there exists v € 81 \ B, then (v|u,) = 0 for all n and since
B = {un}22, is an orthonormal basis, this implies v = 0 which is impossible
since ||v|| = 1. Therefore 8; \ B = () and hence 3; = B is countable. [ ]

Proposition 14.28. Suppose X and Y are sets and p : X — (0,00) and
v:Y — (0,00) are give weight functions. For functions f : X — C and
g:Y =>Clet fg: X XY — C be defined by f @ g(z,y) := f(z)g(y). If
B C €2 (u) and v C £2 (v) are orthonormal bases, then

Boy:={f®g:fepfandgecn}
is an orthonormal basis for 2 (@ v).

Proof. Let f, f' € £ (u) and g, ¢’ € €2 (v), then by the Tonelli’s Theorem
4.22 for sums and Holder’s inequality,

difeg-f ®9|u®V—Z|ff\u Z\gglv

XxXY
< ||f||z2(u) I ku) I9lle2(y 9" lle2 0y =1 < 00.

So by Fubini’s Theorem 4.23 for sums,
(fedf ©9)ewen fo - Zgg v

= (f\f >z2(,t><9|g Yez(vy = Of.10g.g'-

Therefore, 3 ® v is an orthonormal subset of £2(11 ® ). So it only remains to
show B®1 is complete. We will give two proofs of this fact. Let F' € £2(u®v).
In the first proof we will verify item 4. of Theorem 14.24 while in the second
we will verify item 1 of Theorem 14.24.

First Proof. By Tonelli’s Theorem,

ST u@) S v @) IF@ ) = 1Fll e, <

zeX yey
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and since p > 0, it follows that

Z |F(z, )] v (y) < oo for all z € X,
yeyY

ie. F(z,-) € 2(v) for all € X. By the completeness of -,
S F@y) v ) = (F (@) [F (@ )ew = D [(F (@) |9)ew
Y gey

and therefore,

117 sy = D 1) Y v () [F )

zeX yey

= Y Y F @) gewm| n@). (14.13)

reX gey

and in particular,  — (F (,-)|g)e() is in €2 (1) . So by the completeness of
[ and the Fubini and Tonelli theorems, we find

2

STHE () 19| 1@) = 3213 (F (@) [9)ew) f (@) ()
X fepl X

:Z Z <ZF($7y)g(y)V(y)>f(:!:)u(a:)
=3I Y FayTeg@ynevizy)

feBIXXY

=ST(FIf @ 9)eruen |-
res

Combining this result with Eq. (14.13) shows

2
Hl;‘”é2 (n@v) — Z ‘<F|f®g>Z2(u®y)
feB, gev

as desired.
Second Proof. Suppose, for all f € 8 and g € v that (F|f ® g) =0, i.e.

0= (FIf ®g)emuen = Y n@) Y vy Flz,y)f2)g(y)

reX yey

=Y ul N9 fz). (14.14)

zeX

Since
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S HE@ g ew] v@) < D u@) Y 1F@y)fry) <o, (14.15)

reX zeX yey

it follows from Eq. (14.14) and the completeness of 5 that (F(z,-)|g)e) =0
for all z € X. By the completeness of v we conclude that F(x,y) = 0 for all
(z,y) e X x Y. ]

Definition 14.29. A linear map U : H — K is an isometry if |Uz|, =
x|l g for all z € H and U is unitary if U is also surjective.

Exercise 14.4. Let U : H — K be a linear map, show the following are
equivalent:

1.U : H — K is an isometry,
2. (Uz|Ux') k = (z|z')p for all z, 2" € H, (see Eq. (14.31) below)
3.U"U =1idy.

Exercise 14.5. Let U : H — K be a linear map, show the following are
equivalent:

1. U : H — K is unitary
2. U*U =idyg and UU* = idg.
3. U is invertible and U~! = U*.

Exercise 14.6. Let H be a Hilbert space. Use Theorem 14.24 to show there
exists a set X and a unitary map U : H — £2(X). Moreover, if H is separable
and dim(H) = oo, then X can be taken to be N so that H is unitarily
equivalent to ¢2 = ¢2(N).

14.2 Some Spectral Theory

For this section let H and K be two Hilbert space over C.

Exercise 14.7. Suppose A : H — H is a bounded self-adjoint operator.
Show:

1. If X is an eigenvalue of A, i.e. Az = Az for some x € H\ {0}, then A € R.
2. If A and p are two distinct eigenvalues of A with eigenvectors = and y
respectively, then = L y.

Unlike in finite dimensions, it is possible that an operator on a complex
Hilbert space may have no eigenvalues, see Example 14.35 and Lemma 14.36
below for a couple of examples. For this reason it is useful to generalize the
notion of an eigenvalue as follows.
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Definition 14.30. Suppose X is a Banach space over F (F =R or C) and
AeL(X). We say X € F is in the spectrum of A if A— A does not have a

bounded® inverse. The spectrum will be denoted by o (A) C F. The resolvent
set for A is p(A) :=F\o (4).

Remark 14.31. If X\ is an eigenvalue of A, then A — AI is not injective and
hence not invertible. Therefore any eigenvalue of A is in the spectrum of A.
If H is a Hilbert space ant A € L (H), it follows from item 5. of Proposition
14.16 that X € o (A) iff X € 0 (A4%), i.e.

o(A)={X:xea(A)}.

