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DEVWUDFW RI WKH GLVVHUWDWLRQ

Orjdulwkplf Vrerohy Lqhtxdolwlhv iru wkh Iuhh Orrs Jurxs

e|

Wuhyru U1 Fduvrq

Grfwru ri Sklorvrsk| lq Pdwkhpdwlfv

Xqlyhuvlw| ri Fdoliruqld/ Vdq Glhjr/ 4<<:

Surihvvru Euxfh N1 Gulyhu/ Fkdlu

Iru d frpsdfw Olh jurxs/ J/ ohw O+J, eh wkh iuhh orrs jurxs frqvlvwlqj ri wkh vsdfh

ri frqwlqxrxv sdwkv j = ^3> 4` $ J zlwk j+3, @ j+4,1 Iru d jlyhq DgC0lqyduldqw lqqhu

surgxfw rq wkh Olh dojheud ri J dqg d vxlwdeoh uhodwhg lqqhu surgxfw rq wkh _Olh dojheud%

ri O+J, zh ghulyh wkh fruuhvsrqglqj Ulhpdqqldq vwuxfwxuh rq O+J,1 Iru wklv vwuxfwxuh
zh kdyh frqvwuxfwhg �qlwh glphqvlrqdo dssur{lpdwlrqv zklfk duh xvhg lq surylqj d orj0

dulwkplf Vrerohy lqhtxdolw| dqg lqwhjudwlrq e| sduwv irupxodv rq O+J,1 Wkh xqghuo|lqj
suredelolw| phdvxuh rq O+J, lv d khdw nhuqho suredelolw| phdvxuh zklfk fdq eh ghulyhg

e| dq O+J,0ydoxhg Eurzqldq prwlrq1

yl
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Wkh sxusrvh ri wklv sdshu lv wzr0irog1 Dv wkh wlwoh lqglfdwhv/ rqh pdmru sxusrvh

lv wr suryh d fhuwdlq orjdulwkplf Vrerohy lqhtxdolw| zklfk lv ri wkh irup]
n
i2 orj i2g�| � 5

F
+h�| � 4,H+i, .

]
n
i2g�| orj+

]
n
i2g�|,> w A 3> +414,

zkhuh O lv d sduwlfxodu lq�qlwh glphqvlrqdo Olh jurxs fdoohg wkh iuhh orrs jurxs/ �| lv

d suredelolw| phdvxuh rq O ghshqglqj rq w dqg d �{hg hohphqw ri O/ F lv d frqvwdqw/

dqg H lv d sduwlfxodu txdgudwlf irup1 Wkh rwkhu sxusrvh ri wkh zrun wkdw iroorzv lv wr

ghyhors wkh vwuxfwxuh ri wkh iuhh orrs jurxs lwvhoi1

Zh vwduw e| ghyhorslqj d Ulhpdqqldq jhrphwulf vwuxfwxuh rq O> zklfk lqfoxghv

d Ohyl0Flylwd fryduldqw ghulydwlyh dqg dvvrfldwhg fxuydwxuh dqg Ulffl whqvruv1 Zh wkhq

ghyrwh d frqvlghudeoh dprxqw ri h�ruw wr vkrzlqj krz hohphqwv ri wkh jhrphwu| ri O/
lq sduwlfxodu/ wkh Odsodfldq dqg Ulffl whqvru/ fdq eh dssur{lpdwhg e| fruuhvsrqglqj

hohphqwv ri �qlwh glphqvlrqdo vxevsdfhv1 Wkhvh dssur{lpdwlrqv zloo eh lpsruwdqw wrrov

lq wkh surri ri wkh orjdulwkplf Vrerohy lqhtxdolw|1

Qh{w/ zh frqvwuxfw d sduwlfxodu suredelolw| phdvxuh/ �|/ zklfk lv wkh _khdw

nhuqho% phdvxuh rq O xvhg iru lqwhjudwlrq lq +414,1 Wkh frqvwuxfwlrq ri �| uhtxluhv

phwkrgv iurp vwrfkdvwlf dqdo|vlv rq pdqlirogv1 Lq sduwlfxodu/ zh vkrz krz wr ghulyh d

Eurzqldq prwlrq vwrfkdvwlf surfhvv/ 	/ rq O e| xvlqj wkh qrwlrq ri sdudooho wudqvodwlrq

dqg wkh _uroolqj pds% iurp d �dw yhfwru vsdfh wr wkh pdqlirog/ O1 Wkh phdvxuh �| lv

4
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vlpso| gh�qhg wr eh wkh glvwulexwlrq ri 	 dw wlph w1

Zh wkhq vkrz wkdw wkh txdgudwlf irup/ H/ dsshdulqj lq +414, lv forvdeoh1 E|

h{whqglqj H wr lwv forvxuh/ zh duh deoh wr suryh wkdw wkh lqhtxdolw| krogv rq d fodvv

ri ixqfwlrqv odujhu wkdq wkdw ri wkh ruljlqdo grpdlq ri H 1 Wkh nh| wr surylqj H lv

forvdeoh lv wkh xvh ri dq lqwhjudwlrq e| sduwv irupxod rq O/ zklfk lq wxuq uholhv rq wkh

diruhphqwlrqhg �qlwh glphqvlrqdo jhrphwulfdo dssur{lpdwlrqv1

Ilqdoo|/ lq surylqj wkh lqhtxdolw| lwvhoi/ zh fkrrvh d fodvv ri _f|olqghu% ixqfwlrqv

zklfk ghshqg rqo| rq �qlwh glphqvlrqdo vxevsdfhv ri O +wkhvh frpsulvh wkh grpdlq ri H,1
Iru vxfk d ixqfwlrq/ i / wkh lqhtxdolw| fdq eh uhdol}hg rq d �qlwh glphqvlrqdo pdqlirog iru

zklfk wkh orjdulwkplf Vrerohy lqhtxdolw| lv douhdg| nqrz wr krog zkhq wkh fruuhvsrqglqj

Ulffl whqvru lv erxqghg ehorz +wklv erxqg lv wkh frqvwdqw/ F / dsshdulqj lq +414,,1 Lq

wklv vhqvh/ lw lv dssursuldwh wr vd| wkdw zh duh uhdoo| h{whqglqj d nqrz lqhtxdolw| wr dq

lq�qlwh glphqvlrqdo vsdfh1

Wkh lghd ri vxfk dq h{whqvlrq wr dq lq�qlwh glphqvlrqdo vsdfh zdv �uvw slrqhhuhg

e| E1 N1 Gulyhu dqg W1 Orkuhq} ^8` lq wkhlu zrun rq wkh slqqhg orrs jurxs1 L rzh pxfk

judwlwxgh wr Gu1 Gulyhu iru klv jxlgdqfh dqg vxjjhvwlrqv gxulqj wkh zrun ri wklv sdshu/

dqg iru klv dowuxlvwlf vkdulqj ri wlph/ sdwlhqfh/ dqg nqrzohgjh1

��2 #i�?�|�L?t @?_ +it�*|t

Lq wklv vhfwlrq zh jlyh d pruh ghwdlohg vxppdu| ri wkh pdwkhpdwlfdo vwuxfwxuhv

dqg pdsslqjv wkdw vhuyh dv d frqwh{w iru wklv sdshu/ dv zhoo dv wkh nh| uhvxowv wkdw zloo

dulvh1

Iru wkh hqwluhw| ri wkh sdshu/ zh dvvxph wkdw J lv d frpsdfw/ frqqhfwhg Olh

jurxs1 Lq sduwlfxodu/ J lv d F" pdqlirog hqgrzhg zlwk d jurxs vwuxfwxuh vxfk wkdw wkh

jurxs rshudwlrqv ri pxowlsolfdwlrq dqg lqyhuvhv duh vprrwk1 Ixuwkhupruh/ zh dvvxph wkdw

J kdv d Ulhpdqqldq vwuxfwxuh frqvlvwlqj ri dq lqqhu surgxfw/ k�> �l/ rq wkh Olh dojheud/

I> ri J +e| gh�qlwlrq/ I � WeJ lv wkh wdqjhqw vsdfh ri J dw wkh lghqwlw| h,1 Wklv lqqhu

surgxfw lv dvvxphg wr eh DgC0lqyduldqw/ zklfk lpsolhv wkdw wkh dgmrlqw rshudwru/ dg�/ lv

vnhz0v|pphwulf iru hdfk D 5 I1 Qrwh wkdw Dg = J$ Dxw+I, lv wkh dgmrlqw uhsuhvhqwdwlrq

rq J zkhuh/ iru hdfk � 5 J/ Dgj lv wkh uhvwulfwlrq wr I ri wkh gl�huhqwldo ri wkh lqqhu
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dxwrprusklvp � :$ ���3�1 Wkh dgmrlqw rshudwru dg = I $ Hqg+I, lv wkh uhvwulfwlrq wr

I ri wkh gl�huhqwldo ri Dg1 Lw wxuqv rxw wkdw iru hdfk D>E 5 I/ dg�E @ ^D>E` zkhuh

^D>E` � DE �ED lv wkh Olh eudfnhw rq I1

Dv dq h{dpsoh/ rqh pd| wdnh J � VR+q,/ wkh vhw ri q � q uhdo ruwkrjrqdo

pdwulfhv zlwk ghwhuplqdqw 41 Lq wklv fdvh/ wkh Olh dojheud I @ WeJ wxuqv rxw wr eh

