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ABSTRACT OF THE DISSERTATION

Classical Limit on Quantum Mechanics for Unbounded Observables

by

Pun Wai Tong
Doctor of Philosophy in Mathematics
University of California, San Diego, 2016

Professor Bruce K. Driver, Chair

This dissertation is divided into two parts. In Part I of this dissertation— On
the Classical Limit of Quantum Mechanics, we extend a method introduced by Hepp
in 1974 for studying the asymptotic behavior of quantum expectations in the limit as
Plank’s constant (%) tends to zero. The goal is to allow for unbounded observables
which are (non-commutative) polynomial functions of the position and momentum
operators. [This is in contrast to Hepp’s original paper where the “observables” were,
roughly speaking, required to be bounded functions of the position and momentum
operators.| As expected the leading order contributions of the quantum expectations

come from evaluating the “symbols”of the observables along the classical trajectories



while the next order contributions (quantum corrections) are computed by evolving
the h = 1 observables by a linear canonical transformations which is determined by
the second order pieces of the quantum mechanical Hamiltonian.

Part II of the dissertation — Powers of Symmetric Differential Operators is
devoted to operator theoretic properties of a class of linear symmetric differential
operators on the real line. In more detail, let L and L be a linear symmetric
differential operator with polynomial coefficients on L? (m) whose domain is the
Schwartz test function space, S. We study conditions on the polynomial coefficients
of L and L which implies operator comparison inequalities of the form (f + C’)T <
C. (E + C)T for all 0 < r < oo. These comparison inequalities (along with their
generalizations allowing for the parameter & > 0 in the coefficients) are used to
supply a large class of Hamiltonian operators which verify the assumptions needed

for the results in Part I of this dissertation.
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Chapter 1

Introduction

The whole dissertation is divided into two main parts— “On the Classical
Limit of Quantum Mechanics” and “Powers of Symmetric Differential Operators”
which are introduced in Sections 1 and 2 below respectively in this chapter. Defini-
tions, notations and symbols in these two parts are independent. We may redefine

some definitions, notations and symbols if necessary.

1 On the Classical Limit of Quantum Mechanics

This section is the introduction of Part I below in this dissertation. In the
limit where Planck’s constant (%) tends to zero, quantum mechanics is supposed
to reduce to the laws of classical mechanics and their connection was first shown
by P. Ehrenfest in [5]. There is in fact a very large literature devoted in one way
or another to this theme. Although it is not our intent nor within our ability
to review this large literature here, nevertheless the interested reader can find
more information by searching for terms like, correspondence principle, WKB
approximation, pseudo-differential operators, micro-local analysis, Moyal brackets,
star products, deformation quantization, Gaussian wave packet, and stationary

phase approximation in the context of Feynmann path integrals to name a few. For



more general background pertaining to quantum mechanics and its classical limit
the reader may wish to consult (for example) [6,15,17,22,24,42]. In Part I we wish
to concentrate on a formulation and a method to understand the classical limit of
quantum mechanics which was introduced by Hepp [18] in 1974.

Part Iis an elaboration on Hepp’s method to allow for unbounded observables
which was motivated by Rodnianski and Schlein’s [33] treatment of the mean field
dynamics associated to Bose Einstein condensation. There is large literature related
to Hepp’s method, see for example [1,8-14,23,33,40,41] and more recently [4]. The
nice papers by Zucchini, (see Theorem 5.8 of [41] and Theorem 5.10 of [40] ) are
closely related to this work. In these papers, Zucchini (using ideas of Ginibre and
Velo in [8,9]) studies the classical limit for unbounded observables which are at most
quadratic in the position and momentum observables with Hamiltonian operators
which are in standard Shrodinger form. In Part I, we consider observables and
Hamiltonians which are non-commutative polynomials (of arbitrary large degree)
in the postition and momentum variables. In order to emphasize the main ideas
and to not be needlessly encumbered by more complicated notation we will restrict
our attention to systems with only one degree of freedom. Before summarizing the
main results of Part I, we first need to introduce some notation. [See Chapter 2

below for more details on the basic setup-used in Part 1.]

1.1 Basic Setup

Let ag = (€ +im) /v/2 € C (C = T*R is to be thought of as phase space),
H (0,0%) be a symmetric [see Notation 2.8] non-commutative polynomial in two
indeterminates, {0,0*}, H%(2) := H (2,%) for all z € C be the symbol of H.
[By Remark 2.15 below, we know HY is real valued.] A differentiable function,

a(t) € C, is said to satisfy Hamilton’s equations of motion with an initial condition



Qg € C if
i (t) = ((,%Hd) (a(t)) and a (0) = ap. (1.1)

[See Section 1 in Chapter 2 where we recall that Eq. (1.1) is equivalent to the
standard real form of Hamilton’s equations of motion.] Further, let ® (¢, ) = « ()
(where « (t) is the solution to Eq. (1.1) ) be the flow associated to Eq. (1.1) and
d’ (¢, ) : C — C be the real-linear differential of this flow relative to its starting
point, i.e. for all z € C let

d
' (t,ap) z := £|SZO<I> (t, a0 + s2) . (1.2)

As z — @' (t,ap) z is a real-linear function of z, for each oy € C there exists unique

complex valued functions v (¢) and ¢ (¢) such that
O (t,ap)z=7(t) 2+ 0 () Z. (1.3)

where v (0) =1 and 6 (0) = 0.
We now turn to the quantum mechanical setup. Let L? (m) := L? (R, m) be
the Hilbert space of square integrable complex valued functions on R relative to

Lebesgue measure, m. The inner product on L? (m) is taken to be
(9) = [ 1@3(@)dm(@) ¥ fg € L (m) (1.4)
R

and the corresponding norm is || f|| = || f|l, = v/(f, f). [Note that we are using
the mathematics convention that (f, g) is linear in the first variable and conjugate
linear in the second.] We say A is an operator on L? (m) if A is a linear (possibly
unbounded) operator from a dense subspace, D (A), to L? (m). As usual if A is
closable, then its adjoint, A*, also has a dense domain and A** = A where A is the

closure of A.



Notation 1.1. As is customary, let S := S (R) C L? (m) denote Schwartz space

of smooth rapidly decreasing complex valued functions on R.

Definition 1.2 (Formal Adjoint). If A is a closable operator on L? (m) such that
D(A) =S8 and § C D (A*), then we define the formal adjoint of A to be the
operator, Al := A*|s. Thus Al is the unique operator with D (AT) = S such that

(Af,g9) = (f,Alg) for all f,g € S.

Definition 1.3 (Annihilation and Creation operators). For h > 0, let a be the

annihilation operator acting on L* (m) defined so that D (a;) = S and

(anf) (x) :== \/g(a:f () + 0. f (x)) for f €S. (1.5)

The corresponding creation operator is a; — the formal adjoint of ay, i.e.

(a;f) (z) == \/gw (2) — 0uf (x)) for f €. (1.6)

We write a and a' for a; and a; respectively when h = 1.

Notice that both the creation (a;) and annihilation (aj) operators preserve

S and satisfy the canonical commutation relations (CCRs),
[ah,aﬂ = hl|s. (1.7)

For each t € R and «y € C we also define two operators, a (¢, ) and

a' (t, o) acting on S by,

a(t,ag) =~ (t)a+0(t)a' and (1.8)

a' (t,ap) =7 () a" +6(t)a, (1.9)

where 7y (t) and 0 (¢) are determined as in Eq. (1.3). Because we are going to fix



ap € C once and for all in Part I we will simply write a (t) and a' (¢) for a (¢, ap)
and a' (t, ag) respectively. These operators still satisfy the CCRs, indeed making
use of Eq. (2.12) below we find,

la(t),a' ()] = [F@®)a" + 5 (t)a, v (t)a+ 3 (t)a]

=(h®P=10OF) 1=1 (1.10)

This result also may be deduced from Theorem 5.13 below.

Definition 1.4 (Harmonic Oscillator Hamiltonian). The Harmonic Oscillator

Hamiltonian is the positive self-adjoint operator on L* (m) defined by
N, := aja, = ha*a. (1.11)

As above we write N for N7 and refer to N as the Number operator.

Remark 1.5. The operator, Ny, is self-adjoint by a well know theorem of von
Neumann (see for example Theorem 3.24 on p. 275 in [20]). It is also standard
and well known (or see Corollary 3.26 below) that

D (a) = D (@) = D (N3*) = D(8,) N D (M)

Definition 1.6 (Weyl Operators). For a := (£ +in) /v/2 € C as in BEq. (2.1),
define the unitary Weyl Operator U (a) on L? (m) by

U () = elaaT=aa) _ gi(m—or). (1.12)

More generally, if h > 0, let

Up(a) = U (%) — exp (% (a-al—a ah)> | (1.13)




The symmetric operator, % <a . a; —a- CLE) , can be shown to be essentially
self adjoint on S by the same methods used to show %896 is essentially self adjoint
on C° (R) in Proposition 9.29 of [15]. Hence the Weyl operators, Uy («) , are well
defined unitary operators by Stone’s theorem. Alternatively, see Proposition 2.4

below for an explicit description of Uy («) .

Definition 1.7. Given an operator A on L* (m) let

(A)y = (AY, )

denote the expectation of A relative to a normalized state v € D (A). The

variance of A relative to a normalized state 1 € D (A?) is then defined as
Vary (A) i= (A%) = (A);.

From Corollary 3.6 below; if ¢ € S is a normalized state and P (6,0*) is a

non-commutative polynomial in two variables {6, 6%} | then

<P <ah, a;‘>>Uﬁ(a)w =P(o,a)+ O (\/73)
).

Consequently, Uy, () ¥ is a state which is concentrated in phase space near the «

S

Varg, s (P (an, a3)) = O (

and are therefore reasonable quantum mechanical approximations of the classical

state a.

Definition 1.8 (Non-Commutative Laws). If Ay, ..., Ay are operators on L* (m)
having a common dense domain D such that A;D C D, D C D (A;") ,and A;D C D

for 1 < j <k, then for a unit vector, v € D, and a non-commutative polynomial,

P::P(ela---aekvgi"‘?@]:)



n 2k indeterminants, we let
p(P):= (P(z‘h,---,Ak,AT,---,AZ))w = (P(Ay,..., A, AL, ... AD) Y, 0) .

The linear functional, u, on the linear space of non-commutative polynomials in 2k
— variables is referred to as the law of (Ay, ..., Ax) relative to 1 and we will in the

sequel denote p by Lawy, (Aq, ..., Ag).

1.2 Main results

Theorem 1.17 and Corollaries 1.19 and 1.21 below on the convergence of
correlation functions are the main results of Part I. [The proofs of these results will
be given Chapter 9.] The results of Part I will be proved under the Assumption

1.11 described below. First we need a little more notation.

Definition 1.9 (Subspace Symmetry). Let S be a dense subspace of a Hilbert space
IC and A be an operator on IC. We say A is symmetric on S provided, S C D (A)
and Als C Al%, i.e. (Af,g) = (f, Ag) for all f,g € S.

We now introduce three different partial ordering on symmetric operators

on a Hilbert space.

Notation 1.10. Let S be a dense subspace of a Hilbert space, K, and A and B be

two densely defined operators on K.

1. We write A <g B if both A and B are symmetric on S and
(A, ) < (BY,¥)y for allyp € 5.

2. We write A = B if A pwpy B, i.e. D(B) C D(A), A and B are both



symmetric on D (B), and
(A, ) < (B, ), for allp € D(B).

3. If A and B are non-negative (i.e. 0 < A and 0 < B) self adjoint operators
on a Hilbert space KC, then we say A < B if and only if D (\/E) cD (ﬂ)

and

H\/Zsz < H@‘/’H for ally € D (VB).

Interested readers may read Section 10.3 of [34] to learn more properties
and relations among these different partial orderings. Let us now record the
main assumptions which will be needed for the main theorems in Part I. In this
assumption, R (6, 0*) denotes the subspace of non-commutative polynomials with

real coefficients, see Section 4 in Chapter 2.

Assumption 1.11. We say H (0,6*) € R(0,0%) satisfies Assumption 1. if, H is
symmetric (see Definition 2.10), d = degy H > 2 (see Notation 2.8) is even and
H, =H <ah,a}2> satisfies; there exists constants C' > 0, Cg > 0 for f > 0, and
1 >n > 0 such that for all h € (0,7),

1. Hy is self-adjoint and Hy, + C = I, and

2. for all >0,
NP < Cy(Hy, + C)°. (1.14)

The next Proposition provides a simple class of example H € R (0, 6*%)
satisfying Assumption 1.11 whose infinite dimensional analogues feature in some of

the papers involving Bose-Einstein condensation, see for example, [1,33].

Proposition 1.12 (p (0*0) — examples). Let p (x) € R [x] (the polynomials in x with
real coefficients) and suppose deg (p) > 1 and the leading order coefficient is positive.
Then H (0,0%) = p (6*0) € R(0,0%) will satisfy the hypothesis of Assumption 1.11.



Proof. First we will show
Hy=0p <a;ah) =p(MN).

We know that p (N}) is self-adjoint and by Corollaries 3.17 and 3.30 below

we have
p(Nh) = p(aian) = p (afan) < p (afar).

Taking adjoint of this inclusion implies

p (aibah)* =p (aﬁah> CpNw)" =pNa).

However, since p (a}iah> is symmetric we also have

*

P (a%ah) Cp (ahaﬁ)* =D (a%ah) Cp (./\/h)

which implies

P (CL;%CLH) C p(Ny).

Since there exists C' > 0 and Cj for any § > 0 such that x < Cs (p(z) + C) for
x > 0, it follows by the spectral theorem that Hj satisfies Eq. (1.14). m

The next example provides a much broader class of H € R (6, 0*) satisfying
Assumption 1.11 while the corresponding operators, Hj, no longer typically commute

with the number operator.

Example 1.13 (Example Hamiltonians). Let m > 1, by € R[z] for 0 < k < m,

and

H (0,07 := Z Qk (0 —6%)"b (7(9+9)) 0 —6%)". (1.15)
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With the use of Eqs. (1.5) and (1.6), it follows
H, = Zh’“a’“ a on S (1.16)

If

1. each by (x) is an even polynomial in x with positive leading order coefficient,

and b,, > 0, and

2. deg,(by) > 2 and deg, (br) < deg,(bg—1) for 1 <k <m,

then by Corollary 1.41 below, H (0,0%) satisfies Assumption 1.11. In particular, if
m >0 and V € R [z] such that deg, V' € 2N such that lim, ., V (z) = oo, then

H©.0) =" (%)2 LV (% 6+ 9*)) and (1.17)
H (ah,a;Z) - —%hmaﬁ +V (\/ﬁx) (1.18)

satisfies Assumption 1.11.

Remark 1.14. The essential self-adjointness of H (ah,ah> in Eq. (1.18) and all
of its non-negative integer powers on S may be deduced using results in Chernoff [3]
and Kato [21]. This fact along with Eq. (1.14) restricted to hold on S and for
B €N could be combined together to prove Eq. (1.14) for all § > 0 as is explained
i Lemma 14.13 below.

Using Theorem B.2, for any symmetric noncommautative polynomial, H (0,0*) €
R (0,6%), there exists polynomials, b (\/7_1, x) eR [\/ﬁ, x} . (polynomials in vk

and x with real coefficients), such that

<CL;‘, G;I) Z hkak \/ﬁ \/ﬁx)ﬁ on S.
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If it so happens that these by, <\/ﬁ, \/ﬁ;p) satisfy the assumptions of Corollary 1.41
below, then Assumption 1.11 will hold for this H.

Example 1.15. Let

H(0,0%) =60* + 6 — g (0 —0°)(0+6°)(0—0") eR(H,6%). (1.19)

By using product rule repeatedly with Eqs. (1.5) and (1.6), it follows that
H (ah, aL) = 120%h, (\/ﬁ \/ﬁx> 82 — hid,b, (Jﬁ \/ﬁx) 0, + by (\/ﬁ, Jﬁa;)
where

bo (\/ﬁ, 93) = %x4 + %}LQ, b1 (\/ﬁ, a:) = %xQ, and by (\/ﬁ, x) = %

These polynomials satisfy the assumptions of Corollary 1.41 and therefore H (6,0%)
in Eq. (1.19) satisfies Assumption 1.11.

Notation 1.16. Given a non-commutative polynomial

P({6;,0:)" ) =P (6r,....00,00,...,0) €C(Or,....00,00,....67), (1.20)

rvn

i 2n — indeterminants,
Ay =A{0y,...,0,,07,...,0:}, (1.21)

let pmin denote the minimum degree among all non-constant monomials terms
appearing in P ({0;,07}"_,) . In more detail there is a constant, Py € C, such that
P(0y,...,0,,07,...,0%) — Py may be written as a linear combination in words in

r'n

the alphabet, A,,, which have length no smaller than puyiy,.
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Theorem 1.17. Suppose H (0,0*) € R(0,0%), d = deggH >0 and 1 >n >0
satisfy Assumptions 1.11, ag € C, ¢ € S is an L* (m) — normalized state and then
let;

1. a(t) € C be the solution (which exists for all time by Proposition 3.8) to

Hamilton’s (classical) equations of motion (1.1),
2. a(t) = a(t,ap) be the annihilation operator on L? (m) as in Eq. (1.8), and

3. Ay (t) denote ay, in the Heisenberg picture, i.e.

Ap(t) = e Hnt/hg, o=iHnt/h (1.22)

If {t;};, € R and P({0;,6:}_) € C(01,...,0,,07,...,6%) is a non-

commutative polynomial in 2n — indeterminants, then for 0 < h < n, we have

(P({ant0 —at) Afw-mf )
= (P ({Vha(t), Via' (1)} )>¢ +o (n). (1.23)

i=1

Remark 1.18. The left member of Eq. (1.23) is well defined because; 1) Uy () S =
S (see Proposition 2.4) and 2) /'S = S (see Proposition 6.3) from which it
follows that Ay, (t) and Ay, ()" = eint/hql e=iHnt/h poth preserve S for all t € R.

This theorem is a variant of the results in Hepp [18] which now allows for
unbounded observables. It should be emphasized that the operators, a (t), are
constructed using only knowledge of solutions to the classical ordinary differential
equations of motions while the construction of Ay (t) requires knowledge of the
quantum mechanical evolution. As an easy consequence of Theorem 1.17 we may
conclude that

Lawy, (aoyy ({An (ti) }i—;) = Law,, ({a (t;) + Vha (tl)} ) for 0 < h < 1. (1.24)

i=1
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The precise meaning of Eq. (1.24) is given in the following corollary.

Corollary 1.19. If we assume the same conditions and notations as in Theorem

1.17, then (for 0 < h <n)

<P <{Ah OF A;l <ti>}j:1> >Uh(a0)¢

= <P ({Oé (t:) + Vha (t:),a(t;) + Vhal (tl)};1>> + O (h). (1.25)

(]

By expanding out the right side of Eq.(1.25), it follows that

<<{ DAL

P({a(t).a(t)},) + VR(P ({a(t) salt),d ()} ,)), + O ()
(1.26)

where Py ({« (t;) : 6;,0;};_,) is a degree one homogeneous polynomial of {6;, 07},
with coefficients depending smoothly on {« (#;)};_, . Equation (1.26) states that

the quantum expectation values,

<P<{Ah(t) Al (t )} )>Uh(ao) : (1.27)

closely track the corresponding classical values P ({a (t;), @ (t;)}1—,) . The VA term
in Eq. (1.26) represent the first quantum corrections (or fluctuations ) beyond the

leading order classical behavior.

Remark 1.20. If both H (0,0%), H (6,6%) € R (6, 6*) both satisfy Assumption 1.11
and are such that H? (o) := H (o, @) and H? (o) := H (a, @) are equal modulo a
constant, then Eq. (1.26) also holds with the Ay (t;) and Al (t;) appearing on the

left side of this equation being replaced by

ethti/ﬁahe—ZHhti/ﬁ and 61Hﬁti/ha;€_ZHhti/h
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where Hy, := H <ah,a;>. In other words, if we view H and H as two “quantiza-

tions”of H, then the quantum expectations relative to H and H agree up to order

Vh.

Corollary 1.21. Under the same conditions in Theorem 1.17, we let 1, =
Ui (ag) . As h — 0T, we have

<P ({Ah (t:), Al (ti)}é 1)>wh S P (o (1)@ (OY,) (1.28)

1=

and

An(t) —a(t) Al () —at)) | Ly
' (1.29)

We abbreviate this convergence by saying

Loy, ({ mﬁ (t) (t)ws (t)}iﬂ)%Law({a(ti),aw}i1)_

1.3 Comparison with Hepp

The primary difference between our results and Hepp’s results in [18] is that
we allow for non-bounded (polynomial in a; and a;%) observables where as Hepp’s

“observables” are unitary operators of the form
Up(z) = exp (zah — 2@2) for z € C.

As these observables are bounded operators, Hepp is able to prove his results under
weaker growth and regularity conditions of the potential function V. [Compared to
our Assumption 1.11 of Part I, Hepp’s Hamiltonian operators, however, are not
in form of any arbitrary order of differential operators.] For the most part Hepp

primarily works with Hamiltonian operators in the Schrédinger form of Eq. (1.17)
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where the potential function, V, is not necessarily restricted to be a polynomial
function. The analogue of Corollary 1.21 (for n = 1) in Hepp [18], is his Theorem
2.1 which states; if z € C and ¢ € L?(R), then

, an—a(t) _al —al(t) _
lfggl <eXp (Z h NG —Z NG ) >wh(t) = <exp (za (t) — zal (t)>>¢7

where 1y, (1) := e~/ (ag) 1p.

2 Powers of Symmetric Differential Operators

This section is the introduction of Part II below in this dissertation.

Let L? (m) be the same Hilbert space as above equipped with the inner
product defined in Eq. (1.4) and || f|| := \/{f, f). For simplicity, we will denote
dm (z) in Eq. (1.4) as dz.

Notation 1.22. Let C* (R) = C*(R,C) denote smooth functions from R to C,
C> (R) denote those f € C* (R) which have compact support, and S == S (R) C
C* (R) be the subspace of Schwartz test functions, i.e. those f € C* (R) such that

[ and its derivatives vanish at infinity faster than |x|™" for all n € N.

Notation 1.23. Let C** (R) = C*(R,C). Also, let 0 : C* (R) — C* (R) denote
the differentiation operator, i.e. Of (x) = f'(z) = L f (z).

Notation 1.24. Gwen a function f: R — C, we let Mg := fg for all functions
g:R = C, i.e. My denotes the linear operator given by multiplication by f. Notice
that if f € C*(R) then we may view My as a linear operator from C* (R) to
C* (R).

For the purposes of this part, a d"—order linear differential operator on

C* (R) with d € N is an operator L : C* (R) — C* (R) which may be expressed
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as

d d
L=>Y M,0"=)> ad" (1.30)
k=0 k=0

for some {az}¢_, € C* (R,C). The symbol of L, o = o, is the function on R x R

defined by
d

oL (2,8) =) ax () (i)". (1.31)

k=0

Remark 1.25. The action of L on C° (R) completely determines the coefficients,
{ak}zzo. Indeed, suppose that o € R and 0 < k < d and let p (z) = (z — 20)" x (@)
where x € C° (R) such that x =1 in a neighborhood of xo. Then an elementary
computation shows k! - ay (xo) = (L) (xo) . In particular if Ly = 0 for all ¢ €
C>® (R) then ap =0 for 0 < k < d and hence Ly =0 for all ¢ € C>* (R).

Definition 1.26 (Formal adjoint and symmetry). Suppose L is a linear differential
operator on C* (R) as in Eq. (1.30). Then L' : C™ (R) — C> (R) denote the
formal adjoint of L given by the differential operator,

LT=> (=1)*0"M;, on C™ (R). (1.32)

k=0
Moreover L is said to be symmetric if LT = L on C* (R).

Remark 1.27. Using Remark 1.25, one easily shows L' may alternatively be

characterized as that unique d™—order differential operator on C* (R) such that

(Lf,9) = (f,L'g) forall f,g € CZ(R). (1.33)
From this characterization it is then easily verified that;

1. The dagger operation is an involution, in particular L'T = L and if S is

another linear differential operator on C* (R) , then (LS)" = STLT.
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2. L is symmetric iff (Lf,g) = (f, Lg) for all f,g € C>(R).

Proposition 10.2 below shows if {a}{_, € C®(R,R), then L = L iff
d = 2m is even and there exists {b;},", C C*° (R, R) such that

m

L)) =Y (=1)'d'bi(x (1.34)
1=0
The factor of (—1)" is added for later convenience. The coefficients {bi}, are
uniquely determined by {ag};", (the even coefficients in Eq. (1.30) and in turn the
coefficients {a;,}:", are determined by the {b;}",, see Lemma 10.4 and Theorem
10.7 respectively. We say that L is written in divergence form when L is expressed
as in Eq. (1.34).
From now on let us assume that {a;}{_, € C* (R,R) and L is given as in
Eq. (1.30). For each n € N, L™ is a dn order differential operator on C* (R) and
hence there exists {Ay}:7r C C* (R, C) such that

dn
LM =Y A" (1.35)
k=0

If we further assume that L is symmetric (so d = 2m for some m € Ny), then by
Remark 1.27 L™ is a symmetric 2mn - order differential operator. Therefore by
Proposition 10.2, there exists {B,},~, C C* (R,R) so that L™ may be written in

divergence form as
mn

L' =Y (-1)'0'B,d". (1.36)
=0
Information about the coefficients { Az };™ and { B}, in terms of the divergence
form coefficients {4;},", of L may be found in Propositions 11.7 and Proposition
11.8 respectively.
Let R [z] be the space of polynomial functions in one variable, z, with real

coeflicients.



18

Remark 1.28. If the coefficients, {ak}zzgm, of L in the Eq. (1.80) are in R [x],
then L and LT are both linear differential operator on C*° (R) which leave S invariant.

Moreover by simple integration by parts Eq. (1.33) holds with C2° (R) replaced by
S, i.e. (Lf,g)=(f L'g) forall f,geS8.

Notation 1.29. For the remainder of this introduction we are going to assume
L is symmetric (L = LT, L is given in divergence form as in Eq. (1.34) with
{bi}2, C Rz], and we now view L as an operator on L* (R,m) with D (L) =8 C

L? (m) . In other words, we are going to replace L by Lls.

The main results of Part II will now be summarized in the next two sections.

2.1 Essential self-adjointness results
Theorem 1.30. Let m € N, {b;}, C R[z] with b, (x) # 0 and assume;
1. either inf, b, (x) >0 or b, =0 and

2. deg (b)) < max{deg(by),0} whenever 1 <1 < m. [The zero polynomial is
defined to be of degree —o0.]

If L is the unbounded operator on L* (m) as in Notation 1.29, then L™ (for
which D (L™) is still S) is essentially self-adjoint for all n € N.

Remark 1.31. Notice that assumption 1 of Theorem 1.30 implies deg (b;) is even

and the leading order coefficient of b; is positive unless by = 0.

Let us recall [Subspace Symmetry| in Definition 1.9 Let S be a dense
subspace of a Hilbert space KL and A be a linear operator on K. Then A is said to

be symmetric on S if S C D (A) and

(A, ) = (Y, AY),. for all ¢ € S.

The equality is equivalent to say A|s C (Alg)" or AC A*if D(A) = S.
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Remark 1.32. Using Remark 1.27, it is easy to see that L with polynomial coeffi-
cients is symmetric on C* (R) as in Definition 1.26 if and only if L is symmetric

on S as in Definition 1.9.

Therefore, there are three different partial ordering <g, =< and < (see
Notation 1.10) on symmetric operators on a Hilbert space.

There is a sizable literature dealing with similar essential self-adjointness in
Theorem 1.30, see for example [3,21,31]. Suppose that bs, by, and by are smooth
real-valued functions of z € R and T is a differential operator on C° (R) C L? (m)
defined by,

T =—0by(x)0+bo(x)+1i(by(x)0+ b (x)).

Kato [21] shows T™ is essentially self-adjoint for all n € N when by = 1, b = 0
and —a — b|z|? =) T for some constants a and b. Chernoff [3] gives the
same conclusion under certain assumptions on by and 7" For example, Chernoff’s
assumptions would hold if by, b; and by are real valued polynomial functions such
that deg (b2) < 2 and by is positive and 7' is semi-bounded on C'2° (R) . In contrast,
Theorem 1.30 allows for higher order differential operators but does not allow for
non-polynomial coefficients. [However, the methods in Part II can be pushed further
in order to allow for certain non-polynomial coefficients.]

There are also a number of results regarding essential self-adjointness in
the pseudo-differential operator literature, the reader may be referred to, for
example, [6, 26,27, 36,39, 42]. In fact, our proof of Theorem 1.30 will be an

adaptation of an approach found in Theorem 3.1 in [26].

2.2 Operator Comparison Theorems

Motivated by A scaled quantization we picked in Definition 1.3 and the
important paper by [18], we will define a scaled version of L (see Notation 1.33)
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where for any i > 0 we make the following replacements in Eq. (1.34),
x — VhM, and d — Vho. (1.37)

For reasons explained in Theorem B.2 of the appendix, we are lead to consider a

more general class of operators parametrized by h > 0.

Notation 1.33. Let
{bir(-):0<1I<mand h>0} CRlx], (1.38)

and then define

Ly =L ({Rb(Vh } ) Z )b (VA ()8 on S. (1.39)
1=
We now record an assumption which is needed in a number of the results
stated below.

Assumption 1.34. Let m € No. We say {bis},", C Rlz] and n > 0 satisfies
Assumption 1.3/ if the following conditions hold.

1. For0 <l<m, bu(z) = Ejmé o (B) 27 is a real polynomial of x where

is a real continuous function on [0,7)].

2. For all0 < h <,

2ml = deg(bl,h) S deg(bl_l,f,,) = 2ml_1 fOT‘ 1 S l S m. (140)
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3. We have,
p,, = inf  bpu(z) >0 and (1.41)
z€R,0<h<n
Co '= min inf ooy, (h) >0, (1.42)

0<I<m 0<h<n

i.e. by p(x) is positive uniformly in x € R and 0 < h < n and leading orders,

Qom, (R), of all by € R[z] are uniformly strictly positive.