Exercise 14.8. Suppose X is a Banach space and A € L (X). Use Corollary
7.20 to show o (A) is a closed subset of {)\ eF: |\ <|A| = HA||L(X)}.

Lemma 14.32. Suppose that A € L(H) is a normal operator, i.e. [A, A*] = 0.
Then A € o(A) iff

|\1}ﬂ£1 [I(A—=A1)y| = 0. (14.16)
In other words, N € o (A) iff there is an “approximate sequence of eigen-
vectors” for (A,\), i.e. there exists ¢, € H such that |¢,] = 1 and

Ay — M, — 0 as n — 0.
Proof. By replacing A by A — A\l we may assume that A = 0. If 0 ¢ o(A),

e v (v
inf ||A¢y|| = inf = inf =1/||A7t| >o.
(L AV = R = gy = 1/ 147
Now suppose that inf), 1 [|A%] = € > 0 or equivalently we have
[ A¥]| = e |||

for all ¢b € H. Because A is normal,
1 4l|* = (A" Agly) = (AA"l) = (A"l AY) = || 47|,
Therefore we also have
A"l = | A%l = e |l]l V¢ € H. (14.17)

This shows in particular that A and A* are injective, Ran(A) is closed and
hence by Lemma 14.17

Ran(A) = Ran(A) = Nul(4*)* = {0}* = H.

Therefore A is algebraically invertible and the inverse is bounded by Eq.
(14.17). [ ]

3 Tt will follow by the open mapping Theorem 35.1 or the closed graph Theorem

35.3 that the word bounded may be omitted from this definition.
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Lemma 14.33. Suppose that A € L(H) is self-adjoint (i.e. A = A*) then

a(A) C |= [ All,p s 141l | € R

op’
Proof. Writting A = a + i with «, 8 € R, then

A+ a+iB) v = [(A+ a)p ) + 18] [Yl° + 2Re((A + @) 9, i)
= A+ )|’ + 1817 v (14.18)

wherein we have used

Re[iB((A+ o), ¢)] = BIm((A+ @) ¥, ¢) =0
since
(A+a)v,¥) =, (A+a)¢) = (A+a) ¥, ).
Eq. (14.18) along with Lemma 14.32 shows that A ¢ o(A) if 8 # 0, ie.
o(A) C R. The fact that o (A4) is now contained in |—|[|4],,
consequence of Exercise 14.8. |

1Al | is a

Remark 14.34. It is not true that o(A) C R implies A = A*. For example let

A= (8 (1)) on H = C? then o(A) = {0} yet A # A*.
Ezample 14.85. Let S € L(H) be a (not necessarily) normal operator. The
proof of Lemma 14.32 gives A\ € o(S) if Eq. (14.16) holds. However the con-
verse is not always valid unless S is normal. For example, let S : 2 — (2
be the shift, S(wi,ws,...) = (0,wi,ws,...). Then for any A\ € D :=
{zeC:|z| <1},

1S = A&l = 15¢ = Xl = [[[SYIl = (ALl = (1= [A]) [[4]

and so there does not exists an approximate sequence of eigenvectors for
(S, ) . However, as we will now show, o (S) = D.

To prove this it suffices to show by Remark 14.31 and Exercise 14.8 that
D C o (5*). For if this is the cae then D C o (S*) C D and hence o (S) = D

since D is invariant under complex conjugation.
A simple computation shows,

S*(wy,wa,...) = (wa,ws,...)
and w = (wy,ws,...) is an eigenvector for S* with eigenvalue A € C iff
0=(S" =) (wy,wa,...) = (w3 — Aw1, w3 — A\wa, ... ).
Solving these equation shows

Wo = Awi, Wy = Mws = A2wi ..., wp=A""tw.
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Hence if A € D, we may let w; = 1 above to find
S*LANE L) = A1, 00%00)

where (1,\,A2,...) € £2. Thus we have shown ) is an eigenvalue for S* for
all A € D and hence D C o(S*).

Lemma 14.36. Let H = (2 (Z) and let A: H — H be defined by
Af(k)=4i(f(k+1)— f(k—1)) for all k € Z.
Then:

1. A is a bounded self-adjoint operator.
2. A has no eigenvalues.
3.0(A)=[-2,2].

Proof. For another (simpler) proof of this lemma, see Exercise 23.8 below.
1. Since

[Aflly < I1f G+ Dlly +[1f ¢ =Dl =271,
[All,, <2 < co. Moreover, for f, g € ¢*(Z),

(Aflg) =D i (f (k+1) = f (k= 1) g (k)
k
=Y if(k)gk—1) =Y if (k)g(k+1)
k k
= f (k) Ag(k) = (f|Ag).
k:

which shows A = A*.
2. From Lemma 14.33, we know that o (4) C [-2,2]. If A € [-2,2] and
f € H satisfies Af = Af, then

Fk+1) = —i\f (k) + f (k—1) for all k € Z. (14.19)

This is a second order difference equations which can be solved analogously
to second order ordinary differential equations. The idea is to start by looking
for a solution of the form f (k) = o*. Then Eq. (14.19) beocmes, o*+! =
—iXa® + aF~1 or equivalently that

®+ida—-1=0.
So we will have a solution if o € {a+} where

—iAE VA= N2
— 5

a4+ =
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For || # 2, there are two distinct roots and the general solution to Eq. (14.19)
is of the form
f (k) =crak +c_a” (14.20)

for some constants ¢y € C and |\| = 2, the general solution has the form
f (k) = cak + dka. (14.21)

Since in all cases, x| = § (A% 4+ 4 — A?) =1, it follows that neither of these
functions, f, will be in £2 (Z) unless they are identically zero. This shows that
A has no eigenvalues.

