Part VI

Lebesgue Integration Theory

17

Introduction: What are measures and why
“measurable” sets

Definition 17.1 (Preliminary). A measure p “on” a set X is a function
p: 2% —[0,00] such that
1. p(@)=0
2. If{AZ—}f\LI is a finite (N < 00) or countable (N = 00) collection of subsets
of X which are pair-wise disjoint (i.e. A; N A; =0 if i # j) then

U A = (A
=1

Example 17.2. Suppose that X is any set and € X is a point. For A C X,

let
1if z€ A

0(4) = {0 if g A
Then p = J, is a measure on X called the Dirac delta measure at z.

Example 17.3. Suppose that p is a measure on X and A > 0, then A - p
is also a measure on X. Moreover, if {{qa}acs are all measures on X, then
H= Zae] Ha, 1.e.
p(A) = pa(A) for all AC X
acJ

is a measure on X. (See Section 2 for the meaning of this sum.) To prove
this we must show that u is countably additive. Suppose that {4;};-, is a
collection of pair-wise disjoint subsets of X, then

U2 A;) = ZN(Ai) =30 palAi)

i=1 acJ
=D nalA) =D pa(U 4))
acJ i=1 aeJ

= (U2, Ag)
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wherein the third equality we used Theorem 4.22 and in the fourth we used
that fact that p, is a measure.

Ezample 17.4. Suppose that X is a set A : X — [0, 00] is a function. Then

W= Z Ax)d,

zeX

= Z A(z)

€A

is a measure, explicitly

forall A C X.

17.1 The problem with Lebesgue “measure”

So far all of the examples of measures given above are “counting” type mea-
sures, i.e. a weighted count of the number of points in a set. We certainly are
going to want other types of measures too. In particular, it will be of great
interest to have a measure on R (called Lebesgue measure) which measures
the “length” of a subset of R. Unfortunately as the next theorem shows, there
is no such reasonable measure of length if we insist on measuring all subsets
of R.

Theorem 17.5. There is no measure p : 28—[0, 00| such that

1. u([a,b)) = (b—a) for all a < b and
2. is translation invariant, i.e. u(A +z) = p(A) for all x € R and A € 2§,
where
A+z:={y+z:ye A} CR

In fact the theorem is still true even if (1) is replaced by the weaker con-
dition that 0 < p((0,1]) < co.

The counting measure p(A) = # (A) is translation invariant. However
1((0,1]) = oo in this case and so p does not satisfy condition 1.

Proof. First proof. Let us identify [0,1) with the unit circle S* := {z € C :
|z| = 1} by the map

B(t) = 2™ = (cos 2mt + isin 2mt) € S*

for ¢t € [0,1). Using this identification we may use y to define a function v on
25" by v(¢(A)) = u(A) for all A C [0,1). This new function is a measure on
St with the property that 0 < v((0,1]) < co. For z € St and N C S* let

2N :={zmec S':necN}, (17.1)
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that is to say e?’ N is N rotated counter clockwise by angle 8. We now claim
that v is invariant under these rotations, i.e.

v(zN) = v(N) (17.2)

for all z € St and N C S*. To verify this, write N = ¢(A) and 2z = ¢(t) for
some t € [0,1) and A C [0,1). Then

o(t)p(A) = ¢(t + Amod 1)
where for A C [0,1) and « € [0,1),

t+ Amodl:={a+tmodl € [0,1):a € N}
=(a+Anfa<l—-tHhUu(t-1)+An{a>1-1t}).

Thus
v(o(t)p(A))

u(t+ Amod 1)
(a+An{a<1—tHUu(t-1)+An{a>1-1t}))
(a+An{a<l—-e))+p((t-1D+ANn{a>1-1}))
An{a<l—t}) +pAn{a>1-1t})
An{a<1—-tHhuAn{a>1-1t}))
= u(4) = V(6(A)).

Therefore it suffices to prove that no finite non-trivial measure v on S* such
that Eq. (17.2) holds. To do this we will “construct” a non-measurable set
N = ¢(A) for some A C [0,1).

Let

o~ o~ o~ —

o
i
o
o

Ri={z=¢"t:tcQ}={2=¢2"":tc[0,1)NQ}

— a countable subgroup of S*. As above R acts on S! by rotations and divides
S up into equivalence classes, where z,w € S! are equivalent if z = rw for
some r € R. Choose (using the axiom of choice) one representative point n
from each of these equivalence classes and let N C S! be the set of these
representative points. Then every point z € S! may be uniquely written as
z =nr with n € N and r € R. That is to say

st=]J N (17.3)
rER

where [],, Aq is used to denote the union of pair-wise disjoint sets {A,}. By
Egs. (17.2) and (17.3),

v(Sh) = ZV(T’N) = Z v(N).
reR reR

The right member from this equation is either 0 or oo, 0 if ¥(N) = 0 and oo if
v(N) > 0. In either case it is not equal v(S') € (0,1). Thus we have reached
the desired contradiction. m
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Proof. Second proof of Theorem 17.5. For N C [0,1) and « € [0,1), let
N®= N+ amod1
={a+amodle€[0,1):a€ N}
=(a+Nnfa<l—-a})U((a—1)+Nn{a>1—-a}).

Then
p(N)=pla+Nnf{a<l—a})+p((a—1)+Nn{a>1-a})
=p(Nnfa<l—-a})+p(Nn{a>1-a})
=p(Nnfa<l-—alU(NNn{a>1-a}))
— (V). (17.49)

We will now construct a bad set N which coupled with Eq. (17.4) will lead to
a contradiction.
Set
Qy ={z+reR:reQ} =zx+Q.
Notice that Q, N Qy # 0 implies that Q, = Q. Let O = {Q, : € R} — the
orbit space of the Q action. For all A € O choose f(A4) € [0,1/3) N A! and
define N = f(0O). Then observe:

1. f(A) = f(B) implies that AN B # {) which implies that A = B so that f
is injective.

2. 0O={Q,:neN}.
Let R be the countable set,

R:=QnJ0,1).
We now claim that
N'NN®=0ifr#sand (17.5)
[0,1) = UperN". (17.6)

Indeed, if z € N"NN® # () then z = r +nmod1 and z = s + n’mod 1,
then n—n' € Q, i.e. @, = Q. That is to say, n = f(Q,) = f(Qn/) =n' and
hence that s = rmod 1, but s,r € [0,1) implies that s = r. Furthermore, if
z€[0,1) and n:= f(Q.), then z —n =7 € Q and z € N"™modL,

Now that we have constructed N, we are ready for the contradiction. By
Equations (17.4-17.6) we find

1=p(0,1)) = > pu(N") = u(N

reER rER

7{ooifu(N)>0
“L0ifpu(N)=0"

! We have used the Axiom of choice here, i.e. [ 4o -(AN[0,1/3]) 0
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which is certainly inconsistent. Incidentally we have just produced an example
of so called “non — measurable” set. m

Because of Theorem 17.5, it is necessary to modify Definition 17.1. Theo-
rem 17.5 points out that we will have to give up the idea of trying to measure
all subsets of R but only measure some sub-collections of “measurable” sets.
This leads us to the notion of o — algebra discussed in the next chapter. Our
revised notion of a measure will appear in Definition 19.1 of Chapter 19 below.
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Measurability

18.1 Algebras and o — Algebras

Definition 18.1. A collection of subsets A of a set X is an algebra if

1.0, Xec A

2. A € A implies that A° € A

3. A is closed under finite unions, i.e. if Ay,..., A, € A then AyU---UA, €
A.
In view of conditions 1. and 2., 3. is equivalent to

3. A is closed under finite intersections.

Definition 18.2. A collection of subsets M of X is a ¢ — algebra (or some-
times called a o — field) if M is an algebra which also closed under countable
unions, i.e. if {A;}io; C M, then U2, A; € M. (Notice that since M is also
closed under taking complements, M is also closed under taking countable in-
tersections.) A pair (X, M), where X is a set and M is a o — algebra on X,
is called a measurable space.

The reader should compare these definitions with that of a topology in
Definition 10.1. Recall that the elements of a topology are called open sets.
Analogously, elements of and algebra A or a o — algebra M will be called
measurable sets.

Ezample 18.3. Here are some examples of algebras.

1. M = 2% then M is a topology, an algebra and a ¢ — algebra.

2. Let X ={1,2,3}, then 7 = {0, X, {2,3}} is a topology on X which is not
an algebra.

3.7 =A={{1},{2,3},0,X} is a topology, an algebra, and a o — algebra
on X. The sets X, {1}, {2, 3}, 0 are open and closed. The sets {1, 2} and
{1, 3} are neither open nor closed and are not measurable.

The reader should compare this example with Example 10.3.
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Proposition 18.4. Let £ be any collection of subsets of X. Then there exists
a unique smallest algebra A(E) and o — algebra o(E) which contains E.

Proof. The proof is the same as the analogous Proposition 10.6 for topologies,

i.e.

AE) = ﬂ{A : A is an algebra such that £ C A}

and

(€)= ﬂ{/\/l : M is a o — algebra such that £ C M}.
]

Ezample 18.5. Suppose X = {1,2,3} and € = {0, X, {1, 2}, {1, 3}}, see Figure
18.1.

CHaN

Fig. 18.1. A collection of subsets.

Then

7(€)
A(E)

0, x,{1},{1,2},{1,3}}
o(&) = 2%,

The next proposition is the analogue to Proposition 10.7 for topologies
and enables us to give and explicit descriptions of A(£). On the other hand
it should be noted that o(&) typically does not admit a simple concrete de-
scription.

Proposition 18.6. Let X be a set and £ C 2X. Let £¢:= {A°: A € £} and
E:=EU{X, 0} UES Then

A(E) := {finite unions of finite intersections of elements from E.}. (18.1)
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Proof. Let A denote the right member of Eq. (18.1). From the definition of
an algebra, it is clear that £ C A C A(E). Hence to finish that proof it suffices
to show A is an algebra. The proof of these assertions are routine except for
possibly showing that A is closed under complementation.

To check A is closed under complementation, let Z € A be expressed as

N K
z=J M A

i=1j=1

where A;; € . Therefore, writing B;; = Af; € &, we find that

N K K
z2=(UBis= U (ByiNBay,N---NByjy) €A
i=1j=1 Jise-mJN=1

wherein we have used the fact that Byj, N Baj, N--- N Byj, is a finite inter-
section of sets from &.. m

Remark 18.7. One might think that in general o(€) may be described as the
countable unions of countable intersections of sets in £¢. However this is in
general false, since if

Z = ﬁA”

Jj=1

(@

K3

Il
—

with A;; € &, then

LU 10
=1

Jj1=1,j2=1,..j8=1,...

which is now an uncountable union. Thus the above description is not cor-
rect. In general it is complicated to explicitly describe o(€), see Proposition
1.23 on page 39 of Folland for details. Also see Proposition 18.13 below.

Exercise 18.1. Let 7 be a topology on a set X and A = A(7) be the algebra
generated by 7. Show A is the collection of subsets of X which may be written
as finite union of sets of the form F'NV where F is closed and V is open.

The following notion will be useful in the sequel and plays an analogous
role for algebras as a base (Definition 10.8) does for a topology.

Definition 18.8. A set £ C 2% is said to be an elementary family or
elementary class provided that

o e&

o & is closed under finite intersections

e if E €&, then E° is a finite disjoint union of sets from E. (In particular
X = 0¢ is a finite disjoint union of elements from E.)
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Ezample 18.9. Let X =R, then

&:={(a,b))NR:a,beR}
= {(a,b] : a € [~00,00) and a < b < co} U {0, R}

is an elementary family.

Exercise 18.2. Let A C 2% and B C 2V be elementary families. Show the
collection
E=AxB={AxB:AcAand B € B}

is also an elementary family.

Proposition 18.10. Suppose £ C 2% is an elementary family, then A =
A(E) consists of sets which may be written as finite disjoint unions of sets
from E.

Proof. This could be proved making use of Proposition 18.6. However it is
easier to give a direct proof.

Let A denote the collection of sets which may be written as finite disjoint
unions of sets from &. Clearly £ C A C A(€) so it suffices to show A is an
algebra since A(£) is the smallest algebra containing &.

By the properties of £, we know that (), X € A. Now suppose that 4; =
[rea, F € Awhere, fori =1,2,...,n, A; is a finite collection of disjoint sets
from €. Then

ﬁAi—ﬁ<H F)— U (FANFN---NE,)

(F1y50ees Fp)EAi X xAp

and this is a disjoint (you check) union of elements from £. Therefore A is
closed under finite intersections. Similarly, if A = [[pc, F with A being a
finite collection of disjoint sets from &, then A° = (pc 4 F©. Since by assump-
tion F© € Afor F € A C £ and A is closed under finite intersections, it
follows that A€ A. =

Definition 18.11. Let X be a set. We say that a family of sets F C 2% is a
partition of X if distinct members of F are disjoint and if X is the union
of the sets in F.

Ezample 18.12. Let X be a set and £ = {4;,...,A,} where 4;,..., A, is a
partition of X. In this case

AE)=0(&) =7(8) = {Uieadi : AC {1,2,...,n}}
where U;c g A; :== 0 when A = (). Notice that

#(A@E)) = #(2t2m)) = 2.
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Proposition 18.13. Suppose that M C 2X is a 0 — algebra and M is at most
a countable set. Then there exists a unique finite partition F of X such that
F C M and every element B € M is of the form

B=U{AeF:ACB}. (18.2)
In particular M is actually a finite set and # (M) = 2" for some n € N.
Proof. For each z € X let
A, =nN{AeM:zec A} e M,

wherein we have used M is a countable o — algebra to insure 4, € M. Hence
A, is the smallest set in M which contains x.