Remark 1.35. Conditions (1) and (3) of Assumption 1.34 implies there exists
A € (0,00) so that

min inf inf b 5(z) > 0.
0<I<m 0<h<n|z|>A

Furthermore, if k > 1,0 <ly,..., [y <m, and gp (x) = by n(z) ... by n(x) € Rz],
then

oM
(@) =3 Qi)'
=0
where M = my, + ...+ my,, each of the coefficients, Q; (k) is uniformly bounded
for 0 < h <n, and

inf B = inf o a R) > > 0.
0<h<nQ2M( ) 0<h<n li,my, ... limmzk( ) = Cq

From these remarks one easily shows infocp<, inf er g () > —o0.

The second main goal of Part II is to find criteria on two symmetric dif-
ferential operators L; and ih so that for each n € N, there exists K,, < oo such
that

Ly =s K, (Zg + 1) . (1.43)

(As usual I denotes the identity operator here and =g is as in Notation 1.10.) For

some perspective let us recall the Lowner-Heinz inequality.
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Theorem 1.36 (Lowner-Heinz inequality). If A and B are two non-negative self-
adjoint operators on a Hilbert space, IKC, such that A < B, then A" < B" for
0<r<1.

Léwner proved this result for finite dimensional matrices in [25] and Heinz
extended it to bounded operators in a Hilbert space in [16]. Later, both Heinz
in [16] and Kato in Theorem 2 of [19] extended the result for unbounded operators,
also see Proposition 10.14 of [35]. There is a large literature on so called “operator
monotone functions,” e.g. [2,7], Theorem 18 of [29], [30] and [38]. It is well known
(see Section 10.3 of [35] for more background) that f (x) = 2" is not an operator
monotone for r > 1, see [35, Example 10.3] for example. This indicates that proving
operator inequalities of the form in Eq. (1.43) is somewhat delicate. Our main

result in this direction is the subject of the next theorem.

Theorem 1.37 (Operator Comparison Theorem). Suppose that Ly, and Ly, are two

linear differential operators on S given by

Ly =Y (=0 d'bn(Vhe)d' and Ly =Y (=h)'d'bs(vVha)d,
1=0 =0

with polynomial coefficients, {Blh(w)} ¥ and {bun(x)} My satisfying Assumption
1.34 with constants n; and ng respectively. Let n = min{n;,n.}. If we further

assume that my; < my and there exists c; and cy such that
‘El,h (x)‘ <ec(bip(x)+e) YO<I<mj and 0 <h<m, (1.44)
then for any n € N there exists Cy and Cy such that
L} <5 Cy (L + Cy) for all0 < h <. (1.45)

Corollary 1.38. If {bis(x)},25 and n > 0 satisfy Assumption 1.84, then there
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exists C' € R such that C'I <s Ly for all0 < h <.

Proof. Define L, = I, i.e. we are taking m; = 0 and 507;1 (x) = 1. It then
follows from Theorem 1.37 with n = 1 that there exists C1, Cy € (0, 0o) such that
I =Ly =5 C1 Ly + C,Cy and hence Ly + Cy =5 C7'1. m

A similar result to Theorem 1.37 may be found in the Theorem 1.1 of [38].
The paper [38] compares the standard Laplacian —A with an operator of Hy in
the form of — Zf ; Oicij (x) 0; with coefficients {Cij}?,j:l lying in a Sobolev spaces
wmtlee (R?) for some m € N and D (Hy) = W>? (R?) . The theorem shows that
if Hy is a symmetric, positive and subelliptic of order v € (0, 1] then H, is positive

self-adjoint and for all « € [0, %} , there exists C,, such that
(- < Co (14 T0)™

Theorem 1.37 also has a similar flavor to results in Nelson [28]. However, we have
not seen how to use Nelson’s result in our context.

As a corollary of Theorem 1.30 and aspects of the proof of Theorem 1.37
given in Chapter 14 below, we have the following corollaries which are proved in

Section 3 in Chapter 14 below.

Corollary 1.39. Supposed {b.; (z)},", C Rlz] and n > 0 satisfies Assumption
1.84, Ly, is the operator in the Eq. (1.39), and suppose that C' > 0 has been chosen
so that 0 <s Ly + C1 for all 0 < h < n. (The ezistence of C is guaranteed by
Corollary 1.38.) Then for any 0 < h <, Ly + CI is a non-negative self-adjoint
operator on L* (m) and S is a core for (L, + C)" for all v > 0.

Corollary 1.40. Suppose that Ly, and Ly are two linear differential operators and
n >0 as in Theorem 1.37. If C' > 0 and C > 0 are chosen so that L +C =5 1
and Ly + C =5 0 (as is possible by Corollary 1.38), then Iz_ﬁ“— C and Ly + C are
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non-negative self adjoint operators and for each r > 0 there exists C, such that
(Li+C) 2L+ C) YO0 <h<n, (1.46)
From Definitions 1.3 and 1.4 and Corollary 3.17, the positive self-adjoint

number operator, N, on L? (m) is defined as the closure of

1 1 1
—582 + §.ZU2 — 5 on 8 (147)

The next corollary is a direct consequence from Corollaries 1.39 and 1.40

where Ly = N, in Eq. (1.46).

Corollary 1.41. Suppose m > 1, {b;s(-)},~, C R[z] and n > 0 satisfy Assumption
1.34, and Ly, is the operator on S defined in Eq. (1.39). If C > 0 is chosen so that
I <s L+ C (see Corollary 1.38), then;

1. L+ C is a non-negative self-adjoint operator on L? (m) for all 0 < h < 7.
2. S is a core for (fjh+C)r forallr >0 and 0 < h <.

3. If we further supposed deg(bo ) > 2, then there exists C, > 0 such that
Ni =G (Ly+C)' (1.48)

for all0 < h <n andr > 0.1

By the spectral theorem one shows D (’I’ﬁr) =D ((f/h + C’)T) .



Part 1

On the classical limit of quantum

mechanics
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Chapter 2

Background and Setup

In this chapter we will expand on the basic setup described above and recall

some basic facts that will be needed throughout Part I

1 Classical Setup

In Part I, we take configuration space to be R so that our classical state space
is T*R = R?. [Extensions to higher and to infinite dimensions will be considered

elsewhere.] Following Hepp [18], we identify 7*R with C via

T"R > (&,7) = a:= (€ +im). (2.1)

Sl

Taking in account the “/27 above, we set

1 1
9 = — (0¢ — 10;) and i = —

9 \/§ Br \/5 ((95 + Z&r)

so that aioz =1=2aand Z2a=0=-Za. As usual given a smooth real valued
o oa da oa

function,® H (¢, 7), on T*R we say (£ (t), 7 (t)) solves Hamilton’s equations of

Later HY will be the symbol of a symmetric element of H € C (#,6*) as described in section
4.

26
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motion provided,

(1) =H (€ (1), m (1)) and 7 (t) = —HE (£ () 7 (1)) (2.2)

where HY' := 9H /0m and H¢' := OH? /¢ . A simple verifications shows; if

1 .
a(t) = 7 (€ (t) +im (1)),

then (£ (t),m (t)) solves Hamilton’s Egs. (2.2) iff « () satisfies

i (t) = <8%ﬁd> (a (1)) (2.3)

where

H (o) := HY (¢, 7) where a = % (€ +1im) € C.

In the future we will identify H¢ with H and drop the tilde from our notation.

Example 2.1. If H (a) = |a|* + 1 la|*, then the associated Hamiltonian equations
of motion are given by
0 1
id = — (aa+-a’a*) =a+a’a=a+laa.
oo 2

Proposition 2.2. Let z (t) := @' (t, ap) z be the real differential of the flow asso-
ciated to Eq. (1.1) as in Eq. (1.2). Then z (t) satisfies z (0) = z and

iZ(t)=u(t)z(t)+v(t)z(t), (2.4)

w(t) = (WHCI) (a () € C and v (¢) ( afgaﬂd) (a(t) eR  (25)
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Moreover, if we express z(t) =y (t) 2+ 6 (t) Z as in Eq. (1.3) and let

t) of(t
A= | 1000 26
o(t) ()
then
det A(t) =y ()P =6(t)P=1VteR
and
. v(t)  u(t)
iN(t) = A(t) and A(0) = 1. (2.7)
—u(t) —ov(t)
Proof. First recall if f : C — C is a smooth function (not analytic in
general), then the real differential, = = f'(a)z = L|of (a+sz), of f at «
satisfies

rie):= (e )@=+ (55 ) @ (23)

By definition @ (t, o) satisfies the differential equation,

i® (t, o) = <%Hd> (P (t,0)) and ® (0, ap) = ap.

Differentiating this equation relative to «y using the chain rule along with Eq. (2.8)
shows z (t) := @' (¢, ) z satisfies Eq. (2.4). The fact that v (¢) is real valued follows
from its definition in Eq. (2.5) and the fact that H is a real valued function.

Inserting the expression, z (t) = v (t) z + 0 (¢) z, into Eq. (2.4) one shows
after a little algebra that,

Ft)z+id(t)z= (u(®)d () +vE)v({#) 2+ @) F () +v(t)d(t) 2
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from which we conclude that (v (¢),d (t)) € C? satisfy the equations

i (t) = u(t) o (t) +v(t)y(t) and (2.9)
i (t) = u ()5 (t) + v (t)d (). (2.10)

Using these equations we then find;
d 9 9 o L
= (11? = 18") = 2Re (37 — 49)

= 2Re (=i (ud +vy) 7 + i (uy + vd) d)
= 2Re (—iv|y|* + v |d]%) = 0. (2.11)

Since z (0) = z, v(0) = 1 and § (0) = 1 and so from Eq. (2.11) we learn
(01 = 18F%) (8) = (In1” = [8F) (0) = 1* = 0* = 1. (2.12)

Finally, Eq. (2.7) is simply the vector form of Eqs. (2.9) and (2.10). =

Remark 2.3. Equation (2.4) may be thought of as the time dependent Hamiltonian
flow,

where q (t,z) € R is the quadratic time dependent Hamiltonian defined by

q(t: z)—%u )z +1u(t)z2~|—v(t)§z
_%((‘M? ) )z“—% %Hd)(a(t))z2

+(guaet™) @) F
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2 Quantum Mechanical Setup

Recall that our quantum mechanical Hilbert space is taken to be the space
of Lebesgue square integrable complex valued functions on R (L? (m) := L* (R, m))
equipped with the usual L? (m)-inner product as in Eq. (1.4). To each i > 0 (% is
to be thought of as Planck’s constant), let

1d
qn := VhM, and pj, == \/_;% (2.13)

interpreted as self-adjoint operators on L? (m) := L? (R, m) with domains
D(q)={f€eL’(m):x—af(z)€L*(m)} and

D(p;)zD(%) ={feLl*(m):z— f(z) is AC. and ' € L* (m)}

where A.C. is an abbreviation of absolutely continuous. Using Corollary 3.26 below,

the annihilation and creation operators in Definition 1.3 may be expressed as

_ qn + pn h d
:: N YL 2.14
ap \/5 9 ( T + d.’lﬁ) and ( )
qn — P h d
g /= (M, - =), 2.15
Qp, \/5 2 ( d:l,’) ( )

3 Weyl Operator

Proposition 2.4. Let a :== (¢ +im) /V/2 € C, h > 0, and U () and Uy (a) be as
in Definition 1.6. Then

(U (@) f) () = exp (m (x - 55)) fa— ¥ erm), (216
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Un ()" apUy () = ap + a, and (2.17)

Uy (a) alUy (@) = da} + a, (2.18)

as identities on S.

Proof. Given f € Slet F (t,z) := (U (ta) f) (x) so that

%F (t,z) = (ims - f(%) F(t,z) with F(0,2) = f(x). (2.19)

Solving this equation by the method of characteristics then gives Eq. (2.16).

[Alternatively one easily verifies directly that

Pt 2) == exp(itn(z — %tﬁ)) o — t6)

solves Eq. (2.19).] It is clear from Eq. (2.16) that U (o) S € S and U (—a) U (o) =
I for all @ € C. Therefore S C U (—a) S. Replacing « by —a in this last inclusion
allows us to conclude that U (a) S = S. The formula in Eq. (2.19) also directly
extends to L? (m) where it defines a unitary operator. The identities in Eqs. (2.17)
and (2.18) for i = 1 follows by simple direct calculations using Eq. (2.16). The
case of general i > 0 then follows by simple scaling arguments.

Remark 2.5. Another way to prove Eq. (2.17) is to integrate the identity,

d * * 1 _
EUE (ta)” apUy (ta) = —Up (tav) [7—1 <a cal —a- ah) ,ah} U (ta) = a,

with respect to t on S and the initial condition U (0) = I.

Definition 2.6. Suppose that {W (t)},.g s a one parameter family of (possibly)

unbounded operators on a Hilbert space (K, (-,-)) . Given a dense subspace, D C I,
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we say W (t) is strongly ||-||-norm differentiable on D if 1) D C D (W (t))
for allt € R and 2) for allp € D, t — W ()4 is ||| c-norm differentiable. For
notational simplicity we will write W ()1 for LW (t) ).

Proposition 2.7. [f R>t — «a(t) € C is a C function and N := Ny|p=1 the
number operator defined in Eq. (1.11), then {U (ca(t))},cg is strongly L* (m)-norm
differentiable on D <\//\_f) as in the Definition 2.6 and for all f € D (\/./Tf) we

have

Wty = (a0a —amatim(a)a®))vin)s
U (a(t)) (a (t)a* — & (@)a —iIm <a (1) a_(t))) f.

Moreover, U (« (t)) preserves D (\//T/>, C.(R), and S.

Proof. From Corollary 3.26 below we know D(9,) N D(M,) = D <\/./\_f> :
Using this fact, the proposition is a straightforward verification based on Eq. (2.16).
The reader not wishing to carry out these computations may find it instructive to
give a formal proof based on the algebraic fact that eAt? = e4eB e~ 248l where A
and B are operators such that the commutator, [A, B] := AB — BA, commutes
with both A and B.

]

As we do not wish to make any particular choice of quantization scheme, in
Part T we will describe all operators as a non-commutative polynomial functions of

ap and a}:. This is the topic of the next chapter.

4 Non-commutative Polynomial Expansions

Notation 2.8. Let C(0,6*) be the space of non-commutative polynomials in the

non-commutative indeterminates. That is to say C(0,0%) is the vector space over
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C whose basis consists of words in the two letter alphabet, Ay = {0,0*}, cf. Ejq.
(1.21). The general element, P (0,0*), of C(0,0") may be written as

PO,07)=>" > c(b)bi.. b (2.20)
where d € Ny and

{er(b):0<k <dandb=(by,...,by)€EA}} C C.

If cg : A4 — C is not the zero function, we say d =: deg, P is the degree of P.

It is sometimes convenient to decompose P (6,60*) in Eq. (2.20) as

d
P(6,6)=> P (6,6 (2.21)
k=0
where
Pe(0,0)= Y cr(bi. )by by (2.22)

Polynomials of the form in Eq. (2.22) are said to be homogeneous of degree k.
By convention, Py := Py (0, 0%) is just an element of C. We endow C (6, 0*) with its
¢* — norm, |-|, defined for P as in Eq. (2.20) by

|P|:=> [P where [P = > ek (b)|. (2.23)

k=0 b=(b1,...,b;)EAF

Definition 2.9 (Monomials). Forb = (by, ..., b) € {0,0°Y" let uy, € C (0,0%) be
the monomial,

with the convention that for k = 0 we associate the unit element uy = 1.
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As usual, we make C (6, 0*) into a non-commutative algebra with its natural
multiplication determined on the word basis elements U2, {ub :b {0, 6*}k} by

concatenation of words, i.e. upug = Up.q) where if d = (dy,...,d;) € {0, 9*}l
(b,d) := (by,...,be,dr,....d) € {0,0°}""

For example, 000*-0*0 = 000*0*0. We also define a natural involution on C (6, 6*)
determined by (6)" = 6%, (0*)" = 6, z* = z for z € C, and (a- 3)" = f*a* for
a, € C(0,0%). Formally, if b= (by,...,b) € {9,9*}k, then

uj, = bpby_y ... b} = up- where b* := (b}, b;_y,...,b7). (2.25)

In what follows we will often denote an P € C(6,60*) by P (6,6*).

Definition 2.10 (Symmetric Polynomials). We say P € C{(0,0*) is symmetric
provided P = P*.

If A is any unital algebra equipped with an involution, ¢ — £T, and € is any

fixed element of A, then there exists a unique algebra homomorphism
P(0,07) € C{0,0") — P (£, e A

determined by substituting ¢ for 8 and ¢ for #*. Moreover, the homomorphism
preserves involutions, i.e. [P (5, £T)r = pP* (f, ST) . The two special cases of this

construction that we need here are contained in the following two definitions.

Definition 2.11 (Classical Symbols). The symbol (or classical residue) of P €
C(0,0%) is the function P € C|z,z] (= the commutative polynomials in z and
z with complex coefficients) defined by P (a) := P (a, @) where we view C as a

commutative algebra with an involution given by complex conjugation.
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Definition 2.12 (Polynomial Operators). If P (0,6%) € C (0, 0%) is a non-commutative

polynomial and h > 0, then P (aﬁ, a;) is a differential operator on L* (m) whose

domain is S. [Notice that P (ah, aZ) preserves S, i.e. P (ah, a%) S C S.| We further

let P, == P (ah, a;ri) be the closure of P (aﬁ, a;i) . Any linear differential operator
of the form P <ah,a;> for some P (0,0%) € C(0,0") will be called a polynomial

operator.

We introduce the following notation in order to write out P (ah, a:i) more

explicitly.

Notation 2.13. For any h > 0 let =5 : {0,060} — {ah,aii} be define by

_ ap if b=40
=n(b) = . . (2.26)
a, if b=20"

In the special case where h =1 we will simply denote =1 by =.

With this notation if P € C (0, 6*) is as in Eq. (2.20), then P (ah, a%) may

be written as,

P(ah,a;)zz S e ®)E(b).. E () (2.27)

k=0 b=(b1,...,by)€AF

or as

P (ah, a%) = Z Z 15 2¢;, (b) up (a, a') (2.28)

k=0 b=(b1,...,by,)EA¥

Definition 2.14 (Monomial Operators). Any linear differential operator of the
form up (a,at) =2 (by)...Zq (by) for some b = (by,...,by) € {6, 0*}* and k € Ny

will be called a monomaial operator.

Remark 2.15. If H (0,0%) € C(0,0%) is symmetric (i.e. H = H"*), then;
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.|.
1. H (ah,c%) is a symmetric operator on S (i.e. [H (aﬁ,a;i)} =H (ah,aji))
for any h > 0 and

2. HY(2) := H (2,%) is a real valued function on C.

Indeed,

]
[H (ah,aii)} =H" <ah,a;> =H <ah,a;)

He(a):= H(o,a) = H* (0,a) = H (o, @) = H (a) .

and

The main point of Part I is to show under Assumption 1.11 on H that classical
Hamiltonian dynamics associated to HY' determine the limiting quantum mechanical

dynamics determined by Hy == H (ah, a;g).

We have analogous definitions and statements for the non-commutative
algebra, C (6y,...,60,,07,...,0"), of non-commuting polynomials in 2n — indeter-

r'n

minants, A, = {61,...,0,,07,...,0%}, asin Eq. (1.21).

Notation 2.16. Let C|z] (0,0%) and C|a,a] (0,60%) denote the non-commutative
polynomials in {0, 0%} with coefficients in the commutative polynomial rings, C [z]
and C [o, & respectively. For P € C[z](0,0%) or P € Cla,al(6,0%) we will write
deg, P to indicate that we are computing the degree relative to {0,0*} and not

relative to x or {a,a} .

For any o € C and P (6, 6*) € C (6, 6*) with d = deg, P, let { P, (o : 6,6%)}1_, C
Cla, @] (8,0) denote the unique homogeneous polynomials in C (6, 6*) with coeffi-

cients which are polynomials in @ and & such that deg, Py («v : 0,60%) = k and

P(0+a,0"+a)=> P(a:6,67). (2.29)

k=0
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Example 2.17. If
P(0,0%) = 0070 + 000"

then

Pl+a,0"+a)=0+a)@ +a)@+a)+ (0" +a)@+a) @ +a)

=R+ P+ P+ Ps3
where

Py (a,0,0%) = o*a + a*a = P9 (a)
Pi(a,6,6%) = (2 | +a%) 0+ (2 laf® + o?) 0*
opr opd
" da (a) 0+ oo
Py (a,0,0%) = ab* + af* + (a + @) 0*0 + (o« + @) 60"
1 aQPcl ) aQPcl
3 (o 0+ T

Poy (a,0,0%) = 0070 + 6700".

() O

d d
() 9*2) + ahzowszoP (50 + a, t0* + Q)

This example is generalized in the following theorem.

Theorem 2.18. Let P (0,6*) € C(6,0%) and o € C, then

Py(a:60,0") = P ()

i} apcl aPcl i
Pl(a.Q,G)—{aa () 8+ % (04)0} and
. 1 aQPcl , aQPcl "
Pg(a.Q,G)—5(8a2 () 67 + 972 ()6 )
L P (sh+ a0+ a) (2.30)
g =0 ls=0 P (s0 + Q). ,
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where
d d . B aQPCI . . N
%‘t:()%‘szop <89+Oé,t9 +Oé) = doda (04)(9 f# mod 6*0 = 06
for all a € C. So we have
PO+ a,0"+a)
OPY 0
= P9 (a) + [ 5a () 0+ (%Pd) () 9*} + Py (a:0,0")+ Pss(a: 6,07)

(2.31)

where the remainder term, Ps3 is a sum of homogeneous terms of degree 3 or more.

Moreover if P = P*, then Py = P, and P$3 = P>3.
Proof. If p = deg, P, then
p
P(t0+ o t0"+a) =Y t"P(a:0,0%) VtER,
k=0

and it follows (by Taylor’s theorem) that

1 (d\"

From Eq. (2.32),

Py(a:6,0") = P(a,a) = P"(a) and
P(a:0,07) = %hOP (t0 + o, t0" + @)

d d
= E|t:OP (t) + o, @) + ahzop (o, t0* + @)

P op

" da ()0 + o

() 0.
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Similarly from Eq. (2.32),

1/d\>
Py (04 : 979*) :é <E) ’t:()P (t9 + Og,tQ* + 0_4)
1/d\? ) o
=5\ 7 li—o [P (t0 + a, @) + P (o, t0" + @)
d d .
+ E|t:0%|s:op (s6 + a, t0" + @)
1 (9*P , 02P -
_é(aoﬂ @8+ 5z ()6 )

d d * —
+ o]0 (56 + 10" + a).

If P(6,0%) € C(0,6*) is symmetric, then P (t0 + «,t0* + a) € C(6,6*) is

symmetric and hence from Eq. (2.32) it follows that P (a : 0,60%) € C (0, 6*) is still

symmetric and therefore so is the remainder term,

p
Pog(a:0,6%) =Y Pi(a:6,07).

k=3



Chapter 3

Polynomial Operators

1 Algebra of Polynomial Operators

Notation 3.1. For b = (b,....b,) € {0,0*}", p(b), ¢(b), and ¢ (b) be the Z -
valued functions defined by

pb):=#{i:b;=0}, qb) :=#{i:b;=0"}, and (3.1)

t(b):= Z (Lpi=o+ — 1p,=0) = q(b) —p(b). (3.2)

=1

Thus p(b) (q (b)) is the number of 6’s (6*’s) in b and ¢(b) counts the excess

number of 0*’s over 0’s in b.

Lemma 3.2 (Normal Ordering). If P (0,0*) € C(0,0*) with d = deg, P, then
there exists R(h:0,0*) € Ch](0,0*) (a non-commutative polynomial in {6,0*}
with polynomial coefficients in h) such that degy R (h:0,0%*) < d — 2 and

k-1 \ oakdal

0<k,l; k+I<d

p (ah, aé) — Z ! <8k+lpd) (0)affal + hR <h L ap, a;i) vV h>0.

Proof. By linearity it suffices to consider the case here P (#,0%) is a

40
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homogeneous polynomial of degree d which may be written as

P(0,6)= > c(b)u(6,6%) = Z > b)up (0,67).  (3.3)
be{6,0%}¢ p=0 pefo, 9*}d
Since

d
P(a,a) = Z Lyb)=pc (b) aPaldr
«1d

it follows that

1 8dPCl
(d—p)!-p! (8@‘1—?’8@10) (0) = Z Ly)=pc (b) .

be{6,0%}4

On the other hand, if b € {6, 6*}d and p := p(b), then making use of the CCRs
of Eq. (1.7) it is easy to show there exists Ry (h,0,60%) € C[h] (#,0*) such that
degy Ry, (R, 0,0%) < d — 2 such that

Up (ah, CL:%) = Cb;(dip)ag + th (FL, ap, CL;%) . (34)

Replacing 0 by a; and 6* by aIL in Eq. (3.3) and using Eq. (3.4) we find,

(ah, (Ih> Z Z Ub (CLh, a%)

=0 pe{0,0+}¢
d
= Z Z 1p(b):pc (b) d ) p —|— h Z Rb (ﬁ, ap, CL;E)
p=0 | be{g,6+}¢ be{0,0+}¢
d
8de t(d—
N ZO p! <aad—paap) (0)al“a + hRt (B an. o}
p:

where

R(h,0.6")= > c(b)Ry(h0,6%).

be{6,6%}4
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Corollary 3.3. If P (6,0%) and Q (0,0") are non-commutative polynomials such
that P = Q% then there exists R (h: 0,0%) € C[h] (0,0%) with degy R (h:0,0%) <
degy (P — Q) (0,6%) — 2 such that

P (ah, a%) =Q (ah, a}l) + hR <h, ap, a}i) .

Proof. Apply Lemma 3.2 to the non-commutative polynomial, P (6, 6*) —
Q0,0"). m

Proposition 3.4. For all H € C(0,0%), there exists a polynomial, pg € C|z, Z]
such that

H, (a :a, aT)
1 82 Hcl ) 1 82 Hcl t2 82 Hcl ; -
=3 ( 507 > () a +§ ( 5a? ) () a' + (8@86) ()a'a+py (a,a) 1

for all « € C where Hy (o : 0,60%) is defined in Eq. (2.29).

Proof. As we have seen the structure of Hy («v : 0, 0%) implies there exists

p,7,0 € Cla, @] such that
2H, (o : 0,0%) = p(a, @) 0> + p (o, @)0** + 7 (o, @) 070 + 6 (o, @) 06"

From this equation we find,

20y (a: 2,2) = p(a, @) 22+ p (o, @) 2% + [y (o, @) + 6 (o, @)] 22

while form Eq. (2.30) we may conclude that

2H, (o 2, %) — <‘9;Zd) (@) 22 + (a;gl) (@) 2 +2 (glg;) ()72 (3.5)
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Comparing these last two equations shows,

(G )
(glg;) () = 5 by (0, @) +5 (a,a).

I
>
L
2
—
Q
no
=
Q
N——
B
|
>
L
=l
&
=
A

Using these last identities and the canonical commutations relations we find,

2H2(a a&)
— p(a.a)a®+ p(a, a)a”® + 7 (a,a) ata + 5 (, @) aal

= p(a,a)a® + p(a,a)a® + [y (o, @) + 6 (a,a)] afa + 6 (o, @) T
_ (a;f;) (@) a® + (822[2"1) (@) + 2 (gzgal) (@) afa + py (@, @) 1

with py (o, &) = (o, @). m

Proposition 3.4 and the following simple commutator formulas,

[aTa, a] = —a, [aTz,a} = 24T,

[aTa,aT] =a', and [a2,aT] = 2a,

immediately give the following corollary.

Corollary 3.5. If H € C(0,0*) and « € C, then

H (a:a.a) ,a] = - (gzgal) (a)a - (a;fj (a)d

(s (a: ayal) al] — (%f) (@)a+ (gifa’;) (@)
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2 Expectations and variances for translated states

The next result is a fairly easy consequence of Proposition 2.4 and the

expansion of non-commutative polynomials into their homogeneous components.

Corollary 3.6 (Concentrated states). Let P (0,0%) € C(0,0*), ¢y €S, h >0, and

o € C, then
<P <ah, a;>>Uh(a)¢ — P(a,a) + O (\/ﬁ) (3.6)
Vg, @y (P (an,a}) ) = 0 (VA), (3.7)

and .
iy <P (ah]ga’ ahj;) >Uh<a>¢ = (P (a.d)), (3.9

where <'>Uh(oc)w is defined in Definition 1.7. [In fact, the equality in the last equation
holds before taking the limit as h — 0.

Proof. From Proposition 2.4 and Eq. (2.29),
d
Up ()" P (aﬁ, a;,) Up(a) =P (ah + a, ail + 6z> = ZPk <a S ap, a%) (3.9)

k=0

and hence

<P <aﬁ, a%) >Uh(a)¢ = <U;L (a)* P (ah, all) U (a)>w = <P <ah + a, a;g + d) >w
— <i P, (a s ap, a;ri>> =Py (a) + i pk/2 <Pk (a S a, aT)>w
k=0 k=1

¥

from which Eq. (3.6) follows where Py («) is defined in Notation 2.8. Similarly,
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making use of the fact that (P?), (o) = (F§) ()

(P2 (aﬁ,a;>>Uh(a)w )+ th/z ((P), (o aal)), (3.10)
and hence
Vary, (o) <P (am(ﬁ/)) = )+ th/2 P2 a a,a )>w

( +th/2 (a: aa)>w>r
:0(@).

Lastly, using Eq. (3.9) one shows,

ap aa%—a B ap + o — a;+@—d B o at
(57 5, (o)) - e,

which certainly implies Eq. (3.8). m

Remark 3.7. If ¢ € S and o € C, Egs. (3.6) and (3.7) should be interpreted
to say that for small h > 0, Uy () is a state which is concentrated in phase
space near «. Consequently, these are good initial states for discussing the classical

(h — 0) limit of quantum mechanics.