3. The above argument suggest a method for constructing approximate
eigenfucntions. Namely, let A € [—2,2] and define f, (k) := 1|k‘§na’“ where
a = a4. Then a simple computation shows

i JA=AD ful

n=oe | fally

=0 (14.22)

and therefore A € o (4). ]
Exercise 14.9. Verify Eq. (14.22). Also show by explicit computations that

[(A—AD) fn

lim [ £0

n—oeo Hf 7L||2
if A ¢ [-2,2].
The next couple of results will be needed for the next section.

Theorem 14.37 (Rayleigh quotient). Suppose T € L(H) := L(H,H) is a
bounded self-adjoint operator, then

T
I = sup =

Moreover if there exists a non-zero element g € H such that

[{(Tglg)|
T

then g is an eigenvector of T with Tg = Ag and X € {£||T|}.

Proof. Let

M :=sup M

0 |IFI?
We wish to show M = ||T||. Since

ATHTIFANT LI < ITHIFI,
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we see M < ||T'||. Conversely let f,g € H and compute
(F+9IT(f+9)) = (f —glT(f —9))

= (fITg) +{gITf) + (fITg) + (9ITf)

=2[(f|Tg) + (Tgl /)] = 2[(f|Tg) + {fITg)]
= 4Re(f|T'g).

Therefore, if || f|| = ||g]| = 1, it follows that

M M
[Re(fTg)l < - {Ilf +yllP+1f—al?} = T {20717 +2[l9]%} = M.
By replacing f be e f where 6 is chosen so that e (f|Tg) is real, we find

[(fITg)| < M for all [|f|| = |lgll = 1.

Hence

1T = sup  [(f|Tg)| <M.
1£1=llgll=1

If g € H\ {0} and ||T|| = [{Tglg)|/|lg||* then, using the Cauchy Schwarz
inequality,

I(Tglg)l _ ITgll
T = 5= < = < T (14.23)
llgll llgll

This implies [(T'g|lg)| = |Tg]l||g]| and forces equality in the Cauchy Schwarz
inequality. So by Theorem 14.2, T'g and g are linearly dependent, i.e. Tg = Ag
for some A\ € C. Substituting this into (14.23) shows that |A| = ||T'||. Since T’
is self-adjoint,

Mgll*> = (Aglg) = (Tglg) = (9|Tg) = (g|Ag) = Aglg),

which implies that A € R and therefore, A € {£||T|}. ]

Lemma 14.38 (Invariant subspaces). Let T : H — H be a self-adjoint
operator and M be a T — invariant subspace of H, i.e. T(M) C M. Then M+
is also a T — invariant subspace, i.e. T(M*) C M*L.

Proof. Let © € M and y € M+, then T2 € M and hence
0= (Tzly) = (z|Ty) for all x € M.

Thus Ty € M+, |
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14.3 Compact Operators on a Hilbert Space

In this section let H and B be Hilbert spaces and U := {z € H : ||z|| < 1}
be the unit ball in H. Recall from Definition 11.16 that a bounded operator,
K : H — B, is compact iff K(U) is compact in B. Equivalently, for all
bounded sequences {z,}22, C H, the sequence {Kxz,}22, has a convergent
subsequence in B. Because of Theorem 11.15, if dim(H) = ccand K : H — B
is invertible, then K is not compact.

Definition 14.39. K : H — B is said to have finite rank if Ran(K) C B
is finite dimensional.

The following result is a simple consequence of Corollaries 11.13 and 11.14.

Corollary 14.40. If K : H — B is a finite rank operator, then K is compact.
In particular if either dim(H) < oo or dim(B) < oo then any bounded operator
K : H — B is finite rank and hence compact.

Lemma 14.41. Let K := K(H, B) denote the compact operators from H to
B. Then K(H, B) is a norm closed subspace of L(H, B).

Proof. The fact that K is a vector subspace of L(H, B) will be left to the
reader. To finish the proof, we must show that K € L(H, B) is compact if
there exists K,, € K(H, B) such that lim, . || K, — K|/op = 0.

First Proof. Given € > 0, choose N = N(e) such that |Ky — K|| < e.
Using the fact that KU is precompact, choose a finite subset A C U such
that mingec ||y — Knyz|| < e for all y € Ky (U). Then for z = Kzg € K(U)
and z € A,

Iz — Kz|| = [[(K = Kn)xo + Kn(z0 — ) + (Kn — K)z|
< 2e + ||KNI0 — KN.T”
Therefore minge 4 ||z — Knz|| < 3¢, which shows K(U) is 3e bounded for all
e >0, K(U) is totally bounded and hence precompact.
Second Proof. Suppose {x,} -, is a bounded sequence in H. By com-

pactness, there is a subsequence {x}L}ZO:I of {,},—, such that {lek}?:l
is convergent in B. Working inductively, we may construct subsequences

{zadozs D {m bl o i) o el o

such that {K,,2™}>7 | is convergent in B for each m. By the usual Cantor’s

diagonalization procedure, let y, = z%, then {y,},—, is a subsequence of

{zp}o2, such that {K,,y,} - is convergent for all m. Since

1 Kyn — Kyill < (K = Kn) yull + |1 K (o — y) | + (K — K) y)l
S 2K = Kl + [[Km (yn — w0,

lim sup ||Ky, — Kyl <2||K — K] — 0 as m — oo,

n,l—oo

which shows {Ky,},, is Cauchy and hence convergent. [ |
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Proposition 14.42. A bounded operator K : H — B is compact iff there
exists finite rank operators, K,, : H — B, such that | K — K, || — 0 as n — oo.