Let C = A, NA,. If ¢ C then A, \ C C A, is an element of M which
contains z and since A, is the smallest member of M containing x, we must
have that C' = (. Similarly if y ¢ C then C = (). Therefore if C' # (), then
z,y € AyNAy € Mand A, N A, C A, and A, N A, C A, from which it
follows that A, = A, N A, = A,. This shows that 7 = {4, : 2 € X} C M
is a (necessarily countable) partition of X for which Eq. (18.2) holds for all
B e M.

Enumerate the elements of F as F = {P,}N_; where N € Nor N = cc.
If N = o0, then the correspondence

ae{0,1}' >4, =U{P, :a, =1} e M

is bijective and therefore, by Lemma 2.6, M is uncountable. Thus any count-
able o — algebra is necessarily finite. This finishes the proof modulo the unique-
ness assertion which is left as an exercise to the reader. m

Ezample 18.14. Let X =R and
£ ={(a,0):a € R}U{R,P} = {(a,00) NR: a € R} C 2%.
Notice that £ = £ and that £ is closed under unions, which shows that
7(€) = &, i.e. € is already a topology. Since (a,00)¢ = (—00, a] we find that
& = {(a,0), (-0, a], —00 < a < oo} U{R, 0}. Noting that
(av OO) n (7007 b] = (a‘v b]
it follows that A(E) = A(£) where
&= {(a,b)NR:a,beR}.

Since € is an elementary family of subsets of R, Proposition 18.10 implies
A(E) may be described as being those sets which are finite disjoint unions of
sets from &. The o — algebra, o(€), generated by £ is very complicated.
Here are some sets in o(€) — most of which are not in A(E).
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a) (a,b) = Ej(ab—i]EU(é')

(a)
(b) All of the standard open subsets of R are in o(£).
(c) {z} = ﬂ (1’ — 5,95] ea(&)
(d)
)

d) [a,b] = {a}U(a bl e a(€)
(e) Any countable subset of R is in o(£).

Remark 18.15. In the above example, one may replace € by € = {(a,0) : a €
Q} U{R, 0}, in which case A(£) may be described as being those sets which
are finite disjoint unions of sets from the following list

{(a, ), (—00,a],(a,b] : a,b € Q} U{D,R}.

This shows that A(E) is a countable set — a useful fact which will be needed
later.

Notation 18.16 For a general topological space (X, T), the Borel o — alge-
bra is the o — algebra Bx = o(7) on X. In particular if X = R™, Bgn will
be used to denote the Borel o — algebra on R™ when R"™ is equipped with its
standard Euclidean topology.

Exercise 18.3. Verify the o — algebra, Bg, is generated by any of the following
collection of sets:

1. {(a,0):aeR}, 2. {(a,00):a€Q} or3. {[a,00):a€Q}.

Proposition 18.17. If 7 is a second countable topology on X and & is a
countable collection of subsets of X such that T = 7(E), then Bx = o(1) =
(&), i.e. o(1(€)) = a(€).

Proof. Let £; denote the collection of subsets of X which are finite intersection
of elements from & along with X and (. Notice that £y is still countable
(you prove). A set Z is in 7(€) iff Z is an arbitrary union of sets from &;.

Therefore Z = |J A for some subset F C £y which is necessarily countable.
AEF
Since £ C o(€) and o(£) is closed under countable unions it follows that

Z € o(€) and hence that 7(£) C o(€). Lastly, since £ C 7(€) C a(€),
c&)Cco(r(E))Ca(l). m

18.2 Measurable Functions

Our notion of a “measurable” function will be analogous to that for a con-
tinuous function. For motivational purposes, suppose (X, M, u) is a measure
space and f : X — Ry. Roughly speaking, in the next Chapter we are going
to define [ fdu as a certain limit of sums of the form,

X
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oo

> an(f N ai)).

O0<ar<az<as<...

For this to make sense we will need to require f~!((a,b]) € M for all a <
b. Because of Lemma 18.22 below, this last condition is equivalent to the
condition f~1(Bg) C M.

Definition 18.18. Let (X, M) and (Y, F) be measurable spaces. A function
f: X =Y is measurable if f~1(F) C M. We will also say that f is M/F
— measurable or (M, F) - measurable.

Ezample 18.19 (Characteristic Functions). Let (X, M) be a measurable space
and A C X. We define the characteristic function 14 : X — R by

lifxze A
lA(m)*{Oifxng.

If A € M, then 14 is (M,2R) — measurable because 1, (W) is either 0, X,
A or A for any W C R. Conversely, if F is any o — algebra on R containing
aset W C Rsuch that 1 € W and 0 € W€, then A € M if 14 is (M, F) —
measurable. This is because 4 = 1;1(W) € M.

Exercise 18.4. Suppose f : X — Y is a function, F C 2¥ and M c 2X,
Show f~1F and f.M (see Notation 2.7) are algebras (o — algebras) provided
F and M are algebras (o — algebras).

Remark 18.20. Let f : X — Y be a function. Given a o — algebra F C 2Y,
the o — algebra M := f~1(F) is the smallest o — algebra on X such that f is
(M, F) - measurable . Similarly, if M is a o - algebra on X then F = f,. M
is the largest o — algebra on Y such that f is (M, F) - measurable .

Recall from Definition 2.8 that for £ ¢ 2% and A C X that
Ea=i"(&)={ANE:Ec &}

where i4 : A — X is the inclusion map. Because of Exercise 10.3, when
&€ = M is an algebra (o — algebra), M4 is an algebra (o — algebra) on A and
we call M 4 the relative or induced algebra (o — algebra) on A.

The next two Lemmas are direct analogues of their topological counter
parts in Lemmas 10.13 and 10.14. For completeness, the proofs will be given
even though they are same as those for Lemmas 10.13 and 10.14.

Lemma 18.21. Suppose that (X, M), (Y,F) and (Z,G) are measurable
spaces. If f + (X,M) — (Y,F) and g : (Y,F) — (Z,G) are measurable
functions then go f : (X, M) — (Z,G) is measurable as well.
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Proof. By assumption g~*(G) C F and f~! (F) C M so that
(9o N~ G =F" (971 () CFTH(F) M.

|
Lemma 18.22. Suppose that f : X — Y is a function and € C 2¥ and ACY
then
o (ffl(é')) = ffl(a(é')) and (18.3)
(@(€)a=0(Ea). (18.4)

(Similar assertion hold with o (-) being replaced by A(-).) Moreover, if F =
o(€) and M is a o — algebra on X, then f is (M, F) — measurable iff f ~1(€) C
M.

Proof. By Exercise 18.4, f~1(0(€)) is a 0 — algebra and since £ C F, f~1(€) C
Yo (€)). It now follows that o (f~1(£)) C f~'(o (£)). For the reverse
inclusion, notice that

fo(FHE))={BcY: f'(B)ea(f ()}

is a o — algebra which contains £ and thus o(£) C f.o (f7(£)) . Hence if
B € o(&) we know that f~1(B) € o (f~1(&)), i.e. f71(co(E)) C o (F71E))
and Eq. (18.3) has been proved.

Applying Eq. (18.3) with X = A and f = i4 being the inclusion map

implies
(@(E) 4 =14 (0(€)) = (i3 (€)) = 0(Ea).

Lastly if f~'& € M, then f~'o () = o (f7'€) C M which shows f is
(M, F) — measurable. m

Corollary 18.23. Suppose that (X, M) is a measurable space. Then the fol-
lowing conditions on a function f: X — R are equivalent:

1. f is (M, Br) — measurable,

2. f~1((a,00)) € M for all a € R,
3. f~Y((a,00)) € M for all a € Q,
4. f7H((~o0,a]) € M for all a € R.

Proof. An exercise in using Lemma 18.22 and is the content of Exercise 18.8.
[

Here is yet another way to generate o — algebras. (Compare with the
analogous topological Definition 10.20.)

Definition 18.24 (0 — Algebras Generated by Functions). Let X be a
set and suppose there is a collection of measurable spaces {(Yo, Fao) : v € A}
and functions fo : X — Y, for all « € A. Let o(fo : a € A) denote the
smallest o — algebra on X such that each f, is measurable, i.e.

o(fara € A) = o(Uafy (Fa))-
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Proposition 18.25. Assuming the notation in Definition 18.24 and addition-
ally let (Z, M) be a measurable space and g : Z — X be a function. Then g
is (M,0(fo : @ € A)) — measurable iff fo o g is (M, Fy)—measurable for all
a € A

Proof. This proof is essentially the same as the proof of the topological ana-
logue in Proposition 10.21.
(=) If gis (M,0(fq : @ € A)) — measurable, then the composition f, o g
is (M, F,) — measurable by Lemma 18.21.
(<) Let
G=0(fa:a€A) =0 (Uscafs'(Fa)).

If foo0gis (M,F,) — measurable for all o, then
9 i (Fa) S MYae A

and therefore

g (UaeAfojl(}—a)) = UaeAgilfojl(}—a) cM.

Hence

g_l (g) = g_l (U (UO(GAfojl(‘Fa))) = U(g_l (UQEAfa_l(]:(x)) M
which shows that g is (M, G) — measurable. m

Definition 18.26. A function f : X — Y between two topological spaces is
Borel measurable if f~1(By) C Bx.

Proposition 18.27. Let X and Y be two topological spaces and f: X — Y
be a continuous function. Then f is Borel measurable.

Proof. Using Lemma 18.22 and By = o(7y),

f'By) = fo(ry)) =o(f ' (7v)) C olrx) = Bx.
[ |

Definition 18.28. Given measurable spaces (X, M) and (Y, F) and a subset
A C X. We say a function f : A — Y is measurable iff f if Ma/F -
measurable.

Proposition 18.29 (Localizing Measurability). Let (X, M) and (Y,F)
be measurable spaces and f: X — Y be a function.

1. If f is measurable and A C X then f|a: A —Y is measurable.
2. Suppose there exist A, € M such that X = U2, A, and f|A, is Ma,
measurable for all n, then f is M — measurable.
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Proof. As the reader will notice, the proof given below is essentially identical
to the proof of Proposition 10.19 which is the topological analogue of this
proposition.

1.If f: X — Y is measurable, f~1(B) € M for all B € F and therefore

FI2H(B) = AN f~(B) € My for all B € F.
2. 1f B € F, then
F7HB) = Uty (FTHB)NAn) = UnZy f141(B).

Since each A,, € M, M4, C M and so the previous displayed equation shows
fFYB)eM. m

Proposition 18.30. If (X, M) is a measurable space, then

fz(flaf?w"afn):X*’Rn

is (M, Bgrn) — measurable iff f; : X — R is (M, Bgr) — measurable for each
i. In particular, a function f : X — C is (M, Bc) — measurable iff Re f and
Im f are (M, Br) — measurable.

Proof. This is formally a consequence of Corollary 18.65 and Proposition 18.60
below. Nevertheless it is instructive to give a direct proof now.

Let 7 = 7rn denote the usual topology on R™ and m; : R™ — R be projec-
tion onto the i — factor. Since ; is continuous, 7; is Brn/Br — measurable
and therefore if f : X — R"™ is measurable then so is f; = m; o f.

Now suppose f; : X — R is measurable for all s = 1,2,...,n. Let

&€ :={(a,b):a,6 € Q" 3a < b},
where, for a,b € R", we write a < b iff a; < b; for i =1,2,...,n and let
(a,b) = (al,bl) X X (an,bn).

Since £ C 7 and every element V € 7 may be written as a (necessarily)
countable union of elements from &, we have 0 (£) C Brn =0 (1) C 0 (£), L.e.
0 () = Bgn. (This part of the proof is essentially a direct proof of Corollary
18.65 below.)

Because

7 (ab) = f ((a,00)) 0 5 ((az,b2)) N0 fit ((an, ba)) € M
for all a,b € Q with a < b, it follows that f~'£ C M and therefore

[ iBrn=f 10 (&) =0 (fflc‘f) C M.
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Corollary 18.31. Let (X, M) be a measurable space and f,g : X — C be
(M, Bc) — measurable functions. Then f £+ g and f - g are also (M,Bc) —
measurable.

Proof. Define F: X - CxC, AL :CxC—-Cand M : CxC — C by
F(z) = (f(x),9(z)), Ax(w,z) = w =+ z and M(w,2) = wz. Then Ay and M
are continuous and hence (Bgz, Be) — measurable. Also F'is (M, Be ® Bc) =
(M, Bg2) — measurable since 711 o F = f and my 0 F = g are (M, B¢) -
measurable. Therefore Ay oF = f+gand MoF = f-g, being the composition
of measurable functions, are also measurable. m

Lemma 18.32. Let a € C, (X, M) be a measurable space and f : X — C be
a (M, Bc) — measurable function. Then

T i f@) #0
«

Fl) ::{ it f(z)=0

18 measurable.

Proof. Define i : C — C by
1.
i(z):{zlf 2 #0

aif z=0.
For any open set V C C we have
N V)= (v {ohuit(V n{o})

Because 4 is continuous except at z = 0, i~ (V' \ {0}) is an open set and hence
in Bc. Moreover, i~1(V N {0}) € Bc since i~1(V N {0}) is either the empty
set or the one point set {a}. Therefore i~!(7¢c) C Bc and hence i~ (Bc) =
i~Y(o(rc)) = o(i71(7c)) C Bc which shows that i is Borel measurable. Since
F = io fis the composition of measurable functions, F' is also measurable. m
We will often deal with functions f : X — R = RU{#oc}. When talking
about measurability in this context we will refer to the ¢ — algebra on R

defined by
Bg =0 ({[a,00] : a € R}). (18.5)

Proposition 18.33 (The Structure of Bg). Let Br and Bg be as above,
then ~
Bz ={ACR:ANR eBr}. (18.6)

In particular {oo} ,{—oc} € Bz and Bg C Bg.
Proof. Let us first observe that

{_OO} = m'?zozl[_oo7 —’Il) = m?f:l[_n7 OO]C € B]R,
{00} = N2, [n,00] € Bg and R = R\ {400} € Bg.
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Letting i : R — R be the inclusion map,

it (Bg) =0 (i7" ({[a,0]:a€R})) =0 ({i " ([a,]) : a € R})
=0 ({la,00]NR:a €R}) =0 ({la,0) : a € R}) = B.