I @ vr+q,/ wkh vhw ri q � q uhdo pdwulfhv zklfk duh vnhz v|pphwulf1 D qdwxudo fkrlfh

iru dq lqqhu surgxfw zrxog eh kD>El � wu+DAE, iru doo D>E 5 vr+q,1

Wkh iuhh orrs jurxs rq J lv gh�qhg wr eh wkh vsdfh ri frqwlqxrxv orrsv=

O+J, � ij = ^3> 4`$ J = j lv frqwlqxrxv dqg j+3, @ j+4,j=

Qrwh wkdw O+J, lv lwvhoi dq lq�qlwh glphqvlrqdo wrsrorjlfdo jurxs xqghu wkh srlqwzlvh

pxowlsolfdwlrq rshudwlrq=

+j�j2,+v, � j�+v,j2+v, ; j�> j2 5 O+J,> v 5 ^3> 4`=

Zh zloo wdnh wkh wrsrorj| rq O+J, wr eh wkdw ri xqlirup frqyhujhqfh1

Hpehgghg lq O+J, lv wkh vsdfh ri �qlwh hqhuj| iuhh orrsv/ K+J,1 Zh zloo gh�qh

wkh Olh dojheud ri K+J, wr eh wkh Fdphurq0Pduwlq Kloehuw vsdfh/ K+I,/ frqvlvwlqj ri

doo devroxwho| frqwlqxrxv ixqfwlrqv k = ^3> 4`$ I vxfk wkdw k+3, @ k+4, dqg +k> k, ?4/

zkhuh +�> �, lv wkh lqqhu surgxfw rq K gh�qhg e|

+k> n, �
] �

f
ikk�+v,> n�+v,l. kk+v,> n+v,ljgv

iru k> n 5 K1

Wkh �uvw vwhs zh wdnh lq wkh ghyhorsphqw ri wkh jhrphwu| ri O+J, lv wr �qg

wkh Ohyl0Flylwd fryduldqw ghulydwlyh rq K+I,1 E| gh�qlwlrq/ wklv lv wkh xqltxh fryduldqw

ghulydwlyh u = K+I,K+I,$ K+I, wkdw lv phwulf frpsdwleoh dqg wruvlrq iuhh/ l1h1/

+u�n> o, . +n>u�o, @ 3

dqg u�n �u&k @ ^k> n`

iru doo k> n> o � K+I,= Wkh h{solflw irupxod iru u wxuqv rxw eh

u�o+v, @ �
] �

f
Jr+v> w,^k> o

�`+w,gw.
4

5

] �

f
J+v> w,^k> o`+w,gw>
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zkhuh J+v> w, lv wkh Juhhq*v ixqfwlrq dvvrfldwhg zlwk wkh gl�huhqwldo htxdwlrq

�x�� . x @ i

zlwk fhuwdlq shulrglf erxqgdu| frqglwlrqv +vhh wkh surri ri Ohppd 5141:,1 Lw lv lpsruwdqw

wr qrwh wkdw wklv Juhhq*v ixqfwlrq lv zkdw fkdudfwhul}hv wkh pdmrulw| ri wkh ghyhorsphqw

ri wkh jhrphwu| ri wkh iuhh orrs jurxs dqg hslwrpl}hv wkh glvwlqfwlrq ehwzhhq wkh iuhh

orrs jurxs dqg wkh slqqhg orrs jurxs1 Lwv surshuwlhv sod| d fuxfldo uroh lq pdq| ri rxu

fdofxodwlrqv1

Edvhg rq u/ zh ghulyh h{solflw irupxodv iru wkh fxuydwxuh whqvru U = K+I, 
K+I,K+I,$ K+I,> gh�qhg e|

Ukk> nlo � u�u&o �u&u�o �ud�c&oo>

dqg wkh Ulffl whqvru Ulf = K+I,K+I,$ U/ gh�qhg e|

Ulfkk> ol �
[
&M7

+Ukk> nln> o,>

zkhuh V lv dq ruwkrqrupdo edvlv ri K+I,1 Wkh fxuydwxuh whqvru lv jlyhq lq Wkhruhp 51514

dqg wkh Ulffl whqvru lv jlyhq lq +5154,1 Dq lpsruwdqw surshuw| ri wkh Ulffl whqvru zh

ghulyh lv wkdw lw lv erxqghg ehorz +vhh Wkhruhp 516144 , lq wkh vhqvh wkdw wkhuh h{lvwv d

frqvwdqw F A 3 vxfk wkdw

Ulfkk> kl � �Fkk> kl ;k 5 K+I,=

Zh qh{w vkrz wkh h{lvwhqfh ri d khdw nhuqho suredelolw| phdvxuh rq O+J,1 E|
gh�qlwlrq/ wklv lv d idplo| ri phdvxuhv i�|+jf> �,j|:fc}fMnEC� vxfk wkdw

x+w> jf, �
]
nEC�

i+j,�|+jf> gj,

vroyhv wkh khdw htxdwlrq

Cx

Cw
@

4

5
�x> olp

|�f
x+w> jf, @ i+jf,

iru doo i 5 IF"+O+J,,/ zkhuh IF"+O+J,, duh wkh f|olqghu ixqfwlrqv rq O+J, ri wkh
irup i @ I � �� vxfk wkdw S lv d �qlwh sduwlwlrq ri ^3> 4` dqg �� = O+J, $ J� lv wkh

surmhfwlrq uhvwulfwlqj wr sduwlwlrq srlqwv1
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Wr rewdlq wkh khdw nhuqho phdvxuh/ zh �uvw frqvwuxfw dq O+J, 0ydoxhg Eurzqldq
prwlrq/ i	|j|Df1 Lq Hxfolghdq vsdfh/ d Eurzqldq prwlrq lv xvxdoo| gh�qhg wr eh d

frqwlqxrxv udqgrp surfhvv zlwk lqghshqghqw/ phdq0}hur Jdxvvldq lqfuhphqwv1 Lq d

pruh devwudfw vsdfh/ vxfk dv O+J,/ zh xvh wkh pduwlqjdoh fkdudfwhul}dwlrq ri Eurzqldq

prwlrq irxqg lq Wkhruhp 71315 zklfk uhtxluhv i	|j|Df wr eh d gl�xvlrq surfhvv zlwk

jhqhudwru �
2�1 Zh vwduw/ krzhyhu/ zlwk d gl�huhqw Eurzqldq prwlrq/ i�|j|Df/ zklfk

lv ydoxhg lq d yhfwru vsdfh +dq devwudfw Zlhqhu vsdfh, frqwdlqlqj rxu Fdphurq0Pduwlq

Kloehuw vsdfh K+I,/ dqg lv zhoo0nqrzq wr h{lvw1 i	|j|Df lv wkhq wkh lpdjh ri i�|j|Df
xqghu wkh uroolqj pds fkdudfwhul}hg e| wkh surshuw| wkdw wkh _yhorflw| yhfwru% ri 	 dw

wlph w lv wkh lpdjh ri wkh _yhorflw| yhfwru% ri � dw wlph w xqghu sdudooho wudqvodwlrq

dorqj 	1 Vlqfh Eurzqldq prwlrqv duh doprvw qrzkhuh gl�huhqwldeoh krzhyhu/ zh gr qrw

kdyh wkh ox{xu| ri yhorflw| yhfwruv1 Zh uho| lqvwhdg rq wkh xvh ri vwrfkdvwlf gl�huhqwldo

htxdwlrqv dv jlyhq lq Wkhruhp 713141 E| wdnlqj �|+jf> �, wr eh wkh odz ri jf	 dw wlph w>

zh rewdlq rxu ghvluhg khdw nhuqho phdvxuh +vhh Wkhruhp 71316,1

Iru hdfk w A 3 dqg jf 5 O+J,/ wkh orjdulwkplf Vrerohy lqhtxdolw| lq +414, fdq

wkhq eh yhul�hg iru doo f|olqghu ixqfwlrqv i 5 IF"+O+J,, xvlqj wkh phdvxuh �|+jf> �,1
Wkh txdgudwlf irup H ghshqgv rq w dqg jf dqg lv gh�qhg e|

H+i, @ H}fc|+i, �
]
nEC�

����ui+j,���2
MEI�

�|+jf> gj,= +415,

Wkh nh| wr surylqj wkh lqhtxdolw| lv wr qrwh wkdw iru d jlyhq i @ I � �� dqg sduwlwlrq S
ri ^3> 4`/ wkh phdvxuh �|+jf> �, lv uhvwulfwhg wr d fruuhvsrqglqj phdvxuh rq wkh �qlwh gl0

phqvlrqdo frpsdfw pdqlirog J� rq zklfk lw ehfrphv devroxwho| frqwlqxrxv zlwk uhvshfw

wr Ulhpdqqldq yroxph phdvxuh dqg kdv dq dvvrfldwhg khdw nhuqho ghqvlw| ixqfwlrq1 Lq

wklv �qlwh glphqvlrqdo vhwwlqj ri J� / wkh lqhtxdolw| lv nqrzq wr krog surylghg wkh fruuh0

vsrqglqj Ulffl whqvru/ Ulf� / lv erxqghg ehorz e| vrph frqvwdqw �F� 1 E| surylqj wkh