Proof. Since K(U) is compact it contains a countable dense subset and
from this it follows that K (H) is a separable subspace of B. Let {¢,,} be an
orthonormal basis for K (H) C B and

N

Pxy =" (ylon)on

n=1

be the orthogonal projection of y onto span{@,}>_;. Then limy oo ||Pny —
yll = 0 for all y € K(H). Define K, := P, K — a finite rank operator on H.
For sake of contradiction suppose that

limsup |K — K, || =¢ >0,

n—oo

in which case there exists x,, € U such that ||(K — K, )zy,| > ¢ for all ny.
Since K is compact, by passing to a subsequence if necessary, we may assume
{Kxp, }, _ is convergent in B. Letting y := limg oo Ky,

(K = Ky )wn, | = [1(1 = Py ) Ko, |
<A = Poy ) (K, — y)l| + 1(1 = Py )yl
< |NKzn, —yll + |(1 = Po )yl — 0as k — oo.

But this contradicts the assumption that € is positive and hence we must

have lim,,_, [|[K — K, || = 0, i.e. K is an operator norm limit of finite rank
operators. The converse direction follows from Corollary 14.40 and Lemma
14.41. [

Corollary 14.43. If K is compact then so is K*.

Proof. First Proof. Let K, = P,,K be as in the proof of Proposition
14.42, then K} = K*P, is still finite rank. Furthermore, using Proposition
14.16,

|K* = K| = K = Kol = 0 as n— oo

showing K* is a limit of finite rank operators and hence compact.
Second Proof. Let {z,},-; be a bounded sequence in B, then

|K*2 — K* @ ||* = (@0 — oy KK* (2 — ) < 2C | KK* (20 — )|
(14.24)
where C'is a bound on the norms of the x,,. Since { K *ar"}ff:l is also a bounded
sequence, by the compactness of K there is a subsequence {z/,} of the {x,}
such that K K*z) is convergent and hence by Eq. (14.24), so is the sequence
{K*z,}. ]
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14.3.1 The Spectral Theorem for Self Adjoint Compact Operators

For the rest of this section, K € K(H) := K(H,H) will be a self-adjoint
compact operator or S.A.C.O. for short. Because of Proposition 14.42, we
might expect compact operators to behave very much like finite dimensional
matrices. This is typically the case as we will see below.

Ezample 14.44 (Model S.A.C.0.). Let H = {5 and K be the diagonal matrix

A0 O -
00X O ---
K=100x- ]

where lim,,_,o |An| = 0 and A,, € R. Then K is a self-adjoint compact opera-
tor. This assertion was proved in Example 11.17 above.

The main theorem (Theorem 14.46) of this subsection states that up to
unitary equivalence, Example 14.44 is essentially the most general example of
an S.A.C.O.

Theorem 14.45. Let K be a S.A.C.0., then either A = |[K|| or A = — || K]||
is an eigenvalue of K.

Proof. Without loss of generality we may assume that K is non-zero since
otherwise the result is trivial. By Theorem 14.37, there exists f, € H such
that || f,]] =1 and

[(fnl K fn)l
[ £nl?

By passing to a subsequence if necessary, we may assume that A :=
limy, oo (fr | K fr) exists and A € {£|K]|}. By passing to a further subse-
quence if necessary, we may assume, using the compactness of K, that K f,
is convergent as well. We now compute:

= |(ful K fo)] — IK| as n — oo. (14.25)

0 <K fro = Afull® = 1K full* = 2ME ful ) + 22
<2 = 20MK fol fn) + A2
SAZ 2224 X 2 =0asn — oco.
Hence
Kf'n - Af'n —0asn— o0 (1426)

and therefore

f:= lim fnzl lim K f,

n— 00 A\ n—oo

exists. By the continuity of the inner product, || f|| = 1 # 0. By passing to the
limit in Eq. (14.26) we find that K f = \f. [ |
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Theorem 14.46 (Compact Operator Spectral Theorem). Suppose that
K : H — H is a non-zero S.A.C.O., then

1. there exists at least one eigenvalue X € {£||K]||}.

2. There are at most countable many non-zero eigenvalues, {\, }_,, where
N = oo is allowed. (Unless K is finite rank (i.e. dimRan (K) < c0), N
will be infinite.)

3. The A\,,’s (including multiplicities) may be arranged so that |Ay| > [An+1]
for all n. If N = oo then lim, oo |\n| = 0. (In particular any eigenspace
for K with non-zero eigenvalue is finite dimensional.)