Thus we have shown
Bp=i1 (Bg) ={ANR: A€ Bg}.
This implies:

1. Ae Bg = ANR &Bg and

2. if A C R is such that ANR €Bg there exists B € Bg such that ANR =
BNR. Because AAB C {+oo} and {o0},{—0c0} € By we may conclude
that A € B as well.

This proves Eq. (18.6). m
The proofs of the next two corollaries are left to the reader, see Exercises
18.5 and 18.6.

Corollary 18.34. Let (X, M) be a measurable space and f : X — R be a
function. Then the following are equivalent

1. fis (M, Bg) - measurable,

2. 71 ((a,00]) € M for all a € R,

3. f7Y((—o00,a]) € M for alla € R,

4. f7H{~o0}) e M, f71({o0}) € M and fO: X — R is measurable where

[ f@if =zeR
fo(x)"{ 0 ifze{+oo}.

Corollary 18.35. Let (X, M) be a measurable space, f,g: X — R be func-
tions and define f-g: X — R and (f +g) : X — R using the conventions,
0-co=0and (f+g)(z)=0if f(z) =00 and g(z) = —o0 or f (z) = —00
and g (z) = oco. Then f-g and f + g are measurable functions on X if both f
and g are measurable.

Exercise 18.5. Prove Corollary 18.34 noting that the equivalence of items 1.
— 3. is a direct analogue of Corollary 18.23. Use Proposition 18.33 to handle
item 4.

Exercise 18.6. Prove Corollary 18.35.

Proposition 18.36 (Closure under sups, infs and limits). Suppose that
(X, M) is a measurable space and f; : (X, M) — R for j € N is a sequence
of M/Bg — measurable functions. Then
sup; fj, inf;f;, limsup f; and liminf f;
j—o0 J—oo

are all M /By — measurable functions. (Note that this result is in generally
false when (X, M) is a topological space and measurable is replaced by con-
tinuous in the statement.)
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Proof. Define g, (x) := sup ; fj(x), then
{o:gi(e) Sa} = {o: fi(2) <a¥j)
— Ny f() < a} € M
so that g4 is measurable. Similarly if g_(x) = inf; f;(x) then
{e:g-(c) > a} = N{o: f(@) > a} € M,
Since

limsup f; =infsup{f;:j >n} and
o0 n

liminf f; =supinf{f;:j>n}
J—oe n

we are done by what we have already proved. m

Definition 18.37. Given a function f : X — R let fi(z) := max {f(x),0}
and f_ (z) := max (—f(z),0) = —min (f(z),0) . Notice that f = f+ — f_.

Corollary 18.38. Suppose (X, M) is a measurable space and f : X — R is
a function. Then f is measurable iff f+ are measurable.

Proof. If f is measurable, then Proposition 18.36 implies fi are measurable.
Conversely if fi are measurable thensois f = f; — f_. =

18.2.1 More general pointwise limits

Lemma 18.39. Suppose that (X, M) is a measurable space, (Y, d) is a metric
space and f; : X —Y is (M, By) — measurable for all j. Also assume that for
each x € X, f(z) = limy—oo fn(x) exists. Then f: X — Y is also (M, By) -
measurable.

Proof. Let V € 17y and Wy, := {y € Y : dye(y) > 1/m} for m = 1,2,....
Then Wm € Td,

Wi CWhClyeY idye(y) >1/m}cCV

for all m and W,,, T V as m — oo. The proof will be completed by verifying
the identity,

FHV) = U, Uy N (W) € M.

Ifz € f71(V) then f(x) € V and hence f(z) € W,, for some m. Since f,,(z) —
f(@), fu(z) € W,, for almost all n. That is 2 € UZ_; UL N>y fi H(Win).
Conversely when x € U%_; U_,; Np>n fr L (W) there exists an m such that

fn(z) € W, C Wy, for almost all n. Since f,,(z) — f(z) € W, C V, it follows
that z € f~1(V). m
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Remark 18.40. In the previous Lemma 18.39 it is possible to let (Y, 7) be any
topological space which has the “regularity” property that if V' € 7 there
exists W,,, € 7 such that W,,, C W,, CV and V = Use—1 Wh,. Moreover, some
extra condition is necessary on the topology 7 in order for Lemma 18.39 to
be correct. For example if Y = {1,2,3} and 7 = {Y,0,{1,2},{2,3},{2}} as
in Example 10.36 and X = {a, b} with the trivial o — algebra. Let f;(a) =
fj(b) = 2 for all j, then f; is constant and hence measurable. Let f(a) = 1
and f(b) = 2, then f; — f as j — oo with f being non-measurable. Notice
that the Borel o — algebra on Y is 2.

18.3 o — Function Algebras

In this subsection, we are going to relate o — algebras of subsets of a set X to
certain algebras of functions on X. We will begin this endeavor after proving
the simple but very useful approximation Theorem 18.42 below.

Definition 18.41. Let (X, M) be a measurable space. A function ¢ : X — F
(F denotes either R, C or [0,00] C R) is a simple function if ¢ is M — By
measurable and ¢(X) contains only finitely many elements.

Any such simple functions can be written as

n
¢=> Aila, with 4; € M and \; € F. (18.7)
i=1
Indeed, take A1, A2, ..., A, to be an enumeration of the range of ¢ and A; =
#~1({\:}). Note that this argument shows that any simple function may be
written intrinsically as
(;5 = Z y1¢71({y}). (188)
y€F
The next theorem shows that simple functions are “pointwise dense” in
the space of measurable functions.

Theorem 18.42 (Approximation Theorem). Let f : X — [0, cc] be mea-
surable and define

22n 1

k n
(bn(ﬂj) = Z ﬁlffl((%%])(x) +2 1f71((2n700])(1')
k=0
22" —1
k=0

then ¢n < f for all n, ¢p(x) T f(x) for all x € X and ¢, T f uniformly on
the sets Xp = {x € X : f(z) < M} with M < oo. Moreover, if f : X —
C is a measurable function, then there exists simple functions ¢, such that
lim,, 00 on(x) = f(2) for all x and |dn| T |f| as n — oo.
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Proof. Since

k k+1 2k 2k+1 2k+1 2k +2

(ﬁ’ on I = (2n+1’ on+1 Ju( ont1 ’ 9n+l B
if ¢z € ( n+1>§]:¢11) then ¢n( ) = ¢n+l(x) = 2'21% and if » €
f (( L ]2 ]) then ¢, (z) = 2n+1 < 3{21'11 ¢n+1(z). Similarly

(2”,00] _ (2n7 2n+1} U (2n—0—17 OO],

and so for x € f71((2",00)), ¢u(x) = 2" < 2" = ¢,,4(z) and for = €
(2, 27TY), dpya(x) > 2% = ¢ (x). Therefore ¢, < ¢y for all n. It is
clear by construction that ¢, (z) < f(z) for all z and that 0 < f(z) — ¢, (z) <
27" if £ € Xon. Hence we have shown that ¢, (z) T f(z) for all z € X and
¢n T f uniformly on bounded sets.

For the second assertion, first assume that f : X — R is a measurable
function and choose ¢ to be simple functions such that ¢ 1 fi as n — oo
and define ¢,, = ¢ — ¢,,. Then

‘¢1L| - ¢+ + ¢n S ¢'n+l + ¢n+1 |¢7L+1|
and clearly |¢n| = ¢ + ¢, T fr+f- =|fland ¢p = ¢ — by = fo—f-=f

as m — 00.

Now suppose that f: X — C is measurable. We may now choose simple
function u,, and v, such that |u,| T |Ref|, |vn] T |Im f|, u, — Re f and
v, — Im f as n — oo. Let ¢, = up, + vy, then

6n)? = w2 + 02 1 |Re fI* + |Im f|* = |f]?

and ¢, = u, +iv, = Ref+ilmf=fasn—oo. M
For the rest of this section let X be a given set.

Definition 18.43 (Bounded Convergence). We say that a sequence of
functions f, from X to R or C converges boundedly to a function f if
lim,, o0 fn(x) = f(x) for allz € X and

sup{|fn(z)| : 2 € X andn=1,2,...} < cc.

Definition 18.44. A function algebra H on X is a linear subspace of
£ (X, R) which contains 1 and is closed under pointwise multiplication, i.e.
H is a subalgebra of £>° (X, R) which contains 1. If H is further closed under
bounded convergence then H is said to be a 0 — function algebra.

Ezxample 18.45. Suppose M is a o — algebra on X, then
0 (M,R) :={f €l>*(X,R): fis M/Bgr — measurable} (18.9)

is a o — function algebra. The next theorem will show that these are the only
example of o — function algebras. (See Exercise 18.7 below for examples of
function algebras on X.)
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Notation 18.46 If H C (> (X,R) be a function algebra, let
MMH)={AC X:14 € H}. (18.10)

Theorem 18.47. Let H be a o — function algebra on a set X. Then

1. M (H) is a o — algebra on X.
2. H=1(*(M(H),R).
3. The map

M e {o - algebras on X} — £ (M,R) € {o - function algebras on X}
(18.11)
is bijective with inverse given by H — M (H).

Proof. Let M := M (H).

1. Since 0,1 € H, 0, X € M. If A € M then, since H is a linear subspace
of £ (X,R), 1yc =1— 14 € H which shows A° € M. If {4, },2, C M,
then since H is an algebra,

N
lﬂﬁzlAn = H lA" =: f]v eH
n=1

for all N € N. Because H is closed under bounded convergence it follows
that
lmzo:lAn = lim fNEH

and this implies N5 ; A,, € M. Hence we have shown M is a o — algebra.
2. Since H is an algebra, p(f) € H for any f € H and any polynomial p on R.
The Weierstrass approximation Theorem 8.31, asserts that polynomials on
R are uniformly dense in the space of continuos functions on any compact
subinterval of R. Hence if f € H and ¢ € C' (R), there exists polynomials
pn, on R such that p, o f (z) converges to ¢ o f (x) uniformly (and hence
boundedly) in z € X as n — oo. Therefore ¢po f € H for all f € H and
¢ € C (R) and in particular |f| € H and fy := mzi—f eHif feH.
Fix an o € R and for n € N let ¢, (t) := (t — a)i/n7 where (t —a), =
max {t — @,0}. Then ¢, € C (R) and ¢, (t) — li>o as n — oo and the
convergence is bounded when ¢ is restricted to any compact subset of R.
Hence if f € H it follows that 155, = limp—o0 ¢y (f) € H for all a € R,
ie. {f >a} € M for all @ € R. Therefore if f € H then f € £ (M,R)
and we have shown H C ¢ (M, R). Conversely if f € £~ (M,R), then
for any o < B, {a<f<pB} € M = M(H) and so by assumption
l{a<f<py € H. Combining this remark with the approximation Theo-
rem 18.42 and the fact that H is closed under bounded convergence shows
that f € H. Hence we have shown ¢*° (M, R) C ‘H which combined with
H C (*° (M, R) already proved shows H = (> (M (H),R).
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3. Items 1. and 2. shows the map in Eq. (18.11) is surjective. To see the
map is injective suppose M and F are two o — algebras on X such that
£ (M,R) = (> (F,R), then

M={ACX:14€l>(M,R)}
={ACX:14€l>™(F,R)}=F.

]
Notation 18.48 Suppose M is a subset of £>° (X ,R).

1. Let H (M) denote the smallest subspace of £>° (X,R) which contains M
and the constant functions and is closed under bounded convergence.
2. Let Hy (M) denote the smallest o — function algebra containing M.

Theorem 18.49. Suppose M is a subset of (> (X,R), then H, (M) =
£ (o (M) ,R) or in other words the following diagram commutes:

M — o (M)
M {Multiplicative Subsets} — {o — algebras} M
1 1 ! 1

Ho (M) {o— function algebras} = {o- function algebras} £>° (M,R).

Proof. Since £ (o (M), R) is o — function algebra which contains M it follows
that
Hy, (M) C £ (0 (M),R).

For the opposite inclusion, let
M=MMH,(M))={ACX:1a€Hs(M)}.

By Theorem 18.47, M C H, (M) = £~ (M,R) which implies that every
f € M is M — measurable. This then implies o (M) C M and therefore

% (o (M) ,R) C £ (M,R) = H,, (M).
||

Definition 18.50 (Multiplicative System). A collection of bounded real or
complex valued functions, M, on a set X is called a multiplicative system
if f-g € M whenever f and g are in M.

Theorem 18.51 (Dynkin’s Multiplicative System Theorem). Suppose
M C €= (X,R) is a multiplicative system, then

H (M) = H, (M) == (o0 (M),R). (18.12)

In words, the smallest subspace of bounded real valued functions on X which
contains M that is closed under bounded convergence is the same as the space
of bounded real valued o (M) — measurable functions on X.
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Proof. We begin by proving H := H (M) is a o — function algebra. To do this,
for any f € H let
Hy={g9geH: fgecH}CH

and notice that Hy is a linear subspace of £>° (X,R) which is closed under
bounded convergence. Moreover if f € M, M C Hy since M is multiplicative.
Therefore Hy = H and we have shown that fg € H whenever f € M and
g € H. Given this it now follows that M C H; for any f € H and by the
same reasoning just used, H; = H. Since f € H is arbitrary, we have shown
fg e H for all f,g € H,ie H is an algebra.

Since it is harder to be an algebra of functions containing M (see Exercise
18.13) than it is to be a subspace of functions containing M it follows that
H (M) C Hy (M) . But as we have just seen H (M) is a o — function algebra
which contains M so we must have H, (M) C H (M) because H, (M) is by
definition the smallest such o — function algebra. Hence H, (M) = H (M).
The assertion that H, (M) = £>° (o (M), R) has already been proved in The-
orem 18.49. m

Theorem 18.52 (Complex Multiplicative System Theorem). Suppose
H is a complex linear subspace of £°(X, C) such that: 1 € H, H is closed under
complex conjugation, and H is closed under bounded convergence. If M C 'H
s multiplicative system which is closed under conjugation, then H contains all
bounded complex valued o(M )-measurable functions, i.e. £ (o (M),C) C H.