�qlwh glphqvlrqdo dssur{lpdwlrqv wr wkh Ulffl whqvru rq K+I, irxqg lq Wkhruhp 61514/

zh duh deoh wr vkrz wkdw wkh �qlwh glphqvlrqdo Ulffl whqvruv/ Ulf� / fdq eh erxqghg

ehorz e| d frqvwdqw/ �F/ zklfk lv lqghshqghqw ri wkh sduwlwlrqv S1
Ilqdoo|/ zh suryh wkdw wkh txdgudwlf irupv H}fc| duh forvdeoh/ zklfk phdqv

wkdw hdfk H}fc| fdq eh h{whqghg wr d forvhg irup/ H}fc|> rq d Kloehuw vsdfh frqwdlq0

lqj IF"+O+J,,1 Wkxv/ wkh lqhtxdolw| fdq eh h{whqghg wr wklv odujhu fodvv ri ixqfwlrqv
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pdnlqj lw d wuxo| lq�qlwh glphqvlrqdo wkhruhp1 Dv zh kdyh phqwlrqhg ehiruh/ wkh forv0

delolw| ri H}fc| ghshqgv rq dq lqwhjudwlrq e| sduwv irupxod +Wkhruhp 8153,1 Ehfdxvh ri

wkh ghshqghqfh ri H}fc| rq wkh judglhqw �u lq +415,/ H}fc| lv forvdeoh li dqg rqo| li �u lv d

forvdeoh rshudwru1 Wklv krogv suhflvho| zkhq �u kdv d ghqvho| gh�qhg dgmrlqw/ zklfk zh

ghprqvwudwh wr eh wkh fdvh lq Wkhruhp 819141



��@T|ih 2

A�i BiL4i|h) Lu |�i 6hii wLLT

�*}iMh@

2�� A�i �L�@h�@?| #ih��@|��i

Lq wklv vhfwlrq zh zlvk wr ghulyh wkh _Ohyl0Flylwd fryduldqw ghulydwlyh% rq K+I,1

Vlqfh K+I, lv htxlydohqw wr wkh ohiw0lqyduldqw yhfwru �hogv rq O+J, +dv looxvwudwhg e| wkh

qh{w gh�qlwlrq,/ zh vwduw e| ghulylqj wkh Ohyl0Flylwd fryduldqw ghulydwlyh lq wkh frqwh{w

ri wkh ohiw0lqyduldqw yhfwru �hogv1

Gh�qlwlrq 51414 Iru k 5 WeO/ gh�qh �k wr eh wkh ohiw0lqyduldqw yhfwru �hog rq O fruuh0

vsrqglqj wr k=

�k+j, � O}Wk ;j 5 O>
l1h1/ +�k+j,,+v, @ O}Er�Wk+v, ;v 5 ^3> 4`=

Gh�qlwlrq 51415 Gh�qh dq lqqhu surgxfw/ dovr fdoohg +�> �,/ rq ohiw0lqyduldqw yhfwru �hogv

e|

+�k+j,> �n+j,, @ +O}Wk>O}Wn,

� +k> n, ;j 5 O

zkhuh wkh odvw lqqhu surgxfw lv wkh rqh rq K1 Qrwh wkdw +�> �, lv ohiw0 lqyduldqw1

:



;

Qrz ohw u ghqrwh wkh Ohyl0Flylwd fryduldqw ghulydwlyh/ zlwk uhvshfw wr +�> �,/
zklfk lv xqltxho| ghwhuplqhg rq ohiw0lqyduldqw yhfwru �hogv1 Wr �qg dq h{solflw irupxod

iru u/ zh wkxv qhhg wr frpsxwh u��
�n iru doo k> n 5 K1

Xvlqj wkh uhtxluhphqwv wkdw u eh phwulf frpsdwleoh dqg wruvlrq iuhh/ e| +d,

rq s188 ri Gr Fdupr ^:`/ zh pxvw kdyh/ iru doo k> n> o 5 K/

+�n>u��
�o, @

4

5
i�o+�k> �n, . �k+�n> �o,� �n+�o> �k,� +�n> ^�o> �k`,� +�o> ^�k> �n`,� +�k> ^�o> �n`,j

@ �4

5
i+�n> ^�o> �k`, . +�o> ^�k> �n`, . +�k> ^�o> �n`,j

@ �4

5
i+�n> ^o> k`�, . +�o> +dg�n,

�, . +�k> +dg,n,
�,j

@ �4

5
i+n> ^o> k`, . +o> dg�n, . +k> dg,n,j

@ �4

5
i+n> ^o> k`, . +dgW�o> n, . +dgW, k> n,

@ �4

5
i+�n> ^o> k`�, . ++dgW�o,

�> �n, . ++dgW, k,
�> �n,>

zkhuh dgW� lv wkh dgmrlqw ri dg� = K+I, $ K+I,W zlwk uhvshfw wr +�> �,1 Lq wkh deryh

fdofxodwlrqv/ zh duh xvlqj wkh zhoo0nqrz idfw iurp Olh jurxs wkhru| wkdw li k+v, dqg n+v,

duh lq I/ wkhq ^jk+v,>jn+v,` @ ^k+v,> n+v,`�1 Qrwh wkdw �o+�k> �n, @ 3 vlqfh +�k> �n, lv frqvwdqw

ryhu O1 Vlqfh �n uxqv ryhu doo ohiw0lqyduldqw yhfwru �hogv/ wkhq

u��
�o � �4

5
i^o> k` . dgW�o . dgW, kj�= +514,

Wkh h{lvwhqfh ri dgW� iru hdfk k 5 K+I, iroorzv e| Ulhv}*v uhsuhvhqwdwlrq wkhr0

uhp rq Kloehuw vsdfhv1 Wklv wkhruhp ghshqgv rq dg� ehlqj d erxqghg rshudwru zklfk

lv wkh fdvh dv iroorzv1 Iru doo k> n 5 K+I,/

ndg�nn2MEI� @

] �

f
+
��^k> n`�+v,��2

I
. n^k> n`+v,n2

I
,gv

@

] �

f
+
��^k�> n`+v, . ^k> n�`+v,

��2
I
. n^k> n`+v,n2

I
,gv

�
] �

f
f+5
��k�+v,��2

I
nn+v,n2

I
. 5 nk+v,n2

I

��n�+v,��2
I
. nk+v,n2

I
nn+v,n2

I
,gv

� f+5P� . 6P2, nnn2MEI� >

zkhuh f lv d frqvwdqw ghshqglqj rq ^�> �`/P� � vxsrMdfc�o nk�+v,n2I/P2 � vxsrMdfc�o nk+v,n2I1
Ohw xv qrz ghwhuplqh dgW� iru k 5 K+I,1 Iru frqyhqlhqfh lq fdofxodwlrqv/ zh

zloo dvvxph iru wkh wlph ehlqj wkdw ^k> o�` dqg ^o> k�` duh lq K+I, vr wkdw wkh ghulydwlyhv



<

^k> o�`� dqg ^o> k�`� h{lvw doprvw hyhu|zkhuh dqg ^k> o�`+3, @ ^k> o�`+4, dqg ^o> k�`+3, @ ^o> k�`+4,1

Krzhyhu/ zh zloo vkrz wkdw rxu �qdo h{suhvvlrq iru u�o zloo qrw uhtxluh ^k> o
�` dqg ^o> k�`

wr eh gl�huhqwldeoh doprvw hyhu|zkhuh ru shulrglf1

Sursrvlwlrq 51416 Ohw k> o 5 K+I, vxfk wkdw ^k> o�` 5 K+I,1 Wkhq

+dgW�o,+v, @

] �

f
d frvk+u+v> w,,+^o> k` . ^o�> k�` . ^k> o�`�,+w,gw

zkhuh d @ �
2 t�?�E�

2
�
dqg

u+v> w, @

;?= v� w� �
2 3 � w ? v

v� w. �
2 v � w � 4=

Surri1 Iluvw qrwh wkdw e| Ulhv}*v Wkhruhp/ vlqfh +o> ^k> �`, lv d erxqghg olqhdu rshudwru