4. The eigenvectors {¢, }_, can be chosen to be an O.N. set such that H =
span{ ¢} ® Nul(K).

5. Using the {¢n}N_, above,

N
K=Y A(¥|¢n)én for all v € H.
n=1

6. The spectrum of K is, o(K) ={0} U{\, :n < N +1}.

Proof. We will find A,’s and ¢,’s recursively. Let A\; € {£[ K]} and
¢1 € H such that K¢ = A\¢1 as in Theorem 14.45. Take M; = span(¢;)
so K(M;) C M;. By Lemma 14.38, K Mj- C Mi-. Define Ky : Mi- — Mi-
via K7 = K\MlL. Then K, is again a compact operator. If K; = 0, we are
done. If K1 # 0, by Theorem 14.45 there exists Ao € {£| K1} and ¢ € M-
such that ||¢2|| = 1 and Ki¢o = Kda = Aagpa. Let My := span(¢, ¢2).
Again K(M>) C M and hence K := K|y ¢ Mj- — M3~ is compact. Again
if Ko = 0 we are done. If Ky # 0. Then by Theorem 14.45 there exists
A3 € {j:”KHQ} and ¢3 S ]\JQJ‘ such that H(f)g“ =1 and K2¢3 = K¢3 = /\3(}53.
Continuing this way indefinitely or until we reach a point where K,, = 0, we
construct a sequence {\,}N_, of eigenvalues and orthonormal eigenvectors
{¢n}N_; such that |\;| > |\;s1| with the further property that

K9l

|\l =
SL{p1.d2rmdi_1} |9l

(14.27)

If N = oo then lim;—, |A\;| = 0 for if not there would exist € > 0 such that
[A;] > &> 0 for all 4. In this case {¢;/A;};, is sequence in H bounded by e~
By compactness of K, there exists a subsequence 5, such that ¢;, = K;, /i,
is convergent. But this is impossible since {¢;, } is an orthonormal set. Hence
we must have that ¢ = 0. Let M := span{¢;} ; with N = oo possible. Then
K(M) C M and hence K(M~*) c M+. Using Eq. (14.27),

B ag || < B | a e

=[] — 0asn— oo

showing K|M+ = 0. Define P to be orthogonal projection onto M*. Then
for ¢ € H,
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N
¢ =P+ (1= Po)y = Pop + > _(¥|6i)o

i=1

and

N N

K= KPR+ K Y ($loi)di = > Nilthloi)é

i=1 i=1
Since {\,} C o(K) and o(K) is closed, it follows that 0 € o(K) and hence
{M}22, U{0} C o(K). Suppose that z ¢ {\,}72; U {0} and let d be the
distance between z and {, }52,U{0}. Notice that d > 0 because lim,,_,oc Ap, =
0. A few simple computations show that:

N
(K — 2Dy = ($léi) (i — 2)¢i — 2P,
i=1
(K — 2)7! exists,

N

(K —2D) 7' = (@l (N — 2) i — 27 Poy,

i=1

and

1
(K — 2I)~"||2 = Z\wlaﬁz +WHP01/J||2

=22
1\? 2 2 L2
< (3 Z|<w¢i>| +Pwl* | = vl
=1
We have thus shown that (K — 21)~! exists, ||[(K — 2I)7!|| < d~! < co and

hence z ¢ o(K). ]

Theorem 14.47 (Structure of Compact Operators). Let K : H — B
be a compact operator. Then there exists N € NU{oo}, orthonormal subsets
{¢n} _, C H and {wn} _, C B and a sequences {an} _1 C Ry such that

A > > . limy a0 =0 4f N = o0, ||, <1 for all n and
N
Kf = an(flén)tn for all f € H. (14.28)
n=1

Proof. Since K*K is a selfadjoint compact operator, Theorem 14.46 im-
plies there exists an orthonormal set {¢,}Y_; C H and positive numbers
{)\n}f:rzl such that

N
K*Kp =Y A (¥|én) ¢y for all ¢ € H.

n=1
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Let A be the positive square root of K*K defined by
N
A =" /A (¥6n)gn for all v € H.
n=1
A simple computation shows, A?> = K*K, and therefore,

| AY[* = (Ap|Ap) = (¥|A%))
= (Y|K*Kv) = (Ky|Ky) = | K|

for all ¢ € H. Hence we may define a unitary operator,  : Ran(A4) — Ran(K)
by the formula
uAyp = K1) for all ¢ € H.

We then have v
K =udyy = /A (¥on)udn (14.29)
n=1

which proves the result with v, := u¢,, and o, = V.
It is instructive to find 1, explicitly and to verify Eq. (14.29) by bruit

force. Since ¢, = A;1/2A¢>m
Un = Ay Pudg, = X Pudg, = AP Koy,

and
<K¢n|K¢m> = <¢n|K*K¢m> = )\n(;mn-

This verifies that {wn}gzl is an orthonormal set. Moreover,

N

N
S VA @lon)tn =D VA Wlén) N, 2K 6,
n=1

n=1

N
= an b = K0

since Zf:[:l(wwn)qﬁn = Pt where P is orthogonal projection onto Nul(K)* .