Proof. Let My = spang(M U {1}) be the complex span of M. As the
reader should verify, My is an algebra, My C H, My is closed under com-
plex conjugation and that o (Mg) = o (M). Let H® := H N £°(X,R) and
ME = M N (°(X,R). Then (you verify) MF is a multiplicative system,
ME c HR and HR is a linear space containing 1 which is closed under bounded
convergence. Therefore by Theorem 18.51, ¢*° (0’ (MSQ) ,R) C HR.

Since H and My are complex linear spaces closed under complex con-
jugation, for any f € H or f € My, the functions Re f = %(f+f) and
Im f = % (f — f) are in H (M) or My respectively. Therefore H = H®+iHF,
My = M§ + iM§, o (M§) = o (M) = o (M) and

0 (0 (M),C) == (o (M§') ,R) +it> (o (M) ,R)
cHR +iHR = H.
| |

Exercise 18.7 (Algebra analogue of Theorem 18.47). Call a function
algebra H C £*° (X, R) a simple function algebra if the range of each func-
tion f € H is a finite subset of R. Prove there is a one to one correspondence
between algebras A on a set X and simple function algebras H on X.

Definition 18.53. A collection of subsets, C, of X is a multiplicative
class(or a m — class) if C is closed under finite intersections.
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Corollary 18.54. Suppose H is a subspace of {>°(X,R) which is closed under
bounded convergence and 1 € H. If C C 2% is a multiplicative class such
that 14 € H for all A € C, then H contains all bounded o(C) — measurable
functions.

Proof. Let M = {1} U{l4: A€ C}. Then M C H is a multiplicative system
and the proof is completed with an application of Theorem 18.51. m

Corollary 18.55. Suppose that (X,d) is a metric space and Bx = o(74)
is the Borel o — algebra on X and H is a subspace of (>°(X,R) such that
BC(X,R) C H and H is closed under bounded convergence'. Then H contains
all bounded Bx — measurable real valued functions on X. (This may be stated
as follows: the smallest vector space of bounded functions which is closed under
bounded convergence and contains BC(X,R) is the space of bounded Bx —
measurable real valued functions on X.)

Proof. Let V € 74 be an open subset of X and for n € N let
fn(z) :==min(n - dye(z),1) for all z € X.

Notice that f, = ¢, o dye where ¢, (t) = min(nt, 1) (see Figure 18.3) which
is continuous and hence f, € BC(X,R) for all n. Furthermore, f, converges
boundedly to 14,.>0 = 1y as n — oo and therefore 1y, € H for all V € 7.
Since 7 is a m — class, the result now follows by an application of Corollary

18.54.

075 T

05T

025 T

Plots of ¢1, ¢2 and ¢3.

|
Here are some more variants of Corollary 18.55.

Proposition 18.56. Let (X,d) be a metric space, Bx = o(14) be the Borel
o — algebra and assume there exists compact sets Ky, C X such that K T X.

! Recall that BC(X,R) are the bounded continuous functions on X.
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Suppose that H is a subspace of £°(X,R) such that C.(X,R) C H (C.(X,R)
is the space of continuous functions with compact support) and H is closed
under bounded convergence. Then H contains all bounded Bx — measurable
real valued functions on X.

Proof. Let k and n be positive integers and set ¢, () = min(1, n'd(K,g)" (2))-
Then ¢, 1 € Co(X,R) and {9, 1 # 0} C K7. Let H,, 1, denote those bounded
Bx — measurable functions, f : X — R, such that 9, ,f € H. It is easily
seen that H,, 1 is closed under bounded convergence and that H, ; contains
BC(X,R) and therefore by Corollary 18.55, ¢, i f € H for all bounded mea-
surable functions f : X — R. Since ¢,k f — lxgf boundedly as n — oo,
1o f € H for all k and similarly 1k, f — f boundedly as k — oo and there-
fore feH. m

Lemma 18.57. Suppose that (X,7) is a locally compact second countable
Hausdorff space.> Then:

1. every open subset U C X is 0 — compact.
2.If F C X is a closed set, there exist open sets V,, C X such thatV,, | F
as n — oo.
3. To each open set U C X there exists f, < U (i.e. f, € C.(U,[0,1])) such
that lim, .~ fn = lu.
4. Bx = 0(C.(X,R)), i.e. the o — algebra generated by C.(X) is the Borel o
algebra on X.

Proof. 1. Let U be an open subset of X, V be a countable base for 7 and
VW.={WeV:W CU and W is compact}.

For each « € U, by Proposition 12.7, there exists an open neighborhood
V of z such that V € U and V is compact. Since V is a base for the
topology T, there exists W € V such that x € W C V. Because W C V, it
follows that W is compact and hence W € VU. As x € U was arbitrary,
U=uyY.

Let {W,}>2, be an enumeration of VY and set K,, := UZ_, W. Then
K, TU asn — oo and K, is compact for each n.

2. Let {K,}o2, be compact subsets of F*° such that K,, T F¢ as n — oo and
set V,, ;== K¢ = X\ K,,. Then V,, | F and by Proposition 12.5, V,, is open
for each n.

3. Let U C X be an open set and {K, }.., be compact subsets of U such
that K,, T U. By Lemma 12.8, there exist f,, < U such that f, = 1 on
K,,. These functions satisfy, 1y = lim,, o fp.

2 For example any separable locally compact metric space and in particular any
open subset of R™.
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4. By item 3., 1y is o(C.(X,R)) — measurable for all U € 7 and hence
7 C 0(Ce(X,R)). Therefore Bx = o(r) C o(C.(X,R)). The converse
inclusion holds because continuous functions are always Borel measurable.
|
Here is a variant of Corollary 18.55.

Corollary 18.58. Suppose that (X,7) is a second countable locally compact
Hausdorff space and Bx = o(1) is the Borel o — algebra on X. If H is a
subspace of £°(X,R) which is closed under bounded convergence and contains
C.(X,R), then H contains all bounded Bx — measurable real valued functions
on X.

Proof. By Item 3. of Lemma 18.57, for every U € 7 the characteristic function,
1y, may be written as a bounded pointwise limit of functions from C. (X, R).
Therefore 1 € H for all U € 7. Since 7 is a 7 — class, the proof is finished
with an application of Corollary 18.54 m

18.4 Product o — Algebras

Let {(Xa, Ma)}aca be a collection of measurable spaces X = X4 = [] Xa
a€A
and 7, : X4 — X, be the canonical projection map as in Notation 2.2.

Definition 18.59 (Product o — Algebra). The product o — algebra,
RacaMa, is the smallest o — algebra on X such that each 7, for a € A is
measurable, i.e.

QacaMq = 0(1q 1 a € A) = 0 (Uam; ' (Ma)) .

Applying Proposition 18.25 in this setting implies the following proposi-
tion.

Proposition 18.60. Suppose Y is a measurable space and f:Y — X = X4
is a map. Then f is measurable iff 7o o f 1 Y — X, is measurable for all
a € A. In particular if A ={1,2,...,n} so that X = X1 x Xo x--- x X, and
f) = (L), fa(y), - fu(y)) € X1 X Xo X -+ x Xy, then f:Y — Xa is
measurable iff f; Y — X; is measurable for all i.

Proposition 18.61. Suppose that (Xo, Mq),e 4 08 @ collection of measurable
spaces and E, C M, generates M, for each o € A, then

@acaMa =0 (Uneamy ' (E)) (18.13)

Moreover, suppose that A is either finite or countably infinite, X, € &, for
each a € A, and M, = o(Ey) for each o € A. Then the product o — algebra
satisfies
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RacaMao =0 ({ H E,:E, €&, forall ac A}) . (18.14)

acA
In particular if A= {1,2,...,n}, then X = X1 x Xo x --- x X, and
M @Ma®: - @My, =0a(Mp x My X - X My),
where My x Mgy X -+- x M,, is as defined in Notation 10.26.
Proof. Since Uy, 1(Ea) C Uamy1(M,), it follows that
F:=0 (angl(é'a)) Co (u(ﬂrgl(/\/la)) = QaecaMa,.

Conversely,
Foo(rg'(a)) =15t (0(a)) = 70 (Ma)

holds for all o implies that

and hence that ®,ca M, C F.
We now prove Eq. (18.14). Since we are assuming that X, € &, for each
a € A, we see that

Uaz 1(E) C { [[ Eo:Eacéaforallac A}
acA

and therefore by Eq. (18.13)

RaeaMo =0 (angl(ga)) Co ({ H E,:E,€&, forall a € A}) .

a€cA

This last statement is true independent as to whether A is countable or not.
For the reverse inclusion it suffices to notice that since A is countable,

H E, = moz6A7rc:1(Ea) € ®a€AMa

a€A
and hence
o ({ H E,:E,e€&, foralla e A}) C ®acaMqy.
a€cA
|

Remark 18.62. One can not relax the assumption that X, € &, in the second
part of Proposition 18.61. For example, if X; = Xo = {1,2} and & = & =
{{1}}, then o(& x &) = {0, X1 x X2,{(1,1)}} while o(c(&1) X (&) =

2X1 ><sz
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Theorem 18.63. Let {Xo},c4 be a sequence of sets where A is at most
countable. Suppose for each o € A we are given a countable set E, C 2%, Let
o = T(Ea) be the topology on X, generated by E, and X be the product space
[ [oca Xa with equipped with the product topology T := ®acaT(Ex). Then the
Borel o — algebra Bx = o(7) is the same as the product o — algebra:

Bx = ®acabx,,
where Bx, = 0(1(Ea)) = 0(Ey) for all o € A.

In particular if A = {1,2,...,n} and each (X;,7;) is a second countable
topological space, then
Bx =0(n®mn® - ®7)=0(Bx, x - xBx,)=Bx, ® - ® Bx,.

Proof. By Proposition 10.25, the topology 7 may be described as the small-
st topology containing € = Ugeam,!(Ea). Now & is the countable union
of countable sets so is still countable. Therefore by Proposition 18.17 and
Proposition 18.61,
Bx = o(7) = 0(7(£)) = 0(€) = Qacao (&)
= ®a€AU(Ta) = ®0z€ABX(,-
|

Corollary 18.64. If (X;,d;) are separable metric spaces fori=1,...,n, then
Bx, ® - ®Bx, = B(X1><~~><Xn)

where Bx, is the Borel o — algebra on X; and B(x,x..xx,) i the Borel
7 — algebra on X; X --- X X, equipped with the metric topology associ-
ated to the metric d(z,y) = > i, di(2i,y;) where © = (x1,22,...,2,) and
y = (y17y27"' 7y71)'
Proof. This is a combination of the results in Lemma 10.28, Exercise 10.9 and
T'heorem 18.63. m

Because all norms on finite dimensional spaces are equivalent, the usual
Fuclidean norm on R x R" is equivalent to the “product” norm defined by

@ ) llgm g = €llgm + 1Yllgn -
Hence by Lemma 10.28, the Euclidean topology on R™*" is the same as the
product topology on R™*" =2 R™ x R™. Here we are identifying R™ x R™ with
R™+" by the map
(I,y) ER™ xR" — (xh ey Tmy Y1y e - 7y'n) € Rm+n.
T'hese comments along with Corollary 18.64 proves the following result.

Corollary 18.65. After identifying R™ x R™ with R™*" as above and letting
Brn denote the Borel o —algebra on R™, we have

n-times

e N——
Bgmin = Brr @ Brm and Brn = Br ® - -+ @ Bg.
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18.4.1 Factoring of Measurable Maps

Lemma 18.66. Suppose that (Y, F) is a measurable space and F': X — Y is
a map. Then to every (o(F), Bg) — measurable function, H : X — R, there is
a (F,Bg) — measurable function h:Y — R such that H = ho F.

Proof. First suppose that H = 14 where A € o(F) = F~1(F). Let B € F
such that A = F~(B) then 14 = 1p-1(5) = 1p o F and hence the Lemma
is valid in this case with h = 1. More generally if H = " a;14, is a simple
function, then there exists B; € F such that 14, = 1p,0F and hence H = hoF
with h := > a;1p, — a simple function on R.

For general (o(F),F) — measurable function, H, from X — R, choose
simple functions H,, converging to H. Let h,, be simple functions on R such
that H,, = h,, o F. Then it follows that

H = lim H, =limsup H, =limsuph, o FF=hoF
n—oo n—o00 n—o00
where h := limsup,,_, . h, — a measurable function from ¥ to R. m

The following is an immediate corollary of Proposition 18.25 and Lemma
18.66.

Corollary 18.67. Let X and A be sets, and suppose for a € A we are give a
measurable space (Yo, Fo) and a function fo : X — Yo. Let Y = [[,c 4 Ya,
F = QqcaFa be the product o — algebra on'Y and M = o(fo : @ € A)
be the smallest o — algebra on X such that each f, is measurable. Then the
function F : X —'Y defined by [F(x)], = fa(x) for each o € A is (M, F)

~ measurable and a function H : X — R is (M,Bg) — measurable iff there
exists a (F,Bg) — measurable function h from'Y to R such that H = ho F.

18.5 Exercises

Exercise 18.8. Prove Corollary 18.23. Hint: See Exercise 18.3.

Exercise 18.9. If M is the o — algebra generated by £ C 2%, then M is the
union of the o — algebras generated by countable subsets F C &. (Folland,
Problem 1.5 on p.24.)

Exercise 18.10. Let (X, M) be a measure space and f,, : X — F be a se-

quence of measurable functions on X. Show that {z : lim,, o fn () exists in F} «

M.

Exercise 18.11. Show that every monotone function f : R — R is (Bg, Bgr)
— measurable.