+ehlqj frqwlqxrxv,/ dgW�o h{lvwv dqg lv xqltxh iru doo o 5 K+I,1

Ohw n 5 K+I,1 Wkhq dgW� vdwlv�hv

+dgW�o> n, @ +o> ^k> n`,

@

] �

f
iko�> ^k> n`�l. ko> ^k> n`ljgv

@

] �

f
iko�> ^k�> n`l. ko�> ^k> n�`l. ko> ^k> n`ljgv

@

] �

f
i�k^k�> o�`> nl � k^k> o�`> n�l � k^k> o`> nljgv +515,

Vlqfh +dgW�o> n, @
U �
f ik+dgW�o,�> n�l. kdgW�o> nljgv/ zh zrxog olnh wr zulwh +515, lq wkh irup

ri

+x> n, @

] �

f
ikx�> n�l. kx> nljgv

iru vrph x 5 K+I,1 E| wkh xqltxhqhvv ri dgW�o/ wkhq zh zrxog kdyh dgW�o @ x1

Ohw xv �uvw qrwh wkdw xvlqj lqwhjudwlrq e| sduwv rq wkh vhfrqg whup lq +515,

jlyhv ] �

f
�k^k> o�`> n�lgv @ �k^k> o�`> nlm�f �

] �

f
�k^k> o�`�> nlgv

@

] �

f
k^k> o�`�> nlgv=

Vr zh pd| uhzulwh +515, dv ] �

f
k^o> k` . ^o�> k�` . ^k> o�`�> nlgv= +516,
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Dw wklv srlqw zh qhhg wr suryh vrph idfwv zklfk zh zloo vwdwh dv ohppdv vlqfh

wkh| zloo eh xvhixo wr xv iru ixwxuh fdofxodwlrqv1 Iru zkdw iroorzv/ ohw

J+v> w, � d frvk+u+v> w,, +517,

dqg I +v> w, � Jr+v> w, @ �J|+v> w,

@ d vlqk+u+v> w,, ; +v> w, 5 ^3> 4`2>

zkhuh d dqg u+v> w, duh gh�qhg dv lq Sursrvlwlrq 514161

Ohppd 51417 Iru i 5 O�+^3> 4`> I, ru i 5 O�+^3> 4`>U,/ x+v, � U �f J+v> w,i+w,gw lv devr0
oxwho| frqwlqxrxv dqg kdv wkh iroorzlqj ghulydwlyh=

x�+v, @

] �

f
J+v> w,i+w,gw

iru doprvw doo v 5 ^3> 4`1

Surri= Qrwh wkdw] �

f
J+v> w,i+w,gw +518,

@

] r

f
d frvk+v� w� 4

5
,i+w,gw.

] �

r

d frvk+v� w.
4

5
,i+w,gw

@ d frvk+v,

] r

f
frvk+�w� 4

5
,i+w,gw. d vlqk+v,

] r

f
vlqk+�w� 4

5
,i+w,gw

.d frvk+v,

] �

r

frvk+�w. 4

5
,i+w,gw. d vlqk+v,

] �

r

vlqk+�w. 4

5
,i+w,gw= +519,

Vlqfh frvk lv erxqghg rq ^3> 4` dqg i 5 O�+^3> 4`,/ wkhq
U r
f frvk+�w � �

2,i+w,gw

lv dq lqgh�qlwh lqwhjudo ri dq O� ixqfwlrq dqg lv wkxv devroxwho| frqwlqxrxv e| wkh

ixqgdphqwdo wkhruhp ri fdofxoxv iru Ohehvjxh lqwhjudov +vhh Iroodqg ^;`/ S1435/ ru Ur|ghq

^4<`/ S1443,1 Vlqfh frvk lv devroxwho| frqwlqxrxv/ wkhq d frvk+v,
U r
f frvk+�w� �

2,i+w,gw lv

dovr devroxwho| frqwlqxrxv ehlqj wkh surgxfw ri wzr devroxwho| frqwlqxrxv ixqfwlrqv +vhh

Ur|ghq ^4<`/ s1 444,1

Wr wdnh wkh ghulydwlyh lq +519, zh xvh wkh surgxfw uxoh dqg wkh ixqgdphqwdo

wkhruhp ri fdofxoxv dv iroorzv=

x�+v,

@ d vlqk+v,

] r

f
frvk+�w� 4

5
,i+w,gw. d frvk+v, frvk+�v� 4

5
,i+v,

.d frvk+v,

] r

f
vlqk+�w� 4

5
,i+w,gw. d vlqk+v, vlqk+�v� 4

5
,i+v,
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.d vlqk+v,

] �

r

frvk+�w. 4

5
,i+w,gw� d frvk+v, frvk+�v. 4

5
,i+v,

.d frvk+v,

] �

r

vlqk+�w. 4

5
,i+w,gw� d vlqk+v, vlqk+�v. 4

5
,i+v,

@

] r

f
d vlqk+v� w� 4

5
,i+w,gw.

] �

r

d vlqk+v� w.
4

5
,i+w,gw

.d frvk+�4

5
,� d frvk+

4

5
,

@

] �

f
J+v> w,i+w,gw

iru doprvw doo v 5 ^3> 4`1 �

Ohppd 51418 Iru i 5 O�+^3> 4`> I, ru i 5 O�+^3> 4`>U,/

g

gv
+

] �

f
I +v> w,i+w,gw, @ �i+v, .

] �

f
J+v> w,i+w,gw

iru doprvw doo v ^3> 4`1 +Li x+v, � U �
f J+v> w,i+w,gw/ wkhq x��+v, @ �i+v, . U �f J+v> w,i+w,gw

iru doprvw doo v 5 ^3> 4`1,

Surri= Zh �uvw qrwh wkdw] �

f
I +v> w,i+w,gw

@ d vlqk+v,

] r

f
frvk+�w� 4

5
,i+w,gw. d frvk+v,

] r

f
vlqk+�w� 4

5
,i+w,gw

.d vlqk+v,

] �

r

frvk+�w. 4

5
,i+w,gw. d frvk+v,

] �

r

vlqk+�w. 4

5
,i+w,gw=

E| wkh vdph uhdvrqlqj xvhg lq Ohppd 51417/ lw lv fohdu wkdw
U �
f I +v> w,i+w,gw lv devroxwho|

frqwlqxrxv1 Uhfdoolqj wkdw d @ �
2 t�?�E�

2
�
/ zh wkhq kdyh

g

gv
+

] �

f
I +v> w,i+w,gw,

@ d frvk+v,

] r

f
frvk+�w� 4

5
,i+w,gw. d vlqk+v, frvk+�v� 4

5
,i+v,

.d vlqk+v,

] r

f
vlqk+�w� 4

5
,i+w,gw. d frvk+v, vlqk+�v� 4

5
,i+v,
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.d frvk+v,

] �

r

frvk+�w. 4

5
,i+w,gw� d vlqk+v, frvk+�v. 4

5
,i+v,

.d vlqk+v,

] �

r

vlqk+�w. 4

5
,i+w,gw� d frvk+v, vlqk+�v. 4

5
,i+v,

@

] r

f
d frvk+v� w� 4

5
,i+w,gw.

] r

f
d frvk+v� w.

4

5
,i+w,gw

.d vlqk+�4

5
,i+v,� d vlqk+

4

5
,i+v,

@ �i+v, .
] �

f
J+v> w,i+w,gw

iru doprvw doo v 5 ^3> 4`1 �

Gh�qlwlrq 51419 Ehfdxvh _
_r+
U �
f Jr+v> w,i+w,,gw @

U �
f J+v> w,i+w,gw � i+v, dv zh kdyh

vhhq lq wkh ohppd deryh/ ohw xv uhvhuyh wkh qrwdwlrq Jrr+v> w, wr phdq

Jrr+v> w, � J+v> w,� �+w� v,

zkhuh � lv wkh Gludf ghowd jhqhudol}hg ixqfwlrq/ l1h1/] n"

3"
�+w� v,j+w,gw � j+v,

lq wkh glvwulexwlrqdo vhqvh1

Wkxv/

g

gv
+

] �

f
Jr+v> w,i+w,gw, @

] �

f
Jrr+v> w,i+w,gw

�
] �

f
J+v> w,i+w,gw. i+v,=

Ohppd 5141: Iru n> i 5 K+I,/ wkh xqltxh vroxwlrq/ x 5 K / wr wkh iroorzlqj htxdwlrq/

+x> n, @

] �

f
ikx�> n�l. kx> nljgv @

] �

f
ki> nlgv +51:,

lv

x+v, @

] �

f
J+v> w,i+w, gw=

Surri= Xvlqj lqwhjudwlrq e| sduwv iru wkh �uvw whup/ zh uhzulwh +51:, dv] �

f
k�x�� . x> nlgv @

] �

f
ki> nlgv=

Vr zh vhhn d vroxwlrq wr wkh vhfrqg rughu olqhdu gl�huhqwldo htxdwlrq

�x�� . x @ i
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x+3, @ x+4, i+3, @ i+4,

x�+3, @ x�+4, i �+3, @ i �+4,=

Fkhfnlqj wkdw x @
U �
f J+v> w,i+w, gw lv lqghhg rxu ghvluhg vroxwlrq/ zh qrwh wkdw

e| Ohppdv 51417 dqg 51418

g

gv
+x+v,, @

] �

f
I +v> w,i+w,gw

dqg

g2

gv2
+x+v,, @

g

gv
+

] �

f
I +v> w,i+w,gw,

@

] �

f
Jrr+v> w,i+w,gw

@ �i+v, .
] �

f
J+v> w,i+w,gw

Lw wkhq iroorzv wkdw

� g2

gv2
+x+v,, . x+v, @

] �

f
i�Jrr+v> w, .J+v> w,ji+w,gw @ i+v,=

Ilqdoo|/ qrwh wkdw wkh erxqgdu| frqglwlrqv duh lqghhg vdwlv�hg e| x=

x+3, @

] �

f
d frvk+�w. 4

5
,i+w,gw @ x+4,

x�+3, @

] �

f
d vlqk+�w. 4

5
,i+w,gw @ x�+4,= �

+Surri ri Sursrvlwlrq 51416 frqwlqxhg,

Xvlqj wkh deryh ohppd/ zh fdq vroyh

+dgW�o> n, @

] �

f
ik+dgW�o,�> n�l. kdgW�o> nljgv

@

] �

f
k^o> k` . ^o�> k�` . ^k> o�`�> nlgv

wr jhw

dgW�o+v, @

] �

f
J+v> w,+^o> k` . ^o�> k�` . ^k> o�`�,+w,gw= �
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Uhwxuqlqj wr htxdwlrq +514,/ zh fdq qrz ghwhuplqh u��
�o=

u��
�o @ �4

5
i^o> k` . dgW�o . dgW, kj�

@ �4

5
i^o> k` .