Second Proof. Let K = u|K| be the polar decomposition of K. Then
|K| is self-adjoint and compact, by Corollary 37.12, and hence by Theorem
14.46 there exists an orthonormal basis {d)n} , for Nul(|K|)* = Nul(K)*
such that |K| ¢, = Andpn, A1 > A2 > ... and l1mnaoo Ap =0 if N = co. For
feH,

N N N
Kf=ulK]Y (flon)tn =D _(Flon)u|K]|¢n =3 A\n(flon)udn
n=1

n=1 n=1

which is Eq. (14.28) with ¢, := ugy,. [ |
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14.4 Weak Convergence

Suppose H is an infinite dimensional Hilbert space and {z,},., is an ortho-
normal subset of H. Then, by Eq. (14.1), ||zn — Z||?> = 2 for all m # n and in
particular, {In}zo:l has no convergent subsequences. From this we conclude
that C := {z € H : ||z|| < 1}, the closed unit ball in H, is not compact. To
overcome this problems it is sometimes useful to introduce a weaker topology

on X having the property that C' is compact.

Definition 14.48. Let (X, ||-||) be a Banach space and X* be its continu-
ous dual. The weak topology, T,, on X is the topology generated by X*. If
{2,327, C X is a sequence we will write x, > z as n — oo to mean that
T, — x in the weak topology.

Because 7, = 7(X*) C 7 = 7({|]z — || : ® € X}, it is harder for a
function f: X — F to be continuous in the 7,, — topology than in the norm
topology, 7j.;- In particular if ¢ : X — F is a linear functional which is 7, —
continuous, then ¢ is 7). — continuous and hence ¢ € X™.

Exercise 14.10. Show the vector space operations of X are continuous in the
weak topology, i.e. show:

l.(z,y) e X xX wax+ye X is (Ty ® Ty, Tw) — continuous and
2. (\z) EFXx X — Az € X is (77 ® Ty, Tw) — continuous.
Proposition 14.49. Let {,}°°, C X be a sequence, then z, — = € X as

n=1

n — o0 iff ¢(x) = lim, oo ¢(zy) for all p € X*.

Proof. By definition of 7, we have x, = x € X iff for all ' cC X*
and & > 0 there exists an N € N such that |¢(z) — ¢(z,)| < € for all n > N
and ¢ € I'. This later condition is easily seen to be equivalent to ¢(x) =
limy, 00 ¢(2,) for all ¢ € X*. |

The topological space (X, 7,) is still Hausdorff as follows from the Hahn
Banach Theorem, see Theorem 7.26. For the moment we will concentrate
on the special case where X = H is a Hilbert space in which case H* =
{¢. :=(|2) : z € H}, see Theorem 14.15. If z,y € H and z :== y —x # 0,
then

0<e:= HZ||2 = ¢:(2) = ¢:(y) — ¢2(2).

Thus

Ve ={w e H :|¢p,(z) — ¢p.(w)| < e/2}and
Vy = {w €EH: |¢z(y) - ¢z(w)| < 5/2}
are disjoint sets from 7, which contain x and y respectively. This shows that

(H,7y) is a Hausdorff space. In particular, this shows that weak limits are
unique if they exist.
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Remark 14.50. Suppose that H is an infinite dimensional Hilbert space
{z,};2, is an orthonormal subset of H. Then Bessel’'s inequality (Propo-
sition 14.18) implies =, = 0 € H as n — oco. This points out the fact
that if 2, % = € H as n — oo, it is no longer necessarily true that

|z|| = limp—oo ||n|| . However we do always have ||z|| < lUminf, o ||y
because,
|2 = lim (,]a) <liminf [|z,|| |z]] = || lninf |2, .
n—oo n—oo n—oo

Proposition 14.51. Let H be a Hilbert space, 5 C H be an orthonormal
basis for H and {z,},-; C H be a bounded sequence, then the following are
equivalent:

1.z, 5 xeH asn — .
2. (z|y) = lim, o (s |y) for all y € H.
3. (zly) = lim, oo (z,|y) for all y € B.

Moreover, if ¢y := lim,, oo (@, |y) exists for ally € B3, then ZyGﬂ |cy\2 < 00

w
and &, = x =) scy € H asn — oo.

yeR

Proof. 1. = 2. This is a consequence of Theorem 14.15 and Proposition
14.49. 2. = 3. is trivial. 3. = 1. Let M := sup,, ||z,|| and Hy denote the
algebraic span of §. Then for y € H and z € Hy,

[z = znly)| < (@ — znl2)| + (& = 2zaly — 2)| < [(& —2nl2)[ +2M ly - 2]|.

Passing to the limit in this equation implies limsup, . [{(z — z,|y)| <
2M ||y — z|| which shows limsup,,_, . [(z — z,|y)| = 0 since Hy is dense in
H. To prove the last assertion, let I" CC (. Then by Bessel’s inequality

(Proposition 14.18),

2 . 2 . . 2 2
— < n < .
E ley|” = nhm E [{znly)|” < 117mL inf ||z, ||” < M

yel’ yel’

Since I' CC 8 was arbitrary, we conclude that 37 g ley|? < M < oo and

hence we may define z := yep Cyy- By construction we have

(zly) = ¢, = nler;Q(x,L|y) forall y € 8

and hence x, = x € H as n — oo by what we have just proved. |

Theorem 14.52. Suppose {mn}zozl is a bounded sequence in a Hilbert space,
H. Then there exists a subsequence yj := n, of {&n}re, and © € X such
that y, — x as k — 0.