The next result shows that, under Assumption 1.11, the classical equations

of motions in Eq. (1.1) have global solutions which remain bounded in time.

Proposition 3.8. If C' and C) are the constants appearing in Eq. (1.14) of
Assumption 1.11, ag € C, and «a (t) € C is the maximal solution of Hamilton’s

ordinary differential equations (1.1), then o (t) is defined for all time t and moreover,

a () <Gy (H (a(0) +C) (3.11)
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where H (o) := H (o, @) .
Proof. Equation (1.14) with 8 = 1 implies
(Ni)y, < Cy(Hp+C), forally € S. (3.12)

Replacing ¢ by Uy, () ¥ in Eq. (3.12) and then letting £ | 0 gives (with the aid of
Corollary 3.6) the estimate,

o> < Cy (H (@) + C) for all a € C. (3.13)

If o (t) solves Hamilton’s Eq. (1.1) then H (a(t)) = H (« (0)) for all t. As the
level sets of H are compact because of the estimate in Eq. (3.13) there is no
possibility for « (¢) to explode and hence solutions will exist for all times ¢ and

moreover must satisfy the estimate in Eq. (3.11). =

3 Analysis of Monomial Operators of ¢ and af

In this section, recall that a = a; and a! = a! as in Definition 1.3. Let

1 1 1 *
Qo (z) = %exp <—§:r2) and {Qn = ﬁaT”QO} : (3.14)
. n=0

Convention: €2, =0 for all n € Z with n < 0.

The following theorem summarizes the basic well known and easily verified
properties of these functions which essentially are all easy consequences of the
canonical commutation relations, [a, aw =1 on §. We will provide a short proof of

these well known results for the readers convenience.

Theorem 3.9. The functions {Q,}.-, C S form an orthonormal basis for L* (m)
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which satisfy for all n € Ny,

aQ, = /a1, (3.15)
a'Q, = Vn+1Q,41 and (3.16)
a’af), = nQ,. (3.17)

Proof. First observe that 2, (x) is a polynomial (p, (x)) of degree n times
Qo (z) . Therefore the span of {Q,} -, are all functions of the form p (z) €y (z)
where p € C[z]. As C[z] is dense in L? (QF (z) dz) it follows that {€,} 7, is total
in L? (m) .

For the remaining assertions let us recall, if A and B are operators on some

vector space (like S) and adsB := [A, B], then ad, acts as a derivation, i.e.
ad (BC) = (adAB)C—i—B(adAC). (318)

Combining this observation with ad,a’ = I then shows ad,a™ = na™~! so that

1 1 n
g in - in _ v t(n—1) —
all, ama Qo N (ad,a™) Qo ma Qo = V1

which proves Eq. (3.15). Equation (3.16) is obvious from the definition of {Q,},,
and Eq. (3.17) follows from Eqgs. (3.15) and (3.16). As {Q,}, -, are eigenvectors of
the symmetric operator afa with distinct eigenvalues it follows that (€, Q,,) = 0 if
m # n. So it only remains to show [|Q,|* = 1 for all n. However, taking the L? (m)

-norm of Eq. (3.16) gives

(n 4 1) [|Qua]* = [|a"Q|” = (2, aal,) = (Q,,, (a'a + 1) Q)

= (n+1) |,

i.e. n — ||Q,]]% is constant in n. As we normalized € to be a unit vector, the proof
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is complete.

Notation 3.10. For N € Ny, let Py denote orthogonal projection of L* (m) onto
span{Q, : 0 <n < N}, ie.

N

Pyf = (f Q) Q for all f € L* (m). (3.19)

n=0

Notation 3.11 (Standing Notation). For the remainder of this chapter let k,j € N,
b= (by,...,b) € {0,0*}’“, qg:=q(),l:=0(b),d=(dy,...,d;) € 6,6} . and
¢(d) be as in Notation 3.1. We further let A and D be the two monomial operators,

(1]

A=y, (a,a") =Z(by)...E(by) and

D:=uq (a,a') ==(dy)...ZE(d;).

[1]

Lemma 3.12. To each monomial operator A = uy, (a,aT) as in Notation 3.11,

there exists c4 : Ng — [0, 00) such that
AQ, =ca(n) - Qg for allm € Ny (3.20)

where (as above) ,, = 0 if m < 0. Moreover, cy satisfies c4i (n) = cyq(n —1)

(where by convention c4 (n) =0 if n < 0),

MES

0<ca(n)<(n+q)

- k/2 7 . CA(”):
and c4 (n) < n"™* (i.e. nh—>nolo 2 1).

(3.21)

Proof. Since a and a' shift ©,, to its adjacent ,_; and €, respectively
from Theorem 3.9, it is easy to see that Eq. (3.20) holds for some constants

c4(n) € R. Moreover a simple induction argument on k shows there exists d; € Z
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with §; < ¢ such that

k
[[(r+6)| >0 (3.22)
=1

The estimate and the limit statement in Eq. (3.21) now follows directly from the
Eq. (3.22).
Since A'Q,, = c 4t (n) Q,_;, we find

cai ( <ATQn,Qn z> = (0, A1) = (Qn,can =0 Q) =ca(n—1).

Example 3.13. Suppose that p,q € Ng, k =p+q, { = q—p, and A = aPa'. Then

)Qn—i-é

where

(3.23)

Definition 3.14. For § > 0, let

Dﬁ::{f€L2 i\ <oo}

n=0

[We will see shortly that Dg = D (N¥) | see Ezample 3.19.]

Theorem 3.15. Let k = degyup, (6,6%), A = up (a,a"), I = ((b) € Z be as in
Notations 3.11 and 3.1 and c4 (n) be coefficients in Lemma 3.12. Then A and AT
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are closable operators satisfying;
1. A= A" and AT = A* where we write At for (AT)* .

2. D (A) = Dy = D (A7) and if g € Dy, then

Ag =310, 0) AT = S (0. Qb ealn— 1) Qo and (3.24)
n=0 n=0
AT*g - Ag = Z (g, Qn> A, = Z (g, Qn> CA (TL) Qn—i—l (325)
n=0 n=0

with the conventions that c4 (n) and 2, =0 if n < 0.

3. The subspace,
8o :=span{Q,},2, C S C L*(m) (3.26)

is a core of both A and Af. More explicitly if g € Dy /2, then
Ag = lim APyg and Afg = lim A'Pyg
N—oo N—o0

where Py is the orthogonal projection operator onto span{Q},_, as in No-

tation 5.10.

Proof. Since (Af,g) = (f, Alg) for all f,g € S = D(A) = D (A", it
follows that A C A" and A" C A* and therefore both A and A are closable (see
Theorem VIIL.1 on p.252 of [32]) and

Af c A" and A c A™. (3.27)
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If g € D(A*) C L? (m) ,then from Theorem 3.9 and Lemma 3.12, we have

Arg = Z (A, Q) Q, = Z (g, AQ,) Q

n=0 n=0
= Z <g> Qn) CA (n - l) Qn—l = Z <ga Qn> ATQna (328)
n=0 n=0

wherein we have used the conventions stated after Eq. (3.25) repeatedly. Since, by

Lemma 3.12, {ATQ =ca(n—=10)Q,_ l} is an orthogonal set such that
AT, H2 lea (n —1))* < nF,
it follows that the last sum in Eq. (3.28) is convergent iff

Z| |n<oo<:>g€Dk/2

n=0

Conversely if g € Dy, and f € S = D (A) we have,

n=0 n=0

<Z (9, ) ATanf> Z<Q,Qn> <ATQnaf>

[
WE

(9, ) (U, Af) = (g, Af)

Il
=)

n

from which it follows that g € D (A*) and A*g is given as in Eq. (3.28).
In summary, we have shown D (A*) = Dy, and A*g is given by Eq. (3.28).
Moreover, from Eq. (3.28), if g € Dy, then

N

Q. — lim A"
Ag—jvlggo;<g,9n>u49n—]vlggma4?wg
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which implies ¢ € D (E) and A*g = Afg, i.e. A* C Af. Combining this last
assertion with the first inclusion in Eq. (3.27) implies and A* = AT This proves all
of the assertions involving A* and Af. We may now complete the proof by applying
these assertions with A = uy (a, aT) replaced by A' = up- (a, aT) and using the
facts that AT = A, £(b*) = —¢(b) = —l,and c4s (n) =c4(n—1). m

Theorem 3.16. Let k = degyuy, (0,0%), j = degyuq (0,0%), A= up (a, aT) , D=
ug (a,a’), £(b), and ¢(d) be as in Notations 3.11 and 3.1. Then;

1. AD = AD,

2. (AD)" = D*A*, and

3. A= up (a,a") = up (a,a*), i.e if Ais a monomial operator in a and al,

then A is the operator resulting from replacing a by a and a' by a* everywhere

in A.

Proof. Because of the conventions described after Eq. (3.25), in the
argument below it will be easier to view all sums over n € Z instead of n € Ny. We
will denote all of these infinite sums simply as ), . We now prove each item in

turn.

1. Since AD is a monomial operator of degree k+ j it follows from Theorem 3.15
that D (E) = D(i4j)/2- On the other hand, f € D (A@) ift feD (@) =
Djj; and Df € D (A) = Dyp. Moreover, Df = D" f € D (A) = Dys iff

0o > Y [(Df. Q)| n* = 37 [(f, DI [t
= > 1 Quceia)| fepr () (3.29)

However, by Lemma 3.12 we know |cpt (n)]° = n/ and so the condition

in Eq. (3.29) is the same as saying f € Dy )/2. Thus we have shown
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D (ATD) =D (A_D) . Moreover, if f € D(;4;)/2, then by Theorem 3.15 and

Lemma 3.12 we find,

ADf = (Df Q) AQ, = > (f,D',) AQ,
= (f.ep (n—0(d)) Quria)) AQ
= Z (f; ) Acp (1) Qyie(a)

=> (f.9Q,) ADQ, = ADf. (3.30)

2. By item 1. of Theorem 3.15 and item 1. of this theorem,

(AD)" = (AD)" = DIAT = DIAT = D* A",

3. This follows by induction on k = deg, up making use of item 1. of Theorem

3.15 and item 1.

Corollary 3.17 (Diagonal form of the Number Operator). If N =ug- g) (a,a*) =
a*a as in Definition 1.4, then by N = ala,

D(N):D1={fELQ(m):Zn2|<f,§2n>]2<oo},

and for f € D (N),
Nf=) n(f, Q).
n=0

Proof. Since N =u g« g (a,a*), it follows by Theorem 3.16 that

N =u-g) (a,a") = ala
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and then by Theorem 3.15 that D (N) = D;. Moreover, by items 1 and 2 in the
Theorem 3.15, if f € D (N), then

NF=Y(f. Q) alaQ, = n(f, Q) Q.
n=0 n=0

Definition 3.18 (Functional Calculus for V). Given a function G : Ny — C let
G (N) be the unique closed operator on L* (m) such that G (N) 2, :== G (n)Q,, for

all n € Ng. In more detail,

D(G(N)) = {UEL2 Z|G P [, Q)| <oo} (3.31)

and foruw € D (G (N)),

/\/)u:zZG(n)(u Q

Example 3.19. If 8 > 0, then D (./\/ﬂ) = Dg where Dg was defined in Definition
3.14.

Notation 3.20. If J C Ny and

1) (n) = 1 ifned |
0 otherwise
then
NYF =Y () (3.32)

neJ

is orthogonal projection onto span{Q, :n € J}. When J = {0,1,...,N}, then
1, (N) (or also write 1y<y) is precisely the orthogonal projection operator already

defined in Eq. (3.19) above.
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At this point it is convenient to introduce a scale of Sobolev type norms on

L?*(m).

Notation 3.21 (8 — Norms). For 3> 0 and f € L*(m), let

A1 =D 1 Q)P (n 4+ 1) (3.33)
n=0
Remark 3.22. From Definition 3.18 and Notation 3.21, it is readily seen that

Dy =D (N?) = {f € L (m) : | fI}} < o}
2
171 = o+ 07, v re D),
DQM%:J)@N+&f)ﬁwaUﬁzo,mm

s, < 1M, and D (M) € D (N for all0 < 3, < fo.

The normed space, (D (NP, ||||5> , 18 a Hilbertian space which is isomorphic to
2 (No, p1g) where pg (n) == (1+n)* . The isomorphism is given by the unitary
map,

f €D N?) = {{f, )}y € €2 (No, ps)

n=0

It is well known (see for example, Theorem 1 of [37]) that

S:ﬁDwﬂ:ﬂDWW (3.34)

B=0

The inclusion 8 C (;2, D (N™) is easy to understand since if n € Ny, (ata +1)"

is symmetric on S and therefore if f € S we have,

112 = S 1A QP (n+ 12 = S [(f, (afa+ 1) 9,) [

n=0
o)

=3 [(a'a+1)" £.920 = | (ala+1)" £ 2 < o0

n=0
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The following related result will be useful in the sequel.

Proposition 3.23. The subspace Sy in Eq. (3.26) is dense (and so is S) in
<D (NP) | ||||5> for all B > 0. Moreover, if f € D (N?), then Pnf € Sy and
If —=Pnfllg—0as N — oc.

Proof. If f € D (N¥), then

STHAQE (140 =[£I} < oo

n=0

and hence

Hf—PNfH?g: Z Q)P (1 +n)* = 0as N — oco.

n=N-+1

Remark 3.24. The zero norm, ||-||,, is just a standard L* (m)-norm and we will

typically drop the subscript 0 and simply write ||-|| for ||-llo = || L2(m) -

Remark 3.25. If A = uy, (a, aT) and k = degy uy (0,0), then by Eq. (3.33) and
the Theorem 3.15, we have

D (A) = Dy = D (NF). (3.35)
Corollary 3.26. The following domain statement holds;

D(a) =D (a*) =D (N'?) =D (M,)ND(9,). (3.36)
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Moreover for f € D (N/?),

af = i Vv (f, Q) Q1 and (3.37)
n=1

a'f =Y Vn+1(f, Q) Qs (3.38)
n=0

Proof. D(a) = D(a*) = D (N'?) is followed by the Eq. (3.35) in
the Remark 3.25. Egs (3.37) and (3.38) are consequence from Theorem 3.15.
The only new statement to prove here is that D (N'/?) = D (M,) N D (9,). If
f € D(M,)ND(0,) we have

VA lf, Q) = (f.al, ) = % Uy (M, = 0,) Q1)

= = <(Mm + az) f7 Qn71>

N

from which it follows that
) ) 1
SOIVA Q[P = S IMs +82) fI < o0
n=1

and therefore f € D (a) = D (N'Y?). Conversely if f € D (N'?) and we let
Jm = > 0o (f, Q) Q for all m € N, then f,, — f, af,, — af and a*f,,, - a*f in

L?. Thus it follows that in the limit as m — oo,

fomz%(a+a*)fm—>%(a+a*)fand
6’xfm=%(a—a*)fm—>%(a—a*)f-

As M, and 0, are closed operators, it follows that f € D (M,)N D (0,). =
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4 Operator Inequalities

Notation 3.27 (f;, 52 — Operator Norms). Let 51,082 > 0. If T : D (./\/51) —
D (N*2) is a linear map, let

Tl
1Tl gy = sup ot (3.39)

0;&1[)ED<N61> ‘|¢Hﬁl .

denote the corresponding operator norm. We say that T is 1 — P2 bounded if
1T 5,5, < 00. In the special case when By = B2 = 3, let (B (D (NP)), ||'||ﬁ—>ﬁ>
denote the Banach space of all B — B bounded linear operators, T : D (/\/’5) —
D (NP

Remark 3.28. Let 31,5, 05 > 0. As usual, if T : D(N?') — D (N?) and
S:D (./\/EQ) — D (/\fﬁ*’) are any linear operators, then

Proposition 3.29. Let k = degyup, (6,6*) and A = uy, (a,a') be as in Notations
3.11 and 3.1. If B > 0, then AD (NP#*%/2) ¢ D (N®) and

AN, s < B (B + 1P < (k4 1) (3.41)
Moreover,
[l < || + 2 sk s v re DR (342)

Proof. Let f € D (N[”k/z) cD (Nk/Q) and recall from Lemma 3.12 that
chi(n) =ca(n—1) and |cq (n)]* < (n+ k)" . Using these facts and the fact that
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A= A" (see Theorem 3.15), we find,

14115 = 2 1(AS 0 Y1+’ ZW,AQM
=;!<f,9nz>! lea(n =D (1 +n)" Lz
= Z £ )P (L n 4+ D Lugizo lea ()]
<ny9 P(n+k+1)* (n+ k)" (3.43)

= H(/\/+ BN+ k+1)° sz
which proves Eq. (3.42). Using
n+a<a(n+1) fora>1andneNy (3.44)
in Eq. (3.43) with @ = k and a = k + 1 shows,
SIS < B+ D31 QP ()™ = B (ko 12 [ £

The previous inequality proves Eq. (3.41) and also AD (N#**/2) c D (N?). m

Corollary 3.30. If P (6,60*) € C(0,60") and d = deg, P, then D (N*/?) = D (P (a,a")),
P(a,a*) C P (a,al), and

d
1P (@0 grajos < DK (k+ 1) | Pyl for all 8> 0. (3.45)
k=0

Proof. The operator P (a,a*) is a linear combination of operators of
the form wuy, (a,a*) where k = degy up (0,0*) < d. By Theorem 3.15, it follows
that D (up (a,a*)) = D (N*/?) 2 D (N%?) and hence D (N¥?) = D (P (a,a")).
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Furthermore, Proposition 3.29 shows

< KM% (k+1)°.

s @ @), , . < s @a)ll,,, . <

This estimate, the triangle inequality, and the definition of |Py| in Eq. (2.23) leads
directly to the inequality in Eq. (3.45).
If feD (Nd/z) , it follows from Eq. (3.45) and Proposition 3.23 that

P(d,a*)f:]\}gr(l)op(d,a*)PNf:A}i_r}rcl)oP(a,aT) 7DNf

which shows f € D (P (a, aT)> and P (a,a)f = P (a,a*) f. m
Notation 3.31. For v € R let (), := max (z,0).

Lemma 3.32. If A = up, (a,a'), k = degyuy, (6,6%), | = ((b) € Z are as in
Notations 3.11 and 3.1, then for all B > 0 we have,

W+ D) Af=A(N+1), +1)° f forall f € D (M*%) . (3.46)

Proof. Using Proposition 3.29 and Remark 3.28 it is readily verified that the
operators on both sides of Eq. (3.46) are bounded linear operators from D (./\f 5+§>
to L? (m) . Since Sy is dense in D (./\/ ﬁ+§) (see Proposition 3.23) it suffices to verify
Eq. (3.46) for f = Q, for all n € Ny which is trivial. Indeed, AQ, = c4 (n) Qs

which is zero if n 4+ < 0 and hence

W+ 1) AQ, = ((n+1), +1)" A, = A((n+1), +1)" Q,
AW+, +1)70

Proposition 3.33. Let k € N, b €{0,0*}", A, and ¢ (b) be as in Notation 3.1.
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For any 8 > 0, it gets

H [(N+ 1)5,@ (N + 1)‘%”

< BEM2 ¢ ()] (1 + ¢ (b))

(N + 1)k/2_1 1N2—190H (3.47)

< BEF21C ()] (14 1€ (b)) WV + )M

’ (3.48)

for all o € D (N*/2).

Proof. Let [ := ¢ (b). By Lemma 3.32 and the identity, A = Al ;>0, for
all ¢ € D (N*?5) we have,

[(N+ 1)6,@@0 [(N+1)ﬁfl—ﬂ(/\/+1)ﬂ¢
fl[((/\/+l)++1)ﬁ— (N+1)'ﬂ (0

Al 50 [((/\/Jrl)+ + 1)5 - (N + 1)‘1 0

AN +1+1)" = (W +1)7] Lzt

l
le |:6/0 (N“— 1 -+ 7')671 dT:| ]_'/\/’_HZQ?,ZJ.

Combining this equation with Eq. (3.42) of Proposition 3.29 shows,

H [(N+ 1)5,4} wH < H(J\/+ k)*/? {ﬂ /Ol (N 4+147)"" dr} Lyt

/

‘(/\/ SR W L) 1N2_Z¢H dr

<p

/Ol H(N—i— 1)k/2 (N +1 —1—7’)6_1 1N2,11/1H dr

For > max (0, —[) and r between 0 and [, one shows

(E+1+)"" <@+ @+ 1)
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which combined with the previously displayed equation implies,
H (W +1)7,4] wH < BKR2 (14 1)y H(N+ 1)5+A-1 1N2WH . (349)

Finally, Eq. (3.47) easily follows by replacing ¢ by (N +1)"p € D (AM*/2) in Eq.
(3.49).

5 Truncated Estimates

Notation 3.34 (Operator Truncation). If Q = P (a, aT) 1s a polynomaial operator
on L* (m) and M > 0, let

Qum = Inv<mQln<m = PuQQPu. (3.50)

and refer to Qur as the level-M truncation of Q). [Recall that Py = 1y<pr are
as in Notations 3.10 and 3.20.]

Proposition 3.35. If ke N, 3>0,0< M < o0, b € {9,9*}k, A= up (a, aT) ,
and £ (b) are as in Notation 3.1, then

[Astllsns < (M +B)2 (14 1€(0))7 < K2 (L4 e D)) (M + 1Y (3.51)

Consequently if P € C(0,6%) with d = degy P, then

I[P (aa")

d
Larllos €37 (M + 1) (14 k) By (3.52)
k=0

which in particular implies that the map,

PeC®.6) > [P(aa)], € (BOW)).Iss).
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depends continuously on the coefficients of P.

Proof. With [ = ¢(b), we have for all n € Ny,

A3 = (PuAPy)" Q= Py A Py,
= 1P AT, = Lpcprea (n — 1) ParQ

= 1n§M1n—l§McA (n — l) Qn—l~ (353)

From this identity and simple estimates using Eq. (3.44) repeatedly we find, for
feD (N,

IAMFIE =D (A f. Q)P (1 + )™
= > Losnsnrlosn-ssn [ Qu-i) [ lea (n = DI (1 +n)*
= > Losnsisarlosnen [ Q) fea (n)[* (140 + )
<D locwsisarlosnsn [(F 20 * (k + )" (L4 n + |I)*
< (M4 k)" 1+ 1) Tocnricalocnenr [(f, Q) (14 n)*

n

< (M + k)" @+ [C®DP IS < K (M + 15 @+ D> |17

Theorem 3.36. Let k € N, 5 >0, b € {9,9*}k, and A = uy (a,aT) be as in
Notation 3.1. If « > 5+ k/2, then

A= Au|, 5 < (M =k +2) 727 for all M > k. (3.54)
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Consequently, if « > 4 k/2, then

lim (A= Ay) |, =0 ¢ € DN, (3.55)

M—oo

Proof. Let M > k. From Proposition 3.29, A — A, is a bounded operator
from (D (N?),]-]|,) to (D (NVF), ||||ﬁ> . Making use of Eq. (3.53) we find

(AJ[ - PMATPM) Qn =Cy (TL — l) [1 — 1n§M . 1n—l§M} Qn—l

= cq(n—1) Lysvau+0) S for all n € Z.
Hence, if ¢ € D (N®) C D (N*/2) = D (A), then

(A= ) elly = 2H(A = Aw) . 2 tn 1)
= 3" (s (AT = PardiPur) @) (1)

= Z 1n>M/\(MJrl) (n + 1)25 |<S07 Qn—l>|2 |CA (n - l)|2

n

= Z Lnismaitny (n+1+ 1)2ﬁ {0, Q) * [ca (n)?

_§:p ) (n+1)? H%Qﬁﬁﬁﬂfmﬂmﬂﬂ@

where
(n+1+1)%

W lca(n)]”.

p(n) = Lo a4

This completes the proof since simple estimates using Lemma 3.12 and the fact

that n > M — k + 1 shows,

p(n) < K* (k+1)% (M — k +2)*CH2)
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Corollary 3.37. If P(0,6%) € C(0,0%),d =deg, P, 8 >0, and o > S+d/2, then
for any M > d,

I[P (@,a")], = P @l

d
<Y P (M — ke 2) 02
k=0

M — d +2)#F42=) p| . (3.56)

IN

Proof. This result a simple consequence of Theorem 3.36, the triangle

inequality, and the elementary estimate,
(M — k4 2)P T2 < (A — d+ 2)PT927) for 0 < k < d.

Proposition 3.38. If P (0,0%) € C(0,0%) is as in Eq. (2.20) and |Pg| is as in Eq.
(2.23), then for all B > 0,

H [(N+ 1), P (a, aT)M] (N + 1)‘BH

0—0
d
< Z BE*2k (1 + k)P (M + 1)+ | By (3.57)
d
<K (B,d)- Y (M+ 1" By (3.58)
k=1
where
K (B,d) == Bd'*2 (1 + )P (3.59)

Proof. If f € L?(m), b €{,6*}" and Ap := up, (a,a'), then by Proposi-
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tion 3.33,

|V + 0 sl | V=17 | = || [V + 0 PusPu | V) |
= [[Pa [+ 17 ] W+ 1) P
< ARk (14 k)P |V 1) Py |

< BRM2 (14 )7 (M D)0 7

Hence P € C (0, 6*) with d = deg, P is given as in Eq. (2.20) (so that P (a,al) is
as in Eq. (2.28) with & = 1), then by the triangle inequality we find,

H [(N+ )7, p (a, aT)M} (NVN+1)7"

0—0

M=

H [<N+ 1%, P, (a,aT)M] (N + 1)—5H

0—0

ol

a
—

<D BKE (LK) (M 1)EP T By

=
—_

where the absence of the £ = 0 term is a consequence F (a, aT) s 18 proportional
to Py and hence commutes with (A 4 1)° .



Chapter 4

Basic Linear ODE Results

Notation 4.1. If (X, ||-||) is a Banach space, then B (X) is notated as a collection

of bounded linear operators from X to itself and H-HB(X) is denoted as an operator

norm. (e.g. <B (D (N9)), H'Hﬁ—w) in Notation 3.27. )

Lemma 4.2 (Basic Linear ODE Theorem). Suppose that (X, |-||) is a Banach
space and t — C'(t) € B(X) is an operator norm continuous map. Then to each
s € R there exists a unique solution, U (t,s) € B (X), to the ordinary differential
equation,

d

ZUts)=C U (ts) withU(s,5) = 1. (4.1)

Moreover, the function (t,s) — U (t,s) € B(X) is operator norm continuously
differentiable in each of its variables and (t,s) — OU (t,s) and (t,s) — OU (¢, s)

are operator norm continuous functions into B (X),

oU (t,s) =—=U(t,s)C(s) withU (t,t) =1, and
U(t,s)U (s,0) =U(t,o) for all s,o,t € R.

Proof. Let V (¢) and W (¢) in B (X) solve the ordinary differential equa-

67
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tions,

SV (1) = OV (1) with V (0) = T and

SW (1) = =W (1) C (1) with W (0) = I

We then have

so that W (t) V' (t) = I for all t. Moreover, Z (t) := V (t) W (t) solves the differential

equation,

—Zt) ==V ) W@)Ct)+C )V (t)W (1)

= [C(t),Z ()] with Z(0) =V (0) W (0) = 1.

The unique solution to this differential equation is Z (t) = I from which we conclude
V()W (t) = I for all t € R. In summary, we have shown W (¢) and V (t) are

inverses of one another. It is now easy to check that
Ult,s) =V ()V () =V ()W (s)

from which all of the rest of the stated results easily follow. m

Proposition 4.3 (Operator Norm Bounds). Suppose that (K, (-,-)) is a Hilbert
space, A, is a self-adjoint operators on K with A > I, and make D (A) into a
Hilbert space using the inner product, (-,-) ,, defined by

(V,0) 0 = (A, Ap) for all o, ¢ € D(A).

Further suppose that t — C (t) € B(K)[see Notation 4.1] is a ||| -operator
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norm continuous map such that C (t) D (A) C D (A) for all t and the map t —
C (t) |pay € B(D (A)) is ||-|| y-operator norm continuous. Let U (t,s) € B (K) be

as in Lemma 4.2. Then,

1. U(t,s)D(A) C D(A) for all s,t € R, and

Ult,s)U(s,0) = U (t,0).

2. U(t,s)|pay solves

d .
%U (t, S) |D(A) = C(t) |D(A)U(t, S) |D(A) with U(S,S) |D(A) = ]D(A)

where the derivative on the left side of this equation is taken relative to the

operator norm on the Hilbert space, (D (A), (-,-) 4)-

3. For all s,t € R,

) (4.2)

where ||| gy is as in Notation 4.1. Moreover, U (t,s) is unitary on K if

[ e @)+ € @la dr

1
10t < o0 5

C (t) is skew adjoint for all t € R.

4. For all 5,1t € R,

U (¢, $)| 5(pcay

< exp < / t E 1C(7) + € (D)l sy + 14, C (7)] A”HBW} dr
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and

1U (¢, $)|| 5(pay

> exp (— / t [; 1€ () + O (Dl ey + I[A.C (7) A*HB(K)} dr

where ||[A, C(7)] A7V gy is defined to be oo if [A,C ()] A~ is an unbounded

)

(4.4)

operator on K.

Proof. Let U (t,s) be as in Lemma 4.2 when X = K and U4 (t,s) be
as in Lemma 4.2 when X = D (A). Further suppose that ¢y € D (A) and let
Y (t) :=U(t,s) 1o and 14 (t) := Ua (t, s) 109. We now prove each item in turn.

1. Since 9 (t) and ¥4 (t) both solve the differential equation (in the K — norm)

[Note: [[-l4 = [Ill ]

&(t) = C (1) (t) with o (s) = v, (4.5)

it follows by the uniqueness of solutions to ODE that

Ult,s)o=1(t) =va(t) =Ua(t,s)o € D(A).