] �

f
J+v> w,+^k> o�`� . ^o> k�`�,+w,gwj�=

Ohw xv gh�qh d ghulydwlyh/ dovr fdoohg u/ rq K lq wkh reylrxv zd|=

u�o � u��
�ome

zkhuh h lv wkh lghqwlw| ri O+J,1 Vr

u�o+v, @ �4

5
i^o> k`+v, .

] �

f
J+v> w,+^k> o�`� . ^o> k�`�,+w,gwj= +51;,

Zh zrxog olnh wr h{suhvv +51;, lq d irup wkdw kdv qr vhfrqg ghulydwlyhv1 Qrwlqj

wkdw J+v> w, lv frqwlqxrxv zlwk uhvshfw wr w iru doo v 5 ^3> 4`/ dqg wkdw

J+v> 3, @ d frvk+v� 4

5
, @ J+v> 4,

zh pd| xvh lqwhjudwlrq e| sduwv lq +51;,=

u�o+v, @ �4

5
i^o> k`+v, .

] �

f
J+v> w,+^k> o�` . ^o> k�`,�+w,gwj

@ �4

5
i^o> k`+v, .

] �

f
Jr+v> w,+^k> o

�` . ^o> k�`,+w,gwj

@ �4

5
i^o> k`+v, .

] �

f
I +v> w,+^k> o�` . ^o> k�`,+w,gwj

@ �4

5
i^o> k`+v, .

] �

f
I +v> w,^k> o�`+w,gw.

] �

f
I +v> w,^o> k�`+w,gwj= +51<,

Uhfdoo wkdw zh duh dvvxplqj ^k> o�` dqg ^o> k�` duh erwk lq K+I,1

E| wkh frqwlqxlw| riJ/ wkh deryh lqwhjudwlrq e| sduwv lv vwudljkwiruzdug1 Ehiruh

ghwhuplqlqj d �qdo h{suhvvlrq iru u�o/ zh qhhg wr yhuli| d qxpehu ri rwkhu lqwhjudwlrq0

e|0sduwv irupxodv lqyroylqj wkh Juhhq*v ixqfwlrq/ J1

Sursrvlwlrq 5141; Xvlqj wkh qrwdwlrq Jrr+v> w, iurp Gh�qlwlrq 51419/ iru k> n 5 K+I,/] �

f
k
] �

f
Jr+v> w,k+w,gw> n

�+v,lgv @
] �

f
k
] �

f
Jrr+v> w,k+w,gw> n+v,lgv=
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Surri= Dsso|lqj lqwhjudwlrq e| sduwv dqg Ohppd 51418 jlyhv] �

f
k
] �

f
Jr+v> w,k+w,gw> n

�+v,lgv @

] �

f
k g
gv
+

] �

f
Jr+v> w,k+w,gw,> n+v,lgv

@

] �

f
k
] �

f
Jrr+v> w,k+w,gw> n+v,lgv= �

Sursrvlwlrq 5141< Iru i 5 K+U, ru i 5 K+I,/] �

f
Jr+v> w,i

�+v,gv @

] �

f
�Jrr+v> w,i+v,gv=

Surri= Xvlqj lqwhjudwlrq e| sduwv dqg wkh gh�qlwlrq ri Jr/] �

f
Jr+v> w,i

�+v,gv

@

] |

f
d vlqk+v� w.

4

5
,i �+v,gv.

] �

|

d vlqk+v� w� 4

5
,i �+v,gv

@ d vlqk+w� w.
4

5
,i+w,� d vlqk+3� w.

4

5
,i+3, .

] |

f
d frvk+v� w.

4

5
,i+v,gv

.d vlqk+4� w� 4

5
,i+4,� d vlqk+w� w.

4

5
,i+w, .

] �

|

d frvk+v� w� 4

5
,i+v,gv

@ 5d vlqk+
4

5
,i+w, . d vlqk+�w. 4

5
,+i+4,� i+3,, .

] �

f
d frvk+u+v> w,,i+v,gv

@ i+w, .

] �

f
J+v> w,i+v,gv @

] �

f
i�+w� v, .J+v> w,ji+v,gv @

] �

f
�Jrr+v> w,i+v,gv=�

Sursrvlwlrq 514143 Iru i 5 K+U, ru i 5 K+I,/] �

f
J|+v> w,i

�+v,gv @

] �

f
�Jrr+v> w,i+v,gv=

Surri=] �

f
J|+v> w,i

�+v,gv

@ �
] r

f
d vlqk+v� w� 4

5
,i �+w,gw.

] �

r

d vlqk+v� w.
4

5
,i �+w,gw

@ �d vlqk+v� v� 4

5
,i+v, . d vlqk+v� 3� 4

5
,i+3,�

] r

f
d frvk+v� w� 4

5
,i+w,gw

�d vlqk+v� 4 .
4

5
,i+4, . d vlqk+v� v.

4

5
,i+v,�

] �

r

d frvk+v� w.
4

5
,i+w,gw

@ 5d vlqk+
4

5
,i+v,�

] �

f
J+v> w,i+w,gw @

] �

f
i�J+v> w, . �+w� v,ji+w,gw

@

] �

f
�Jrr+v> w,i+w,gw=�



49

Sursrvlwlrq 514144] �

f
Jr+v> w�,Jr+v> w2,gv @

] �

f
�Jrr+v> w�,J+v> w2,gv=

Surri= Dvvxph �uvw wkdw w� � w21 Wkhq/ uhfdoolqj wkdw

Jr+v> w, @

;?= d vlqk+v� w� �
2, li 3 � w ? v

d vlqk+v� w. �
2, li v � w � 4

zkhuh d @ �
2 t�?�E�

2
�
/ zh kdyh wkh iroorzlqj=

] �

f
Jr+v> w�,Jr+v> w2,gv

@

] |�

f
d vlqk+v� w� .

4

5
,d vlqk+v� w2 .

4

5
,gv

.

] |2

|�

d vlqk+v� w� � 4

5
,d vlqk+v� w2 .

4

5
,gv] �

|2

d vlqk+v� w� � 4

5
,d vlqk+v� w2 � 4

5
,gv

@ d vlqk+w� � w� .
4

5
,d frvk+w� � w2 .

4

5
,� d vlqk+�w� . 4

5
,d frvk+�w2 . 4

5
,

�
] |�

f
d frvk+v� w� .

4

5
,d frvk+v� w2 .

4

5
,gv

.d vlqk+w2 � w� � 4

5
,d frvk+w2 � w2 .

4

5
,� d vlqk+w� � w� .

4

5
,d frvk+w� � w2 .

4

5
,

�
] |�

|�

d frvk+v� w� � 4

5
,d frvk+v� w2 .

4

5
,gv

.d vlqk+4� w� � 4

5
,d frvk+4� w2 � 4

5
,� d vlqk+w2 � w� � 4

5
,d frvk+w2 � w2 � 4

5
,

�
] �

|�

d frvk+v� w� � 4

5
,d frvk+v� w2 � 4

5
,gv=

Diwhu fdqfhoolqj olnh whupv/ zh jhw] �

f
Jr+v> w�,Jr+v> w2,gv @ 5d vlqk+

4

5
,d frvk+w� � w2 .

4

5
,�

] �

f
J+v> w�,J+v> w2,gv

@ d frvk+w� � w2 .
4

5
,�

] �

f
J+v> w�,J+v> w2,gv=

Vlploduo|/ li w2 ? w�/] �

f
Jr+v> w�,Jr+v> w2,gv @ 5d vlqk+

4

5
,d frvk+w2 � w� .

4

5
,�

] �

f
J+v> w2,J+v> w�,gv

@ d frvk+w� � w2 � 4

5
,�

] �

f
J+v> w�,J+v> w2,gv=
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Wkxv/ iru doo +w�> w2, 5 ^3> 4`2/] �

f
Jr+v> w�,Jr+v> w2,gv @ J+w�> w2,�

] �

f
J+v> w�,J+v> w2,gv

@

] �

f
�Jrr+v> w�,J+v> w2,gv=�

Sursrvlwlrq 514145] �

f
J+v> w�,Jr+v> w2,gv @ �

] �

f
Jr+v> w�,J+v> w2,gv=

Surri= Wklv iroorzv iurp qrupdo lqwhjudwlrq e| sduwv1�

Uhwxuqlqj wr rxu h{suhvvlrq iru u�o lq +51<,/ zh pd| xvh Sursrvlwlrq 5141< zlwk

wkh dqwlv|pphwu| ri I wr jhw

] �

f
I +v> w,^o> k�`gw @

] �

f
I +v> w,+^o> k`� � ^o�> k`,+w,gw

@ �^o> k`+v,�
] �

f
J+v> w,^k> o`+w,gw.