Proof. This is a consequence of Proposition 14.51 and a Cantor’s diago-
nalization argument which is left to the reader, see Exercise 14.11. |
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Theorem 14.53 (Alaoglu’s Theorem for Hilbert Spaces). Suppose that
H is a separable Hilbert space, C := {x € H : ||z|| < 1} is the closed unit ball
in H and {e,},-, is an orthonormal basis for H. Then

o]

plasy) = 3 5 1@ — ylew) (14.30)

n=1

defines a metric on C which is compatible with the weak topology on C, 7¢ :=
(Tw)e ={VNC:V ery,}. Moreover (C,p) is a compact metric space. (This
theorem will be extended to Banach spaces, see Theorems 35.14 and 35.15

below.)

Proof. The routine check that p is a metric is left to the reader. Let 7,
be the topology on C induced by p. For any y € H and n € N, the map
z € H— (x —ylen) = (zlen) — (ylen) is 7, continuous and since the sum in
Eq. (14.30) is uniformly convergent for z,y € C, it follows that x — p(x,y)
is 7¢ — continuous. This implies the open balls relative to p are contained in
Tc¢ and therefore 7, C 7¢. For the converse inclusion, let z € H, z — ¢.(z) =
(x]z) be an element of H*, and for N € N let zn := Ziv:l(zkn)en. Then
Gy = 27]:[:1 (zlen)@e,, is p continuous, being a finite linear combination of
the ¢., which are easily seen to be p — continuous. Because zy — zas N — oo
it follows that

SUp |62 (x) — dan (2)] = |2 = 2wl = 0 28 N — oo,
S

Therefore ¢ |c is p — continuous as well and hence 7¢ = 7(¢.|c : z € H) C
T,. The last assertion follows directly from Theorem 14.52 and the fact that
sequential compactness is equivalent to compactness for metric spaces. |

14.5 Supplement 1: Converse of the Parallelogram Law

Proposition 14.54 (Parallelogram Law Converse). If (X,||) s a
normed space such that Eq. (14.2) holds for all x,y € X, then there exists
a unique inner product on (-|-) such that ||z|| := /(x|z) for all x € X. In this
case we say that ||-|| is a Hilbertian norm.

Proof. If ||-|| is going to come from an inner product (-|-), it follows from
Eq. (14.1) that
2Re(zly) = |z +yl* — ll=[* — [ly]*

and
—2Re(zly) = [lz — ylI* = l|=|I* - [ly[*.

Subtracting these two equations gives the “polarization identity,”

4Re(zly) = ||z + ylI* — o — y]I*.
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Replacing y by iy in this equation then implies that
dIm(zly) = [lo +iy||* — ||z — iy|*
from which we find

1
(zly) =7 > ellz+eyl? (14.31)
eeG

where G = {#£1,44} — a cyclic subgroup of S! C C. Hence if (-|-) is going to
exists we must define it by Eq. (14.31). Notice that

1
(alo) = 7 > ello+ el = ll2)® + i}z + ial)* = illa — ial|®
eeG
. . . . 2
= ol i [+ | l2l)® = |1~ i |]* = |12

So to finish the proof of (4) we must show that (z|y) in Eq. (14.31) is an inner
product. Since

Hy|z) = ZE||y+€x||2 = 25“5(y+€x) I

eeG e€G

= Z elley + 2|2
eeG

= lly + 2l + 1l -y + 2| + illiy — 2]* =il — iy — z|?

=llz +yl* + llo = yll* +ille — iy)* — illz +iy|*

= 4(zly)
it suffices to show x — (z|y) is linear for all y € H. (The rest of this proof may
safely be skipped by the reader.) For this we will need to derive an identity
from Eq. (14.2). To do this we make use of Eq. (14.2) three times to find

o +y+ 2l = —[lz +y — 2| + 2|z + y||* + 2| 2>
= |l —y — 2I* = 2l|lz — 2[|* = 2]lyl* + 2]}z + y* + 2||=]*
= |ly + 2 —2l* = 2l|lz — 21> = 2]lyl* + 2]}z + y* + 2||=]?
=~y +z+z|* + 2]y + 2[* + 2||z|?
= 2|l — 2|* = 2lly[1* + 2]}z + yl* + 2[|=]*.
Solving this equation for ||z + y + z||? gives
lz+y+ 20 = lly + 21 + e +yl1* = llz — 2 + lz]* + 2] — ly]*. (14.32)
Using Eq. (14.32), for z,y,2 € H,
4Re(z +2ly) = [lo + 2 +yl* = |z + 2z —y|?
=y + 2l +llz +yl* = llz — 2> + |z + |2* — [ly]I?
= (= =yl* + llz = ylI* = lz = 2l + |l + [[2l1* — ly]1?)
= llz+yl? =Nz = yl* + llz + ylI? = llz - yll?
= 4Re(zly) + 4 Re(z]y). (14.33)
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Now suppose that § € G, then since 0] = 1,

1 1 _
Aooly) = 7 D elldw+eyl? = 3 3 elle+ 6 ey

eeG eeG
1
=2 > bz + dey||* = 45(xly) (14.34)
eeG

where in the third inequality, the substitution ¢ — &§ was made in the sum.
So Eq. (14.34) says (+iz|y) = £i(iz|y) and (—z|y) = —(z|y). Therefore

Im(zly) = Re (=i(zly)) = Re(—izly)
which combined with Eq. (14.33) shows
Im(z + z|y) = Re(—iz — izly) = Re(—iz|y) + Re(—iz|y)
= Tm(ay) + Tm(zly)
and therefore (again in combination with Eq. (14.33)),
(z + z|y) = (z|y) + (z|y) for all z,y € H.