The results of items 1. and 2. now easily follow.

2. It is well known and easily verified that U (¢, s) is unitary on K if C (¢) is
skew adjoint. The estimate in Eq. (4.2) is a special case of the estimate in

Eq. (4.3) when A = [ so it suffices to prove the latter estimate.
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3. With ¢ (t) = U (t,8) 1o = Ua (t,8) g € D (A) as above we have,

% [0]3 = 2Re (C4h, ) , = 2Re (ACY, Ags)
= 2Re [(C Ay, AY) + ([A, C] 1, Ap)]
= ((C'+ C*) Ay, Ap) + 2Re ([A, C] A7 Ay, Agp)

and therefore,

< (116 + C*llpaey + 2 1A, CTA™ | i) 101

\ THE

This last inequality may be integrated to find,

RGN
(HonA> <o

from which Eqgs. (4.3) and (4.4) easily follow.

)

[ 1160 +€ Dl + 2040 0 47 ) dr

1 Truncated Evolutions

Let P (t:6,0%) € C(0,60*) with deg, P (¢ : 6,0*) = d € N be a one parameter
family of symmetric non-commutative polynomials whose coefficients depend

continuously on t. In more detail we may write P (¢ : 0,0%) as

d
P(t:0,0%) = Z Py (t:0,0%) where (4.6)
k=0
Pe(t:0,6)= > cx(t,b)un (6,6 (4.7)

be{0,0%}"
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and all coefficients, ¢ — ¢ (¢, b) are continuous in ¢. Let Q (t) := P (¢ : a,a') and
for any M > 0 let Qar (t) = PuQ (t) Par be the truncation of @ (¢) as in Notation
3.34. Applying Lemma 4.2 with C (t) = —iQ s (t) shows, for each M € N there
exists UM (t,s) € B (L?(m)) such that for all s € R,

i%UM (t,s) = Qu () UM (t,5) with UM (s,s) = I. (4.8)

Theorem 4.4. Let M > 0 and UM (t,s) be defined as in Eq. (4.8). Then;

1. (t,s) = UM (t,s) € B(L*(m)) are jointly operator norm continuous in (t, s)

and UM (t,s) is unitary on L* (m) for each t,s € R.

2. If o,s,t € R, then

UM (t,s) UM (5,0) = UM (t,0). (4.9)

3. If >0 and 5,t € R, then UM (t,5) D (N7) = D (N7), UM (t,5) | (s 75
continuous in (t,s) in the ||-||s-operator norm topology, 9,UM (t,s) |D(Nﬁ),
and O,UM (t, s) |D(NB) exists in the ||-|| ;-operator norm topology (see Notation

3.21) and again are continuous functions of (t,s) in this topology and satisfy

z'diUM (t,s) o =Qu () UM (t,5) ¢ (4.10)
Z%UM (t,s) o =—UM(t,5)Qu (5) o (4.11)

4. If B>0and t,s € R, then with K (5,d) < oo as in Eq. (3.59) we have

d

[T (2,9)]l,., ﬂ<e><p< d) Yy (M +1)*0 / Py (7 ,e,e*>|df>
— J.st
= (4.12)

where Jy = [min (s,1) ,max (s,t)], and [|-[|5_, 5 is as in Notation 3.27, Py as
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in Eq. (4.7) and K (8,d) is as in Eq. (3.59).

Remark 4.5. Takingt = o in Eq. (4.9) and using the fact that UM (t, s) is unitary
on L? (m), it follows that

UM (t,s)"" = UM (s,t) = UM (t, 5)". (4.13)

Remark 4.6. From the item 3 of the Theorem and Eq. (3.34), we can conclude
that UM (t,8)S = S.

Proof. The continuity of UM in the item 1. and the identity in Eq.
(4.9) both follow from Lemma 4.2. Since Qu (t)" = Qp (t) it follows that
C (t) := —iQn (t) is skew-adjoint and so the unitary property in the first item is a
consequence of item 3. of Proposition 4.3. The remaining item 3. and 4. follow from
Proposition 4.3 with A := (N + I)” and C (t) := —iQu () . The hypothesis that
C{t)D(A) C D(A)andt — C(t) € B(D(A)) is ||| j-operator norm continuous
in t has been verified in Proposition 3.35. Moreover, from Eq. (3.58) of Proposition

3.38 we know

d
1A, C (DA™ | gz < K (8,) Z (M + 1) D4 1P (7,6,07)]
—1
Equation (4.12) now follows directly from Eq. (4.3) and the fact that C (¢) is skew
adjoint. Finally, the inclusion, UM (¢, s) D (N?) C D (N?), follows by Proposition
4.3. The opposite inclusion is then deduced using UM (¢, s)_1 = UM (s,t) which
follows from Eq. (4.9). m

Corollary 4.7. Recall P (t:0,0*) as in Eq. (4.6). Let h >0, M > 0, UM (t,s)

denotes the solution to the ordinary differential equation,

d
ih— U (t,5) = [P (t : ah,amMU,y (t,5) with UM (s,s) = I,
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If B >0 and s,t € R, then

K(8,d) SS¢_, pk/2=1(pr41)R/2- 1>+f 1 Pr(7:0.67)|dr
U (t,5)| 55 < k= : (4.14)

where K (B,d) < oo is as in Eq. (3.59). In particular if Py (t:60,0%) =0, n €
(0,1],and 0 < h < n <1, then

d_ *
HBDUMAD TS, [ [Pe(r:0.07)ldr (4.15)

T3 (&, )] 55 <

Proof. Since

%Pk (t ah,aﬁ> = hhk/2Pk (t a,a ) = hk/Q_IPk (t : a,aT) ,

Eq. (4.14) follows from Theorem 4.4 after making the replacement,

d
P(t:0,0%) — > KR (t:60,6%).

k=0

Equation (4.15) then follows from Eq. (4.14) since for2 < k < dand 0 < h <17 <1,

e (0 4+ 1)®2 0% = (M 4+ B)®2D < (M +1)571



Chapter 5

Quadratically (Generated Unitary
Groups

Let P (t:6,0%) € C(0,0*) be a continuously varying one parameter family of
symmetric polynomials with d = deg, P (¢t : 6,0*) < 2. Then Q (t) := P (t s a, aT)

may be decomposed as;

Q)= ¢(t) AV (5.1)

j=0
where AU) is a monomial in a and a' of degree no bigger than 2 and cj () is
continuous for each 0 < j < 6 and A® = 1 by convention. The main goal of this
chapter is to record the relevant information we need about solving the following

time dependent Schrodinger equation;

i (t) = Q (1) (1) with ¢ (s) = ¢, (5.2)

where s € R and ¢ € D (N) and the derivative is taken in L? (m).

Theorem 5.1 (Uniqueness of Solutions). If R 3t — ¢ (t) € D (N) solves Eq. (5.2)
then || (t)|| = ||¢l| for all t € R. Moreover, there is at most one solution to Eq.

(5.2).

75
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Proof. If ¢ (¢) solves Eq. (5.2), then because @ (t) is symmetric on D (N),

Sl ) = 2Re (4 (1), ¥ (1)) = 2Re (~Q @ (1), (1)) = 0.

Therefore it follows that |[¢o (8)||°> = ||¢ (s)||* = ||¢||> which proves the isometry
property and because the equation (5.2) is linear this also proves uniqueness of
solutions. m

Theorem 5.5 below (among other things) guarantees the existence of solutions
to Eq. (5.2). This result may be in fact be viewed as an aspect of the well known
metaplectic representation. Nevertheless, we will provide a full proof as we need
some detailed bounds on the solutions to Eq. (5.2).

In order to prove existence to Eq. (5.2) we are going to construct the
evolution operator U (t,s) associated to Eq. (5.2) as a limit of the truncated
evolution operators, UM (¢, s), defined by Eq. (4.8) with Qs (t) = PuQ (t) Pu
where @) (¢) is as in Eq. (5.1). The next estimate provides uniform bounds on

UM (t,s).

Corollary 5.2 (Uniform Bounds). Continuing the notation above if 5 > 0, —oo <
S <T < oo, and M €N, then

UM (¢, s HB s <exp (K (8,5, T,P)|t—s|) forall S <s,t<T (5.3)
where
18-1]
K (3,S,T,P)=(4-3 Z m2§]|c] )| < 0. (5.4)

Proof. This result follows directly from Theorem 4.4 and the assumed
continuity of the coefficients of P (¢ : 0,0*) along with the assumption that d =
degy P(t:6,0")<2. m

The next proposition will be a key ingredient in the proof of Proposition 5.4

below which guarantees that limys ., UM (¢, s) exists.
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Proposition 5.3. If € R and ¢ € D (N?*') | then for all —0o < S < T < 0

lim sup sup
M—=00 oo §<s,7<T

‘ [W —Qu (T)] UK (1, ) z/;Hﬁ — 0 and (5.5)

lim sup sup
M—00 Koo §<s,7<T

N (r.) [Q5) - Qu ()] v, =0 (56)

Proof. Let us express @ (t) as in Eq. (5.1). Since
6 .
Qu (1) = _¢; (1) A/ (5.7)
=0

where AE@) is the truncation of AU) as in Notation 3.34, to complete the proof it

suffices to show,

. - K -
Jim sup SSS;,J‘PST | [A = Au] U (7, 5) @/}HB =0 and (5.8)
lim sup sup ||[UX(7,s) [A— Ay] @/JHB =0 (5.9)

M—00 oo S<s,7<T

where A is a monomial in a and a' with degree 2 or less.
According to Theorem 3.36 and Corollary 5.2, if vy € D (N®) with o > S+1,
then

[[A—=Au] US (7, 8) ¢, < | [A = Au] U (7, 9)]|, 5 1901,
< A= Au] [ (s 1T (79) | o 121
< C(a,8,8T,P)(M+1)""" g, (5.10)
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and

[T (1,5) [A = A 9| 5 < U (1,)]| 5,5 [ [A = Ane] ¥ 5
< [T (o 8) || 55 | [A = Ane][| o5 121
<C(a,8,8.T,P) (M +1)"" ||, (5.11)

from which Egs. (5.8) and (5.9) follow if ) € D (N*) with o > 8+ 1.

The general case, o« = +1, follows by a standard “3¢”argument, the uniform
(in M > 0) estimates in Eq. (5.10) and (5.11) and the density of Sy € S C D (NP*1)
from Proposition 3.23.

Proposition 5.4. If 3 >0, —co< S <T < o0 andy € D (/\/’5), then it follows
that
lim sup |[[[U"(t,s) — UM (t,s)] wHB = 0. (5.12)

M,K—oco S<s,t<T

Proof. By item 3 in Theorem 4.4, we have

Z% [UM (3’ t) UK (t7 3)} = UM (57 t) [QK (t) - QM (t)] UK <t7 S) (5'13)

in the sense of ||-|| ;-operator norm. Integrating the identity Eq. (5.13) gives

UM (s,t) UK (t,s) =T —i / UM (s,7) [Qx () — Qu ()] UX (r,8)dr.  (5.14)

S

Using Eq. (4.9) in Theorem 4.4 and multiplying this identity by UM (¢, s) then

shows,
UK (t,s) = UM (t,5) = —i/ UM (t,7)[Qk (1) — Quar (7)] UK (1, 5) dr.

Applying this equation to ¢ € D (N 5“) and then making use of Corollary 5.2 and
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the triangle inequality for integrals shows,

|[U" (t,s) — UM (t,s)] wHB

/ UM (t,7) [Qk (1) — Qu (7)] U™ (T,s)wHﬁdT

<

< [ 104 6l 1@k () = Qe (U ,5) 0

< K(8,5,T) / 1@k (7) = Qus (MIU* (7,5) |, dr

< k6,57 [ lex )~ Q] V¥ tm) 4]

+KEST)| [ @0 - Qum] U (rs) ] dr

and the latter expression tends to zero locally uniformly in (¢, s) as K, M — oo by
Proposition 5.3. This proves Eq. (5.12) for ¢ € D (NﬁH) . Note that S is dense
n (D (NP, H||5> from Proposition 3.23. The uniform estimate in Eq. (5.3) of
Corollary 5.2 along with a standard density argument shows Eq. (5.12) holds for

YpeDNP). m

Theorem 5.5. Let Q(t) := P (t : a,aT) be as above, i.e. P is a symmetric non-
commutative polynomial of {6,0*} of degy P < 2 and having coefficients depend-
ing continuously on t € R. Then there exists a unique strongly continuous fam-
ily of unitary operators {U (t, )}, ,cp on L*(m) such that for all ¢ € D(N),
Y (t) :=U(t,s)p solves Eq. (5.2). Furthermore {U (t,s)}, . satisfies the follow-

g properties;

1. For all s,t,7 € R we have

Ult,s)=U(t,7)U(1,s). (5.15)

2. Forall >0 and s,t € R, U (t,s) D (N?) =D (N?) and (t,s) — U (t,s)¢
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are jointly ||-|| 5-norm continuous for all ¢ € D (N¥).

3. If —oo < § < T < o0, then

0(6757 T) = SupT HU(t7 S)Hﬁaﬁ < 0. (516)

S<s,t<

4. For >0 and p € D (NPT) ¢t - U (t,s) ¢ and s — U (t,s) ¢ are strongly
|ll 5 —differentiable (see Definition 2.6) and satisfy

i%U (t,8)o=Q(t)U(t,s)p with U (s,8) p = ¢ (5.17)
and
i%U (t,s)o=—U(t,5)Q(s)p with U (s,s) ¢ = (5.18)

where the derivatives are taken relative to the B — norm, |- ;.

Proof. Item 1. Let p € D (/\/’5) . From Proposition 5.4 we know that
Ly (t,s) := limp0o UM (¢, s) ¢ exists locally uniformly in (¢,s) in the 8 — norm
and therefore (¢, s) — L, (t,s) € D (M) is # — norm continuous jointly in (¢, s) .
In particular, this observation with § = 0 allows us to define

Ul(t,s) =s— lim UM (t,s)

M—o0

where the limit is taken in the strong L? (m) - operator topology. Since the operator
product is continuous under strong convergence, by taking the strong limit of Eq.
(4.9) shows the first equality in Eq. (5.15) holds. By taking s =t in Eq. (5.15) we
conclude that U (¢, s) is invertible and hence is unitary on L? (m) as it is already
known to be an isometry because it is the strong limit of unitary operators. This
proves the item 1. of the theorem.

Items 2. As we have just seen, for any ¢ € D (N 5) we know that
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(t,s) > U(t,s)¢ = Ly, (t,s) € D(NP) is []| 5 — continuous which proves item 2.
Along the way we have shown U (¢, s) D (N*) € D (N?) and equality then follows
using Eq. (5.15).

Item 3 follows by the Eq. (5.3) in Corollary 5.2 where the bounds are
independent of M.

So it only remains to prove item 4. of the theorem. We begin with proving

the following claim.

Claim. If ¢ € D (N?*!) | then

Qu (M) UM (1,5)p = Q (1)U (1,5) ¢ as M — oo and (5.19)

UM (1,5)Qur (s)p — U (1,5) Q (s) p as M — oo (5.20)

locally uniformly in (7, s) in the [|-[|; — topology.

Proof of the claim. Using sup, ¢sr ||Q < oo (see Corollary

(T> HB+1%B
3.30) and the simple estimate,

HQM (T) UM (7—7 S) "2 Q(T) U(T7S> (,0“5
UM (r, s)g0||5 +||Q (7) [UM (7,5) = U (7,5)] (p”B
] UM (r,) 90”5 + HQ <T)Hﬁ+1%ﬂ H [UM (r,5) = U (7.5)] c'OHBH ’

the local uniform convergence in Eq. (5.19) is now a consequence of Propositions 5.3
and 5.4. The local uniform convergence in Eq. (5.20) holds by the same methods

now based on the simple estimate,

HUM (1,8)Qur (1) p — U (7, S)Q(T)SOHB

<O (r5) [Qu (1) = Q (] |, + [ [UY (75) = U (7, 9)] Q (7) o
(5.21)
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along with Propositions 5.3 and 5.4. Since (see Eq. (5.1)) Q(¢)p = 2]6.:0 c; () AV) €
D (N#) where each ¢; (t) is continuous in ¢, the latter term in Eq. (5.21) is estimated
by a sum of 7 terms resulting from the estimates in Proposition 5.4 with ¢ = AW¢
for 0 < j < 6. This completes the proof of the claim.

Item 4. By integrating Eqs. (4.10) and (4.11) on ¢t we find,

UM (t,s)p=p— z/ Qu (1) UM (1,5) pd7 and (5.22)

UM(t,S)QOZgO—Fi/SUM(t,U)QM(J)QOdJ (5.23)

t

where the integrands are [|-|; — continuous and the integrals are taken relative to
the -]l — topology. As a consequence of the above claim, we may let M — oo in

Egs. (5.22) and (5.23) to find

U(t,s)wzgo—i/ Q (1)U (1, 8) pdr and

s

U(t,s)go:go—i—i/tSU(t,o)Q(U)goda

where again the integrands are [|-[|; — continuous and the integrals are taken
relative to the ||-[| ; — topology. Equations (5.17) and (5.18) follow directly from the

previously displayed equations along with the fundamental theorem of calculus. m

Remark 5.6. By taking t = s in Eq. (5.15) and using the fact that U (t,s) is

unitary on L* (m), it follows that
Ut,r) ' =U(r,t)=U"(t,7), (5.24)

where U* (t,7) is the L* (m) - adjoint of U (1,t). Also observe from Item 2. of
Theorem 5.5 and Eq. (3.34) that

Ult,s)S =S8 forall s,t € R. (5.25)
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Remark 5.7. Recall that if X is a Banach space, ¢ (h) € X, T (h) € B(X) for
0<|h <1, and(h) = ¢ € X and T(h) > T € B(X) as h — 0, then
T (h)y(h) — T¢ as h — 0.

Theorem 5.8. Let Q (t) and U (t, s) be as in Theorem 5.5 and set W (t) := U (¢,0).
IfpeS, ReC(0,0%, and R := R(a,a*) , then

%W (&) RW (1) o =W ()" [Q (t) , RIW (t) ¢

where the derivative may be taken relative to the ||-|| 5 — topology for any g > 0.

Proof. Let d =degy R, ¢ (t) = RW (t) ¢ and

f@) =W @) RW(t)e=W () ¢(t)=U0,1)(1).

In the proof we will write ||| B—%g& (t) to indicate that we are taking the derivative
relative to the 8 — norm topology.

Using the result of Theorem 5.5 and the fact that [|R||;, 4/, 5 < 0o (Corol-
lary 3.30) it easily follows that

s~ (1) = —RQ (1) W (1) . (5.26)

Combining this assertion with Remark 5.7 and the 8 — norm strong continuity of

W (t)* (again Theorem 5.5) we may conclude that

-t w (¢ ny CEE OO gy ) = w7 RQ W (1)

h—

Hence, as

ft+h) - f(#)
h

gy P R Wk Wy
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we may conclude

d .
- 7 2 = 1= i T =D

= —iW (t)" RQOW () ¢ + W* (1) ¥ (1)
= —iW ()" RQ (L) W (1) o +iW (1)" Q (t) RW (1)

which completes the proof. m

1 Consequences of Theorem 5.5

Notation 5.9. Let H € C(0,60%) be a symmetric non-commutative polynomial in 6
and 6*. Let « € C and Hy (v : 0,0%) as in Eq. (2.21) be the degree 2 homogeneous
component of H (0 + ,0* + &) . From Remark 2.15 and Theorem 2.18, H () is

real-valued and Ho (v = 0,0%) is still symmetric.

Corollary 5.10. Let H € C(0,0%) be a symmetric non-commutative polynomial in
0 and 0%, Hy (« : 6,0%) be as in Notation 5.9, and suppose that R 3t — a(t) € C
s a given continuous function. Then there exists a unique one parameter strongly
continuous family of unitary operators {Wy (t)},cg on L* (m) such that (with W (t)
being the L* - adjoint of Wy (t));

1. Wo(t)S=S and Wi (t)S = S.
2. Wo (t) D (N?) = D (N?), Wy (t)" D (N?) = D (NP), and for all 0 < T <

00, there exists Cp g = Crp(a) < 0o such that

sup [[Wo ()]l 55 V W0 ()"l 55 < Cris- (5.27)

[t|<T

3. The maps t — Wy (t) ¥ and t — Wi (t) ¥ are ||-|| ;-norm continuous for all
e DN,
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4. For each B >0 and vy € D (_/\[BH) ;

(157 ) Wa ()0 = Hala e Wo (00 with W (0)0 = (529

and

i (21 ) Wo 0" 6 = W (0 T (v with W 0)" =
(5.29)

[In Egs. (5.28) and (5.29), one may replace Hy (c (t) : a,a') by Hy (o (t) : @, a*)
as both operators are equal on D (N) by Corollary 3.30.]

Proof. The stated results follow from Theorem 5.5 and Remark 5.6 with
Q (t) :== Hy (a () : a,a) after setting Wy (t) = U (¢, 0) in which case that W, ()" =
U(t,0"=U(0,t). m

Corollary 5.11. If o € C, U () is as in Definition 1.6, and U ()" is the L* (m)-
adjoint of U («) , then for any B > 0

1. U(a)S§=8 and U (a)*S = S (also seen in Proposition 2.4),
2. U(a)D (NP) =D (N?) and U ()" D (N?) = D (N?), and

3. the following operator norm bounds hold,
1T (@)ll55 VIIU (@) 15,5 < exp (88 - 37 fa]) (5.30)

Proof. Let a(t) = ta,

H(t:6,6") =a(t) 0 —a D)o +ilm <a(t)m) — ab* —ab

so that

Q (t) = aa' —@a + iIm (ta@) = aa' — @a.
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By Proposition 2.7, if ¢ € D (N), ¢ (t) := U (ta) U (sa)" ¢, then ¢ satisfies Eq.
(5.2) and therefore items 1. and 2. follow Theorem 5.5 and Remark 5.6. To get
the explicit upper bound in Eq. (5.30), we apply Corollary 5.2 with S =0, T'= 1,
P (t,0,0") = af* — af in order to conclude, for any M € (0, 00), that

UM ()| 5, 5 < exp (8437 [|a| + [al]) = exp (85 - 37 |al)
Letting M — oo (as in the proof of Theorem 5.5) then implies
U (@)l < exp (86 -3 |al).

Using U ()" = U (—a), the previous equation is sufficient to prove the estimated
in Eq. (5.30). =
Corollary 5.12. Let U («) be as in Definition 1.6, U (a)* be the L? (m)-adjoint
of U(a), R>t— a(t) € C beaC" function, and

Q) :=d(t)a" —a@)a+ilm (a ()& (t)> .
Then for any B > 0;

1. the maps t — U (a(t)) ¢ and t — U(a(t)) ¢ are ||-|| 3-continuous for all
Y e D(NP), and

2. for each >0 and ) € D (/\/’BH) ;

i (1,57 ) U a6 = Q0 @) v (5.31)

and

“i (M) V@) v =@y Qe 63
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Proof. Let

H(t:60,6%) = a ()0 —a D)o +ilm (a(t)m)

so that Q (t) = H (t : a,a’) . By Proposition 2.7if ¢ € D (N), ¢ (¢) := U (o (£)) U (e (s))" ¢,
then 1 satisfies Eq. (5.2) and therefore the corollary again follows from Theorem
5.5 and Remark 5.6. m

Theorem 5.13 (Properties of a (t)). Let H € C(0,0%) be symmetric and H® €
C [z, 2] be the symbol of H, (H is necessarily real valued by Remark 2.15.) Further
suppose that o (t) € C satisfying Hamilton’s equations of motion (see Eq. (2.3) has
global solutions, a (t) and a' (t) are the operators on S as described in Eqs. (1.8),
and (1.9), and Wy (t) is the unitary operator in Corollary 5.10. Then for all t € R
the following identities hold,

Wo @) aWo(t) =a(t), Wy(t) aWy(t)=ad'(t), (5.33)
Wo () aWo (t) = a(t), Wo(t) a* Wy (t) =a*(t), (5.34)
Wo (t)* atWy (t) = af (t) (5.35)
D(a®) =D (VN) = D(a" (1)) (5.36)

a* (t) = at (1), (5.37)
at)y=~y(t)a+d(t)a*, and (5.38)

a* (t) =6 (t)a + v (t)a", (5.39)

where the closures and adjoints are taken relative to the L? (m)-inner product.

Proof. Recall from Proposition 2.2 that

82HC1 82HC1
v(t) = i (a(t)) € R and u(t) := 5T

(a(t)) € C.

With this notation, the commutator formulas in Corollary 3.5 with o = « (¢) may
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be written as,

[Ho (o (t) s a,al) a] = —v(t)a—u(t)d

[Hy (a(t) a,al) ,a'] =u(t)a+wv(t)d.
For p € S, let
b (1) = Wo (8)" VWi (£) 0 and 1 (£) = Wo ()" W (1) o

From Theorem 5.8 with W (t) = W, (t), Q (t) = H2 (a (t) : a,a’) , and R = a and
R = af, we find

In other words,

1 oo | e wo | e | e
¥t (1) —a(t) —o() | | vt

This linear differential equation has a unique solution which, using Proposition 2.2,

Y (1) _A () ¥ (0) _AQ) agp
Pt (t) YT (0) alp

where A () is the 2 x 2 matrix given in Eq. (2.6). This completes the proof of Eq.

is given by
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(5.33) since

Wo () aWo(t)e | _ | ¢(1) wd A | | = a(t) e

Wo ()" a"Wo (t) ¢ v (1) a'e at(t) ¢
The statements in Egs. (5.34), (5.35) and (5.36) are easy consequences of

the fact that W (¢) is a unitary operator on L? (m) which preserves D (N') (see
Corollary 5.10). Using Egs. (5.34) and (5.35) along with Theorem 3.15 shows,

af (t) = Wy ()" atWy (t) = Wy (1) a* Wy (t) = a (1)

which gives Eq. (5.37).
If o € D(N), using item 3. of Theorem 3.15 and the formula for a (t) and
a (t) in Eqgs. (1.8) and (1.9) we find

lim a(t) Py = A/l{lin [v (t) aParp + 6 () a" Pargp)]

M—o0

=7 (t)ap+4(t)a’e

Jim al (8) Pagp = Tim (8 (t) aPurp + 75 (D' Pary]

=0 (t)ap + v (t)a .

The above two equations along with Corollary 3.30 show Egs. (5.38) and (5.39). =



Chapter 6

Bounds on the Quantum

Evolution

Throughout this chapter and the rest of Part I, let H € R(6,0*) be a
non-commutative polynomial satisfying Assumption 1.11. Before getting to the
proof of the main theorems we need to address some domain issues. Recall as in
Assumption 1.11 we let H, := H (aﬁ, a%).

The following abstract proposition (Stone’s theorem) is a routine application

of the spectral theorem, see on p.265 of [32] for details.

Proposition 6.1. Supposed H is a self-adjoint operator on a separable Hilbert
space, IC, and there is a C € R and € > 0 such that H+ CI > el. For any 8 > 0
let |l gycne (Zell-llx) be the Hilbertian norm on D ((H + C’I)ﬁ) defined by,

[ Flgsens = |+ €1 ¢ v e D (t+0n”).

90
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Then for allt € R and 8 > 0,

e " D((H + CI)’) = D((H + CI)") and

||e_itHwH(H+CI)ﬁ = 10l gycns V¥ € DI(H + c1)?y.
Moreover, if 8> 0 and o € D((H + CI)"™), then
d —1Ht . —iHt . _iHt
”'H(HJrcj)ﬂ - %e o= —iHe p = —1e He.

In this chapter we are going to show, as a consequence of Proposition 6.3
below, that

etHnt/hge=iHit/hG and etHnt/hgre=tHt/hg C S (6.1)

Lemma 6.2. For any unbounded operator T and constant C € R, then for any
n € Ng,
D{(T+C)"y=D(T").

Proof. We first show by induction that D ((T'+ C)") € D (T") for all

n € N. The case n = 1 is trivial. Then the induction step is

feD(T+C)"") = feD(T+C)") and (T+C)"fe D(T+C)
— feD(T+C)") and (T+C)" fe D(T)
= feD(T") and (T+C)"fe D(T)

But -
n _qm n n—kmk £ _ m
(T +C) f—Tf+Z<k)C T f=T"f+g

k=0

where g € D (T') and hence

T"f=(T+C)"f-geD(T) = feD(T").
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finishing the inductive step.
To finish the proof, we replace T' by T' — C' above to learn

D(T)=D(T-C+C)"ycD(T—-C)")

and then replace C' by —C' to find D (T") c D((T+C)"). m

Proposition 6.3. Let H (0,0%) andn > 0 be as in Assumption 1.11, then exp (—iHjt)

leaves S invariant and more explicitly, it is exp (—iHpt) S = S for allt € R.

Proof. The fact that S C H} for all n € N along with Eq. (1.14) in the
Assumption 1.11 and Eq. (3.51), we learn that

S@®) ¢ (D (HY) < () DA = SR)

This shows S(R) = (., D (H}}) and this finishes the proof since, see Proposition
6.1, exp (—iHyt) leaves (.-, D (H}') invariant, i.e.,exp (—iH;t) S C S for all t € R.
By multiplying exp (iHzt) on both sides, we yield S C exp (iHpt) S. Therefore,
exp (—iHpt) S = S is resulted if we replacing ¢t to —t. m

Lemma 6.4. If P € C(6,0%), 6 := deg, P € Ny, and C (P) := S0_, | Pu| k*/2,
then

P (@n, al) || < C (P) H(I +Nh)5/2wH Y0<h<1andyeD(N?). (6.2)

Proof. Let P, be the degree £ homogeneous component of P as in Eq.
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(2.22). Then according to Corollary 3.30 with 5 = 0 and d = k we have,

1P (@, a) ¥l = B2 || Py (@, a*) 0
< ‘Pk’ K2R HwHk/Q
= P02 | (1 4 )2 |
= B K72 || (BT + )M

< | Py| K2

(I+Nh)5/2¢H.