Exercise 18.12. Show by example that the supremum of an uncountable
family of measurable functions need not be measurable. (Folland problem 2.6
on p. 48.)



Exercise 18.13. Let X =
{lA,lB}. Show HG (M) ;ﬁ

{
H
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1,2,3,4}, A = {1,2}, B = {2,3} and M =
(M) in this case.

19

Measures and Integration

Definition 19.1. A measure p on a measurable space (X, M) is a function
M —[0,00] such that

1. p(0) =0 and
2. (Finite Additivity) If {A;};_, C M are pairwise disjoint, i.e. A;NA; =0

when i # j, then
w40 =D nlA).
i=1 i=1

3. (Continuity) If A,, € M and A, 1 A, then pu(Ay) T u(4).

We call a triple (X, M, i), where (X, M) is a measurable space and p :
M — [0,00] is a measure, a Mmeasure space.

Remark 19.2. Properties 2) and 3) in Definition 19.1 are equivalent to the

following condition. If {A;};2, C M are pairwise disjoint then

Z(GRDEDINICHE (19.1)

To prove this assume that Properties 2) and 3) in Definition 19.1 hold and
n oo

{A;};2, C M are pairwise disjoint. Letting B, := |J 4; 1 B := J A4;, we
i=1 i=1

1=

have
00 @) .. @ .. n 0o
p((JA) = u(B) = lim w(By) = lim Y u(A) = p(A).
=1 =1 =1

Conversely, if Eq. (19.1) holds we may take A; = () for all j > n to see that
Property 2) of Definition 19.1 holds. Also if A,, T A, let B,, :== A, \ A,—1 with
Ag := 0. Then {B,},, are pairwise disjoint, A,, = U?_Bjand A = U3, B;.
So if Eq. (19.1) holds we have
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[eo]

p(A) = u (U5, By) =Y u(B)
j=1

n

— i N = I n By = li

= nlgrgozlu(Bg) = lim p(Uj_,B)) = lim p(Ay).
=

Proposition 19.3 (Basic properties of measures). Suppose that (X, M, 1)
is a measure space and E,F € M and {Ej};)o:l C M, then :

1. u(E) < p(F) if E C F.

2 W(UE;) < 3 ulE).

3. If u(E1) < oo and Ej | E, i.e. By D E3 D E3D ... and E =N,Ej, then
W(E;) | p(E) as j — oo.

Proof. 1. Since F = EU (F \ E),
w(F) = p(E) + w(F\ E) = p(E).

2. Let Ej = E;\ (E1U---UE;j_) so that the Ej ’s are pair-wise disjoint
and E = UE;. Since E; C Ej it follows from Remark 19.2 and part (1),

that _
WE) =Y uE;) <> u(E)).
3. Define D, := FE; \ E; then D; T Ey \ E which implies that

p(Er) = p(B) = lim p(Di) = p(Er) — lim pu(E;)

which shows that lim; . pu(E;) = p(E).
]

Definition 19.4. A set E C X is a null set if E € M and u(E) = 0. If P is
some “property” which is either true or false for each v € X, we will use the
terminology P a.e. (to be read P almost everywhere) to mean

E:={z e X : P is false for =}
is a null set. For example if f and g are two measurable functions on

(X, M, ), f =g a.e. means that p(f # g) = 0.

Definition 19.5. A measure space (X, M, ) is complete if every subset of
a null set is in M, i.e. for all F C X such that F C E € M with u(E) =0
implies that ' € M.

Proposition 19.6. Let (X, M, 1) be a measure space. Set
N:={NCX:3FeM>NCF and u(F) =0}

and

M={AUN:Ac M,N e M},

see Fig. 19.1. Then M is a o — algebra. Define i(AU N) = u(A), then i is
the unique measure on M which extends p.
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Fig. 19.1. Completing a o — algebra.

Proof. Clearly X,0 € M.
Let A € M and N € N and choose FF € M such that N C F and
u(F) = 0. Since N® = (F'\ N) U F°,

(AUN)=A°NNc=AN(F\NUF°)
=[A°N(F\ N)]U[A°N F°]

where [A°N (F\ N)] € N and [A° N F¢] € M. Thus M is closed under
complements.

If A, € M and N; C F; € M such that u(F;) = 0 then U(4; UN;) =
(UA)) U(UN;) € M since UA; € M and UN; C UF; and p(UE;) < 3 u(F;) =
0. Therefore, M is a o — algebra.

Suppose AU N; = BU Ny with A, B € M and Ny, Na,€ M. Then A C
AUN; C AUN; UF; = BU F; which shows that

1(A) < u(B) + p(Fz) = p(B).

Similarly, we show that p(B) < p(A) so that u(A) = pu(B) and hence (AU
N) := p(A) is well defined. It is left as an exercise to show i is a measure,
i.e. that it is countable additive. m

Many theorems in the sequel will require some control on the size of a
measure u. The relevant notion for our purposes (and most purposes) is that
of a o — finite measure defined next.

Definition 19.7. Suppose X is a set, € C M C 2% and pp: M — [0,00] is a
function. The function p is o — finite on & if there exists E,, € £ such that
w(Ey) < oo and X = Up—1 E,. If M is a o — algebra and p is a measure on
M which is o — finite on M we will say (X, M, u) is a o — finite measure
space.

The reader should check that if u is a finitely additive measure on an
algebra, M, then p is o — finite on M iff there exists X,, € M such that
X, 1 X and p(X,,) < oco.
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19.1 Example of Measures

Most o — algebras and o -additive measures are somewhat difficult to describe
and define. However, one special case is fairly easy to understand. Namely
suppose that F C 2% is a countable or finite partition of X and M C 2¥ is
the o — algebra which consists of the collection of sets A C X such that

A=U{ae F:aCA}. (19.2)

It is easily seen that M is a o — algebra.
Any measure p : M — [0,00] is determined uniquely by its values on F.
Conversely, if we are given any function A : F — [0, 00] we may define, for

AeM,
pA) =3 AMa)=D A@)laca

aceF3aCA acF

where 1,4 is one if @ C A and zero otherwise. We may check that u is a
measure on M. Indeed, if A =]];2, 4; and a € F, then o C A iff a« C A4; for
one and hence exactly one A;. Therefore 1,4 = Zfil 1oca, and hence

,LL(A) = Z )‘(O‘)IQCA = Z )‘(O‘) Z laca,

acF acF
=3 S A @ Tac, = 3 A
i=1 aeF i=1

as desired. Thus we have shown that there is a one to one correspondence
between measures p on M and functions A : F — [0, o0].

We will leave the issue of constructing measures until Sections 25 and 26.
However, let us point out that interesting measures do exist. The following
theorem may be found in Theorem 25.35 or see Section 25.8.1.

Theorem 19.8. To every right continuous non-decreasing function F
R — R there ezists a unique measure pp on Br such that

pr((a,b) =F0b)—Fa)V —co<a<b<oo (19.3)

Moreover, if A € Bgr then

pr(A) = inf {Z(F(bi) — F(a;)): AC Ug‘il(ai,bi}} (19.4)

= inf {Z(F(bi) — F(a;)): AC H(ai, bi]} . (19.5)

In fact the map F — pp is a one to one correspondence between right con-
tinuous functions F with F(0) = 0 on one hand and measures p on Br such
that p(J) < co on any bounded set J € By on the other.
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Ezample 19.9. The most important special case of Theorem 19.8 is when
F(z) = x, in which case we write m for up. The measure m is called Lebesgue
measure.

Theorem 19.10. Lebesgue measure m is invariant under translations, i.e.
for B € Bg and x € R,
m(z + B) = m(B). (19.6)

Moreover, m is the unique measure on Br such that m((0,1]) = 1 and Eq.
(19.6) holds for B € Bg and x € R. Moreover, m has the scaling property

m(AB) = |A\|m(B) (19.7)
where A € R, B € Bg and AB := {\z : z € B}.

Proof. Let m,(B) := m(z + B), then one easily shows that m, is a measure
on Bg such that m,((a,b]) = b — a for all a < b. Therefore, m, = m by the
uniqueness assertion in Theorem 19.8.

For the converse, suppose that m is translation invariant and m((0, 1]) = 1.
Given n € N, we have

k-1 k, . (k-1 1
0.1 =V B = v (B +0.0)).

Therefore,

That is to say
1
) =1/n.
m((0,2]) = 1/n

Similarly, m((0, %]) = [/n for all I,n € N and therefore by the translation
invariance of m,

m((a,b]) =b—a for all a,b € Q with a < b.

Finally for a,b € R such that a < b, choose a,,b, € Q such that b,, | b and
an T a, then (an,b,] | (a,b] and thus

m((a,b]) = lim m((ay,b,]) = lim (b, —a,) =b—a,

i.e. m is Lebesgue measure.

To prove Eq. (19.7) we may assume that A # 0 since this case is trivial to
prove. Now let my(B) := |A| "' m(AB). It is easily checked that my is again a
measure on Bgr which satisfies
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ma((a,b]) = A7 'm (Mg, A\b)) = A"'(Ab— Xha) =b—a
if A > 0 and
ma((a,b]) = A7 m ([Ab, Aa)) = — A" (Mb—Xa) =b—a

if A< 0. Hence my=m. m

We are now going to develop integration theory relative to a measure. The
integral defined in the case for Lebesgue measure, m, will be an extension of
the standard Riemann integral on R.

19.1.1 ADD: Examples of Measures

BRUCE: ADD details.

. Product measure for the flipping of a coin.

Haar Measure

Measure on embedded submanifolds, i.e. Hausdorff measure.
Wiener measure.

. Gibbs states.

. Measure associated to self-adjoint operators and classifying them.

> U W

19.2 Integrals of Simple functions

Let (X, M, i) be a fixed measure space in this section.

Definition 19.11. Let F=C or [0,00) and suppose that ¢ : X — F is
a simple function as in Definition 18.41. If F =C assume further that
w(d *{y}) < oo for all y # 0 in C. For such functions ¢, define I,(¢) by

L) = > yule™ ({y})).

Proposition 19.12. Let A € F and ¢ and ¢ be two simple functions, then I,
satisfies:

1.
IH(/\(z)) = /\I;t(¢)~ (198)

Lu(o+ ) = 1u(¥) + Lu(0).
3. If ¢ and b are non-negative simple functions such that ¢ < ¢ then
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Proof. Let us write {¢ =y} for the set ¢~ 1({y}) C X and u(¢p = y) for
n({6=1y}) = u(@ " ({y})) so that

L) =Y yulo =1y).

yeC

We will also write {¢ = a,1 = b} for ¢~({a}) N+~1({b}). This notation is
more intuitive for the purposes of this proof. Suppose that A € F then

Ap) =Dy n(Ae=v) => y ul¢ =y/N

y€eF yeF
= Az (b =2) = M,(9)
z€F

provided that A # 0. The case A = 0 is clear, so we have proved 1.
Suppose that ¢ and ¥ are two simple functions, then

L(o+¢)=> zué+v=2)

z€F

:Zzp(uwe]p{qﬁ:w, Y =z—-w})
z€F

=Y 2> wb=w, =z2-w)
ze€F weF

= Z (z4+w)ulp =w, ¥ =2)

=Y zp =2+ wpe=w)
z€F weF

=1,(¥) + 1.().

which proves 2.
For 3. if ¢ and 1) are non-negative simple functions such that ¢ <

:Za,u((;ﬁ:a) = Z ap(¢ = a,yp =)

a>0 a,b>0
<Y bulé=a,p=b) =Y bu(y =b) = L,(v),
a,b>0 b>0

wherein the third inequality we have used {¢p =a,b =b} =0ifa>b. =

19.3 Integrals of positive functions

Definition 19.13. Let Lt = {f : X — [0,00] : f is measurable}. Define
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/ fdp =sup{I,(¢) : ¢ is simple and ¢ < f}.
X
We say the f € LT is integrable if [ fdu < oco. If Ae M, let

/Afdu ::/XlAf dp.

Remark 19.14. Because of item 3. of Proposition 19.12, if ¢ is a non-negative
simple function, fX édp = 1,(¢) so that _fX is an extension of I,,. This exten-
sion still has the monotonicity property if I,, : namely if 0 < f < g then

/ fdp =sup{I.(¢) : ¢ is simple and ¢ < f}
Jx

< sup {I,(®) : ¢ is simple and ¢ < g} < / g.
X

/chd,uzc/xfdu.

Also notice that if f is integrable, then p ({f = co}) = 0.

Similarly if ¢ > 0,

Lemma 19.15. Let X be a set and p : X — [0,00] be a function, let p =
Ywex P8z on M =2 e,

pA) =" p(x).

z€A

If f: X — [0,00] is a function (which is necessarily measurable), then

/X =3 1o

Proof. Suppose that ¢ : X — [0,00] is a simple function, then ¢ =
Zze[o,oo] Zl{¢:z} and

Diop=> p) Y zlpeny@)= > 2D p)lg=s(z
X

reX z€[0,00] z€[0,00] zEX
= Y o=z = / b
z€[0,00] X

So if ¢ : X — [0,00) is a simple function such that ¢ < f, then

/ odn =3 ep <3 .
X X X

Taking the sup over ¢ in this last equation then shows that
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/X i <3 1o

For the reverse inequality, let A CC X be a finite set and N € (0,00).
Set fN(xz) = min{N, f(z)} and let ¢y 4 be the simple function given by
N, 4(x) == 14(z) fN (x). Because ¢y a(z) < f(2),

¥pr:;¢N,Ap:/XzzﬁN,Adug/deu,

Since fN 1 fas N — oo, we may let N — oo in this last equation to concluded

ZA:fpS /X fu.

Since A is arbitrary, this implies

;fp < /X fdp.