Because of this equation and Eq. (14.34) to finish the proof that =z — (z|y) is
linear, it suffices to show (Az|y) = A(z|y) for all A > 0. Now if A =m € N,
then

(maly) = (z+ (m = Daly) = (zy) + ((m - Dzly)

so that by induction (mz|y) = m(z|y). Replacing x by x/m then shows that
(z|y) = m{m~1z|y) so that (m~'z|y) = m~(z|y) and so if m,n € N, we find

n 1 n
(—aly) = n{—aly) = —(zly)
so that (Az|y) = A(z|y) for all A > 0 and X\ € Q. By continuity, it now follows
that (Az|y) = A(z|y) for all X > 0. ]

14.6 Supplement 2. Non-complete inner product spaces

Part of Theorem 14.24 goes through when H is a not necessarily complete
inner product space. We have the following proposition.

Proposition 14.55. Let (H, (:|-)) be a not necessarily complete inner product
space and B C H be an orthonormal set. Then the following two conditions
are equivalent:

1.z =Y (zlu)u for allz € H.
ueB

228 14 Hilbert Spaces Basics
2. |zl = 3 [z|u)|? for all z € H.
uepf
Moreover, either of these two conditions implies that 5 C H is a mazimal

orthonormal set. However 8 C H being a mazimal orthonormal set is not
sufficient to conditions for 1) and 2) hold!

Proof. As in the proof of Theorem 14.24, 1) implies 2). For 2) implies 1)
let A CC 8 and consider

ueA

= Jlel* =2 [l + Y [(zlu)f?

ucA ucA

= Jlz]* = D lfalw)*.

u€A

Since ||z||? = Y [{z|u)|?, it follows that for every e > 0 there exists A. CC 3
€p

u
such that for all A CC g such that A, C 4,

z— Y (aluyu| = [a)* =D Kelu)l* <<
u€eA

ucA

showing that © = Y (z|u)u. Suppose = = (T1,Ta,...,Tn,...) € B+. If 2)
u€f
is valid then ||z||? = 0, i.e. = 0. So 8 is maximal. Let us now construct
a counter example to prove the last assertion. Take H = Span{e;}3°; C (2
and let @, = e; — (n+ 1)epq1 for n = 1,2.... Applying Gramn-Schmidt to
{fin}or, we construct an orthonormal set 8 = {u,}32,; C H. I now claim
that 3 C H is maximal. Indeed if z = (z1,%2,...,2pn,...) € B+ then z L u,
for all n, i.e.
0= (x|tn) =21 — (n+ 1)Tpt1.

Therefore 2,11 = (n + 1)71 x1 for all n. Since = € Span{e;}°;, xy = 0 for
some N sufficiently large and therefore 1 = 0 which in turn implies that
z, = 0 for all n. So z = 0 and hence [ is maximal in H. On the other hand,
is not maximal in ¢2. In fact the above argument shows that 8+ in ¢2 is given
by the span of v = (1, %, %, i, %, ...). Let P be the orthogonal projection of
£2 onto the Span(8) = v*. Then

Z(m|un>un =Pr=x— <Hx|‘1‘}2>v,
v

i=1

e}
so that 3 (z|uy)u, = z iff x € Span(B) = v' C ¢2. For example if z =
i=1
(1,0,0,...) € H (or more generally for = e; for any i), = ¢ v+ and hence
o0

5 (elunun # . "

i=1
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14.7 Exercises

Exercise 14.11. Prove Theorem 14.52. Hint: Let Hy := span{z,, : n € N}
— a separable Hilbert subspace of H. Let {A,}r-_; C Ho be an orthonormal
basis and use Cantor’s diagonalization argument to find a subsequence yj, :=
Zn,, such that ¢, = limy_, o0 (yx|A\m) exists for all m € N. Finish the proof by
appealing to Proposition 14.51.

Exercise 14.12. Suppose that {z,},., C H and z, Y xe Hasn— .
Show z,, — x as n — oo (L.e. lim, o |z — x| = 0) Hf lim,, o ||z, || = ||z -

Exercise 14.13 (Banach-Saks). Suppose that {z,}oe, C H, 2, Sz € H
as n — o0, and ¢ := sup, ||z,|| < oo.? Show there exists a subsequence,
Yk = Tp, such that

lim
N—oo

=0,

1 N
x_NZyk
k=1

ie. % Zgzl yr — = as N — oo. Hints: 1. show it suffices to assume z = 0
and then choose {yy}r—, so that [(yx|y;)| < I~1 (or even smaller if you like)
for all k <.

Exercise 14.14 (The Mean Ergodic Theorem). Let U : H — H be a
unitary operator on a Hilbert space H, M = Nul(U —I), P = Py be orthogo-
nal projection onto M, and S, = %ZZ;; Uk. Show S, — P, strongly,
ie. lim, o Spx = Pyx for all x € H. Hints: 1. verify the result for
x € Nul(U —I) and = € Ran(U — I), 2. show Nul(U* — I) = Nul(U - I), 3.
finish the result with a limiting argument making use of items 1. and 2. and
Lemma 14.17.

4 The assumption that ¢ < co is superfluous because of the “uniform boundedness
principle,” see Theorem 35.8 below.