(T + MM ]| < | Pl 12

Summing this inequality on k using P = Zizo P, and the triangle inequality leads
directly to Eq. (6.2). m
Let us recall the Lowner-Heinz inequality in Theorem 1.36 so that we can

compare N, and Hj for all non-negative power 3 by using this inequality.

Theorem (Lowner-Heinz inequality). Let A and B be non-negative self-adjoint
operators on a Hilbert space. If A < B (see Notation 1.10), then A” < B" for

0<r<l1.

Corollary 6.5. Let H (0,0%) € R(0,0%), 1 >n >0, and C be as in Assumption
1.11 and set C := C + 1. Then for each B > 0, there exists constants 55 < 00 and
55 < o0 such that, for all0 < h <n,
6 ~ ~ B
Wi+ 1) < Cp (Hﬁ, + C> and (6.3)

<Hﬁ + 5)6 < Ds (NG + 1% (6.4)

Proof. Using the simple estimate,

(x+1)7 <207V« (2" 4-1) V2,8 >0, (6.5)
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along with Eq. (1.14) implies,

(o +1)7 = 20071+ (Nf + I) < 200~ (Cg (Hy+C)° + [>

< 20D+ (Hy+ C + 1), (6.6)

wherein we have assumed Cz > 1 without loss of generality. Lemma 10.10 on p.230
of [34] asserts, if A and B are non-negative self-adjoint operators and A < B, then
A < B. Therefore we can deduce from Eq. (6.6) that

(N4 1)7 <20D4Cy (Hy + C + 1)°

which gives Eq. (6.3).
We now turn to the proof of Eq. (6.4). For n € N, let P™ € C (6, 6*) be
defined by
P (9,67 = <H (6,6°) + é)"

so that deg, P = dn and for ¢ € D (Nd”/Q) , we have

(Hn+C) v = PO (@) v.

With these observations, we may apply Lemma 6.4 to find for any 0 < h <n <1
that
|(1:+8) v < o (™) [+ M) % | ¥ v e D@2

The last displayed equation is equivalent (see Notation 1.10) to the operator
inequality,

~\ 2n (2n) dn
(H+C)" <O (PE) (14 N)™

Hence if 0 < 8 < 2n, we may apply the Lowner-Heinz inequality with » = §/2n to
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conclude

N\ B n
(H+C) < [C (P (1+ M)
As n € N was arbitrary, the proof is complete. =

Theorem 6.6. Let H (0,0*) € R(0,0%), d = degy H, and 1 > n > 0 be as in

Assumption 1.11 and suppose 0 < h < n < 1.

1. If B >0 then
e D (NPH2) € D (NP (6.7)

and there exists Czg < oo such that

™| 5y 5 < Cah™ for all t € R. (6.8)

2. If 20 and € D (NEV42) D (H7™), then
e—iHﬁt/h¢7 Hﬁ€_iHht/h1/), and e—iHht/hth/}

are all in D (./\/'5) for allt € R and moreover,

d , . .
ih (HHﬁ _E> e—zHﬁt/h,(p — Hhe_ZHht/hl/} — e—zHﬁt/hthlp’ (69)
where, as before, ||‘H5‘% indicates the derivative is taken in 8 — norm topology.

Proof. If 5 > 0, it follows from Corollary 6.5 (with 5 replaced by 2/3) that
~\ B
D (N#2) = D (A7) ¢ D ((Hﬁ +0) ) cD(M)=DW*  (610)

and

— ~\ B
Wl < VB0l gz ¥ 0 € D ((Hﬁ +0) ) |
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Moreover if 0 < A < n < 1, a simple calculus inequality shows

W1l = W10l e < 100l ey

and hence

= ~\ B
o1l < 07 a9 ¥ oD ((10€)7). e

From Proposition 6.1 we know for all ¢ € R that

o~ iHRt/h <<Hh + 5) B) —D ((Hh + 5>B> and

ey =90y

Combining these statements with Egs. (6.10) and (6.11) respectively shows,
e~ Hnt/h D (NPU2) it/ ((Hh + 5) 5) =D ((Hh + 5)ﬁ> C D (NP).
Moreover, if ¢ € D (N?%?) c D ((Hh + 5)5) , then
e, < 12 s e ey = 17 s el
However, from Eq. (6.4) (again with § — 23) we also know

“(’OH(Hn-&-é)ﬁ < D25 ’ ||90||(Nﬁ+[)3d/2 < D25 : ||90||(N+I)6d/2 .

Combining the last two displayed equations proves the estimate in Eq. (6.8) with

Cp = \/6’25 . 525.

If we now further assume that ¢ € D (./\/(’8+1)d/2)7 then ¥ € D (Hg“) by
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Eq. (6.10) then, by Proposition 6.1, it follows that
: ) ~\ B
Hye ity — e M H € D ((Hh + C) > c D (N)

and

d

i (Mg 5 ) ¥ 0) = Huo (0 = e (6.12)

Owing to Eq. (6.11) the f — norm is weaker than H||H§ — norm and hence Eq.
(6.12) directly implies the weaker Eq. (6.9).



Chapter 7

A Key One Parameter Family of
Unitary Operators

In this chapter (except for Lemma 7.2) we will always suppose that H (0, 6%)
and 1 >n > 0 are as in Assumption 1.11, ap € C, and « (¢) denotes the solution
to Hamilton’s classical equations (1.1) of motion with a (0) = ap. From Corollary
3.6, Up (o) ¢ is a state on L? (m) which has position and momentum concentrated
at & +1my = V2ayp in the limit as & | 0. Thus if quantum mechanics is to limit
to classical mechanics as h | 0, one should expect that the quantum evolution,
Vp (t) := e H/M, (o) 9, of the state, Uy, (ap) 9, should be concentrated near o ()
in phase space as h | 0. One possible candidate for these approximate states would
be Uy (« (t)) ¢ or more generally any state of the form, Uy (« (t)) Wy (¢) ¢, where
{Wy (t) : t € R} are unitary operators on L? (m) which preserve S. All states of
this form concentrate their position and momentum expectations near v/2a (1), see
Remark 3.7. These remarks then motivate us to consider the one parameter family

of unitary operators Vj, (t) defined by,

Vi (1) = Up (—a (8) e, (ag) = Uy ( (£)* e, (ag) . (7.1)

98
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Because of Propositions 2.4 and 6.3, we know V;, (t)S =S for all 0 < h < n
and in particular, V; (t)S = S C D (P (a,al)) for any P (6,6%) € C(6,6*). The
main point of this chapter is to study the basic properties of this family of unitary
operators with an eye towards showing that limy oV}, (f) exists (modulo a phase
factor). Our first task is to differentiate V;, (¢) for which we will need the following

differentiation lemma.

Lemma 7.1 (Product Rule). Let P (0,6%) € C(0,6%), k := deg, P (0,0*) € Ny,
and P := P (a,a') . Suppose that U (t) and T (t) are unitary operators on L* (m)

which preserve S. We further assume;

1. for each p € S, t = U (t)p andt — T (t) p are ||-||; — differentiable for all
B> 0. We denote the derivative by U (t) ¢ and T (t) ¢ respectively. [Notice
that U (t) ¢ and T (t) ¢ are all in NgsoD (NP) =S, see Eq. (3.34) for the
last equality, i.e. U (t) and T (t) preserves S.]

2. For each 8 > 0 there exists a > 0 and € > 0 such that

K = sup [[U(t + A,z < oo
|Al<e

Then for any 3 > 0,

s -5 [0 (1) PT (1) 6] = U () PT (0 + U (0 PT (0. (72)

Proof. Let ¢ € S and then define ¢ (t) = U (t) PT (t) p. To shorten
notation let Af denote f (t + A) — f (t). We then have,

Agp AT AU
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=U(t+A)P {%—T(t)} ¢ + [AU] PT (t) ¢ + [%—U(t)} PT () .

(7.3)

Using the assumptions of the theorem it follows that for each f < oo, since

PT (t)¢ € S, we may conclude that

H[AU] PT (t)ngﬁ —0as A— 0, and

[ -0] rro] ~omasso

Furthermore, using the assumptions along with Eq. (3.41) in the Proposition 3.29,
it follows that when A — 0,

AT

HU(t +A)P {T — T(t)} ngB

— 0.

k
a+g

< U+ A)lass 121l

{% —T(t)] o

a—f ’ onrg%a

which combined with Eq. (7.3) shows ¢ (t) = U (t) PT (t) ¢ is [|-[| 5 — differentiable
and the derivative is given as in Eq. (7.2).

Lemma 7.2. If a : R — C is any C' — function and V; (t) is defined as in Eq.
(7.1), then for allp € S, t — Vi (t) ¥ and t — Vi* (t) ¢ are ||| ;-norm differentiable
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for all 8 < oo and moreover,

CVA0)% = T () Vi (1) and (7.4)
SV (1) =~V (T (1) v (7.5

Ty (1) = % (a@ar —a (0)a} + it (a ()& 0)) — iH (0 + (1) ol +6 (1))
(7.6)

Proof. Let U (t) := Uy (—a(t)) =U (—a (t) /\/ﬁ) LT (t) := e~Hnt/h and
¢ := Uy (o) 1. From Propositions 2.4 and 2.7 we know U () S = S and

z’%U(t)f —QU(t)ffor feS. (7.7)
where L
IO PRI RN e
Q(t)-z( NG T+\/ﬁ> -1 ((t) (t)). (7.8)

As Q (t) is linear in a and a', we may apply Corollaries 5.11 and 5.12 in order to
conclude that U (t) satisfies the hypothesis in Lemma 7.1. Moreover, by Proposition
6.3 and the item 2 in Theorem 6.6, we also know that 7' (t) S = S and it satisfies
the hypothesis of Lemma 7.1. Therefore by taking P (6,0*) =1 (so P = I) in
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Lemma 7.1, we learn

SV 06 =U (0T (@) +U (0T ()0
_ K_O‘_\/(%)au%) )+—Im (m)m)_ U)T (1)
FU@) ST (1) |
_% [(_a (t) atht*) +ilm (a (t)m): Vi (t) ¥

UL (—a (8) S (@ () Ui (—a () T ()0
=D (8) Vi () ¥,

wherein the last equality we have used Proposition 2.4 to conclude,

Up (—a (1)) H (ah,ah> Up(a(t) = H (ah—l—a(t) ,a;m(t)) .

This completes the proof of Eq. (7.4). We now turn to the proof of Eq. (7.5).
Now let U (t) = U} (a) en*/" and T (t) := Uy (a (t)) and observe by taking
adjoint of Eq. (7.1) that

Vi (t) == Us (o) 005 (o (1) = U (1) T () .

Working as above, we again easily show that both U (t) and T (t) satisfy the
hypothesis of Lemma 7.1 and moreover by replacing o by —« in Eq. (7.8) we know

d B o) a(t) 1 —
%T(t)w_ﬂt)[z(\/ﬁaf—\/ﬁa)+ﬁ1m(a<t>a(t))]¢.

We now apply Lemma 7.1 with P (0,0*) = 1 and ¢ = v along with some basic
algebraic manipulations to show Eq. (7.5) is also valid.
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Specializing our choice of «v (t) in Lemma 7.2 leads to the following important

result.
Theorem 7.3. Let ', (t) be as in Eq. (7.6). If a(t) satisfies Hamilton’s equations

of motion (Eq. (1.1), V (t) is defined as in Eq. (7.1), then

(1) =5 Im (o (030 = 577 (@ ()
: i
—iHy (a(t) :a,a’) — ﬁHzg (a (t): ah,ang) ) (7.9)
on S where HY, Hy and Hs3 are as in Eq. (2.31) by replacing P by H.
Proof. From the expansion of H (6 4+ «,0* + &) described in Eq. (2.29)
and Theorem 2.18 we have
H (an+a ()0} +a (1))
Hcl Hcl
=)+ (G ) @@t (50 @

+ Hy (oz( ): ah,aﬁ> + H>3 < ah,aﬁ> (7.10)

So if « (t) satisfies Hamilton’s equations of motion,

i (t) = (ain) (o (1)) with o (0) = ay, (7.11)

it follows using Eq. (7.10) in Eq. (7.6) that we may cancel all the terms linear in
ap or a} in which case T, () in Eq. (7.6) may be written as in Eq. (7.9). m

In order to remove a (non-essential) highly oscillatory phase factor! from
Vi (t) let

F(t) = /0 t (H"l (@ (7)) — Im <a (7) m)) dr (7.12)

L As usual in quantum mechanics, the overall phase factor will not affect the expected values of
observables and so we may safely ignore it in this introductory description.
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and then define
Wi (t) = et/ OV, () = etfOU; (—a (1)) e U, (ag). (7.13)
More generally for s,t € R, let
Wi (t,s) =Wy (t) Wy (s) = el O-SEly, (—a (t)) e Hlt=s)/hrr (o (s)).  (7.14)

Proposition 7.4. Let H (0,0%) € R{(0,0%) and n > 0 satisfy Assumption 1.11,
d =degy H, and W, (t,s) be as in Eq. (7.14). Then

Wi (t,5) D (NB%) CD(NP) ¥s,teR and > 0. (7.15)

Moreover, we have Wy, (t,s) S = S for all s,t € R.

Proof. Eq. (7.15) is a direct consequence from Uy (o (:))N? = N¥ in
Corollary 5.11 and e~ /"D (/\/5%> cD (/\/'B) from the item 1 in Theorem 6.6.
Then, by Eq. (3.34), it follows that W}, (t,s) S C S. By multiplying W} (¢, s) =
Wi (s,t) on both sides of the last inclusion, we can conclude that W, (¢,s) S = S.

Definition 7.5. For h > 0 and t € R, L, (t) be the operator on S defined as,

Ln(t) = % (H (an+a(0).af +a(0) — B (@ ()~ B (a () ar.a}))
=Hy (a(t):a,a") + %H>3 <a (t) : ap, a%) : (7.16)

Theorem 7.6. Both t — W (t,s) and s — Wy, (t,s) are strongly continuous on
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L2 (m). Moreover, if 1p € S and 3 > 0, then

i (H'Hﬁ _at) Wi (£, )% = L (t) Wa (£, 5) 0, and (7.17)

i (1115 -05) Wa (£ ) 6 = =W (8, 5) Ln (s) . (7.18)

Proof. The strong continuity of Wj (¢,s) in s and in ¢ follows from the

strong continuity of both U (« (t)) and e~ Hrt/h

, see Corollary 5.10 and Proposition
6.1. The derivative formulas in Eqs. (7.17) and (7.18) follow directly from Lemma
7.2 and Theorem 7.3 along with the an additional term coming from the product
rule involving the added scalar factor, eal/(=/G)] u

For the rest of Part I the following notation will be in force.

Notation 7.7. Let oy € C, H(0,0) € R(0,0") satisfy the Assumption 1.11,
t — «ft) solve the Hamiltonian’ s equation Eq. (1.1) with a(0) = ap, and
Hy (a(7) = 0,0%) be the degree 2 homogeneous component of H (0 4+ o (1), 6* +a (7))
as in Proposition 3.4. Further let

Wo (t,s) :== Wy (t) W5 (s) (7.19)

where Wy (t) is the unique one parameter strongly continuous family of unitary

operators satisfying,

%WO (t) = Hy (a () - @, al) Wy () with Wy (0) = I (7.20)

as described in Corollary 5.10.

Remark 7.8. Since

ing (a (t) : ap, a;i) = Z\/f_iz RU32H, (a (1) ,a, aT) ,

h
1>3
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it follows that Ly (t) in Eq. (7.16) satisfies,

lgﬁ)th () =Hs (a(t):a,a')y for ally € S.

From this observation it is reasonable to expect Wy, (t) — Wy (t) where Wy (t) is as
in Notation 7.7. This is in fact the key content of Part I, see Theorem 9.3 below.

To complete the proof we will still need a fair number of preliminary results.

1 Crude Bounds on W

Theorem 7.9. Suppose that H (0,0*) € R(0,0) and 0 < h < n < 1 satisfy
Assumption 1.11, d = degy H, and Wy, (t,s) is as in Eq. (7.14). Then for all 5 >0,
there exists Cg g < 0o depending only on > 0 and H such that, for all s,t € R,

Wi (t,s) D (NP¥2) € D (N?) and
IPWi (8, 5) | < G 1] (7.21)
[This bound is crude in the sense that h™°Cg g 1 o0 as h | 0. We will do much
better later in Theorem 9.1.]
Proof. Let 8 > 0. From Proposition 7.4 it follows that W}, (¢, s) D (N9%/2) C

D (N¥) . Moreover,

HNﬁWh (tv‘S)wH S HWh (tv 5)¢“5
= HUE (—Oé (t)) e—iHh(t—S)/hUh (a (8)) wHB

< ||U;{ (a (t))||/3—>5 ||€_iHh(t_S)/hH5d/2_>B |Un (c (5))||/3d/2—>ﬁd/2 ||77Z)||5d/2‘

Note that k := sup,cp |a (t)| < oo from Proposition 3.8 , then by the Corollary
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5.11, there exists a constant C' = C' (8, d, k) such that

sup 105 (@ ()35 V 59 1Un (@ (5Dl aa-spaj2 < C (B ).

Then, combing all above inequalities along with Eq. (6.8) in Theorem 6.6, we have
HNﬁWh (tv 5) wH < CB,Hhiﬁ ||¢”5d/2

and therefore, Eq. (7.21) follows immediately. =



Chapter 8

Asymptotics of the Truncated

Evolutions

As in Chapter 7, we assume that H (0,0*) € R(#,6*) and n > 0 are as
in Assumption 1.11, ay € C, and «(t) denotes the solution to Eq. (1.1) with
a (0) = ap. Further let Lj (t) be as in Eq. (7.16), i.e.

L(t) =Y h*"'Hy (a(t) : a,al) . (8.1)

Definition 8.1 (Truncated Evolutions). For 0 < M < oo and 0 < h < oo, let
LM (t) = PasLy (t) Pas be the level M truncation of Ly (t) (see Notation 3.34) and
let WM (t,s) be the associated truncated evolution defined to be the solution to

the ordinary differential equation,

Z%Wffw (t,s) = LY () WM (t,5) with WM (s,8) =1 (8.2)

as in Section 1 in Chapter 4. We further let WM (t) = WM (¢,0).

From the results of Theorem 4.4 with Qs (t) = LM (t) and UM (t,5) =

108
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WM (t,s), we know that W} (¢, s) is unitary on L? (m) and
Wil (t,s) = Wi (t.0) Wi (0, 5) = Wi (6) W' (s)”

and in particular, WM (¢)" = WM (0,1) .

Proposition 8.2. Suppose that H (0,60%) € R(0,0%) and n > 0 satisfy Assumption
1.11, d = degy H > 0 € 2N, and further let Wy, (t,s), Wy (t,s) and WM (t,s) be as
in Eq. (7.14), Notation 7.7, and Definition 8.1 respectively. If 1 € D <./\/'%) and
0 < h <n, then

Wi (t,8) 0 — WM (t,5) ¢ = i / Wi (6,7) [Li (7) = T ()| Wi (. 8) v (8.3)
and

Wi ()~ Wots)6 = [ Wi (0,7) [B (o) 8,0) = Ta )] W (o) w

(8.4)
where Ly, (t) and Hy (o (7) : @,a*) are as in Egs. (7.16) and (7.20) and LY (1) =
PuLy (t) P as in Definition 8.1. [The integrands in Eqs. (8.3) and (8.4) are
L? (m)-norm continuous functions of T and therefore the integrals above are well

defined.]

Proof. Let B (D (/\f %> L2 (m)> denote the space of bounded linear op-
erators from D <./\/’g) to L?*(m). The integrals in Eq. (8.3) and (8.4) may be
interpreted as L? (m) — valued Riemann integrals because their integrands are

L? (m) — continuous functions of 7. This is consequence of the observations that

both

F (1) = Wi (t,7) [L,Af (r) — Ln (ﬂ} WM (7,5) and

G () = Wi(t,7) [ Ha (a () 2 a,0") = Lo (7)| W (7.9)
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are strongly continuous B (D (N %> L2 (m)> — valued functions of 7. To verify

this assertion recall that;

L7 — WM(r,s) is [ll4/2-4/2 continuous by Item 3. of Theorem 4.4 and

T — Wy (1,8) 1 is ||-]|« — continuous by Corollary 5.10.

2. Both L¥ (1) — Ly (1) and Hy (a(7) : @,a*) — Ly (7) are easily seen to be
strongly continuous as functions of 7 with values in B <D <N %> L2 (m)) by
using Corollary 3.30 and noting that the coefficients of the four operators

depend continuously on 7.

3. The map, T — W}, (¢, 7) is strongly continuous on L? (m) by Theorem 7.6.

As strong continuity is preserved under operator products, it follows that
both F' (1) and G (7) are strongly continuous.

By Remark 4.6 and Proposition 7.4 we know that WM (¢,5)S = S and
Wy (t,s) S = S. Moreover, from item 3. of Theorem 4.4 and Theorem 7.6, if ¢ € S,
then both t — W} (t,5) p and t — W (¢, s) ¢ and are |- ;-differentiable for 8 > 0.
Since W}, (t, s) is unitary (see Eq. (7.14)), it follows that sup, ,cg [|Wa (£, 8)||o_o = 1.
Therefore, by applying Lemma 7.1 with U (7) = W, (¢,7), P(0,0*) = 1, and
T (1) = WM (7, 5) while making use of Eqgs. (7.18) and (8.2) to find,

. d
z%Wh (t, Y WM (1,8) 0 =F (1) .
A similar arguments using Corollary 5.10 in place of Theorem 4.4 shows,
. d
ZEWH (t, ) Wo(T,8) =G (1) .

Equations (8.3) and (8.4) now follow for ¢y = ¢ € S by integrating the last two

displayed equations and making use of the fundamental theorem of calculus.
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By the uniform boundedness principle (or by direct estimates already pro-

vided), it follows that

sup || F (7)]|a_o < 00 and sup |G (7)]|a_,, < 00,
TEJs t 2 TEJs 2

where J,; := [min (s, ), max (s, t)] . Because of these observation and the fact that
S is dense in D (N%) , it follows that by a standard “c/3 — argument”that Eqgs.
(8.3) and (8.4) are valid for all ¢ € D (./\/’%) . =

Theorem 8.3. Let 0 < n < 1, H (6,0%) € R(0,0") be a polynomial of degree d
satisfying Assumption 1.11 and d > 2 be an even number. Then for all § > d/2
and —oo < S < T < oo, there exists a constant, K (B, g, H,S,T) < oo such that

o < K(B,00, H,S,T)R’' Y0 < h<n. (85)
—

sup
S<s,t<T

(Wh (t.5) — Wi (1, s)

Proof. Since W, (t,s) and W} (t, s) are unitary from Theorem 4.4 and
Eq. (7.14) and [|-[|; > [-[|, in Remark 3.22, it follows

<1, (8.6)

B—0

sup HWH (ta 8) - WTIZ_I (ta S)

S<s,t<T

and hence Eq. (8.5) holds if n Ad™' < h < 5. The remaining thing to show is
Eq.(8.5) still holds for 0 < A< nAdt.
Let v € D (N?) C D (N%?). Taking the L? (m) — norm of Eq. (8.3)

implies,

[ e5) w2 e wl < [ W) 22 0) = )] Wit )
' (8.7)
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where

|watt,7) [ (7) = T @) Wi (7, 9) 0
= |[[£4 ) - T W )

< || @ =L@, W )l 10 (8.5)

In order to simplify this estimate further, let

d
P(ht:0,0%) Z he U Hy (o (8) 1 0,67),

in which case, Ly (t) = P (h,t : a,a’) . It follows from Corollary 3.37 with 8 = 0
and a — f that (for M > d)

e | Hy (o (8) £ 0,00 (M — k +2)"7

M&

LM (1) = Tn( H
H h ( i T 6—)0 2

d
< K (ag, H) R (hM — kh+2h)** (M — k+2)™°
k=2

and from Eq. (4.15) that

k
12 " Hy(a(0):0,0%)|do

K(Bd)(M+1)E 8, |
WA ()l < T T

< KBAmIM+D)I =]

Thus reducing to the case where M = h™! (i.e. Mh = 1) we see there exists
K (B, a0, H,S,T) < 0o such that

< K (B,a0,H,S,T) !

B—p

|47 0 =B [ o

HB—)O

which combined with Eqgs. (8.7) and (8.8) implies Eq. (8.5) with K (8, ap, H, S, T) =
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K (B,a0,H,S,T)[T - S].



Chapter 9

Proof of the main Theorems

The next theorem combines the crude bound in Theorem 7.9 with the
asymptotics of the truncated evolutions in Theorem 8.3 in order to give a much

improved version of Theorem 7.9.

Theorem 9.1 (N — Sobolev Boundedness of W, (¢)). Suppose that H (0,0%) €
R (0,0 and n > 0 satisfy Assumption 1.11, d = degyg H > 0 € 2N, and W}, (t, s)
and Wy (t) be as in Eqs. (7.14) and (7.13) respectively. Then for each B > 0,
—00 < § < T < oo, there exists Kg (S, T) < 0o such that for allyp € D (N@FHD)

all0 <h<n<1, and all S < s,t <T we have

[NPWi (8, 5) ¢ < K5 (S, T) 191l 254170 (9.1)
and
SSSSI,ltpﬁT Wi (¢, 5)||(2/3+1)d—>5 < K3 (5. 7T), (9.2)
where
Ks(S,T):=(1+ Kz (S,T))2¢ Y+ (9.3)

114
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In particular this estimate implies, for 0 <h <n <1,

sup [”Wh (t)”(zﬁﬂ)da,s VW (t)||(25+1)dﬁﬁ < f(ﬁ (5,T). (9.4)

S<t<T

[The bound in Eq. (9.2) improves on the crude bound in Eq. (8.5) in that the

bound now does not blow up as h | 0.]

Remark 9.2. The bound in Eq.(9.1) is not tight in that the indez, (25 + 1)d, of

the norm on the right side of this equation is not claimed to be optimal.

Proof. The case f§ = 0 is a trivial and so we now assume [ > 0. If
¢ € D (N@AHI) “then by Proposition 7.4 Wy (t,s)¢ € D (N*@#FD) . Some
simple algebra then shows <Wﬁ (t, 8) b, N¥PW, (¢, 5) ¢> = A+ B, where

A= <W,F1 (t,8) b, N2 (¢, 5) w> and
B = <[Wh (t,s) — Wh (¢, s)] b, NPPW, (1, 5) ¢>
+ <N2BW,¢‘1 (t, ), [Wh (t,5) — Wi (1, 5)} ¢> .

The |B| term is bounded by the following two terms.

Bl < || [Wa(ts) = Wi (k. 9)] 6| - VWi 2, 5) ¢

+ H [Wh (t,s) — W (2, s)] wH - H/\/QBW,;?” (t, ) ¢H .

Therefore, using Eq. (4.15) in Corollary 4.7, Theorem 8.3 with (3 replaced by §+26 ,
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and Theorem 7.9, it follows that

B < || [wat.9) = Wi ()] v (VW () o + [VPWE ()0
W ol v i)
< Ol g5 (000 + B2 1105

< CRE ™ [ ][40 < 00 forall S < s,t < T and 0 < h <1, (9.5)

< Ch2ﬁ+%—1 W’“%HB . (h—zﬁ

In the last inequality we have used, g +26 < (26+1)d when 8 >0 and d > 2.
Corollary 4.7 directly implies there exists C' > 0 such that

—1 2
A1 = VWi s v < IS < €l
for all S < s,t < T and therefore, we get
2
INPW (2, ) ]* = (W (1) . NPW (8, )8) < (K5 (S.T)? [l (96)

for an appropriate constant Kz (S,7T). Equation (9.1) is proved and Eq. (9.2) is
a consequence of Eq. (9.1) and the inequality in Eq. (6.5). Equation (9.2) also
implies Eq. (9.4) because Wj,(t) = W, (t,0)and Wy (t) = W, (0,¢). =

Theorem 9.3. Suppose that H (6,0*) € R(0,0*) and 0 < n < 1 satisfy Assump-
tions 1.11. Let d = degy H € 2N, W, (t,s), and Wy (t,s) be as in Eq. (7.14) and
Notation 7.7 respectively. Then Wy (t,8) > Wy (t,s) as h | 0. Moreover for all
B >0 and —co < S < T < oo there exists K = Kg(S,T) < oo such that, for
0<h<n<l,

sup [N (Wo (£, ) = Wi (t,5)) v || < KR 19llaap45) V€D <N§(4ﬁ+3)>
S<s,t<T o
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and, with K = (14 K) 201+

sup_[[Wo (t,5) = Wi (¢, )l 4555 < KV 98)

s,t€[S,T)

In particular, for 0 < h<n <1,

sup[[Wo (8) = Wi (013 sy 55 15 (1) = Wi (D135 5 < KVE (9.9)

S<t<T

Proof. The claimed strong convergence now follows from Eq. (9.7) with

£ = 0 along with a standard density argument. To simplify notation, let

p=d(28+1) and ¢ =

|

(4ﬁ+3):p+g.

If € DN CD (/\/’%) , then by Eq. (8.4) in Proposition 8.2, Eq. (7.16), and
Corollary 3.30,
t —
W (t5)6 = W (65)6 = i [ W (t.7) [ () 0,0%) = (7)) Wo (7, 5) e

= z/ Wi (t,7) |:%H23 (a(7) :ap,ay)| Wy (7, ) dr.

Then, by using theorem 9.1, we find for all 0 < h<n <1and S < s,t <T (with
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d = degy H) that

[(Wa(t,s) = Wo(t,8)) ¢l

< /J wen {%Hzg (a(7) - an, a;;)} Wo (r,5) wHB dr
< [ Il | [0 () ) Wi (90
IWo 4,7l I, o

T
SK/
5 q—p

SK\/ﬁ/STHHzg (a(T),\/ﬁ:d,a*>

dr

P

1
ﬁHzg (a(7) = ap,ay)

Wo (8, 7)llgmg dr 10l (9-10)

q—p

where H>3 (a (7),vVh: 6, 9*) eR [oz (1), \/ﬂ (0, 6%) is a polynomial in (a (1), vVh, 0, 9*)

which is a sum of terms homogeneous of degree three or more in the {6, 0*} — grading.