] �

f
I +v> w,^k> o�`+w,gw=+5143,

Wkxv/ +51<, ehfrphv

u�o+v, @ �4

5
i^o> k`+v, .

] �

f
I +v> w,^k> o�`+w,gw� ^o> k`+v,

�
] �

f
J+v> w,^k> o`+w,gw.

] �

f
I +v> w,^k> o�`+w,gwj

@ �
] �

f
I +v> w,^k> o�`+w,gw.

4

5

] �

f
J+v> w,^k> o`+w,gw=

Vlqfh wklv h{suhvvlrq grhv qrw lqyroyh ^k> o�`� ru ^o> k�`�/ zh pd| wdnh wklv wr eh rxu gh�qlwlrq

ri u�o iru jhqhudo k dqg o=

Gh�qlwlrq 514146 Iru k> o 5 K+I ,/ ohw

u�o+v, @ �
] �

f
I +v> w,^k> o�`+w,gw.

4

5

] �

f
J+v> w,^k> o`+w,gw=

Ehiruh surfhhglqj/ lw lv lpsruwdqw wr yhuli| wkdw u�o lv dfwxdoo| dq hohphqw ri

wkh Fdphurq0Pduwlq Kloehuw vsdfh K+I,1

Sursrvlwlrq 514147 Li k> o 5 K+I,/ wkhq u�o 5 K+I,1 Iruwkhupruh/ iru doprvw doo

v 5 ^3> 4`/

+u�o,
�+v, @ ^k> o�`+v,�

] �

f
J+v> w,^k> o�`+w,gw.

4

5

] �

f
I +v> w,^k> o`+w,gw=

+5144,
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Surri= Wkh idfw wkdw u�o lv devroxwho| frqwlqxrxv iroorzv gluhfwo| iurp gh�0

qlwlrq 514146 dqg Ohppdv 51417 dqg 514181 Zh pd| dovr rewdlq +5144, iurp Ohppdv

51417 dqg 514181 Lw lv hdv| wr fkhfn wkdw +u�o>u�o,MEI� ?4 e| xvh ri Fdxfk|0Vfkzduw}

lqhtxdolw| dqg wkh idfw wkdw J+v> w, dqg I +v> w, duh erxqghg iru +v> w, 5 ^3> 4`21 �

Sursrvlwlrq 514148 u/ dv gh�qhg lq Gh�qlwlrq 514146/ lv wkh _Ohyl0Flylwd fryduldqw

ghulydwlyh% rq K+I ,1

Surri= Zh qhhg wr fkhfn gluhfwo| wkdw u lv wruvlrq iuhh dqg phwulf frpsdwleoh11

Xvlqj Htxdwlrq +5143,/ zh kdyh

u�o �u,k @ �
] �

f
I +v> w,^k> o�`+w,gw.

4

5

] �

f
J+v> w,^k> o`+w,gw

.

] �

f
I +v> w,^o> k�`+w,gw� 4

5

] �

f
J+v> w,^o> k`+w,gw

@ �
] �

f
I +v> w,^k> o�`+w,gw.

] �

f
J+v> w,^k> o`+w,gw

�^o> k`+v,�
] �

f
J+v> w,^k> o`+w,gw.

] �

f
I +v> w,^k> o�`+w,gw

@ �^o> k`+v, @ ^k> o`+v,

surylqj u lv wruvlrq iuhh1

Iru phwulf frpsdwlelolw| zh zdqw wr vkrz wkdw

+u�o> n, . +o>u�n, @ 3 ;k> o> n 5 K=

Qrwh wkh iroorzlqj=

+u�o> n, . +o>u�n,

@

] �

f
ik+u�o,

�> n�l. ko�> +u�n,
�l. ku�o> nl. ko>u�nljgv

@

] �

f
ik^k> o�`+v,�

] �

f
J+v> w,^k> o�`+w,gw.

4

5

] �

f
I +v> w,^k> o`+w,gw> n�l

.ko�+v,> ^k> n�`+v,�
] �

f
J+v> w,^k> n�`+w,gw.

4

5

] �

f
I +v> w,^k> n`+w,gwl

.k�
] �

f
I +v> w,^k> o�`+w,gw.

4

5

] �

f
J+v> w,^k> o`+w,gw> nl

.ko+v,>�
] �

f
I +v> w,^k> n�`+w,gw.

4

5

] �

f
J+v> w,^k> n`+w,gwljgv
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@

] �

f
ik^k> o�`> n�l. ko�> ^k> n�`ljgv

�
] �

f
k�
] �

f
I +v> w,^k> o�`+w,gw.

4

5
+�^k> o`+v, .

] �

f
J+v> w,^k> o`+w,gw,> nlgv

�
] �

f
ko+v,>�

] �

f
I +v> w,^k> n�`+w,gw.

4

5
+�^k> n`+v, .

] �

f
J+v> w,^k> n`+w,gw,lgv

.

] �

f
k�
] �

f
I +v> w,^k> o�`+w,gw.

4

5

] �

f
J+v> w,^k> o`+w,gw> nlgv

.

] �

f
ko+v,>�

] �

f
I +v> w,^k> n�`+w,gw.

4

5

] �

f
J+v> w,^k> n`+w,gwlgv

@

] �

f
ik^k> o�`> n�l � k^k> o�`> n�ljgv

�
] �

f

4

5
ik�^k> o`> nl. ko>�^k> n`ljgv

@ �
] �

f

4

5
i�k^k> o`> nl. k^k> o`> nljgv

@ 3= �

Qrwh wkdw vlqfh Jr @ �J|/ zh pd| zulwh

u�o+v, @

] �

f
J|+v> w,^k> o

�`+w,gw.
4

5

] �

f
J+v> w,^k> o`+w,gw=

E| frpsdulvrq/ wkh fryduldqw ghulydwlyh/ G/ iru wkh Olh dojheud ri wkh slqqhg orrs jurxs/

dv irxqg lq Gulyhu ^8`/ lv

G�o+v, @

] r

f
^k> o�`gw� v

] �

f
^k> o�`gw @

] �

f
i�+v� w,� vj^k> o�`+w,gw=

Wkh Juhhq*v ixqfwlrq iru wkdw fdvh lv Jf+v> w, � v a w� vw1 Vr

Jf|+v> w, @

;?= 4� v w � v

�v v ? w=

@ +4� v,4|$r � v4|:r

@ 4|$r � v

@ �+v� w,� v=

Wkxv/

G�o+v, @

] �

f
Jf|+v> w,^k> o

�`+w,gw=
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2�2 ��h�@|�hi

Uhfdoo wkdw wkh fryduldqw ghulydwlyh wxuqhg rxw wr eh

u�o+v, @ �
] �

f
I +v> w,^k> o�`+w,gw.

4

5

] �

f
J+v> w,^k> o`+w,gw=

Zh zlvk wr fdofxodwh wkh fxuydwxuh whqvru

Ukk> nlo @ ^u�>u&`o �ud�c&oo=

iru k> n> o 5 K1 Iluvw qrwh=

u�u&o+{,

@

] �

f
�I +{> v,^k> +u&o,

�`+v,gv.
4

5

] �

f
J+{> v,^k>u&o`+v,gv

@

] �

f
�I +{> v,^k+v,> ^n> o�`+v,�

] �

f
J+v> w,^n> o�`+w,gw.

4

5

] �

f
I +v> w,^n> o`+w,gw`gv

.
4

5

] �

f
J+{> v,^k+v,>�

] �

f
I +v> w,^n> o�`+w,gw.

4

5

] �

f
J+v> w,^n> o`+w,gw`gv=

Vr

^u�>u&`o+{,

@

] �

f
�I +{> v,^k> ^n> o�``gv�

] �

f
�I +{> v,^n> ^k> o�``gv

.

] �

f
�I +{> v,^k+v,>�

] �

f
J+v> w,^n> o�`+w,gw.

4

5

] �

f
I +v> w,^n> o`+w,gw`gv

�
] �

f
�I +{> v,^n+v,>�

] �

f
J+v> w,^k> o�`+w,gw.

4

5

] �

f
I +v> w,^k> o`+w,gw`gv

.
4
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] �

f
J+{> v,^k+v,>�

] �

f
I +v> w,^n> o�`+w,gw.

4

5

] �

f
J+v> w,^n> o`+w,gw`gv
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] �

f
J+{> v,^n+v,>�

] �

f
I +v> w,^k> o�`+w,gw.

4

5

] �

f
J+v> w,^k> o`+w,gw`gv

@

] �

f
I +{> v,^o�> ^k> n``+v,gv

.

] �

f

] �

f
iI +{> v,J+v> w,� 4

5
J+{> v,I +v> w,j^k+v,> ^n> o�`+w,`gwgv

.

] �

f

] �

f
i4
5
I +{> v,I +v> w,� 4

7
J+{> v,J+v> w,j^k+v,> ^o> n`+w,`gwgv
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�
] �

f

] �

f
iI +{> v,J+v> w,� 4

5
J+{> v,I +v> w,j^n+v,> ^k> o�`+w,`gwgv

�
] �

f

] �

f
i4
5
I +{> v,I +v> w,� 4

7
J+{> v,J+v> w,j^n+v,> ^o> k`+w,`gwgv

@

] �

f
I +{> v,^o�> ^k> n``+v,gv

.