Theorem 19.16 (Monotone Convergence Theorem). Suppose f, € L™
is a sequence of functions such that f, 1 f (f is necessarily in L") then

[t [Fasn—

Proof. Since f, < fi < f, for all n < m < o0,

[t [tnz [

from which if follows f fn is increasing in n and

lim [ f, < / f- (19.9)

n—oo

For the opposite inequality, let ¢ be a simple function such that 0 < ¢ < f,
a € (0,1) and E, := {f, > a¢}. Notice that E,, 7 X and by Proposition

19.12,
/fn Z/fn Z/oalEnqﬁza/lEnqb. (19.10)

Then using the continuity property of 1,

lim lE (b— hm /lEnzyl{qb v}

noee y>0
= lim > yu(E. N {¢=y}) = y lim p(E,N{¢=y})
y>0 y>0
=y lim p({¢=1y}) /¢

y>0
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This identity allows us to let n — oo in Eq. (19.10) to conclude

¢ <2 Jm o f o

n—oo

Since this is true for all non-negative simple functions ¢ with ¢ < f;

/f:sup{/x¢:¢issimpleand¢§f}génlingc/fn.

Because « € (0,1) was arbitrary, it follows that [ f < lim [ f, which com-

bined with Eq. (19.9) proves the theorem. m
The following simple lemma will be use often in the sequel.

Lemma 19.17 (Chebyshev’s Inequality). Suppose that f > 0 is a mea-
surable function, then for any e > 0,

u(f > e) / fdp. (19.11)

In particular if [y fdp < oo then u(f = c0) =0 (i.e. f < 0o a.e.) and the
set {f > 0} is o — finite.

Proof. Since 1.y < 1oyt f < 1f,

1 1
u(f >e) =/ 1{fzs}dN§/ Lipsey=fdp < —/ fdu.
X X € € Jx
If M := [, fdpu < oo, then

H(f:OO)SM(on)S%HOaSnHoo

and {f >1/n} 1 {f > 0} with u(f >1/n) <nM < oo for alln. m

Corollary 19.18. If f, € LT is a sequence of functions then

fu-xfe

In particular, if Y, [ fn < oo then Y, fr < o0 a.e.

Proof. First off we show that

finnr-fnsfo

by choosing non-negative simple function ¢,, and v, such that ¢,, T fi1 and

¥n 1 f2. Then (¢, + 1y, is simple as well and (¢, + 1) T (f1 + f2) so by the
monotone convergence theorem,
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i+ = i [@n v = i ([o.+ [0n)
= Jim [ o+ im [vu= [+ [

Now to the general case. Let gy : Z fnand g = Z fn, then gy T g and so

=1
again by monotone convergence theorem and the add1t1v1ty just proved,
(o] N N
Z/fn = ]\}glmz:/fn:]\}gnoo/z:f7z
n=1 n=1 n=1

—]vlgllm/gw—/g—i/fn~

Remark 19.19. 1t is in the proof of this corollary (i.e. the linearity of the
integral) that we really make use of the assumption that all of our functions are
measurable. In fact the definition [ fdu makes sense for all functions f : X —
[0,00] not just measurable functions. Moreover the monotone convergence
theorem holds in this generality with no change in the proof. However, in
the proof of Corollary 19.18, we use the approximation Theorem 18.42 which
relies heavily on the measurability of the functions to be approximated.

The following Lemma and the next Corollary are simple applications of
Corollary 19.18.

Lemma 19.20 (The First Borell — Carntelli Lemma). Let (X, M, p) be
a measure space, A, € M, and set
o0
{4, i.0.} ={z € X :x € A, for infinitely many n’s} = ﬂ U A,

N=1n>N
If > w(Ay) < oo then p({A, i.0.}) = 0.
Proof. (First Proof.) Let us first observe that
{4, 1.0.} = {x €eX: Z 1a,(z) = oo} .
n=1
Hence if > 02 | u(4,) < oo then

oo>i,u(An)—i/1A dp = /21,4 du

n=1 n=1
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implies that Z 14, (z) < oo for p - a.e. z. That is to say u({4, i.0.}) =0.

(Second Proof ) Of course we may give a strictly measure theoretic proof
of this fact:

w(A, io.) = ]\}meu U A,

n>N

< 1
= ]\}EHOC Z M(An)

n>N
and the last limit is zero since Y -, u(A,) < co. B

Corollary 19.21. Suppose that (X, M, p) is a measure space and {A,} -, C
M is a collection of sets such that u(A; N A;) =0 for all i # j, then

o]

n 1 E

Proof. Since

1 (UnZiAn) :/ luse A, dp and
X

:/XT;lAnd,u

it suffices to show

[ee]
Z la, = lue  a, 1 — ae. (19.12)

Now 07 1 14, > 1us 4, and 3507 14, () # 1o 4, (@) iff 2 € A;NA; for
some i # j, that is

{l‘ : Z 1A" (x) 75 1Un°°:1An (QS)} = Ui<in N AJ‘

n=1

and the later set has measure 0 being the countable union of sets of measure
zero. This proves Eq. (19.12) and hence the corollary. m

Ezample 19.22. Suppose —oo < a < b < oo, f € C([a, b} [0, oo)) and m be
Lebesgue measure on R. Also let 7, = {a = af < af <---<af =0} bea

Nk
sequence of refining partitions (i.e. m, C mpyq for all k) such that

mesh(7y,) —max{|a —a Hii=1...,m} —0ask— .

For each k, let
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ni—1

fo(@) = fla)lay + Y min{f(z) s af <@ <afys}ap o, (@)

=0

then fx T f as k — oo and so by the monotone convergence theorem,

b b
/ fdm = fdm = lim / fr dm
a [a,b] k—oo Jq

ng
— klingcgmln{f(z) : af <zx< af+l}m ((af",aﬁl})

/a ' fa)d

The latter integral being the Riemann integral.

We can use the above result to integrate some non-Riemann integrable
functions:

Example 19.23. For all A > 0,

1
Az 1
/0 e *dm(z) = A7 and /}R o2 dm(x) = 7.

The proof of these identities are similar. By the monotone convergence the-
orem, Example 19.22 and the fundamental theorem of calculus for Riemann
integrals (or see Theorem 8.13 above or Theorem 19.39 below),

oo N N
/ e Mdm(z) = lim e Mdm(z) = lim e Mz
Jo N—oo Jo N—oo /o

1
— lim X67A$|N At

N—o0

and

1 . N Mo
——dm(z) = lim m(z) = lim ——dx
R1+.’E2 N—oo _N1+.7,’2 N—oo 1+.T2

=tan"(N) — tan "' (-N) = 7.

Let us also consider the functions =77,

1
/(0 : :E—lp dm(z) = lim Lixy (z)idm(x)

n—oo Jg n xP
1 p—Pt+l 1
= lim —dxf lim
n—oo 1 n—oo
- P p 1/n

1 -
oo ifp>1
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If p =1 we find

1 "1
/ — dm(z) = lim —dz = lim ln(x)H/n =00
( n—oo

0,1] xP n—00 % x

Ezample 19.24. Let {r,}22; be an enumeration of the points in QN [0, 1] and
define

oo

P Y =

with the convention that

Since, By Theorem 19.39,

[ e e [ e
_ dx = E——T0 /] —Aax
0 |.73—7”n| T T —Tn 0 Tn — X
=2z — rn\in — 2V, —zlg =2 (\/1 — 1y — \/rn)

<4,

we find

e’}

1 oo
f(z)dm(z) = 2*"/ ———dz < 27" =4 < o0.
0.1 ; 01 V& =7l 2::1

In particular, m(f = co0) = 0, i.e. that f < co for almost every z € [0, 1] and
this implies that

< oo for a.e. z € [0, 1].

g \/|1’_7'n‘

This result is somewhat surprising since the singularities of the summands
form a dense subset of [0, 1].

Proposition 19.25. Suppose that f > 0 is a measurable function. Then
fX fdp=01f f =0 a.e. Alsoif f,g > 0 are measurable functions such that

f <gae then [ fdu < [ gdu. In particular if f = g a.e. then [ fdu = [ gdpu.
Proof. If f =0 a.e. and ¢ < f is a simple function then ¢ = 0 a.e. This implies
that p(¢~*({y})) = 0 for all y > 0 and hence [, ¢dp = 0 and therefore

J v fdu=0.
Conversely, if [ fdp = 0, then by Chebyshev’s Inequality (Lemma 19.17),

w(f >1/n) Sn/fduzofor all n.
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Therefore, p(f > 0) <> 2 u(f >1/n)=0,ie f=0ae.

For the second assertion let E be the exceptional set where g > f, i.e.
E:={zeX:g(x)> f(x)}. By assumption F is a null set and 1ge f < 1geg
everywhere. Because g = 1gcg + 1gg and 1gg =0 a.e.,

/gdu:/lEcgdu+/1E9du:/1Ecgdu

and similarly [ fdp = [1gefdp. Since 1ge f < 1geg everywhere,

Corollary 19.26. Suppose that {f,} is a sequence of non-negative functions
and f is a measurable function such that f, T f off a null set, then

[ta1 [1asn—c.

Proof. Let E C X be a null set such that f,1g T flge as n — oco. Then by
the monotone convergence theorem and Proposition 19.25,

/fn:/fnlEcT/flEv:/fasn—wxx

Lemma 19.27 (Fatou’s Lemma). If f, : X — [0,00] is a sequence of
measurable functions then

/lim inf f, <lim inf/fn

Proof. Define g = 1r>1fk fn so that gp T liminf, . f, as kK — oo. Since

gr < fn for all k <n,
/gkg/fnforallTLZk

/g;c <lim inf /fn for all k.

We may now use the monotone convergence theorem to let k¥ — oo to find

/lim inf f, =/ lim g MOT lim /gk < lim inf /fn.
n—oo k—oo k—oo n—oo

and therefore
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19.4 Integrals of Complex Valued Functions

Definition 19.28. A measurable function f : X — R is integrable if f, :=
flgssoy and f— = —f 1{y<oy are integrable. We write L' (j;R) for the space
of real valued integrable functions. For f € L' (u;R), let

[ tan= [ teau= [ s

Convention: If f,g : X — R are two measurable functions, let f + g
denote the collection of measurable functions h : X — R such that h(z) =
f(z)+g(x) whenever f(z)+g(x) is well defined, i.e. is not of the form co—oo or
—00+ 00. We use a similar convention for f — g. Notice that if f,g € L! (u; R)
and hq, hgy € f + g, then hy = hy a.e. because |f| < co and |g| < oo a.e.

Notation 19.29 (Abuse of notation) We will sometimes denote the in-
tegral [ fdp by p(f). With this notation we have pu(A) = p(14) for all
AeM.

Remark 19.30. Since
fi§|f| §f++f*a

a measurable function f is integrable iff [ |f| dup < co. Hence
L' (i R) := {f : X — R: fis measurable and / [f] dp < oo}.
b'e

If f,g € L'(;R) and f = g a.e. then fi = g+ a.e. and so it follows from
Proposition 19.25 that [ fdu = [ gdp. In particular if f, g € L' (u; R) we may

define '
/X(f+g)du:/xhdu

where h is any element of f + g.

Proposition 19.31. The map
feL (R — [ fauer
X

is linear and has the monotonicity property: [ fdp < [gdp for all f,g €
L' (u;R) such that f < g a.e.

Proof. Let f,g € L' (u;R) and a,b € R. By modifying f and g on a null set,
we may assume that f, g are real valued functions. We have af +bg € L' (; R)
because

laf +bgl < lal |f| + bl lg] € L" (;R).

If a < 0, then
(af)+ = —af and (af)- = —afy
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Jar=-aftsafti=aft-[1r=a]1

A similar calculation works for a > 0 and the case a = 0 is trivial so we have

shown that
/af =a/f.

Now set h = f +g. Since h=hy — h_,
hy —h_=fy—f-+9+—g-

so that

or
hy+f-+g-=h_+fi+g+.
Therefore,
[ros [rs fo= [ns [ 1+ [
and hence

o= foom o= 1o foum 1 fo= [+ s

Finally if f — f- = f < g =gy —¢g- then fy +¢g_ < g+ + f- which
implies that
/ﬁ+/w§/m+/ﬂ
or equivalently that

[1=J1- s fo- oo

The monotonicity property is also a consequence of the linearity of the inte-
gral, the fact that f < g a.e. implies 0 < g — f a.e. and Proposition 19.25.
]

Definition 19.32. A measurable function f : X — C is integrable if
Jx || dp < co. Analogously to the real case, let

L' (1;C) = {f:XH(C: fz'smeasumbleand/m du<oo}.
X

denote the complex valued integrable functions. Because, max (|Re f|, |[Im f]) <

1f1 < VEmax([Re ], im £1), [ |f] dp < oo iff
/\Ref|du+/|1mf|d,u<oo.

For f € L (1;C) define

/fd,u:/Refdu-i-i/Imfdu.
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It is routine to show the integral is still linear on L* (y; C) (prove!). In the
remainder of this section, let L* (1) be either L (1;C) or L! (u; R). If A € M
and f € L! (1;C) or f: X — [0,00] is a measurable function, let

/A fdp = /X Lafdp.

Proposition 19.33. Suppose that f € L' (u;C), then

'/deu‘s/xwf\du.

Proof. Start by writing [ f du = Re®. Then using the monotonicity in
Proposition 19.25,

[ gau=r=e [ i [ g
:/XRe(e*wf)d,ug/X\Re(e*“’fﬂdug/X|f|du.
|

Proposition 19.34. Let f,g € L' (1), then
1. The set {f # 0} is o — finite, in fact {|f| > 1} T {f # 0} and p(|f| >

1) <00 for alln.
2. The following are equivalent

a) [ f=[pg foral E€ M
b)){lf*g\=0

c)f=gae

Proof. 1. By Chebyshev’s inequality, Lemma 19.17,

M(|f|2%)§n/xlf\du<oo

for all n.
2. (a) = (c) Notice that

/Ef=/Eg<i>/E(ffg)=0

for all E € M. Taking E = {Re(f — ¢g) > 0} and using 1g Re(f — ¢g) > 0, we
learn that

0=Re/E(ffg)du=/lERe(ffg)=>lERe(ffg)=Oa,e.