By Eq. (3.45) in Corollary 3.30 and Eq. (5.27) in Corollary 5.10,

T
sup /S [1H>s (e (7) = an, ap)ll o, [Wo (2, 7)o dT < 00

S<t<T

which along with Eq. (9.10) completes the proof of Eq. (9.7). Equation (9.8) follows
directly from Eq. (9.7) after making use of Eq. (6.5). Equation (9.9) is a special
case of Eq. (9.8) because of the identities; W, (t) = W (¢,0), Wi (t) = W3 (0,1),
Wo (t) = Wy (¢,0) and Wy (¢)" = Wy (0,¢). m

1 Proof of Theorem 1.17

We now finish Part I by showing that Eqgs. (9.4) and (9.9) can be used to
prove the main theorems of Part I, namely Theorem 1.17 and Corollaries 1.19 and
1.21. For the rest of Chapter 9, we always assume that H € R(0,0*) and 1 > n >0
satisfy Assumption 1.11, d = degy H > 0 € 2N, W}, (¢) is defined as in Eq. (7.13),
and W, () is as in Notation 7.7.



119

Notation 9.4. For h > 0, let
a(h:t):=W;(t)aW, (t) and a' (h:t):= W) (t)a"W; (1) (9.11)

as operator on S. It should be noted that under Assumption 1.11 we have a' (h: t) =
a(f:t) for0<h<n.

According to Theorem 5.13, if a (t) and a' (t) are as in Eqs. (1.8) and (1.9)

respectively then satisfies,

a(t)=W§ (t)aWy (t) =a(0:t) and (9.12)
at () =W (t)a' Wy (t) =a' (0: 1) (9.13)

as operators on S. For this reason we will typically write a (t) and a' (¢) for a (0 : ¢)
and a (0 : t) respectively.
By Proposition 2.4 and Eq.(7.13), the operator A (t) defined in Eq. (1.22)

satisfies,

Ug (Oéo) Aﬁ (t) Uﬁ (Ozo) = U;»: (Oég) €itHh/hah€_itHh/hUﬁ (Oéo)
= Wy (1) (an + o (1)) Wi (1)
a (t) + VEW; () aW,, (t)

—a(t)+Vha(h:t) onS. (9.14)

Notation 9.5. Fort e R and 0 < h <, let

By(h:t):=a(h:t)=W;(t)aWy(t) and
By« (h:t):=a(h:t)" =Wy (t)a*W; (t).

When h = 0 we will denote By, (0 : t) more simply as By (t) for b€ {0,0"}.
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Lemma 9.6. Let n > 0 and d > 0 € 2N be as in Theorem 9.1, b € {0,0%},
t €[S, T], and By (h: t) be as in Notation 9.5. Then, for any § > 0, there exists a
constant C ($,S,T) > 0 such that

sup max

By(h:t <C(B,S,T 0<h 9.15
te[s,T}b€{979*}| b (R t)lly5yms < C (8,8, T) for0<h<n (9.15)

where g () = 4d*B +2d (d+ 1) .

Proof. For definiteness, suppose that b = 0* as the case b = 0 is proved

analogously. If ¢ = (26 + 1) d and
1 2
p=|2 ¢+ 5 +1|d=4d’B+2d(d+ 1),

then

1By (B )], < W3 ()l la™ll s g IWa (D)1l gt

which combined with the estimates in Eqs. (3.41) and (9.4) gives the estimate in
Eq. (9.15). m

Lemma 9.7. Let > 0,b€ {0,0*}, —co< S <T <o00,n>0, andd >0 € 2N
be the same as Lemma 9.6. Then there exists a constant C (3,S,T) > 0 such that

sup By (A2 ) = By ()55 < C (8,5, T) Vb for 0 < h <1 (9.16)
te[S,T)

where v (8) = (4d?) B+ (3d + 2) d.

Proof. Let us suppose that b = 6 as the proof for b = 6* is very similar.
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Given p > f3 (to be chosen later) we have,

1By (= 1) = By (1)

Hp%ﬂ

= [[Wy () aWi (t) = Wy (t) aWo (1)

p—f

< 1wy (8) = Wo ) aWn ()], 5 + W5 (8) a[Wi () — Wo ($)]]] (9.17)

p—=pB "

Using Eqgs. (3.41), (9.4), and (9.9), there exists a constant C; := C (3, 5,T) such

that the first term will become

IWy (8) = Wo ()] aWa (1)]]

p1—p

, < OWh

P1—>Q1+5

< 1wy (1) = Wo (Dl lallg, 41 -q, IWa ()]

where

qlzg(4ﬁ+3) and p; = (2 (qﬁr%) +1)d: (4d®) B+ (3d +2)d.

Likewise, using Eqgs. (3.41), (5.27) and (9.9), there exists a constant Cy :=
Cy (B, S,T) such that the second term will become

Wy (8) @ [Wi (t) = Wo (4)]]]

p2—p

L < OyWh

< [[Wg (t) [Wh () = Wo (£)1],— g2

||Q2—>5 Hd”tp-&-%—wz

where

ot (o 3) ) s 2

Since d > 2 and > 0, it follows that ps < p; and so taking p = p; in Eq. (9.17)

and making use of the previous estimates proves Eq. (9.16). =
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Notation 9.8. Forn € N, let d = degy, H > 0 and

(4d?)" — 1

— 2
o = (4d%) 2d (d + 1) -

+(3d +2)d. (9.18)

Lemma 9.9. Let S, T, d and n be the same as Lemma 9.6 and o, be as in
Notation 9.5 for n € N. Then there exists C, (S,T) < oo such that for any
b= (by,...,b,) €{6,0*}", 0 < h<mn, and (t1,...,t,) € [S,T] we have

IBi(R)...B, (h) = By...By,|, o< Cho(S.T)Vh, (9.19)

where B; (h) :== By, (h: t;) and B; :== B; (0) = By, (t;) for 1 <1 <n, see Notation
9.5.

Proof. By a telescoping series arguments,

By(h)...B,(h)— By...B,

=> [Bi(h)...Bi(h) Biy1... B, — By (h) ... Bi_1 (h) B;... By
=1
and therefore

IBi (h)...By (k) — By...By|

on—0

<> IBi(h) ... Biey (h)[Bi () = Bi] Bis1 ... Bully, o - (9.20)
i=1
To finish the proof it suffices to show for 1 < i < n that

By (R)...Bi—1 (h) [B; (h) — Bi| Bis1 ... Bull, o < CV
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Now

|B1(h)...Bi_1(h)[B;(h) — B;] Bix1- .- Bal|

on—0

<|Bu(h) ... Bicy (B)l, 0 1Bi (B) = Bill sy, [ Biss - - - Ba

U—v On—U

where we will choose all o,,, u, and v > 0 appropriately. First offif 3 > 0and A=a
or a*, then (see Proposition 3.29) A : D (./\/”BJF%) — D (N?) and (see Corollary
5.10) Wy (t) : NP — NP are bounded operators and therefore,

1
<ooifo,=u+=(n—1). (9.21)

On—U 9

| Bis1- - Bal|
Also, with r (v) as in Lemma 9.7, there exists C' such that, for 0 < h < 7,

|B; () — Bil,_,, < CVhifu=r(v). (9.22)

uU—v

Using Lemma 9.6, there exists C' > 0 such that, for 0 < h < 7,
|B1(h)...Bimi (W), < C

provided that '
(4d?)" —1

v=g"1(0)=2d(d+1) BT

(9.23)
Ifwelet 1 <7 <nand

ou (i) =1 (g (0)) + = (n — i)

2 .
Ad?) — 1

(A2 ( 1 .
= (4d*) 2d (d + 1) 1P 1 +(3d—|—2)d—|—§(n—z),
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then the by the above bounds it follows that

One shows o, (i) is increasing in ¢ and therefore max;<;<, 0y, (1) = 0, (n) = o,
where o, is as in Notation 9.8. Equation (9.19) now follows from Eqs. (9.20) and
(9.24) with o, (7) increased to o,. =

We finish the proof of Theorem 1.17 with Lemma 9.9.

Proof of Theorem 1.17. Note that we have already shown that Ay (¢;)
and Al (t;) preserve S from Eq. (6.1) and Uy, (ag) S = S and Uy (ag)* S = S from
Proposition 2.4. To show Eq.(1.23), for ¢ € S, we have

<P <{ (t:), AT (t:) = a(ti)}i=1)>Uh(ao)¢
<P ({Ur () Ap (ti) Up (aw) — a(t:) , Uy (O‘O)Ai‘b(ti)UMaO)_a(ti)}n >>¢
(

=1

<P { ha (k- ;) \/ﬁaT(h:ti)}j:1>> (9.25)

P

where (-),, is defined in Definition 1.7 and the last step is asserted by Eq. (9.14).
Supposed p = deg (P ({0,60*}"_,)) and ppy, is then minimum degree of each non-
constant term in P ({6;,0;}"_,). As p =0 is a trivial case, we assume p > 0. Then,

it follows

P({60;,0;} ) =Po+ Y Pe({0:,0;},) (9.26)

k=pmin

where Py € C and

Pk({elae;k}?zl): Z C(bl,...,bk)bl...bk

is a homogeneous polynomial of {6;, 67} | with degree k. Plugging Eq.(9.26) into
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Eq.(9.25) gives,

<P<{\/7_ia(h:ti),\/ﬁaT (h:ti)}n )>w

i=1

=P + Z he (P, ({a(h:t;),ad (h: ti)}?:1)>¢ (9.27)

k=Pmin

wherein we have used the fact that Py is a homogeneous polynomial of degree k in

{0:,0:}"_, . By Lemma 9.9, for 0 < i < 1, we have

|2 (fath: ) o (h: )} ) vl = [P ({alt) af @)},) ] + O (VA).
Therefore, for k > 1, we have
he (Py ({a(h:t)af (ht) ),
=15 (B ({a(t),a (t)}1,)), +O (A'F). (9.28)

Applying Eq.(9.28) to Eq.(9.27), we have

<P ({\/ﬁa (h:t;),Vha (h: ti)}j1>>¢

— Py i 1 (P ({a(t),af (ti>}?:1)>¢+0(h%)
(p ({vAaie) Vi 0} )), <0 (5%).

i=1

Therefore, Eq.(1.23) follows immediately. m

2 Proof of Corollary 1.19

Let P ({0;,0;}._,) € C({6;,0;}"_,) be a non-commutative polynomial, ¢ €
S and {ty,...,t,} € R. With out loss of generality, we assume deg (P) > 1. We
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define, (may see Notation 2.16),

P({a(t): 0,671)) = P ({8 +a (6).6; + @ ()})
ec[{aw).a@]} |00,

Note that deg, (ﬁ) = deg (P) (see Notation 2.16) and pyin > 1 because deg (ﬁ) >
1. By Theorem 1.17 , for 0 < A < 7, we have

<P ({Ah (t:), A} (t:) }:L:1> >Uh(ao)¢

P ( a(ti) s An(ts) = a(ts), Af (t:) — a<ti)}j—1>>wao)¢

Pmint1
(%)
P

—~ = N
o
—~
S*
N—
=
IS
—
St
NG
=
IS
piil
—
~
N
<
_
N——
+
@)

The last equality is because Dy, is at least 1. Therefore, Eq. (1.25) follows.

3 Proof of Corollary 1.21

=1

By Egs. (1.8) and (1.9) in Definition 1.3, the term (P ({a (t;) : a (t;) ,al ()} )>¢
in Eq.(1.26) is bounded independent of A for ¢ € S. Therefore, by setting A — 0 in
Eq.(1.26), Eq.(1.28) follows. To show Eq.(1.29), let pyin be the minimum degree of
all non constant terms in P ({6;,0;};_,) . We assume py, > 1 as usual. Otherwise,
it means P is a constant polynomial which is a trivial case in Eq. (1.29). With the

same notations as in Eq. (9.26), we have

P({0.,07}2,) = b+ Z By ({63,067 }i21) -

k= =Pmin
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Then, we apply Eq.(1.23) on each term P, where k > 1, and get

R
— <Pk ({\/ﬁa (t:), Vha! (tz)} >>w +0 (h#>

=1

=15 (P ({a(t) ol (t)}))), + O (nd

=t
N—
N—

(9.29)

By applying Eq.(9.29), we have

(A —a) AL -aw))”
\/ﬁ ’ \/7_1 i=1 Un(ao)

, n
— P+ k%m h_lg <Pk ({Ah (t;) — a (t;) ,A; (t:;) — @ (ti)}i:) >Uh(a0)’¢)

Rt 3 (At @), + 0 (1)

k:pmin

= <P ({a (t;),al (ti)}?:1)>¢ +0 (h%> '

Eq.(1.29) follows.



Part 11

Powers of Symmetric Differential

Operators
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Chapter 10

A Structure Theorem for

Symmetric Differential Operators

Remark 10.1. [t is useful to observe if A and B are two linear transformation

from a vector space, V, to itself, then
AB?* + B?A =2BAB + [B,[B, 4],

where [A, B] := AB — BA denotes the commutator of A and B.

Proposition 10.2. Suppose {ak}izo C O (R,R) and L is the d™ -order differ-
ential operator on C*(R) as defined in Eq. (1.30). If L is symmetric according
to Definition 1.26 (i.e. L = LT where LT is as in Eq. (1.32)), then d is even (let
m = d/2) and there exists {b;},~, C C° (R,R) such that

L=> (-1)0'M,d (10.1)
=0

where My, is as in Notation 1.24. Moreover, by, = (—1)" agm = (—1)" aq.

129
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Proof. Since L = LT, we have

d
1 1
L=5(L+ LY = 5 > laxd® + (10" M, ] (10.2)
k=0
1
§[ad8d (—=1)40*M,,] + [diff. operator of order d — 1]. (10.3)

If d were odd, then (—1)* = —1 and hence (using the product rule),

1
Slaad + (~1)'0"M,,) =

1
§[Mad7 8d}

= [diff. operator of order d — 1]

which combined with Eq. (10.3) would imply that L was in fact a differential
operator of order no greater than d — 1. This shows that L must be an even order
operator.

Now knowing that d is even, let m := d/2 € N. From Eq. (10.2), we learn

that
1 2m
L=35>" [akﬁk +(=1)F a’fMak}
k=0
1
=5 (a2 0™ + 07" M, | + R
where R is given by
1 2m—1
R=23" [Ma,ﬁk + (—l)ka’“Mak] .
k=0

Moreover by Remark 1.27, R is still symmetric. As in the previous paragraph R is

in fact an even order differential operator and its order is at most 2m — 2. Using
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Remark 10.1 with A = M, , B = 0", and V = C* (R), we learn that

5 [0 4 P M, ] = 0" Mo, 07 4 2 (07, (07, Mo, ]

2 a2m

= 0" M,,, 0™ + [diff. operator of order at most 2m — 2].
Combining the last three displayed equations together shows
L =0"ay,0" + S

where S = L — 0™ay,,0™ is a symmetric (by Remark 1.27) even order differential

operator or at most 2m — 2. It now follows by the induction hypothesis that

m—1 m
S=> (-1)'0M,0 = L=> (-1)'9'M,0
=0 =0

where b, := (=1)" ag,. ®
Our next goal is to record the explicit relationship between {ak}izo in

Eq. (1.30) and {bx};-, in Eq. (10.1).

Convention 10.3. To simplify notation in what follows, for k, | € Z, let

(l> o k!(lllk)! fO< k<l

0 otherwise.

Lemma 10.4. If {a; }.", U {b}", € C= (R,R) and

D (=10 ()0 =D ax () 0", (10.4)

then

ay = f: (k l_ l) (—1)" &% F,. (10.5)
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Proof. By the product rule,

and therefore,

zm:( 1)1 alMlal _ zmzz (i) ( 1)1 (al—rb)au_r
-3 55 () v @ e o
S ere]e

Combining this result with Eq. (10.4) gives the identities in Eq. (10.5). =
Let us observe that the binomial coefficient of @; is zero unless 0 < k —1 <,

i.e. [ <k <2l. To emphasize this restriction, we may write Eq. (10.5) as

- l
ar =) licken (k B l) (—1) 0 *b. (10.6)
=0

Taking k£ = 2p in Eq. (10.6) and multiplying the result by (—1)" = (—1)""

leads to the following corollary.

Corollary 10.5. For 0 <p <m,

We will see in Theorem 10.7 below that the relations in Eq. (10.7) may be
used to uniquely write the {b;},", in terms of linear combinations for the {asx};-, .
In particular this shows if the operator L described in Eq. (1.30) is symmetric then
{bi} ", is completely determined by the a; with k even.
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1 The divergence form of L

Notation 10.6. Forr,s,n € Ny and 0 < r,s <m, let

B kl kg knfl S
Culri9) =2 (27" - kl) (%1 - k‘z) . <2kn2 - knl) (%nl - ‘9)

where the sum is overr < k; < kg < -+ < k,_1 < s. We also let

Kp(r,s) = - (=1)"Cp(r, s). (10.8)

1

3

n

In particular, C, (0,s) = C, (m,s) = K,, (0,s) = K, (m,s) =0 for all 0 < s <m.

Theorem 10.7. If Eq. (10.4) holds then

(—=1)" b, = ag + Z Ko (r,8)0% ™ ag, ¥ 0 < 7 < m. (10.9)

r<s<m

Proof. For z € R let b (z) and a (z) denote the column vectors in R™"!

defined by

b(z) = ((=1)°bo (), (1) by (x) ..., (=1)" by ()" and

a(z) = (ag (v),as (z),a4(z),..., a0, ()"

Further let U be the (m + 1) x (m + 1) matrix with entries {U, s }7,_, which are

linear constant coefficient differential operators given by

k
U =1, . 9>k=r)
e,

Notice that by definition, U, ; = 0 unless & > r and U = 0 for 0 < k& < m. Hence
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U is nilpotent and U™ = 0. Further observe that Eq. (10.7) may be written as

T k —r
w= 0t X (,,0, ) oot

r<k<m

=(=1)"b+ > U (1)

r<k<m

or equivalently stated a= (I + U)b. As U is nilpotent with U™ = 0, this last

equation may be solved for b using

m—1

b=(I+U)'a=a+)» (-U)a (10.10)
n=1
In components this equation reads,
m—1 m
() b =a,+ > ()" Ulas (10.11)
n=1 s=0

However, with the aid of Lemma 10.8 below and the definition of K, (r,s) in Eq.
(10.8) it follows that

m—1 m—1
(_1)71[];?5 = Z<_1)ncn(7", 8)82(5774) = Km<7n7 3)82(5*74)
n=1 n=1

which combined with Eq. (10.11) and the fact that K, (r,s) = 0 unless 0 < r <

s < m proves Eq. (10.9). =

Lemma 10.8. Let 1 <n <m and 0 <r,s <m, then U™ =0 and

Up, = Cp(r, s)0°¢77. (10.12)



Proof. By definition of matrix multiplication,

m

kl ) 2(k1— k2 —
ur. = 1, . 9*k=r)q A ka=k1)
r,s Z » <k1<2 (27" . kl k1 <ko<2k; 2k1 . kg

ki, kn—1=

kn _
. 1kn—1<kn§2kn—1 <2k . I )82(kn kn_l)lk’n:s

k Yk s
_ 1 j+1 2(s—r)
- 2 (27‘ - k‘l) Ll_[l (ij - ij)] <2k‘n—1 - S)a

r<ki<ko<--<kp_1<s

=C,(r, 5)0*7),
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Chapter 11

The structure of L"

In this chapter let us fix a 2m — order symmetric differential operator, L,
acting on C'*°(R) which can be written as in both of the equations (1.30) and (10.1)
where the coefficients, {a,};", and {b}", are all real valued smooth functions
on R. If n € N, L™ is a 2mn — order symmetric linear differential operator on
C* (R) and hence there exists {A;};"0 C C* (R, R) and (using Proposition 10.2)
{B};M € C= (R, R) such that

2mn mn
L"=> 40" => (-1)'0'Bd". (11.1)
k=0 =0

Our goal in this chapter is to compute the coefficients { Az }:"¢ in terms of
the coefficients {;},~, defining L as in Eq. (10.1). It turns out that it is useful
to compare L™ to the operators which is constructed by writing out L™ while
pretending that the coefficients {a; };, or {b;}/", are constant. This is explained

in the following notations.

Notation 11.1. For n € N and m € N, let A, :== {0,1,...,m} C Ny and for
J=01, . jn) €A et |jl =1+ Jo+ -+ gn- If k=(k1,..., kn) € A}, is another

multi-index, we write k <j to mean k; < j; for 1 < i < n. [We will use this

136
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notation when m = 0o as well in which case Ao = Ny.|

Notation 11.2. Givenn € N, and L as in Eq. (10.1), let {B,},", be C* (R,R) -
functions defined by

Byi= Y ljebj, ...b;, (11.2)

JEAR,

and ££3n) be the differential operator given by

£y =3 (1) o'Bo. (11.3)
/=0

It will also be convenient later to set By, = 0 when k is an odd integer.

Example 11.3. If m =1 and n = 2, then

L= —E)blf) + b() and
L2 = 861821718 - ablabo - boabla + bg

To put L? into divergence form we repeatedly use the product rule, 0V = Vo + V.
Thus

861(%0 + b08b18 - 8b1b08 + 6b1b6 —|— 8b0b10 — bloblg
= 2(%11)05’ + (blb{))/

and

Ob10*b,0 = 97b,0b,0 — O, 0b,0
= 0%b16,0% + 9*b,b,0 — OBV, 0 — O b,0?
= 0%b16,0% + O (byb,)' 0 — b, b, 0.



Combining the last three displayed equations together shows

L2 = 9220 + 8 [—2biby + (b1 — (b’l)Q] 9+ b2 — (byb))’

= 0?670% + O [—2b1by + b1b}] O + b — (b1b})".
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(11.4)

Dropping all terms in Eq. (11.4) which contain a derivative of by or by shows

LE) = 921207 — 0 [2boby] 0 + b2,
Notation 11.4. For j € Nj and k € Ni, let

()~ 1)

where the binomial coefficients are as in Convention 10.3.

Lemma 11.5. If L is as in Eq. (10.1),
M, o LMy = 3 (~1)! (1) My (0 4 €)'
Proof. If f € C* (R), the product rule gives,
0, [ f (z)] = €7 (0: +14€) f (),

which is to say,

Me—ig(JaMeig(-) = (8 + Zf) .

Combining Eq. (11.7) with the fact that

M —ic() My, M ie) = My,

e

(11.5)

(11.6)

(11.7)
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allows us to conclude,

(=1)" M0 My, 0" M e

NE

Me_ig(‘) LMe”é() ==

~

0

(—1)l M —ie(y 0" M ey My, M ,—ie( 0" M ie(

[
NE

~

0

(=)' (0 4 &) My, (9 + €)' .

I
NE

N
Il
)

Notation 11.6. For q,1,j €A7,, let

. q\ (4
Cr (a,1,§) = (—1)19 <1> (J) L, =0 Lajq]—k=[1]+j|>0; (11.8)
and for k € Ay, let

Tii= Y CilaL) (8" My, 0) (8 My, |, 07) .. (0" My, 0") 1 (11.9)

q,LjeAn,

where 1 1s a function constantly equal to 1. We will often abuse notation and write

this last equation as,

Ti(x):= ) Cula,Lj) (9by, (2)0F) ... (920,00) 0y ().

q,LjeAT,

Proposition 11.7 (4, = Ay ({bi}2,)). If L is giwen as in Eq. (10.1), then
coefficients {Ak}izg of L™ in Eq. (11.1) are given by

A = reany - (=12 Byjo + T, (11.10)

where By and Ty, are as in Notations 11.2 and 11.6 respectively. Moreover, if we
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further assume {b;},", are polynomial functions such that
deg (b)) < max {deg (by),0} for1 <l <m, (11.11)
then {B})" and {T. )i are polynomials such that

deg (Ty) < max {ndeg (by),0} = max {deg (By),0} for 0 <k < 2mn.

Proof. First observe that if L™ is described as in Eq. (11.1), then

2mn

Z Ay () (Zf)k =0, (2,6) = &°L" (eigx)

where 0, := o is a symbol of L™ defined in Eq. (1.31) and L? is a differential
operator with respect to z. To compute the right side of this equation, take the n'®

— power of Eq. (11.6) to learn

M, ie(y L" M i) = (M—ie() LM ie())"

— Z (0 +14i&)™ (=1)™ My, (0+i&)™ ... (9 +14i&)™ (—1)" M,, (9 +i&)™
qlyeees qn=0

= > (DY@ +i)™ My, (9+1i&)™ ... (0+i&)™ M, (0+i&)™.
qeA,,

Applying this result to the constant function 1 then shows

0 (2,8) = e "L (") = My-ieo L} Myicz 1
= > (D)Y@ +i&)" My, (0+1i€)™ ... (0 +i)™ My, (9 +i6)" 1.

q€A,,

Making repeatedly used of the binomial formula to expand out all the terms
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(0 + i€)? appearing above then gives,

2mn

DA (#) ()" = 00 (2.6)

= 3 (- (‘;‘) (‘?) (i&)2 =M= glp, () . Db, () 9001,

q,LjeA,, J

Looking the coefficient of (i€)" on the right side of this expression shows,

qvlvjeAm J

> ()G

q,ljeA,,

A (@)= ) <(11> ((-1> (=)' Lojq kDb, () O .. Olibg, () D1
> (= 1)1, o Lajqp - =k @l by, () O . DL by, ()

= > Lojgei (1) by, (). by, (2)

q€A,,

q\ (a | 1
+ > (1> (J) (=)' 1, —0Lajq k=t 51008 by, () DT ... Dby, ()

q)lzjeAm

which completes the proof of Eq. (11.10). The remaining assertions now easily
follow from the formulas for {B,};" and {T}}."" in Notations 11.2 and 11.6 and
the assumption in Eq. (11.11). =

As we can see from Example 11.3, computing the coefficients {B,},”;, in Eq.
(11.1) can be tedious in terms of the coefficients {b;},", defining L as in Eq. (10.1).

Although we do not need the explicit formula for the { B}, , we will need some

general properties of these coefficients which we develop below.

Proposition 11.8. Given B, = B, ({bi},~,) of L" in Eq. (11.1). There are

constants C (n,0,k,p) forn € Ny, 0 < ¢ <mn, ke A" and p €Ay = such that;

1. C(n,0,k,p) =0 unless 0 < |p| = 2 |k| — 20 and
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2. if L= (=1)' 000" then L™ = 37" (—1)" 0 Bed, where
B, =B, + R, (11.12)
with By as in Eq. (11.2) and Ry is defined by

Ry= > C(nLkp)(0"b,)(0"b,)...(0"b,). (11.13)

[Notice that 2 |k| — 2¢ < 2mn — 20 and so if { = mn, we must have |p| =
2|k| —20=0 and so C (n,0,k,p) = 0. This shows that R, = 0 which can

easily be verified independently if the reader so desires./

Proof. By Theorem 10.7, we know that L" = S0 (—1)" 8’ B,d" where

(1) Br=Ay+ Y Kun(l,5)0* DA, V0 < € < mn (11.14)

{<s<mn

and {A;}2"" are the coefficients in Eq. (11.1). Using the formula for the {A;}

from Proposition 11.7 in Eq. (11.14) implies,

() Br=(-1)'Bi+To+ Y Kun(l,5)* O [(=1)° By + Ty .

{<s<mn

ie. Bg = Bg + Rg where

Ro=(-1)"Tou+ Y (=1) Kpu(l,s)0*[(=1)° By + To] .

{<s<mn

It now only remains to see that this remainder term may be written as in Eq.

(11.13).
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Recall from Eq. (11.2) that By :=>_ Lijl=sbj, - - . bj, and so

JEAT,

OPIB = > 1= by, by,

JeAR,

For s > £, 9*¢=9 [b; ...b; ] is a linear combination of terms of the form,
(07b;,) (97by,) ... (87"b;,)

where 0 < |p| = 2(s — ¢) = 2|j| — 2¢ as desired. Similarly, from Eq. (11.9), T5; is a

linear combination of monomials of the form,
O M,, 0" .. 0" M,, 0”20"b,, with 2|q| —2s = [1] +[j| > 0 and j; = 0.
It then follows that
O* =09 My, 0 .0 My, 070" by,
is a linear combination of monomials of the form,
(0Pby,) (0P2by,) - .. (0""by,,)
where
O<|p|=2(s=0O)+ 1|+ ]jl=2(s—¥)+2|q| — 25 =2]|q|] — 2¢.

Putting all of these comments together completes the proof. m



Chapter 12

The Essential Self Adjointness
Proof

This chapter is devoted to the proof of Theorem 1.30. Lemma 12.1 records
a simple sufficient condition for showing a symmetric operator on a Hilbert space
is in fact essentially self-adjoint. For the remainder of Part II, we assume that the
coeflicients, {ak}zzo, of L in Eq. (1.30) are all in R [z] and we now restrict L to S
as described in Notation 1.29. The operators, L™, are then defined for all n € N
and we still have D (L") = S, see Remark 1.28.

Lemma 12.1 (Self-Adjointness Criteria). Let L : K — K be a densely defined
symmetric operator on a Hilbert space K and let S = D (L) be the domain of L.
Assume there exists linear operators T, : S — S and bounded operators R, : K — K

for p € R such that,

1. L+ip)Tyu= I+ R,)u for allu e S, and
2. there exists M > 0 such that [|R,|,, <1 for |u| > M.

Under these assumptions, L|s is essentially self-adjoint.
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Proof. |R,|,, <1 for |u[ > M is assumed in condition 2 which implies
I + R, is invertible. Therefore, if f € K, then g := (I + RH)_1 f € K satisfies
(I+R,)g = f. We may then choose {g,} -, C S such that g, — g in K. Let
sp = 1,9, € S. We have, by condition 1, that

(L +ip) sn — fll = (I + Ru)gn — £
<|[|({ + Ry) (9. — 9) ||

<L+ Rull,, 1192 — gl| = 0 as n — oo.