] �

f

] �

f
P+{> v> w,+^k+v,> ^n> o�`+w,`� ^n+v,> ^k> o�`+w,`,gwgv

.
4

5

] �

f

] �

f
Q+{> v> w,+^k+v,> ^o> n`+w,`� ^n+v,> ^o> k`+w,`,gwgv

zkhuh zh kdyh xvhg wkh Mdfrel lghqwlw| iru wkh �uvw whup lq wkh vhfrqg htxdwlrq deryh/

dqg zh gh�qh P dqg Q e|

P+{> v> w, � I +{> v,J+v> w,� 4

5
J+{> v,I +v> w, +5145,

Q+{> v> w, � I +{> v,I +v> w,� 4

5
J+{> v,J+v> w,= +5146,

Ilqdoo|/ qrwlqj wkdw

ud�c&oo+{, @ �
] �

f
I +{> v,^^k> n`> o�`+v,gv.

4

5

] �

f
J+{> v,^^k> n`> o`+v,gv

zh jhw wkh iroorzlqj wkhruhp1

Wkhruhp 51514 Iru k> n> o 5 K+I,/ wkh fxuydwxuh whqvru fdq eh zulwwhq dv

+Ukk> nlo,+{, @
] �

f

] �

f
P+{> v> w,+^k+v,> ^n> o�`+w,`� ^n+v,> ^k> o�`+w,`,gwgv

.
4

5

] �

f

] �

f
Q+{> v> w,+^k+v,> ^o> n`+w,`� ^n+v,> ^o> k`+w,`,gwgv

.
4

5

] �

f
J+{> v,^o> ^k> n``+v,gv>

zkhuh P dqg Q duh gh�qhg lq +5145, dqg +5146,1
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2�� +�UU� Ai?tLh

Li k> n 5 K dqg n kdv wkh surshuw| wkdw ^n�> n` @ 3/ wkhq

+Ukk> nln,+{, @

] �

f
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f
P+{> v> w,+^k+v,> ^n> n�`+w,`� ^n+v,> ^k> n�`+w,`,gwgv

.
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] �

f
Q+{> v> w,+^k+v,> ^n> n`+w,`� ^n+v,> ^n> k`+w,`,gwgv

.
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5

] �

f
J+{> v,^n> ^k> n``+v,gv
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] �

f

] �

f
P+{> v> w,^n+v,> ^n�> k`+w,`gwgv
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] �

f

] �

f
Q+{> v> w,^n+v,> ^n> k`+w,`gwgv

.
4

5

] �

f
J+{> v,^n> ^k> n``+v,gv= +5147,

Lq dqwlflsdwlrq ri wkh Ulffl whqvru/ zh zlvk qrz wr frpsxwh +Ukk> nln> k,1 Iru
zkdw iroorzv/ wkh {> v dqg w lq P+{> v> w, dqg Q+{> v> w, zloo eh vxssuhvvhg1 Dovr/ ohw xv

nhhs lq plqg wkdw rxu Juhhq*v ixqfwlrq/ J+{> v,/ kdv wkh iroorzlqj surshuwlhv/ dv glvfxvvhg

lq Gh�qlwlrq 51419=

�J%%+{> v, .J+{> v, @ �+v� {,

I +{> v, @ J%+{> v,

Jr+{> v, @ �J%+{> v,=

Iluvw frqvlghu

+

] �

f
J+�> v,^n> ^k> n``+v,gv> k+�,,
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] �

f
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] �

f
J%+{> v,^n> ^k> n``+v,gv> k
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] �

f
J+{> v,^n> ^k> n``+v,gv> k+{,ljg{

@

] �

f
i�k

] �

f
J%%+{> v,^n> ^k> n``+v,gv> k+{,l. k

] �

f
J+{> v,^n> ^k> n``+v,gv> k+{,ljg{
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] �

f
k
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f
+�J%%+{> v, .J+{> v,,^n> ^k> n``+v,gv> k+{,lg{
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] �

f
k
] �
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�+v� {,^n> ^k> n``+v,gv> k+{,lg{
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] �

f
k^n> ^k> n``+{,> k+{,lg{=
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Wkxv/

+

] �

f
J+�> v,^n> ^k> n``+v,gv> k+�,, @

] �

f
k^n> k`+{,> ^n> k`+{,lg{= +5148,

Qh{w/ frqvlghu

+

] �

f

] �

f
P+�> v> w,^n+v,> ^n�> k`+w,`gwgv> k+�,,
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] �
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] �
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�> k`+w,`gwgv> k�+{,l
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] �
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] �
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] �

f
ik
] �
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] �
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J2+{> w,jNkk+{,> k+w,lgwg{=
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Zh kdyh wkxv suryhg wkh iroorzlqj wkhruhp1

Wkhruhp 516143 Iru doo k 5 K+I,/

Ulfkk> kl @
] �

f

] �

f
i8
7
J2+{> w, . I 2+{> w,jNkk+{,> k+w,lgwg{ +5154,

�
] �

f
J+{> {,Nkk+{,> k+{,lg{>

zkhuh/ djdlq/ J dqg I duh gh�qhg dv lq +517,1

Dq lpsruwdqw nh| wr surylqj rxu orjdulwkplf Vrerohy lqhtxdolw| lq Wkhruhp

91315 zloo eh edvhg rq wkh idfw wkh Ulffl whqvru lv erxqghg ehorz/ zklfk lv zkdw zh qh{w

yhuli|1

Wkhruhp 516144 Wkhuh h{lvwv d frqvwdqw F A 3 vxfk wkdw

Ulfkk> kl � �F+k> k, +5155,

iru doo k 5 K+I,1

Surri= E| wkh gh�qlwlrq ri J dqg I / lw lv fohdu wkdw wkhuh h{lvwv erxqgv/ F�

dqg F2/ rq vxfk wkdw mJ+{> w,m � F� dqg mI +{> w,m � F2 iru doo +{> w, 5 ^3> 4`21 Lw wkhq

iroorzv wkdw iru doo k 5 K+I,/

mUlfkk> klm �
] �

f

] �

f
i8
7
F2
� .F2

2j mNkk+{,> k+w,lm gwg{.
] �

f
F� mNkk+{,> k+{,lmg{

�
] �

f

] �

f
i8
7
F2
� .F2

2jf mkk+{,> k+w,lImgwg{.
] �

f
F�fkk+{,> k+{,lIg{

� i8
7
F2
� .F2

2jf
] �

f
nk+w,n

I
gw

] �

f
nk+{,n

I
g{.F�f

] �

f
nk+{,n2

I
g{

� i8
7
F2
� .F2

2jf+
] �

f
nk+{,n

I
g{,2 .F�f

] �

f
nk+{,n2

I
g{

� i8
7
F2
� .F2

2jf
] �

f
nk+{,n2

I
g{.F�f

] �

f
nk+{,n2

I
g{

� i8
7
F2
� .F2

2 .F�jf
] �

f
i��k�+{,��2

I
. nk+{,n2

I
jg{

@ i8
7
F2
� .F2

2 .F�jf+k> k,>

zkhuh zh kdyh xvhg K�roghu*v dqg Fdxfk| Vfkzduw} lqhtxdolwlhv iru wkh wklug lqhtxdolw|

deryh dqg f lv d frqvwdqw ghshqglqj rq N1 Ohwwlqj F � iDeF2
� .F2

2 .F�jf zh vhh wkdw
+5155, krogv1 �



��@T|ih �

6�?�|i #�4i?t�L?@*

�TThL �4@|�L?t

Iru wkh �qlwh glphqvlrqdo dssur{lpdwlrqv wr wkh vsdfh O+J,/ zh frqvlghu/ iru
hdfk sduwlwlrq S @ i3 @ vf ? v� ? � � � ? v?3� ? 4j/ wkh �qlwh glphqvlrqdo surgxfw Olh
jurxs J� � J? @ J � � � � � J1 Uhfdoo wkh Juhhq*v ixqfwlrq J+v> w, @ d frvk+u+v> w,,

zkhuh d @ �
2 t�?�E�

2
�
dqg

u+v> w, @

;?= v� w� �
2 3 � w ? v

v� w. �
2 v � w � 4=

=

Zh gh�qh d phwulf rq wkh Olh dojheud I� e|

+ �D> �E,� �
?[

�c�'�

T��kD�> E�l> +614,

zkhuh �D @ +D�> = = = > D?,> �E @ +E�> = = = > E?, 5 I� / k�> �l lv wkh lqqhu surgxfw rq I/ dqg

T lv wkh lqyhuvh ri wkh pdwul{ iJ+v�> v�,j?�c�'�1 Zh fdq wkhq h{whqg +�> �,� wr d xqltxh

ohiw0lqyduldqw Ulhpdqqldq phwulf/ zklfk zh zloo dovr ghqrwh e| +�> �,� / rq J� 1

Ehiruh frqwlqxlqj/ zh vkrxog yhuli| wkdw wkh pdwul{ iJ+v�> v�,j?�c�'�lv dfwxdoo|

lqyhuwleoh1 Ohw ��� = K+I,$ I� eh wkh surmhfwlrq gh�qhg e|

���+k, � +k+vf,> = = = > k+v?3�,,

iru k 5 K+I,11Lw lv vx�flhqw wr vkrz wkdw lw lv srvlwlyh gh�qlwh1 Vr dvvxph wkdw { @