This implies that 1g = 0 a.e. which happens iff
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1 ({Re(f —g) > 0}) = p(E) = 0.

Similar y(Re(f—g) < 0) = 0so that Re(f—g) = 0 a.e. Similarly, Im(f—g) =0
a.e and hence f —g =0 a.e., ie f=gae.
(¢) = (b) is clear and so is (b) = (a) since

‘/Ef*/Eg' S/|f*g|=0.

Definition 19.35. Let (X, M, u1) be a measure space and L*(u) = L1(X, M, p)
denote the set of L (1) functions modulo the equivalence relation; f ~ g iff
f =g a.e. We make this into a normed space using the norm

1f =gl = / 1 — gldu

and into a metric space using p1(f,9) = ||f — gl -

Warning: in the future we will often not make much of a distinction
between L!(p) and L (1) . On occasion this can be dangerous and this danger
will be pointed out when necessary.

Remark 19.36. More generally we may define LP(p) = LP(X, M, p) for p €
[1,00) as the set of measurable functions f such that

/ 1P dp < oo
X

modulo the equivalence relation; f ~ g iff f = g a.e.

We will see in Chapter 21 that

1/p
1l = ( i du) for f € LP()

is a norm and (LP(u), ||-||.») is @ Banach space in this norm.

Theorem 19.37 (Dominated Convergence Theorem). Suppose fr, gn,g €
L' (), fo = f ace |ful S gn €LY (1), gn — g ace. and [y gndp — [y gdp.

Then f € L' (1) and
/ fdp = lim / fndp.
X h—oo [x

(In most typical applications of this theorem g, = g € L' (u) for all n.)
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Proof. Notice that |f| = limy, oo |fn| < limy oo [gn| < ¢ a.e. so that f €

L' (i) . By considering the real and imaginary parts of f separately, it suffices
to prove the theorem in the case where f is real. By Fatou’s Lemma,

/(gif)du=/ liminf (g, + f,) dp < liminf/ (gn % fr) dp
X X n—oo n—oo X
= lim / gndp + liminf <:|:/ fndu)
n—oo n—oo X
=/ gdp + lim inf (:I:/ fndu>
X n—oo X

Since liminf, o (—a,) = —limsup,,_, ., an, we have shown,
liminf,, o [y fudp
du £ du < du + Lol xan
/;(g a /Xf a /Xg i {7hmsupn—>oofxfndu

and therefore

limsup/ fnd,ug/ fd,ugliminf/ fndu.

n—oo

This shows that lim [y f,du exists and is equal to [ fdu. m

Corollary 19.38. Let {f,}o; C L' (1) be a sequence such that Y e, 1 fnller
00, then Y07 | fn is conuergent a.e. and

DS

Proof. The condition 377, || full1(,) < oo is equivalent to >°7°, [fu| €
L' (u). Hence > o7, f, is almost everywhere convergent and if Sy :=

ZnN::l fn, then
N oo
ENEDMIAES NI
n=1 n=1

So by the dominated convergence theorem,

[ (3= [ g s g [ v

n=1
Jim Z/ fudp = Z/ fudp.

n=1
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Theorem 19.39 (The Fundamental Theorem of Calculus) Suppose
—o00 < a<b<oo, feC((ab),RNL ((a,b),m) and F(z) := [ f(y)dm(y).
Then

1. F € C([a,b],R) N C((a,b),R).

2. F'(z) = f(z) for all x € (a,b).

3. If G € C([a,b],R) N C((a,b),R) is an anti-derivative of f on (a,b) (i.c.
[ =Gap) then

b
/ F(@)dm(z) = G(b) — G(a).

Proof Since F(z) = fR (a,2) W) f(W)dm(y), limy_. 1(q,2)(y) = 1(a,)(y) for
—a.e. y and ‘1 (o) W) fW)] < 1 (@) (®) |f(y)] is an L* — function, it follows
from the dominated convergence Theorem 19.37 that F' is continuous on [a, b].
x+h .
J W) = f@) dm(y)]| it h >0
(

Simple manipulations show,
_ L
P | S, (F () = (@) dmy)| if h <0

< L) - @)l dmiy) it h > 0
TR\ fon f () = f(@)[dm(y) ifh <0

<sup{[f(y) — f(@)[:y € [z = [b], =+ |A]]}

F(z+h)— F(x)

and the latter expression, by the continuity of f, goes to zero as h — 0 . This
shows F' = f on (a,b).
For the converse direction, we have by assumption that G’ (z) = F'(z) for
€ (a,b). Therefore by the mean value theorem, F'—G = C for some constant
C. Hence

b
[ f@am() = Fo) = F®) - Fo
= (G(b) + C) — (G(a) + C) = G(b) — G(a).
| |

Ezample 19.40. The following limit holds,

n

lim [ (1-2)"dm(z) = 1.

n—oo [q n

Let fn(z) = (1 = £)"1j9 n)(x) and notice that lim, ..o fn(z) = e7*. We will
now show
0< fulz) <e ®forallz >0.

It suffices to consider z € [0,n]. Let g(z) = e* f,,(z), then for z € (0,n),
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1 1 1
— (-)=1-——<0
(1=2)" n (1=%)

which shows that Ing(z) and hence g(x) is decreasing on [0,n]. Therefore
o(x) < g(0) = 1, i

%lng(x) =1+n

0< fu(z)<e™®

From Example 19.23, we know

/ e dm(z) =1 < oo,
0

so that e~ is an integrable function on [0, 00). Hence by the dominated con-
vergence theorem,

n

im [ (1= Sydm) = tim [ fo(@)dm(z)

n—oo [q n n—oo [q

_ /0 " i fo()dm(z) = /0 ~ e dm(z) = 1.

n—oo

Ezample 19.41 (Integration of Power Series). Suppose R > 0 and {a, },, is
a sequence of complex numbers such that Y~ a,| 7" < oo for all r € (0, R).
Then

n+1 _ n+1
B

A(Zanx>dmx) Zan/ wrdim( Zan —

n=0

for all —R < a < 8 < R. Indeed this follows from Corollary 19.38 since

3 / ol 2] dm(z) < 3
n=0v<

> 18] |al
( / (] 2] dim(z) + / ] 2] dm(w))

n=0
T T =
< a <2r an| ™ < 00
;)| e R ;| al

where 7 = max(|3], |@|).

Corollary 19.42 (Differentiation Under the Integral). Suppose that
J C R is an open interval and f: J x X — C is a function such that

.x — f(t,z) is measurable for each t € J.
. f to,+) € L1(u) for some ty € J.
(t x) exists for all (t,x).

B :QQ(QN

. There is a function g € L' (u

ted
Then f(t e L (u)(p) for allt € J (ice. [|f(t 2)|du(z) < o0), t —
fX f(t,z)du(z) is a differentiable function on J and

/ftx)du /attxw 2).

9L(t,)| < g € L' () for cach
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Proof. (The proof is essentially the same as for sums.) By considering the real
and imaginary parts of f separately, we may assume that f is real. Also notice

that

O (1) = i n(f (e 0~ ) — £(0,2))

and therefore, for x — %(t, x) is a sequential limit of measurable functions

and hence is measurable for all £ € J. By the mean value theorem,

|f(t,x) — f(to, )| < g(z) |t — to] for all t € J (19.13)

and hence

|f(t,2)] < [f(t ) = f(to, )| + [ f (to, 2)| < g(2) [t —to| + [ (to, z)] -

This shows f(t,-) € L' (u) for all t € J. Let G(t) := [y f(t,z)du(z), then
—to —to

By assumption,

St ) = f(to,x) _ Of
tli»r?a o = (t,x) for all z € X

and by Eq. (19.13),

f(t.a) = flto.0)| _

— g(x) for all t € J and = € X.
—lo

Therefore, we may apply the dominated convergence theorem to conclude

nlinéo t, — to - nlL»H;O / t, —to du(z)

_ / lim f(tn,x) - f(tml‘) d,u(m)
X

n—o00 t, —to

~ [ Grto.a)duto)

for all sequences t, € J\ {to} such that t, — to. Therefore, G(to) =

311
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Ezxample 19.43. Recall from Example 19.23 that

A= / e~ dm(z) for all A > 0.
[0,00)
Let € > 0. For A > 2e > 0 and n € N there exists C),(¢) < oo such that
0< _i "ef)\r _ $n67>\x < C(g)efax.
< P\ <

Using this fact, Corollary 19.42 and induction gives

d n d n
1y—n—1 I e —1 _ _ = —A\z
ni\ ( d/\) A /[0700) ( dA) e~ dm(x)

=/ e dm(z).
(0,00)

That is n! = A" [ z"e"**dm(z). Recall that

(0,00)
I'(t):= / z'™le™"dx for t > 0.
[0,00)

(The reader should check that I'(t) < oo for all ¢ > 0.) We have just shown
that I'(n 4+ 1) =n! for all n € N.

Remark 19.44. Corollary 19.42 may be generalized by allowing the hypothesis
to hold for x € X \ E where E € M is a fixed null set, i.e. E must be
independent of t. Consider what happens if we formally apply Corollary 19.42
o0
to g(t) == [y la<idm(z),
d [ 2 [0
g(t) = — lp<td = —1,<id .
i) =5 [ tzdn@ L [ Socdm(o)

The last integral is zero since %1955,5 = 0 unless ¢ = z in which case it is
not defined. On the other hand ¢(¢) =t so that g(¢) = 1. (The reader should
decide which hypothesis of Corollary 19.42 has been violated in this example.)

19.5 Measurability on Complete Measure Spaces

In this subsection we will discuss a couple of measurability results concerning
completions of measure spaces.

Proposition 19.45. Suppose that (X, M, u) is a complete measure space'
and f: X — R is measurable.

! Recall this means that if N C X is a set such that N C A € M and u(A) = 0,
then NV € M as well.
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1. If g : X — R is a function such that f(z) = g(x) for p — a.e. x, then g is
measurable.

2. If fr : X — R are measurable and f : X — R is a function such that
lim, oo fn = f, b - a.e., then f is measurable as well.

Proof. 1. Let E = {x : f(z) # g(z)} which is assumed to be in M and
w(E) =0. Then g = 1gcf + 1gg since f = g on E°. Now 1g.f is measurable
so g will be measurable if we show 1gg is measurable. For this consider,

e [ECU(1pg) A\ {0})if0€ A
(s9) (A“{(lEg)*f(il) if0¢ A

Since (1gg)~Y(B) C Eif 0 ¢ B and u(E) = 0, it follow by completeness of
M that (1gg)~*(B) € M if 0 ¢ B. Therefore Eq. (19.14) shows that 1gg is
measurable.

2. Let E={z: HILH;O fu(z) # f(z)} by assumption E € M and pu(E) = 0.
Since g := 1gf =lim, .o 1gc fn, ¢ is measurable. Because f = g on E¢ and
w(E) =0, f =g a.e. so by part 1. f is also measurable. m

The above results are in general false if (X, M, p) is not complete. For
example, let X = {0,1,2}, M = {{0}, {1,2}, X, ¢} and pu = dp. Take g(0) =
0, g(1) =1, g(2) =2, then g = 0 a.e. yet g is not measurable.

(19.14)

Lemma 19.46. Suppose that (X, M, ) is a measure space and M is the
completion of M relative to y and [i is the extension of u to M. Then a
function f : X — R is (M, B = Bgr) — measurable iff there exists a function
g: X — R that is (M, B) — measurable such E = {x : f(x) # g(x)} € M and
L(E) =0, e f(x)=g(zx) for G — a.e. x. Moreover for such a pair f and g,
f €LY p) iff g € L' () and in which case

/X fdi = /X gd.

Proof. Suppose first that such a function g exists so that i(E) = 0. Since g
is also (M, B) — measurable, we see from Proposition 19.45 that f is (M, B)
— measurable.

Conversely if f is (M, B) — measurable, by considering fi we may assume
that f > 0. Choose (M, B) — measurable simple function ¢,, > 0 such that

on 1 f as n — oco. Writing -
¢n = ZaklAk

with A;, € M, we may choose By, € M such that By C Ay, and fi(Ax\By) = 0.

Letting
On 1= Z aklp,

we have produced a (M, B) — measurable simple function an > 0 such that
E, = {¢n # ¢n} has zero i — measure. Since i (UpEy) < >, i (Ey), there
exists F' € M such that U, F,, C F and u(F) = 0. It now follows that
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lpgn =1pd, 1 g:=1pf asn — oo.

This shows that g = 1pf is (M, B) — measurable and that {f # g} C F has
[i — measure zero.
Since f =g, i — a.e., [y fdii = [y gdfi so to prove Eq. (19.15) it suffices

to prove
/gd,u /gdu (19.15)

Because i = p on M, Eq. (19.15) is easily verified for non-negative M —
measurable simple functions. Then by the monotone convergence theorem and
the approximation Theorem 18.42 it holds for all M — measurable functions
g : X — [0,00]. The rest of the assertions follow in the standard way by
considering (Reg), and (Img), . m

19.6 Comparison of the Lebesgue and the Riemann
Integral

For the rest of this chapter, let —co < a < b < oo and f : [a,b] — R be a
bounded function. A partition of [a, ] is a finite subset 7 C [a,b] containing
{a,b}. To each partition

r={a=ty<t1 <---<t,=0b} (19.16)

of [a,b] let
mesh(7) := max{|t; —t;_1]: 5 =1,...,n},

M =sup{f(z):t; <x <t;1}, my=inf{f(z) :t; <o <t;_,}
Gr=f@)lgay + Y _ Ml 0], 9r=F(@)l{ay+ Y _ mjl, ;) and
1 1

Sﬂf:ZMj( tj—1) and s f = ij ti-1)-

Notice that . .
Saf = / Grdm and s, f = / grdm.