We have thus verified that Ran(LL + iu)|s is dense in K for all |u| > M from which
it follows that L|g is essentially self-adjoint, see for example the corollary on p.257

in Reed and Simon [32]. m

Notation 12.2. Let {B, (x)}," be the coefficients defined in Eq. (11.2) and define

ZBe )&% (12.1)

From Egs. (11.10) and (1.31) the symbol, o, (z,§) := opn (,£), of L"

presented as in Eq. (11.1) may be written as

o (@,6) = Y [Be(@) + (-1)' T }s”—zz ) T ()€ (122)
:E(m,f)—i-Z[( )Tzé ]5%—@2 T2£1 z) &7, (12.3)

where the coefficients {T},}:"( are as in Eq. (11.9). More importantly, for our

purposes,
mn

Reo, (2,6) = S(2,6) + [(—1)5 Ty (x)} ¢, (12.4)

£=0

The following lemma will be useful in estimating all of these functions of (z,¢) .
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Lemma 12.3. Let 0 < ky < kg < 00 and p(x), q(x) and r(z) be real polynomials

such that degp < degq, q > 0, and r is bounded from below.

1. If deg (p) < deg(r) or p is a constant function, then, for any ki < ko and

A > 0, there exists ¢y such that
p @€ <A (a(@) g +7 (@) +on (12.5)

2. If deg (p) < deg(r), then for any ki < ky and X\ > 0, there ezists constants
cx and dy such that

|p (2) €] < A (2) [€]™* + ear (x) + d. (12.6)

Proof. Since degp < deggand ¢ > 0,degq € 2Ny and K := sup,cg |p (z)| /¢ (z) <
00, i.e. p(z) < Kq(x). One also has for every 7 > 0, there exists 0 < a, < oo such

that |¢M] < 7€ "2 + a,. Combining these estimates shows,

[p (2) €] < 7 [p (@) €] + ar |p ()] (12.7)

< 7Kg () [¢[* +ar p (2)]. (12.8)

If degp < degr, for every 6 > 0 there exists 0 < bs < oo such that

Ip (z)] < 0r (x) + bs which combined with Eq. (12.8) implies
|p () €] < 7K q (@) [€]" + ar (6r (x) + bs)

and Eq. (12.5) follows by choosing 7 = A/K and then 6 = \/a, so that ¢y = a,bs.
If deg p < degr, then there exists C, Cy < oo such that |p (z)| < Cyr (z)+Cy
which combined with Eq. (12.8) with 7 = A/K shows

[p () €] < Aq (2) €] + anic (Cur (2) + Cy)
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from which Eq. (12.6) follows. =
With the use of Lemma 12.3, the following Lemma helps us to estimate
the growth of T} (x) (see Notation 11.6) and its derivatives of L™ in Eq. (11.1) for

0<k<2mn

Lemma 12.4. Suppose that {b}", are polynomials satisfying the assumptions
in Theorem 1.30. Then for each 0 < k < 2mn, f € Ny, and § > 0, there exists
C=C(k,B,0) < oo such that

(1 + yg|k) (1 + mﬂ) 08T}, (2)] < 0% (2,€) + C (k. B,5). (12.9)

Proof. If degby, < 0, then by condition 2 in Theorem 1.30 it follows that
{bi}", are all constants in which case T}, = 0 and the Lemma is trivial. So for the
rest of the proof we assume deg by > 0.

According to Eq. (11.9), T, may be expressed as a linear combination of
terms of the form, (0P'b;,)...(0P"b;,), where j and p are multi-indices such that
2|j| — k= |p| > 0. If j and p are multi-indices such that 2 |j| — k = |p| > 0 and

(OPb;,) ... (OP"b;,) # 0, then bj, ...b;, is strictly positive and

deg (bj, ...b;,) > deg[(0"*by,) ... (0""b;,)] + |p| > O.

Given the term, bj, ...b;,, appears in Bj;, we conclude that By is strictly positive
and

deg ((8p1bj1) . (8pnbjn)) < deg (bjl R bjn) < deg (Bm) .

Moreover from condition 2 in Theorem 1.30, degb; < deg by for all j and therefore

we also have

deg ((07'bj,) ... (0""b;,)) < deg (b, ...b;,) < deg (bf) = deg By.
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Moreover, for any r, 8 € Ny with » < 3 we still have

deg {a 03 [(07by,) ... (70;,)]} < deg ((97by,) .. (7b;,)
< min {deg (B\jl) ,deg (Bo)} )

Hence by substituting
p(x) =a"9; [(9"'by,) ... (9°b;,)], ¢ (2) = By (x) and r (z) = By (v)
in Lemma 12.3, for every A > 0 there exists C < oo such that

2702 (07 by,) . .. (077b;,)] €F] < X By () € + By (2)] + C

and similarly,
2702 [(0"'D),) ... (87"b;,)]| < AS (w,€) + Ch.

These last two equations with » = 0 and r = 8 combine to show, for all A\ > 0,

there exists C'y < oo such that
(1 16F) (14 12l) (02 1@™b3) . (07°03,)]| S 4T (2,€) + C).

By using this result in Eq. (11.9), one then sees there is a constant K < oo such
that
(1+16") (1 + 11”) |05 ()] < KA (2,€) + KCy,

Equation (12.9) now follows by replacing A by §/K in the above equation. =
The following Lemma is to study the growth of By (x) (see Notation 11.2)

and its derivatives of L™ in Eq. (11.1) for 0 <1 < mn

Lemma 12.5. Again suppose that {b;}", are polynomials satisfying the assump-
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tions in Theorem 1.30. For all ¢ € A,,,, and € Ny, there exists C' < oo such
that

028, (z)| (|5|2’Z + 1) (|g;|/3 + 1) <O%(2,6) + C. (12.10)

Moreover, if we assume by is not the zero polynomaial, then we may drop the second

C in Eq. (12.10), i.e. there exists C' < oo such that
1028, ()] (|g|” + 1) (W + 1) <O (2,6). (12.11)

Proof. Case 1. If by = 0 then by the assumption 2 of Theorem 1.30 each
b; is a constant for 1 <[ < m and therefore 8585 (x) =0 for all 5 >0, i.e. By are
constant for all £. Moreover, if 5 = 0, from the definition of ¥ (x,¢) in Eq. (12.1) it
follows that B,£2 < X (z,€) and hence

B, (@)] (67 +1) = B (€ +1) < (w,€) + B

and so Eq. (12.10) holds with C' = max;</<y, max (1, By) .
Case 2. If by # 0, let us assume By is not the zero polynomial for otherwise
there is nothing to prove. Since #°9°B, (x) and 9B, (x) both have degree no more

than deg By and B, > 0, we may conclude there exists C' < oo such that
(1 + |x|ﬂ) 08B, (x)| = |0°B, ()| + |+°0°B, (z)| < CB, (x) . (12.12)
Multiplying this equation by &% then shows,
(1+ 1e1”) 02Bs ()] € < OB, (2) € < O (3,€) (12.13)
while deg (By) < deg (By) and By > 0 , then there exists C; < oo such that

Bg (%) S 0180 (ZL‘) S CIE (ZL’, 5)
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which combined with Eq. (12.12) shows
(1 + |x|ﬂ) 028, (z)| < C15 (2, €).
This estimate along with Eq. (12.13) then completes the proof of Eq. (12.10) with

no second C. m

Notation 12.6. For any non-negative real-valued functions f and g on some
domain U, we write f < g to mean there exists C > 0 such that f (y) < Cgq(y) for
ally e U.

The following result is an immediate corollary of Proposition 11.7 and

Lemmas 12.4 and 12.5.

Corollary 12.7. Suppose that {b},~, are polynomials satisfying the assumptions
in Theorem 1.30. If {Ak}zzg are the coefficients of L™ as in Eq. (11.1), then for
all B € Ny and 0 < k < 2mn,

168 Ay ()] (1 + |g|’“) (1 + |x|ﬁ) <3 (a6 + 1. (12.14)

The next lemma is a direct consequence of Lemmas 12.4.

Lemma 12.8. Let L be the operator in Eq. (1.34), where we now assume that
{bi} ", are polynomials satisfying the assumptions of Theorem 1.30. Then there
exists ¢ > 0 such that the following hold:

mn 2mn

Z | T (z) €| < Z | T (x) £*| < %(E (z,8)+¢), and (12.15)
=0 k=0

3 1 1 1

52 (x,8) + ¢ > Reo, (x,8) > 52 (x,&) — ¢ (12.16)



Alternatively, adding c to both sides of Eq. (12.16) shows

DN o

(22,6 +¢) > Reornse (1,6) 2 £ (S(2.6) +0).
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(12.17)

A key point is that Reo, (x,§) := Reopn (x,€) (see Notation 12.2) is bounded from

below.

Notation 12.9. For the rest of this chapter, we fix a ¢ > 0 as in Lemma 12.8 and
then define L := L™ + ¢ where D (L) = S and {b;}", in Eq. (1.34) satisfies the

assumptions in Theorem 1.30. According to the definition of symbol in Eq. (1.51),

oL (.23, 5) = 0Ln4e (CE, g) = 0Op (ZE, 6) +c
Because of our choice of ¢ > 0 we know that
K= (ingf) Reoyp (z,€) > 0.

Corollary 12.10. For all I,k € Ny,

|0c05on (2, &) (1 + €)' (1 + |2])" S 2 (x,€) +1

or equivalently,
ooy (x,€)
Re OL (iL‘, 5)

< L
1+ &) (14 |=z|)

if Eq. (12.17) is applied.

Proof. We have

2mn

ko, (5,6) = S (i) 0k A, (2) €7

(=0

j=l

(12.18)

(12.19)

(12.20)
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and therefore,

000 (2, €)] (L +1€)) (1 + |z))"

<> L5 104 @)l 16D 1+ Lol
j=l '

<D |k @) (14 16l ) (1t 1al)

SE(z,6) + 1L

The last step is asserted by Corollary 12.7. Equation (12.20) follows directly from
Egs. (12.17) and (12.19). m

By the Fourier inversion formula, if ) € S, then
v = [ DEee, (12.21)
R
where 12 is the Fourier transform of ¢ defined by
i 1 —iyé
V(&) =5 [ e e(y)dy. (12.22)
T JR
Recall that, with these normalizations, that
]| = v2r H@ZJH Ve L2(R). (12.23)

Letting u € R and then applying L + iu to Eq. (12.21) gives the following
pseudo-differential operator representation of (IL + i) v,

—_—

(L + i) (2) = / o, (2, €) + i) G ) de. (12.24)

R
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Let k be as in Eq. (12.18), it follows that for any u € R,
low, (z,€) +iu| > |Reoy, (x,8)] > k>0

for all (z,€) € R% Therefore, the following integrand in Eq. (12.25) is integrable

for v € § and we may define

1 €
(Tu) () = /R e R OLS (12.25)

Furthermore, we will show that 7), actually preserves S later in this chapter (see

Proposition 12.15).

Notation 12.11. If {gy (a:)}izo is a collection of smooth functions and

q(z,0) =Y ql(x)6", (12.26)

then q (x,0) is defined to be the " — order differential operator given by

J
q(,0):= q(z)}. (12.27)
k=0
Similarly, for & € R, we let
1 J 1 k
q (:c 70+ 5) = ;Qk (z) (;835 - 5) : (12.28)

For the proofs below, recall from Eq. (11.7) that

q (&B) Meigm = Meig»zq (&E + Zf) . (12.29)

whenever ¢ () is a polynomial in 6.
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Lemma 12.12. Let q(z,0) be as in Eq. (12.26) where the coefficients {qy (x)}i_,

are now assumed to be polynomaials in x. Further let

(Su) (z) == /R T (2,€) e"a(€)de ¥ u € S, (12.30)

where T (z,£) is a smooth function such that T (z,£) and all of its derivatives in

both x and & have at most polynomial growth in & for any fived x. Then

(¢ (2,0,) Su) (z) = / €0 (0, 0, + i€) [T (2,€) @ (€)] €, (12.31)
where
(285,8 +Z£ qu 285 (8 —|—ZM§) . (1232)

Proof. Using Eq. (12.29) we find,
(¢ (x,0) Su) () = /Rm,ax) [T (2, &) @ (&) €] d¢
=3 [0k M g0 as
k=0 R
ZEJA%@é“@ﬁ%fW@QWM%
= Z / (a1 (—i0¢) €] (0, + i)™ [T (w,€) 0 (€)] d€
—Z / o (i0¢) (9, + i€)* [T (2, €) 0 (€)) de
_ / €7q (i, 0, +i€) [T (x, €) @ (€)] de.

We have used the assumptions on I' to show; (1) that 0, commutes with the integral

giving the first equality above, and (2) that

£ (0, +i) [T (z,9)a(f)) €S
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which is used to justify the integration by parts used in the second to last equality.

Lemma 12.13. Suppose that f € C™ (R7,(0,00)), then for every multi-index,
a=(o,...,05) € N% with o« # 0 there exists a polynomial function, P,, with no

constant term such that

A (CANN)

where 0% := 07" . .. 6’;"] Moreover, P, ({ﬂff 0<p < a}) is a linear combination
@) , .

of monomials of the form Hle % where B € N for 1 <i <k and1 <k <|a

such that ¢, B9 = a, and 89 # 0 for all i.

Proof. The proof is a straight forward induction argument which will be

left to the reader. However, by way of example one easily shows,

81821 _ O fOof 010 f

1 _
fFrLr r  f

Corollary 12.14. Let p € R. If

1

B AR

(12.33)

then

1 1
<1 (12.34)

Il (2,6)] < Reor (2.6 N b (z) €2mn + b7 (z) +¢

and for any o, B € No with o + 8 > 0, there ewists a constant co g > 0 such that

RO (,€)| <P (@8] ca L+ 1N (A l) ™. (12.35)

Proof. The estimate in Eq. (12.34) is elementary from Eq.(12.17) in Lemma
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12.8 and will be left to the reader. From Lemma 12.13,

1 1
ou (2,6 +ip  on(z,€) +ip
=T (2,£) - Oup (,€)

02OLT (w,6) = 930; “Oa,p) (2, €)

where O(4,) (7, €) is a linear combination of the following functions,

ﬁ 0w O or (x,€)
j OL (l‘7 5) + ”L

=1

where 0 < kj < o, 0<[; < B, kj+1; >0, Y0 kj =a, 37,1, =f and
1 < J < a+ f. The estimate in Eq. (12.20) implies,

Loy op o (x,€) 0y O o (x,€)
1_[1 xf +ip Sjl;[l Reamxf)
J
s + 14 |z))™®
]Hl AL 1+||) SO+1E)7 (1 + )

which altogether gives the estimated in Eq. (12.35). =

Proposition 12.15 (7}, preserves S). If T, is as defined in Eq. (12.25), then
T,(S)CS forall peR.

Proof. Let I' be as in Eq. (12.33) so that 7T,, = S where S is as in Lemma

12.12. According Corollary 12.14, for all «, 8 € Ny, we know that 8§8§F (x,f)‘ <

Cly.p for some constants C, g and hence, from Lemma 12.12, if ¢ (2, 6) is as in Eq.

(12.26), then

g (2, 00) Ty (2)] < / g (i0e, 0, +i€) [T (2,€) @ (€)]| €. (12.36)

The integrand in Eq. (12.36) may be bounded by a finite linear combination of
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terms of the form

0T (a:,f)‘ |gioka

(€) < |¢7 0

(&)

Since u € S,

& 82’&‘ (€) is integrable and therefore we may conclude that

Sup (¢ (z,0,) Tyu) (z)| < oo.

As ¢ (z,0) was an arbitrary polynomial in (z,#) we conclude that T,u € S. m

We assume I is as in Eq. (12.33) for the remainder of Part II.

Lemma 12.16. For allp € R andu € S,
L+ ip] Tyu = [T + R,]u (12.37)

where

(Ruu) (x) = / Py (2,€) A(E) S E, (12.38)

pu (2,6) = ({aL (x L, +§) . (m)} mx—;ﬂ) S (239)

and oy, (z, 20, + €) is as in Eq. (12.28).

Proof. As oy, (z,¢) is a polynomial in the £ — variable with smooth coeffi-

cients in the x — variable, there is no problem justifying the identity,

(Lt il T () = [ Loin] (D€ e=) a(ds,  (12:40)

where the subscript = on L indicates that L acts on = — variable only. Using
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L = oy (z,10,) along with Eq. (12.29) shows,

Lo + i) (T (2, €) )

| |
Q
e

1 /_\
8

I
m&
5
any
S
8

) + m] T (z,€)
" zs) —on (5,€) + (o0 (5,8) i) | T (2,6)

2

= e | gy

— @€

Q
=

/‘\/;\/‘\ Rl

8

&Qv
S = S = S = NS
+

~.

=
M L
—~

m&

8

ayY

=

—~

K

’Aa)

S~—

SN—

Lo, + g) o m@} I (0,6) + o

which combined with Eq. (12.40) gives Eq. (12.37). =

Lemma 12.17. p, (z,§) in Eq. (12.39) can be explicitly written as
2mn  k
> (Hawagaree. (12.41
k=1 j=1

where A (x) and ' (z,€) as in Eq. (11.1) and Eq. (12.33) respectively. Moreover,

there exists C' < oo independent of pu so that

1 1
L+ ]z 1+¢]

o (2, 6)] < C (12.42)

Proof. Using Eq. (1.35) and the formula of o, in Notation 12.9, we may
write Eq. (12.39) more explicitly as,

2mn

1,6) = ZAk (2) (0, + i) = ()" T (2,6)

—sz() (i€)"7 0T (2, €) .

k=1 j5=1

Therefore, using the estimate in Eq. (12.35) of Corollary 12.14 with 5 = 0 and
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a = 7, we learn

2mn k l{? B '
o (2, )] < ZZ()!Ak ()] €7 |IT (=, €)]

k=1 j=1 J

A
=~

>3 ()i o i

— 1+ Ix|
‘7_

Moreover, for any 1 < 5 < k,

, » .
A (@)] €7 [T (2,6)) € 22T b )
1l
I X(x8+1
S T 7 Reo (@8]
<t 1
Y14 0ef Y1+

wherein we have used the estimates in Eq. (12.14) with 8 = 0 in the first step, and
the left inequality in Eq. (12.34) in the second step, and Eq. (12.17) in the third

step. =

We are now prepared to complete the proof of Theorem 1.30. The following

notation will be used in the proof.

Notation 12.18. If g : R? — C is a measurable function we let

1/2
19 (Ol p2ae) = (/ Ig(ﬂf,é)IQdi) and

1/2
19/, 2 oy = ( [ loor dxds) |

Proof of Theorem 1.30. The only thing left to show is that condition 2

in Lemma 12.1 is verified. Thus we have to estimate the operator norm of the error

term,

(Ruu) () = / Py (2,€) 76(€)dE.
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Using the Cauchy—Schwarz inequality and the isometry property (see Eq.
(12.23) of the Fourier transform it follows that

1
||RMUHL2(daz) < \/_2_71' ||p;LHL2(dcc®d§) : ||u||L2(dz)

where p, is the symbol of R, as defined in Eq. (12.39). Since, by Lemma 12.13
and Eq. (12.41), lim,_, 1+ p, (2,€) = 0 and, from Eq. (12.42), p, is dominated by

C(L+ |z L+ e € L? (dr @ df)

it follows that [|R,[[,, < \/%7 10ull L2 (drgaey — O as p — Foo and in particular,
R < 1 when is sufficiently large. Therefore, LL|s is essentially self-adjoint
H HHop ILL y g Y y .]

from Lemma 12.1 and hence L"|s = (L —¢)|s (¢ from Notation 12.9) is also

essentially self-adjoint. m



Chapter 13

The Divergence Form of 1" and

Ly

Suppose now that L in Eq. (10.1) with polynomial coefficients {;},~,
is a symmetric differential operator on §. In Chapter 11, we have expressed
the symmetric differential operators on &, L™, in the divergence form with the
polynomial coefficients { B} as in Eq. (11.1) for n € N. The goal of this chapter is
to derive some basic properties of the polynomial coefficients {B,} and generalize

coeflicients properties for a scaled version L} where L; is in Eq. (1.39).

Proposition 13.1. Suppose that {b;},~, are real polynomials. Let B, and R, are
in Eqs. (11.2) and (11.13) respectively.

1. If degb; < degb;_q for 1 <1 < m, then

deg (Ry) < deg B, — 2 and deg By = deg B, for 0 < { < mn.

2. If we only assume that degb; < degb;_1 + 2 for 1 <[ < m, then

deg Ry < degB, for0</{<mn.

161
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Proof. From Eq. (11.12), deg (B,) = deg B, follows automatically if
deg (Ry) < deg By — 2 (13.1)

holds. Therefore, the only thing to prove in the item 1 is Eq. (13.1). From
Proposition 11.8, Ry is a linear combination of (0P'by,) (0P?by,) . .. (0P"by, ) with
0 < |p| = 2 |k| — 2¢. For each index k, there exists j with j < k such that |j| = ¢

and for this j we have
deg ((074by, ) (072by,) . . . (8" by, Zdeg (be,) — |p|

< Zdeg (b:) — Ip|
i=1

< deg (By) —

wherein we have used |p| > 2 (|p| is positive even) and

deg (B maxde bi .. = max de
8 (Be) = max deg (b, mez & (b5)

Now suppose that we only assume deg (byy1) < deg (bg) + 2 (which then
implies deg (bgyr) < deg(by) + 2r for 0 < r < m — k). Working as above and
remember that 0 < |p| =2 |k| — 2¢ and |j| = ¢ we find

Zdeg(bki) —|p| < Z [deg (b;,) + 2 (k; — 5:)] — |p|
—Zdeg )+ 2 (k| = [il) - Ipl

= Zdeg ) < deg (By).
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1 Scaled Version of Divergence Form

We now take A > 0 and let Ly be defined as in Eq. (1.39) where the h —
dependent coefficients, {b;; ()},", , satisfy Assumption 1.34. To apply the previous

formula already developed (for i = 1) we need only make the replacements,
by () — by (\/ﬁx) for 0 < 1 < m. (13.2)

The result of this transformation on L" is recorded in the following lemma.

Notation 13.2. Let 1,...,x; be variables on R. We denote R [zy,...,z;] be a

collection of polynomials in x1,...,x; with real-valued coefficients.

Proposition 13.3. Let n € N, h > 0, and {b,; (z)},", C R[] and let Ly, be as in
Eq. (1.39) . Then L} is an operator on S and

Ly =" (=1) 0By (VA()) 9, (13.3)
=0
where!

B&h = Bg’h + Rg’h eR [:IZ‘] , (13.4)
By = Z Likj=bry w0k p - - - Ok s (13.5)

KeAn
Rop=Y C(n,t,k,p) AP (Db, 5) ... (07" b, ) - (13.6)

keAn,,

PEAZ,,

Proof. Making the replacements b; (x) — hlb, <\/ﬁx> in Egs. (11.2) and

1Below, we use C' (n,£,k,p) = 0 unless 0 < |p| = 2 |k| — 2/, i.e. |k| = ¢+ |p| /2.
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(11.13) shows
By (x) %j% Ugtee [P (V@) - by, (VR) | = 0Ben (VAe)  (13.7)
and

Ry (z) — Z C (n. 0,k p) (~1) AM+E (0" bk, 1) - - - (0P, )] (ﬁx)

keAT, , peA],,

= Y G tkp) (DM P07 ) (07 b, )] (V)

keAT, ,peEAT,,

Sl 0] (1)

keAn, . pEAD

2m

— W'Ry,, (\/ﬁx) . (13.8)
Therefore it follows that
By (%) =B, (l‘) + Ry (%) — it [Bz»h + Rz}h] (\/7_1%) = heBg,h (\/7_%‘)

where L7 is then given as in Eq. (13.3). =

Notation 13.4. Let

L =57 (—h) 9By <\/ﬁ(-)) o', and (13.9)
R e (—h)' 8" Ry, (Vﬁ(-)) o', (13.10)

as operators on S. Then L} can also be written as

Lr=L"+R™ onS. (13.11)



Chapter 14

Operator Comparison

The main purpose of this chapter is to prove Theorem 1.37. First off, since
the inequality symbol <g appears very often in this chapter which is defined in
Notation 1.10, let us recall its definition. If A and B are symmetric operators on S

(see Definition 1.9), then we say A <s B if

<A¢7¢> jS <B¢7¢> for all ¢ € S

where (-, ) is the usual L? (m) — inner product as in Eq. (1.4).

Lemma 14.1. Let {ce}é‘ial C R be given constants. Then for any 6 > 0, there

exists Cs < oo such that

M—

[ay

co (—hd?)" =5 8 (—h*)" + CsI ¥ h > 0. (14.1)

=

Proof. By conjugating Eq. (14.1) by the Fourier transform in Eq.(12.22)
(so that 10 — &) and using Eq.(12.23), we may reduce Eq. (14.1) to the easily

165
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verified statement; for all 6 > 0, there exists C's < oo such that

M—1
Z cow’ < su™ + C5 ¥V w > 0. (14.2)

=0
Here, w is shorthand for h&%. =

Lemma 14.2. Let I C R be a compact interval. Suppose {py. (*)} -2 and {qi. (*)} 2y C
C (I,R) where m, € 2Ny and m, € Ny such that

P ) =S pe ()t andq(r.y) =3 ()

and 0 := minyes pp, (y) > 0. If we further assume m, > mq then for any e > 0,

there exists C. > 0 such that we have
lg (z,9)| <ep(x,y) + Ce for ally € I and x € R. (14.3)
If m, = my there exists D and E > 0 such that we have
lg (z,y)| < Dp(z,y)+ E forally € I and x € R. (14.4)

Proof. Let M be an upper bound for |p; (y)| and |g (y)| for all y € I,

0 <k <my,and 0 <1 <my,. Then for any D > 0 we have,

g (x,y)| — Dp (z,y) < pp (v) (14.5)
where )
pp (x) =M Y |z[* = Dé |z[™ + DM Y |z|".
k=0 k=0
If m, > m, we see lim, 4 pp (r) = —oo for all D = ¢ > 0 and hence C; :=

max,ep P: () < 0o which combined with Eq. (14.5) proves Eq. (14.3). If m, = m,



167

and D is chosen so that D§ > M, we again will have lim,_,+., pp (z) = —o0 and

so F := max,ecg pp () < oo which combined with Eq. (14.5) proves Eq. (14.4). m

Lemma 14.3. Suppose that {b,x(-)},", and n > 0 satisfy Assumption 1.34 and
Cb,, > 0 is the constant in Eq. (1.41). Let n € N and {By}," and {Bys},”, be
the polynomials defined in Eqs. (13.4) and (13.5) respectively. Then {By},", and

{Bon},"y satisfy items 1 and 3 of Assumption 1.84 and in particular,
an,h = an,h = b?n,h > (Cbm)n . (146)

Moreover, if Ry, is the polynomial in Eq. (13.6), then for any € > 0 there exists
C. > 0 such that

|Rop ()] < eBpp(z)+C.VreR 0<h<n & 0<0<mn. (14.7)
Proof. From Eq. (13.5)

Bin = Z Likj=ebry mbrop - - - ko
KkeA?,
from which it easily follows that B, is a real polynomial with real valued coefficients
depending continuously on A. Thus we have verified that the {B}, satisfy item
1. of Assumption 1.34.

The highest order coefficient of the polynomial B, is a linear combination
of n-fold products among the highest order coefficients of {b,,(x)},", and hence is
still bounded from below by a positive constant independent of i € (0,7). This
observation along with the estimate, B, = b"mh > ¢, shows {BM}ZZB also
satisfies item 3 of Assumption 1.34.

Applying Proposition 13.1 with b (z) — Al (\/7113) , it follows (making
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use of Eqgs. (13.7) and (13.8)) that
deg Ry < deg By —2for 0 </ <mnand0<h<n. (14.8)

Since the leading order coefficient of By is a continuous function of A
which satisfies condition 3 of Assumption 1.34, we may conclude that the degree
estimate above also holds at h = 0 and A~ = 7. We now apply Lemma 14.2
with p(z,h) = By (x) (note By satisfies items 1 and 3 of Assumption 1.34),
q(x,h) = Ryp(x), and I = [0,n] to conclude Eq. (14.7) holds.

Finally, let 0 < h < n be fixed. We learn By, = By + Ry, from Eq.(13.4). It
is clear that {By},", satisfies the item 1 of Assumption 1.34. From Eq. (14.8), the
highest order coefficient of B, and By, are the same and Proposition 11.8 shows
that R,,,, = 0 which implies By, = Bpnp- Therefore { By}, also satisfies the

item 3 of Assumption 1.34. =

1 Estimating the quadratic form associated to L}

Theorem 14.4. Supposed {b, (x)} and n > 0 satisfies Assumption 1.34 and let
Ly and ﬁ%") be the operators in Eqs. (1.39) and (13.9) respectively. Then for any

n € N, there exists C,, < 0o so that for all 0 < h <n and c > Cy;

3 ( an Lr.m
§<E%)+C) isL§+CEs§<E%)+C)

and both Eén) + c and L} + ¢ are positive operators.

Proof. Let 1) € S and 0 < A < n. From Egs. (13.10) and (13.11) we can

conclude

nm—1

((2r = £) w0l = [(REPw, )| < 300 [(Ren (VR () 00,00

=0
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From Eq. (14.7) in Lemma 14.3 by taking ¢ = 1 and C, = C we have

1
|Ren (2)] < §Be,h () +C (14.9)

1
2

for all 0 < ¢ <mn —1and h € (0,n). With the use of Eq.(14.9), we learn

2

< N < (1% (Jﬁ (~>) + cg) 9"y, 8%>

<(—h)£6%’g,h (Vﬁ(-)) 8%,w> +Cy <nmzl (—h)" 9%, ¢> . (14.10)

=0

By Eq. (14.6) in Lemma 14.3, we have
an’h == b%,ﬁ Z Cgm > 0

So making use of Lemma 14.1 by taking = ¢ /2 and ¢, = C%, there exists

Cs < oo such that for all 0 < A <npand ¥ € S,

Cy <§j (~h)’ 8%,¢>

=0

< S R (B (VR() 070, 0™0) + 5y (1,0

< (=h)"™ (80", ) + S (), )
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By combining Eqgs. (14.10) and (14.1), we get,

(gi 0%mb@o)y+emmwmam4Vawam>ww>
(=

Cs (¥, 9)
(ﬁ,%”) + 05) ¢,¢>. (14.11)

It is easy to conclude that

(£ +Cs)w,0) > 0

As a result, for all ¢ > Cs, 0 < h < n, by Eq. (14.11), we get
[z o) = (2 o)) wod] = (25— £2) w0 < S0(£07 +¢) w.0)

and the desired result follows. =

2 Proof of the operator comparison Theorem 1.37

The purpose of this section is to prove Theorem 1.37. We begin with a

preparatory lemma whose proof requires the following notation.

Notation 14.5. For any divergence form differential operator L on S described
as in Eq. (10.1) we may decompose L into its top order and lower order pieces,
L = L' + L=< where

m—1

L' = (=1)" 0™ M,,, 0™ and L= := Y (1) 0'M,,0". (14.12)
=0
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Lemma 14.6. Let {By (1:)}?10 be polynomial functions depending continuously

on h which satisfies the conditions 1 and 3 of Assumption 1.3/ and so in particular,

cp,, = inf {BM,h<\/ﬁx> cx€Rand 0 < h < 77} > 0. (14.13)
i M M
Kp=Y (=h)'0* and Ly =Y (~h)" "My, (Vi)
=0 =0

are operators on S then for all v > %, there exists C, < oo such that
M
Kﬁ js 7£h + C,y] (1414)

Proof. Using the conditions 1 and 3 of Assumption 1.34 on {B, (x)}?io

where by, is replaced by By, we may choose £ > 0 such that for all 0 < ¢ < M,
co = inf {Boy(Viw) + Eio € Rand 0 < h<n} >0
and therefore,
(=1)" O My, ()@ + B (=) 0% = (=) "My, /iy)p 0 Z 0V €
and in particular £; + EK;~ =5 0 which in turn implies
LiP <5 L + L7+ EKS = L, + EK;.
Using this observation and Eq. (14.13) we find,
Ki? = (=)™ 9*M < iﬁg"p =s Ci (L + EK;). (14.15)

CBu B

By Lemma 14.1 and Eq. (14.15), for any ¢ > 0, there exists C5 < oo such
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that for all A > 0,

1
Kh< =<s (5K7§Op + CsI <50
CBu

(Ln+ EK;S) + Csl. (14.16)

Given ¢ > 0 small we may use the previous equation with § > 0 chosen so that

e > %ME to learn there exists C. < oo such that
By
K& =sely+C'1. (14.17)
Combining this inequality with Eq. (14.15) then shows,

Ky = K"+ K; <s

. (,Ch—i-E(&En-i—CéI)) +€£;‘L+Céf.
B

Thus choosing ¢ > 0 sufficiently small in this inequality allows us to conclude for
every vy > $ there exists C., < oo such that Eq. (14.14) holds. m

We are now ready to give the proof of Theorem 1.37.

Proof of Theorem 1.37. Recall n := min {T]Z,T]L} defined in Theorem
1.37. By the assumption in Eq. (1.44) of Theorem 1.37,

‘Blﬁ(x)‘ <cp(bpp(z)+c) YO<I<mjand 0 <h<n.

Moreover, using items 1 and 3 of Assumption 1.34, by increasing the size of ¢y if
necessary, we may further assume that b, () +co >0 forall z € R, 0 <1 < my,
and 0 < h < n. With out loss of generality, we may define Elﬁ (-)=0foralll >mj

and hence BM (1) = 0 for all £ > mjn. It then follows that there exists Fy, Fy < 0o
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such that for 0 < ¢ < mpn,

Be,h < ‘Bé,h‘ < Z Likj=¢ ‘Z;kl,h - i)kn,h

keAn, .
L
< Z 1Ik\=fc711(bk1,n +ca) ... (bg,n + 2)
keAn,
keAglL
= E\ By + By,

(14.18)

wherein we have used Eq.(14.4) in Lemma 14.2 for the last inequality by taking

p (QZ, h) = B&h = Z 1|k|:€(bk1,h e bkn,h) and

kEAT,

q (IL‘, h) = Z 1|k\:ec?(bk1,h + Cg) ... (bkn,h + 02),
keAy,,

where (by Lemma 14.3) By, is an even degree polynomial with a positive leading

order coefficient. Hence if we let ﬁén) and Eén) be as in Eq. (13.9), i.e.

L = ZL (—h) 0By (\/ﬁ(-)) 8’ and L = %L (—h) 0By (\/FL(.)> o,

then it follows directly from Eq.(14.18) that

nmr,

£ <5 BALy) + By where Ky = Y (~h)" 0%

=0

Because of Lemma 14.3, we may apply Lemma 14.6 with M = nm and L = £§Z")

to conclude there exists v > 0 and C' < oo such that K <g WE,%”) + C1 and thus,

L <5 (By +~vE) L™ + EyC1.
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By Theorem 14.4, there exists C, and C; such that

L o
5[:;(7 ) js Lg—FCL and

[\CR GV

I <s g (ﬁﬁ;” + Ci> <s ((E1 B L + B,OT + CZ> .

From these last two inequalities, it follows that E;; =s C1 (L} + Cy) for appropri-

ately chosen constants C'; and C5. m

3 Proof of Corollary 1.39

For the reader’s convenience let us restated Corollary 1.39 here.

Corollary (1.39). Supposed {b,, (z)}", C Rz] and n > 0 satisfies Assumption
1.34, Ly is the operator in the Eq. (1.39), and suppose that C > 0 has been chosen
so that 0 <s Ly + CI for all 0 < h < n. (The ezistence of C is guaranteed by
Corollary 1.38.) Then for any 0 < h <, Ly + CI is a non-negative self-adjoint
operator on L* (m) and S is a core for (I_zﬁ + C)r for all r > 0.

Before proving this corollary we need to develop a few more tools. From
Lemma 14.3, {Bs},0, C R[z] in Eq. (11.1) satisfies both items 1 and 3 of
Assumption 1.34. Therefore, By is bounded below for 0 < ¢ < mn — 1 and

By > 0. We may choose C' > 0 sufficiently large so that
Bip+C>0for0</{<mn—1land0<h<n. (14.19)

Notation 14.7. Let C > 0 be chosen so that Eq. (14.19) holds and then define
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the operator, [:h, by

mn

Ly=3_ (=) 0" (Ben (VA()) + Cliciun ) 0

B (V)05 3 0 (5 (10) )

with domain, D (ﬁh) =38.

Lemma 14.8. There exists CNH and ég > 0 such that

o] < ¢,

I:th +Cs 4]l

holds for all0 < M <mn, 0 < h<mn, andy € S.

Proof. As in Eq. (12.22), let ¢ denote the Fourier transform of ¢ € S and
recall that ||¢|, = V27 ) 0

. Hence it follows,
2

HhMaQM,éZ}” — Vor ’FLM§2M¢ (E)H

<vm | (Sre) o] -|

( (—h)" a”) ¢H . (14.20)

L

With the same C' in Notation 14.7 and using Eq. (14.19), we can see that
1< (Bg,h+01g<mn)+1v0§€§mn&0<h<77.

Therefore applying the operator comparison Theorem 1.37 with Ly = Zej\io (—h)Z 0%,
L= iﬁ, and n = 2, there exists C; and Cy > 0 such that for

M 2
<(Z(—h)fa%> ¢,¢> 301<ﬁ%¢,¢>+02<¢,¢> VyeS&0<h<n.

£=0
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Combining this inequality with Eq. (14.20) shows there exists other constants C,
and 52 > 0 such that

IR0y <

(2}4ﬂyﬁ¢

=0

< Cr || Lw || + Ca vl

Lemma 14.9. Let A and B be closed operators on a Hilbert space IC and suppose
there exists a subspace, S C D (A)ND (B), such that S is dense and S is a core
of B. If there exists a constant C' > 0 such that

[ < [[BYI +C ol Vv €5, (14.21)
then D (B) C D (A) and
[AD[] < |BY| + C vl V¢ € D(B). (14.22)

Proof. If ¢ € D (B), there exists ¢y, € S such that ¢, — 1 and By, — By
as k — co. Because of Eq. (14.21) {At},-, is Cauchy in K and hence convergent.
As A is closed we may conclude that ¢ € D (A) and that limy_, A, = At.
Therefore Eq. (14.22) holds by replacing ¢ in Eq. (14.21) by 1, and then passing

to the limit as k — co0. =

Proposition 14.10. Suppose {b.; (z)},~, C R[x] and n > 0 satisfies Assumption
1.84 and Ly, is defined by Eq. (1.89) with D (L) = S for 0 < h <. Then Ly, is
self-adjoint and S is a core for LY for alln € N and 0 < h < n. [Note L} is a well
defined self-adjoint operator by the spectral theorem.]

Proof. Recall that L} may be written in divergence form as in Eq. (13.3)
where By = Byp + Ry and By € R[z] and Ry, € Rx] are as in Egs. (13.5)
and (13.6) respectively. By Assumption 1.34, deg (b;—1) < deg (b;) , which used in
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combination with the item 1 in Proposition 13.1 and the definition of B, in Eq.

(13.5) implies,

deg (B ) = deg (B,;) < max {deg (bg,h) ,O}
< max {deg (By),0} = max{deg (By),0}.

Each term in Ly, defined in Notation 14.7 is a positive operator and by Theorem
1.30, [A/_h is self-adjoint. [Recall that D ([A/h> := S.] Moreover by Lemma 14.1, for

all & > 0 there exists C5 < oo such that

) 9 nm—1 2
(Lh - Lg) - ( 3 (—h)fca”) < 8 (=)™ 9t 4 Csl (14.23)

=0

which implies,
| (2= 12) ¢ < sl o) + Cs o) v v es.
This inequality along with Lemma 14.8 then gives

| (2 - z2) o] <5 (e
<60

L + G llwll) + Cs |
Ew” 4 (6C + Cy) ||| Y € S.

Therefore for any a > 0 we may take 6 > 0 so that a := 6C; and then let

C, := (6C5 + Cs) < oo in the previous estimate in order to show,

|(En=r2) o] <a||fw| + Calwll v v 5. (14.21)

As a consequence of this inequality with ¢ < 1 and a variant of the Kato-Rellich
theorem (see Theorem X.13 on p. 163 of [31]), we may conclude L} is self-adjoint.

As this holds for n = 1, we conclude that Lj is self-adjoint. By the spectral theorem,
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L7 is also self-adjoint. Since L? C L?, we know that L7 C L% and therefore L} = L
as both operators are self-adjoint. Finally, L? = L?|s and hence L|s = L} = L}
which shows S is a core for L7

Lemma 14.11. If A is any essentially self-adjoint operator on a Hilbert space K

and q : R — C is a measurable function such that, for some constants Cy and Cs,
g (2)] < Cilz|+ Co ¥V z €R,

then D (A) is a core for q (A) .

Proof. To prove this we may assume by the spectral theorem that K =
L?(Q,B, ) and A = M; where (0, B, 1) is a o — finite measure space and f : Q — R
is a measurable function. Of course in this model, ¢ ([1) = Mgyos. In this case,
D :=D(A) C D(My;) is a dense subspace of L* (1) such that for all g € D (M)
there exists g, € D such that g, — g and fg, — fg in L* (1) as n — oo. For this

same sequence we have

g (A) gn —a (A) gll, = llg () 92 — gllls < Co[|f [90 — gllls + Ca llgn — gl = O
as n — o0o. This shows that
¢(A) lp(a,) € a(A) Ip C a(4). (14.25)

For g € D (q(A)) (ie. both g and g-go f are in € L*(n) ), let g, :=
glifj<n € D(My). Then g, — g in L?(n) as n — oo by DCT. Moreover

lgng o f—gqo fl = (glis<n — 9) a0 f < 2]gllgo f] € L* (),

and so [|gngo f —gqo f|l, = 0 as n — oo by DCT as well. This shows that
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q(A) =q(A) |D(Mf) and hence it now follows from Eq. (14.25) that

a(4) = a(4) Ip(ary) Ca(A) [ Ca(4).

Lemma 14.12. Let B be a non-negative self-adjoint operator on a Hilbert space,
IC. If S is a core for B™ for somen € Ny, then S is a core for B" for any 0 < r <n.
[By the spectral theorem, B” is again a non-negative self-adjoint operator on K for

any 0 <r < 00.]

Proof. Let A = B"|s so that by assumption A = B", i.e. A is essentially
self-adjoint. The proof is then finished by applying Lemma 14.11 with ¢ (z) = |z|"/"
upon noticing, ¢ (A) = ¢ (B") = B"|"" =B". m

Proof of Corollary 1.39. Let C' > 0 be the constant in the statement
of Corollary 1.39. It is simple to verify that {b,, + Cl;—},-, and 1 > 0 satisfies
Assumption 1.34, and therefore applying Proposition 14.10 with {bl,ﬁ};io replaced
by {bin + Cli—o},~, shows Ly + C is self-adjoint and S is core for (Eﬁ + C)n for
all n € N and 0 < h < 7. It then follows from Lemma 14.12 that S = S is a core
for (.Z/ﬁ + C’)r forall 0 <r <nand 0 < h <n. Asn € N was arbitrary, the proof

is complete. m

4 Proof of Corollary 1.40

In order to prove Corollary 1.40, we will need a lemma below.

Lemma 14.13. Let A and B be non-negative self-adjoint operators on a Hilbert
Space K. Suppose S is a dense subspace of K so that S T D(A)ND(B), ASCS
and BS C S. If we further assume that for each n € Ny, S is a core of B™. Then

the following are equivalent:
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1. For any n € Ny there exists C,, > 0 such that A" <g C,,B™.
2. For each r > 0, there exists C, such that A" < C,.B".

3. For each v > 0, there exists C, such that A* <X C,B".

Recall the different operator inequality notations, =g, = and <, were defined

in Notation 1.10.
Proof. (1 = 2) A" <5 C,B™ implies for all ¢ € S we have

2 2

v R

= (A", ) < Cu (B",v) = ||V/CuB

Note S is a core of (', B" and hence S is also a core of \/C,, B™ by taking
q¢(x) = 4/|]z| in Lemma 14.11. By using Lemma 14.9 with C' = 0 we have

D (VB") =D (V. B7) C D (VA") and

Hmw

< |veBr

‘bmmwep(¢afﬂ,

ie. A" < C,B". It then follows by the Léwner-Heinz inequality (Theorem 1.36)
that A™ < CrB™ for all 0 < r < 1. Since n € N was arbitrary, we have verified
the truth of item 2.

(2 = 3) Given item 2, it is easy to verify that D (B") = D (C,B") C D (A")
for all v > 0. In particularly, we have D (B") C D (A")ND (\/ﬁ) for any v > 0.

Hence, by taking » = v in item 2,

(y,0) = VA < |VeB| = o) voen @),

ie. A" <X C,B".

(3 = 1) The assumption that S C D(A)ND(B), AS C Sand BS C S
follows that S C D (B™) N D (A") for all n € Ny. By taking v = n, we learn that
A" < C,,B™ which certainly implies A" <¢ C,B".
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Proof of the Corollary 1.40. We first observe that the coefficients,
{blﬁ () -+ Cll:(]}?il(‘) and {Bl,h () + éll:o}l_z

still satisfy Assumption 1.34. Using this observation along with the inequalities,
Ly+C=sTand L,+C =50, we may use Corollary 1.39 to conclude both Ly + C
and Iz_ﬁ + C are non-negative self adjoint operators and S is a core for (Eh + C)T
for all » > 0 and all 0 < h < 7. By the operator comparison Theorem 1.37 with
b, replaced by b, 5, + C1;—o and l;l,h replaced by 517;»,, + C’llzo, for any n € Ny, there
exists Cy and Cy > 0 such that

(Eh n é) <5 Cy (Ln+ C)" + Cy). (14.26)
Because (L, + C)" =5 I, we may conclude from Eq. (14.26) that
(zh + é)" <5 Co(Ln+ O ¥ neN,,

where C,, = C (Cy + 1) . By taking A:E_thé’ and B = (Eh+C’) and S =8 in
Lemma 14.13, we may conclude that for any v > 0, there exists C, > 0 such that
Eq. (1.46) holds, i.e. (f)_h+ é)r <C, (Eh+ C)T VO<h<n =



Chapter 15

Discussion of the 2nd condition in

Assumption 1.34

We try to relax conditions 2 in Assumption 1.34. The degree restriction Eq.
(1.40) allows the choice of 1 independent of a power n in both Theorem 14.4 and

Theorem 1.37. If a weaker condition of the degree restriction is assumed, which is
deg(byy) < deg(by—1) +2forall0 <h <nand 0 <[ <m,

then Theorems 15.2 and 15.3 are resulted where now 1 does depend on n.

Lemma 15.1. Supposed there exists n > 0 such that deg(b; ;) < deg(bi_1n) + 2 for
all0 <h<mnand 0 <k <m. Let By (x) and Ry (x) be in Egs. (18.5) and (15.6)

respectively. Then we have
deg, (Rp) < deg, (Bys) for he (0,n) and 0 < ¢ < mn. (15.1)

Proof. Eq. (15.1) follows immediately if we apply the item 2 in Proposition
13.1 with by (z) = Kby, (\/ﬁx) with 7 fixed. m
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Theorem 15.2. Let Ly be an operator in the Eq. (1.39). Supposed b, (x) satisfies

the conditions 1 and 3 in Assumption 1.34 and we assume

deg(bin) < deg(bi—15) +2 for all0 < h <n and 0 <1 <m, (15.2)

where n is the n in Assumption 1.34. Then for any n € Ny, there exists C,, and n,
such that for all 0 < h <mn, and ¢ > C,

[\CR NGV

n 1 n
<Eg)+c> ESL2+CES§<£2)+C>-

Proof. Let v € S and 0 < h < n, we have

nm—1
(L5 =) o 0) = (R 0} < D7 [(Repdv, ')
=0
where R%") and Ry are still defined in the same way as Eqgs. (13.10) and (13.6)
respectively. From Lemma 15.1, deg,(B) > deg, (Ry ;) where By is defined in
Eq. (13.5). Note |p| > 0 in Ry from Eq. (13.6). Although deg (R ;) can be the
same as deg(By;), the extra APl factor in the Ry (h) makes |R;| decrease more
rapidly than By as i decrease to 0. As a result, there exist constants 1, > 0 and
C such that
[Rea (0)] < 5500 (2) +C

forall0 </ <mn—1and 0 < h <n,. Therefore

(27 =) v < 30 < (;B (VA()) + c) a%,a%>

<(—h)£3%e,ﬁa%, ¢> +C < i (—h)" 9™, @/)> ~

=0

(15.3)



184

Then by following the argument in Theorem 14.4, we can conclude that there exists

C,, > 0 such that for all 0 < h < n, and ¢ > C),, we have
1 nm—1 nm—1 1
5 O (0'Bundv, ) + c< 3 (-n) a%,w> <5 (£ +c)vv).
=0 £=0

The result follows immediately by combing the above inequality and Eq. (15.3). =
As a result, the operator comparison theorem now have choice of  depending

on a power n.

Theorem 15.3. Let

f’h = Z(_h)kakgk,h<\/ﬁ$)ak and Ly = Z(_h)kakbk,h(\/ﬁx)ak
=0 =0

be operators on S satisfying conditions in Theorem 15.2. Denote n; and n, as the
n of Ly and Ly in Assumption 1.34 respectively. If m; < my and there exists c;

and ¢y such that
bis () | < e (bp (2) 4 ¢2) for all 0 < € <m; and 0 < h < min{n;,n.},
then for any n, there exists Cy, Cy and n, such that
(L1)" =5 C1 (Lp +C)

for all 0 < h < ny.

Proof. The exact same proof as Theorem 1.37 with the use of Theorem

15.2 instead of Theorem 14.4. m
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Appendix A

Main Theorems in terms of the

standard CCRs

Let

1 d 1 d
an = 7 (Mx+h%) and a = % <Mx — h%)

(as an operator on S) be the more standard representation for the annihilation
and creation operators form of the CCRs used in the physics literature. We will
reformulate Theorem 1.17, Corollaries 1.19 and 1.21 in the standard CCRs. The
following lemma (whose proof is left to the reader) implements the equivalence of
our representation of the canonical commutation relations (CCRs) to the standard

representation of the CCRs.

Lemma A.1. For p >0, let S, : L* (R) — L* (R) be the unitary map defined by

(S,f) () == V3 (pa) forz € R.

Then S,8 = S and it follows that

dh = Sh71/2aﬁ5h1/2 and d;: = Sh71/2a}:5h1/2

186
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Definition A.2. For h >0 and o := (£ +in) V2, let

Up (o) = exp (% <ad; - @dh))

be the unitary operator on L* (R) which implements translation by (&, ) in phase

space.

Using the more standard representation of the CCRs instead, we have an

immediate corollary from Theorem 1.17.

Theorem A.3. Suppose H (6,0%) € R(0,0%) is a non-commutative polynomial in
two indeterminates, d = degH > 0 and 0 < n < 1 satisfying the same assumptions

in Theorem 1.17. Let Hy := H (dh,&;%). We define
Aﬁ (t) = eiHht/ﬁdhe—iHﬁt/ﬁ

denote ay in the Heisenberg picture. Furthermore for ally € S, ap € C, 0 < h < n,
real numbers {t;};_, C R, and non-commutative polynomial, P ({0;,07}_ ) €
C({6;,0;}._,) . in 2n — indeterminants where puy be the minimum degree of all
non constant terms in P ({0;,0;}._,), the following weak limits (in the sense of

non-commutative probability) hold;

(P({Ae) o) @ -ww}_ ), o
= <P ({\/ﬁa (t:), Vha! (tz)}j:1>> +0 (h““f““) ) (A1)

P

where a (t) and a' (t) are as in Egs. (1.8) and (1.9).

Proof. By the Lemma A.1, we have

Ah (tz) = Sm/zAﬁ (tz) Sh—l/Q and U}L, (Oéo) = Sh1/2Uﬁ (Oé()) Sh—1/2
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on §. Therefore,

Then, Eq.(A.1) follows by applying Eq.(1.23).. =
Likewise we can show two corollaries of Theorem A.3 below which behave

like Corollaries 1.19 and 1.21.

Corollary A.4. Under the same notations and assumptions in Theorem A.3, then

for 0 < h < n, we have

(P ({00 A} D) s

Ay
< ({ ti) + Vha(t;), @ (ti)+\/ﬁaf(ti)}>>¢+0(h). (A.2)

Proof. It is a similar proof as Theorem A.3. Using Lemma A.1, we can

conclude

P (U0} ), e = (P A4 L))

Then, the rest of the proof is simply to apply Eq.(1.25) and hence, Eq.(A.2) follows.

Corollary A.5. Under the same notations and assumptions in Theorem A.3, let

Q@ﬁ, =U, () Sp-1200. As b — 0%, we have

(P({Anw). AL} ) = Pla().@®))).
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and

L (A.3)

We abbreviate this convergence by saying

4 (t) —a(t) Al () —alt ! n
Law,; ({Ah(tz)\/ﬁ (t),A (t)\/i_:b (t)}i1)%Laww({a(ti)’awti)}i_l)'

Proof. Similar to the proof in Theorem A.3, by using Lemma A.1, we have

(P (e ey ), = (P (a0 @) ),

o ({ At —aw) Al —a)”
\/ﬁ 7 h i=1 ¥n

([ —aw) Al —aw)
Vi | Vi i=1 Uh(ao)w'

Therefore, the corollary is a direct consequence of Corollary 1.21. =

and




Appendix B

Operators Associated to

Quantization

Let A denote the algebra of linear differential operator on & which have
polynomial coefficients. Remark 1.27 shows that the t operation on A defined in
Eq. (1.32) is an involution of A. For &> 0 , let a;, € A and its formal adjoint, a},

be the annihilation and creation operators respectively as in Definition 1.3 given by

an = \/é (M, +0,) and af,:= \/é (M, 8,) on . (B.1)

These operators satisfy the commutation relation [aﬁ, a;] =hl on S.

Let R (0, 0%) be the space of non-commutative polynomials over R in two
indeterminants {6,0*} . Thus, given H (0,60*) € R(0,0*), there exists d € N (the
degree of H (6,60*) in § and 0*) and coefficients,

ul_, {Ck (b)€R:be {9,9*}’“}
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such that H (0,0%) = EZ:O Hy (0,0%) where

H, (0,6) = > Cr (b)by...b € R(6,6%) . (B.2)

We let H (8,6%)" € R(6,0%) be defined by H (8,6*)" = S0_ Hy, (6,0%)" where

H, (0,0 = > Cy (b) by ... bt (B.3)

b=(b1,....bx)€{0,0* }*

and for b € {0,060},

o if b=40

b* = .

0 if b=06*
The operation, H (6,0*) — H (6,0*)" defines an involution on R (6, 6*) and we
say that H (0,0*) € R (0, 0*) is symmetric if H (0,0*) = H (0,0*)". If H (0,0*)
R (0, 6*) is symmetric, then H (ah, a%) is a symmetric linear differential operator
with polynomial coefficients as in Definition 1.26.

In the following lemmas and theorem let R [z] and R [\/ﬁ, m] be as in
Notation 13.2.

Lemma B.1. [f h > 0 and H € R (0,0%) is a noncommutative polynomial with

degree d, then H <ah, a;) can be written as a linear differential operator

H (ah,a;i) = héGl (\/ﬁ, \/71x> 8i

d
1=0
where Gy (\/ﬁ, x) elR [\/ﬁ, x] is a polynomial of Vh and x for 0 <1 < d.

Proof. Let H (0,0%) = Zi:o Hy (0,6%) with Hy (0,6%) be as in Eq. (B.2).



We then have H (ah, a%) = ZZ:O H, (aﬁ, a;i) where

Hy, (ah,a;@> = (R)"* Z Cr (b) by ... by,

be{0,0+}*
and for b € {0,0"},
R a if b=20
bho—
at if b= 6%

Using the definition of a, and a} in Eq. (B.1), there exists

{C’k (e)eR:e=(e1,...,6) € {il}k}

such that

H, (ah,a;) =W Y Cl) @t eady)... (v +ead).

ec{x1}*

From the previous equation it is easy to see

Hk (aﬁ, a;ri) = (h)k/2 Z gik (J,’) alz

where g € R|[z] with

deg, (gix) < k—1.

Summing Eq. (B.4) on k and then switching two sums shows

H (anaf) = 33 (0 g (@) 6 = > nb (; e g (:c)) a.

k=0 [=0 1=0

192
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There exists G, (\/ﬁ, :L‘) eR [\/ﬁ, x} such that

Gi (VA Vi) = Zd: B g (2)

because each monomial of z in g, () can be multiplied with enough /% from h'T

by using Eq. (B.5). =

Theorem B.2. If i > 0 and H € R(0,0%) is a symmetric noncommutative
polynomial with degree d, then there exits m € Ny and {f;};°, C R [\/7—1, x] such
that

<ah,ah) i o f (\/ﬁ, \/f_i:E) 9" on S.

1=0
Proof. Since H is symmetric, H (ah, ai) is symmetric, see Definition 1.26.
So by Proposition 10.2, d = 2m for some m € Ny and H (ah, ah> in Eq. (B.6) may

be written in a divergence form

m

<ah, ah> 3 (1) 90,0 (B.7)

=0

By substituting a; (z) = h%Gl <\/ﬁ,\/ﬁx> for 0 <1 <d=2mand r =1 in Eq.

(10.9) from Theorem 10.7, for all 0 <[ < m, we have

(- )blhl = (WG (VEVR2) + Y Kol 9)h"0% G, (fﬁm)] X =
I<s<m
— (\/ﬁﬁm) + 3 Kol )i (8260a,) (\/ﬁ\/ﬁx>

I<s<m

By using Lemma B.1, it follows that the R.H.S. in the above equation is a polynomial
of Vi and Vhz . Therefore, there exists f; (\/ﬁ, x) eR [\/ﬁ, :1:} such that

(1) b = AL f, (Jﬁ \/ﬁx)
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and hence, using the above equation along with Eq. (B.7), we can conclude that

H (o) = 3 (1) 0 = 3oL (V. Vi) 2

=0

Remark B.3. The functions, f; <\/ﬁ, £E> , in Theorem B.2 are examples of the
functions, by (v), appearing in Eq. (1.58).

Example B.4. Let H(z,€&) = 2%€2 be a classical Hamiltonian where x is position
and & is momentum on a state space R%. We would like to lift this to a symmetric
polynomaual in two symmetric indeterminate ¢ = % and p = . The Weyl lift

of x2£2 is given by

1
H (9, HT) =1 (612]52 + all permutations)
5250 | An0 s | 5929
:%‘2!'2! q¢°p” +qp°q +p°q
4 +Pp + Papd + apap
1 252 4 6526 1 5262
:g qap qap~q ~p~q €R<9,9*>.
© | +BEP + papg + Gpap
Making the substitutions
i T
. apta . ap—a h
g— — h:\/ﬁanndp%u—iﬁ

V2 W2

above gives the Weyl quantization of x%£2 to be

2
H (aﬁ, a%) = —% (2°0% + 0%2® + 2020 + 0x0x + 20°x 4+ 02°9) on S
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which after a little manipulation using the product rule repeatedly may be written as

H <ah, a%) = —h?02%0 — %hQ
= —hoby p, (\/71:6) 0+ bon (\/ﬁx)

where by () = x? and by, (x) = —3 2.
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