The upper and lower Riemann integrals are defined respectively by
b a
/ f(x)dz =inf S, f and / f(z)dx =sup sif.
a ™ Jy T

Definition 19.47. The function f is Riemann integrable iff f:f = fbf

and which case the Riemann integral ff f is defined to be the common value:

/abf(x)dx = ff(x)dm =£f(x)dx
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The proof of the following Lemma is left as an exercise to the reader.
Lemma 19.48. If 7' and 7 are two partitions of [a,b] and m C 7' then

Gr>2Gr 2 f 2 gr > gn and
SanSW'fZSn'fZSwf‘

There exists an increasing sequence of partitions {my} -, such that mesh(my) |
0 and

S,rkflff ands,,ka./bf as k — co.

If we let
G := klirn Gr, and g == klim i (19.17)

then by the dominated convergence theorem,

b
/ gdm = lim G, = lim s, f :/ f(z)dz (19.18)
[a,b] k—o0 [a,b] k—o0 Ja_
and
e
Gdm = khm G, = hrn Sr.f :/ f(z)dz. (19.19)
[a,b] % J[a,b] a

Notation 19.49 For z € [a,b], let

H(z) = limsup f(y) :=lim sup{f(y): |y — 2| <&, y € [a,b]} and

Yy—T

h(z) = liminf f(y) := lifgl inf {f(y):|ly—=z|<e, y€[a,b]}.

y—x
Lemma 19.50. The functions H,h : [a,b] — R satisfy:

1. h(z) < f(z) < H(z) for all z € [a,b] and h(z) = H(z) iff f is continuous
at .

2. If {mi} o, is any increasing sequence of partitions such that mesh(my) | 0
and G and g are defined as in Eq. (19.17), then

G)=H(z) > f(z) > h(z) =g(z) Vazxd¢r:=U m. (19.20)

(Note 7 is a countable set.)
8. H and h are Borel measurable.

Proof. Let Gy, := G, | G and g :=¢gx, T 9.

1. It is clear that h(z) < f(x) < H(z) for all z and H(z) = h(z) iff lim f(y)
y—x
exists and is equal to f(z). That is H(z) = h(z) iff f is continuous at x.
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2. For z ¢ 7,
Gl(w) 2 H(@) = f(@) = h(z) = gu(a) ¥ &

and letting £ — oo in this equation implies
G@)> H(x) > [(z) > h(z) > g@) Yo ¢ . (1921)
Moreover, given € > 0 and = ¢ T,

sup{f(y) : ly — 2| <e, y € [a,b]} > Gy(2)

for all k large enough, since eventually Gi(z) is the supremum of f(y)
over some interval contained in [x — e, z +¢]. Again letting k — oo implies

sup  f(y) > G(x) and therefore, that
ly—z|<e

H(z) = limsup f(y) > G(x)

for all z ¢ m. Combining this equation with Eq. (19.21) then implies
H(z) = G(z) if ¢ . A similar argument shows that h(z) = g(z) if
z ¢ 7 and hence Eq. (19.20) is proved.

3. The functions G and g are limits of measurable functions and hence mea-
surable. Since H = G and h = g except possibly on the countable set m,
both H and h are also Borel measurable. (You justify this statement.)

Theorem 19.51. Let f : [a,b] — R be a bounded function. Then

b b
/ f= Hdm and/ f :/ hdm (19.22)
a [a,b] Ja_ [a,b]

and the following statements are equivalent:

1. H(z) = h(z) for m -a.e. z,
2. the set
E:={z €a,b]: f is discontinuous at x}

is an m — null set.
3. f is Riemann integrable.

If f is Riemann integrable then f is Lebesgue measurable®, i.e. f is L/B -
measurable where L is the Lebesque o — algebra and B is the Borel o — algebra
on [a,b]. Moreover if we let  denote the completion of m, then

b
/ Hdm:/ f(x)dx:/ fdm:/ hdm. (19.23)
[a,b] a [a,b] [a,b]

2 f need not be Borel measurable.
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Proof. Let {m},—; be an increasing sequence of partitions of [a,b] as de-
scribed in Lemma 19.48 and let G and g be defined as in Lemma 19.50. Since
m(r) = 0, H = G a.e., Eq. (19.22) is a consequence of Egs. (19.18) and
(19.19). From Eq. (19.22), f is Riemann integrable iff

/ Hdm = hdm
[a,b] [a,b]

and because h < f < H this happens iff h(z) = H(z) for m - a.e. . Since
E = {z : H(z) # h(z)}, this last condition is equivalent to E being a m
— null set. In light of these results and Eq. (19.20), the remaining assertions
including Eq. (19.23) are now consequences of Lemma 19.46. m

Notation 19.52 In view of this theorem we will often write ff f(z)dx for
f; fdm.

19.7 Determining Classes for Measures

Theorem 19.53 (Uniqueness). Suppose that C C 2% is a m — class such
that M = o(C). If u and v are two measures on M and there exists X, € C
such that X,, T X and p(X,) = v(X,) < oo for each n, then p =v on M.

Proof. We begin first with the special case where p(X) < oo and therefore
also
v(X) = lim v(X,)= lim p(X,)=puX) < oco.

Let
H={f el (MR): u(f) =v()}.
Then H is a linear subspace which is closed under bounded convergence, con-
tains 1 and contains the multiplicative system, M := {1¢ : C' € C} . Therefore,
by Theorem 18.51 or Corollary 18.54, H =¢>° (M, R) and hence p = v.
For the general o — finite case, let X,, € C be as in the statement and
define two measures u,, and v, on M for each n by

pn(A4) = p(ANX,) and v,(4) =v(ANX,).

Then, as the reader should verify, u,, and v, are finite measure on M such
that u, = v, on C. Therefore, by the special case just proved, u, = v, on M.
Finally, using the continuity of the measures, p and v,

w(A) = lim (AN X,) = lim v(ANX,)=rv(A)

foral Ac M. m
As an immediate consequence we have the following corollaries.
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Corollary 19.54. Suppose that (X, 7) is a topological space, Bx = o(7) is
the Borel o — algebra on X and p and v are two measures on Bx which are
o — finiteon 7. If p=v on 7 then u =v on By, i.e. p:=v.

Corollary 19.55. Suppose that u and v are two measures on Bgrn which are
finite on bounded sets and such that p(A) = v(A) for all sets A of the form

A= (a,b] = (a1,b1] X -+ X (an, by]
with a,b € R™ and a < b, i.e. a; < b; for alli. Then p=v on Bgn.

Proposition 19.56. Suppose that (X,d) is a metric space, p and v are two
measures on Bx = o(7q) which are finite on bounded measurable subsets of X

and
/deu:/xfdv (19.24)

for all f € BCW(X,R) where
BCy(X,R) = {f € BC(X,R) : supp(f) is bounded}.
Then p = v.
Proof. To prove this fix a 0 € X and let
Yr(z) =([R+1—d(z,0]A1)VO

so that ¥r € BCy(X,[0,1]), supp(vyr) C B(o, R+ 2) and g T 1 as R — oc.
Let Hr denote the space of bounded real valued By — measurable functions
f such that

/;<¢Rfd“:/;<wadV' (19.25)

Then Hp is closed under bounded convergence and because of Eq. (19.24)
contains BC'(X,R). Therefore by Corollary 18.55, Hp contains all bounded
measurable functions on X. Take f = 14 in Eq. (19.25) with A € Bx, and
then use the monotone convergence theorem to let R — oo. The result is
uw(A)=v(A)forall Ac Bx. m

Here is another version of Proposition 19.56.

Proposition 19.57. Suppose that (X,d) is a metric space, p and v are two
measures on Bx = o(1q) which are both finite on compact sets. Further assume
there exists compact sets Ky C X such that Kp T X. If

?(“1 = ’(il/ 9.2
JO (I’“fECL(‘(?]R) then[j,fl.
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Proof. Let 1)y, 1 be defined as in the proof of Proposition 18.56 and let H,, x
denote those bounded Bx — measurable functions, f: X — R such that

/X e /X Ftbn g

By assumption BC(X,R) C H,  and one easily checks that H,, j is closed
under bounded convergence. Therefore, by Corollary 18.55, H,, j contains all
bounded measurable function. In particular for A € By,

/ 1Awn,kd,u/:/ lAwn,kdl/~
JX X

Letting n — oo in this equation, using the dominated convergence theorem,

one shows
/lAlK;éd,u:/ 1A1szl/
X X

holds for k. Finally using the monotone convergence theorem we may let
k — oo to conclude

M(A)z/XlAdp:/XlAduzy(A)

forall A€ Bx. m

19.8 Exercises

Exercise 19.1. Let y be a measure on an algebra A C 2%, then u(A) +
w(B) =pu(AUB)+ u(ANB) for all A,B € A.

Exercise 19.2 (From problem 12 on p. 27 of Folland.). Let (X, M, u)
be a finite measure space and for A, B € M let p(4, B) = u(AAB) where
AAB = (A\B)U(B\ A). It is clear that p (A4, B) = p (B, A). Show:

1. p satisfies the triangle inequality:
p(A,C)<p(A,B)+p(B,C) forall A,B,C € M.

2. Define A ~ B iff y(AAB) = 0 and notice that p(A,B) = 0 iff A ~ B.
Show “~ 7 is an equivalence relation.

3. Let M/ ~ denote M modulo the equivalence relation, ~, and let
[A] == {BeM:B~ A}. Show that p([4],[B]) := p(4,B) is gives a
well defined metric on M/ ~ .

4. Similarly show [ ([A]) = u(A) is a well defined function on M/ ~ and
show fi: (M/ ~) — R4 is p — continuous.
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Exercise 19.3. Suppose that u, : M — [0, 0] are measures on M for n €
N. Also suppose that p,(A) is increasing in n for all A € M. Prove that
M — [0,00] defined by p(A) :=lim, . pn(A) is also a measure.

Exercise 19.4. Now suppose that A is some index set and for each A € A,
px : M — [0,00] is a measure on M. Define u : M — [0,00] by u(A4) =
Y xeata(A) for each A € M. Show that p is also a measure.

Exercise 19.5. Let (X, M, 1) be a measure space and p : X — [0,00] be a
measurable function. For A € M, set v(4) := [, pdp.

1. Show v : M — [0, 0] is a measure.
2. Let f: X — [0,00] be a measurable function, show

/deVz/Xfde~ (19.27)

Hint: first prove the relationship for characteristic functions, then for
simple functions, and then for general positive measurable functions.

3. Show that f € L'(v) iff fp € L'(u) and if f € L'(v) then Eq. (19.27) still
holds.

Notation 19.58 It is customary to informally describe v defined in Ezxercise
19.5 by writing dv = pdp.

Exercise 19.6. Let (X, M, 1) be a measure space, (Y,F) be a measurable
space and f: X — Y be a measurable map. Define a function v : F — [0, x]
by v(A) := pu(f~1(4)) for all A € F.

1. Show v is a measure. (We will write v = fou or v = o f=1.)

2. Show
/gdl/:/ (go f)du (19.28)
Y X

for all measurable functions g : ¥ — [0,00]. Hint: see the hint from
Exercise 19.5.

3.Show g € L'(v) iff go f € L*(u) and that Eq. (19.28) holds for all
g€ L(v).

Exercise 19.7. Let F : R — R be a C'-function such that F’(z) > 0 for all
z € R and lim,_, 4o F(z) = +o0. (Notice that F is strictly increasing so that
F~1:R — R exists and moreover, by the implicit function theorem that F~!
is a C! — function.) Let m be Lebesgue measure on Bg and

v(A) = m(F(A)) =m((F') " (4) = (F'm) (A)

for all A € Bg. Show dv = F’dm. Use this result to prove the change of
variable formula,
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/ hoF-F'dm= / hdm (19.29)
R R

which is valid for all Borel measurable functions h : R — [0, oo].

Hint: Start by showing dv = F’dm on sets of the form A = (a,b] with
a,b € R and a < b. Then use the uniqueness assertions in Theorem 19.8 (or
see Corollary 19.55) to conclude dv = F’dm on all of Bg. To prove Eq. (19.29)
apply Exercise 19.6 with g = ho F and f = F~1.

Exercise 19.8. Let (X, M, 1) be a measure space and {4, },-, C M, show
u({A, a.a.}) <liminf u (4,)

and if pt (Up>nAm) < 0o for some n, then

u({A, i.0.}) > limsup p (4,).
Exercise 19.9. Suppose (X, M, ) be a measure space and f : X — [00o0]
be a measurable function such that [, fdu < co. Show p ({f = oo}) =0 and
the set {f > 0} is o — finite.

Exercise 19.10. Folland 2.13 on p. 52. Hint: “Fatou times two.”
Exercise 19.11. Folland 2.14 on p. 52. BRUCE: delete this exercise

Exercise 19.12. Give examples of measurable functions {f,,} on R such that
[n decreases to 0 uniformly yet [ f,dm = oo for all n. Also give an example
of a sequence of measurable functions {g,} on [0,1] such that g, — 0 while
J gndm =1 for all n.

Exercise 19.13. Folland 2.19 on p. 59. (This problem is essentially covered
in the previous exercise.)

Exercise 19.14. Suppose {a,},- . C C is a summable sequence (i.e.
Yo lan] < o0), then £(0) == 307 anei™ is a continuous function
for 6 € R and 1

"= — 0)e="0de.

an=o [ s0)e

-7

Exercise 19.15. For any function f € L' (m),showz € R — f<700 af (t)ydm (¢,
is continuous in z. Also find a finite measure, pu, on Bg such that z —
f(_oo o £ (8)dpu (t) is not continuous.

Exercise 19.16. Folland 2.28 on p. 60.
Exercise 19.17. Folland 2.31b on p. 60.

Exercise 19.18. There exists a meager (see Definition 13.4 and Proposition
13.3) subsets of R which have full Lebesgue measure, i.e. whose complement
is a Lebesgue null set. (This is Folland 5.27. Hint: Consider the generalized
Cantor sets discussed on p. 39 of Folland.)