66
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+{f> {�> = = = > {?3�, 5 U?qi3j1 Wkhq/ e| Ohppd 5161:/

?3�[
�c�'f

J+v�> v�,{�{� @
?3�[
�c�'f

[
@M�f

d+v�,d+v�,{�{�

@
[
@M�f

+
?3�[
�'f

d+v�,{�,+
?3�[
�'f

d+v�,{�,

@
[
@M�f

+{ � +���+d,,,2>

zkhuh kf lv dq ruwkrqrupdo edvlv ri K+I,1 Wkh vxppdwlrq lq wkh odvw htxdwlrq zloo

eh juhdwhu wkdq }hur li zh mxvw fkrrvh wkh edvlv kf wr lqfoxgh dq hohphqw d vxfk wkdw

{ � +���+d,, 9@ 3 +rqh pd| vwduw zlwk vxfk dq d dqg xvh wkh Judp0Vfkplgw surfhvv wr

frqvwuxfw wkh uhvw ri kJ,1

Qh{w/ gh�qh wkh vxevsdfh K�+I, � K+I, e|

K�+I, � +Nhu+���,,
z=

Ohppd 61314 Li S @ i3 @ vf ? v� ? � � � ? v?3� ? 4j lv d jlyhq sduwlwlrq ri ^3> 4`/ wkhq

wkh iroorzlqj duh wuxh=

d, Li n> o 5 K�+I, duh vxfk wkdw n+v�, @ o+v�, ; v� 5 S/ wkhq n � o1

e, K�+I, @ in 5 K+I, = n+v, @
S?3�

�'f J+v> v�,D�/ D� 5 Ij1
f, K�+I, @ in 5 K+I, = �n��+v, . n+v, @ 3 iru doo v 5 ^3> 4`qSj1

Surri= d,Vxssrvh n> o 5 K�+I, duh vxfk wkdw n+v�, @ o+v�, ; v� 5 S1 Wkhq

k � n � o kdv wkh surshuw| wkdw k+v�, @ 3 ; v� 5 S/ dqg wkxv k 5 Nhu+���, _K�+I, @

Nhu+���, _ +Nhu+���,,
z @ i3j1 Khqfh/ k � 3 dqg vr n � o1

e, Vxssrvh n+v, @
S?3�

�'f J+v> v�,D� zkhuh D� 5 I iru doo l 5 i3> 4> = = = > q � 4j1
Wkhq iru dq duelwudu| k 5 Nhu+���,/ wkh uhsurgxflqj surshuw| ri J jlyhv

+k> n, @ +k>
?3�[
�'f

J+v> v�,D�,

@
?3�[
�'f

kk+v�,> D�l @ 3>

zkhuh/ iru wkh odvw htxdwlrq/ zh kdyh xvhg wkh idfw wkdw k+v�, @ 3 iru doo l1 Vlqfh

k 5 Nhu+���, zdv duelwudu|/ zh kdyh vkrzq wkdw n 5 K�+I, @ +Nhu+���,,
z1
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Qrz vxssrvh wkdw n 5 K�+I,1 Zh zlvk wr vkrz wkdw lw pxvw eh ri wkh irup

n+v, @
S?3�

�'f J+v> v�,D� zkhuh D� 5 I iru doo l1 Ohw D� �
S?3�

�'f T��n+v�, iru hdfk l +T

lv wkh pdwul{ gh�qhg lq +614,,1 Wkxv/ n+v�, @
S?3�

�'f J+v� > v�,D� iru m 5 i3> 4> = = = > q� 4j
1 Ohw o+v, � S?3�

�'f J+v> v�,D� iru v 5 ^3> 4`1 E| wkh �uvw sduw ri wkh surri iru sduw +e,

zh nqrz wkdw o 5 K�+I,1 Vlqfh/ iru hdfk v� 5 S/ o+v�, @
S?3�

�'f J+v� > v�,D� @ n+v�,/ lw

iroorzv e| sduw +d, wkdw n � o � 31

f, Ohw n 5 K�+I,1 Wkhq e| sduw +e,/ n lv ri wkh irup n+v, @
S?3�

�'f J+v> v�,D�

zkhuh D� 5 I iru doo l1 Iurp wkh gh�qlwlrq riJ lq +517, lw lv fohdu wkdwJrr+v> v�, @ J+v> v�,

iru hdfk v� 5 S dqg v @5 S1 Wkxv n��+v, @ n+v, iru v 5 ^3> 4`qS1
Frqyhuvho|/ vxssrvh wkdw n 5 K+I, lv vxfk wkdw�n��+v, . n+v, @ 3 iru doo

v 5 ^3> 4`qS1 Iru hdfk k 5 Nhu+���,/ lqwhjudwlrq e| sduwv jlyhv

+k> n, @

] �

f
ikk�+v,> n�+v,l. kk+v,> n+v,ljgv

@
?3�[
�'f

ikk+v�,> n�+v�,l �
] r�n�

r�

kk+v,> n��+v,lgvj.
] �

f
kk+v,> n+v,lgv

@
?3�[
�'f

kk+v�,> n�+v�,l.
] �

f
kk+v,>�n��+v, . n+v,lgv @ 3=

Wkxv/ n 5 +Nhu+���,,
z @ K�+I,1 �

Rxu qh{w jrdo lv wr vkrz wkdw ��� = K�+I, $ I� lv dq lvrphwulf lvrprusklvp1

Wklv zloo jlyh xv d pruh frqyhqlhqw �qlwh glphqvlrqdo vsdfh/ qdpho| K�+I,> lq zklfk wr

shuirup fdofxodwlrqv1 Exw �uvw zh qhhg wr jlyh K�+I, d Olh dojheud vwuxfwxuh1 Qrwh wkdw

K�+I, grhv qrw lqkhulw wkh Olh dojheud vwuxfwxuh iurp K+ I, vlqfh li k> n 5 K�+I,/ wkhq

^k> n` lv qrw qhfhvvdulo| edfn lq K�+I,1 Zh vwduw zlwk wkh iroorzlqj gh�qlwlrqv1

Gh�qlwlrq 61315 Iru hdfk sduwlwlrq S dqg hdfk k 5 K+I, +ru k 5 K+U,,/ gh�qh wkh

surmhfwlrq S� = K+I,$ K�+I, +ru S� = K+U,$ K�+U,, e|

+S�k,+v, �
?3�[
�c�'f

J+v> v�,T��k+v�,=

Qrwh wkdw iru hdfk v, 5 S/ +S�k,+v,, @
S?3�

�c�'fJ+v,> v�,T��k+v�, @ k+v,, +e|

gh�qlwlrq ri wkh pdwul{ T,1 Lq rwkhu zrugv/ S�k dqg k djuhh rq wkh sduwlwlrq srlqwv ri

S1
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Sursrvlwlrq 61316 Iru hdfk sduwlwlrq S S� = K+I,$ K�+I, lv wkh ruwkrjrqdo surmhf0

wlrq rqwr K�+I,1 Ixuwkhupruh/ iru hdfk k 5 K+I,/ S�k lv wkh slhfh0zlvh h{srqhqwldo

dssur{lpdwlrq ri k wkdw lv xqltxho| ghwhuplqhg e| lwv ydoxhv rq S dv iroorzv=

+S�k,+w, @
k+v�, . k+v�n�,

)�
frvk+w� v�, .

��k

��
vlqk+w� v�, ;w 5 ^v�> v�n�`>

+615,

zkhuh v�� r�nr�n�
2 / ��k � k+v�n�,� k+v�, / )� � 5 frvk+v�, dqg �� � 5 vlqk+r�n�3r�2 , 1

Surri= Qrwh wkdw iru dq| k 5 K+I,/ vlqfh +k� S�k,+v�, @ k+v�,� +S�k,+v�, @

k+v�,� k+v�, @ 3 iru doo v� 5 S/ wkhq k�S�k 5 Nhu+���, @ +K�+I,,
z1 Wklv/ dorqj zlwk

wkh idfw wkdw ��� lv dq lvrphwu|/ vkrzv wkdw K+I, @ K�+I,�Nhu+���, @ K�+I,�K�+I,
z

vlqfh dq| k 5 K+I, fdq eh zulwwhq dv k @ S�k.+k�S�k, / dqg li k 5 K�+I,_Nhu+���,>

wkhq k+v�, @ 3 ; v� 5 S dqg wkxv ���+k, @ 3, mkm @ m���+k,m @ 3, k @ 3 1 Khqfh/ S�k

lv wkh ruwkrjrqdo surmhfwlrq ri k rqwr K�+I,1

Wr vhh wkdw +615, krogv/ qrwh wkdw S�k lv gh�qhg lq whupv ri wkh Juhhq*v ixqfwlrq/

J+v> w,/ zklfk lv d vxp ri h{srqhqwldo ixqfwlrqv1 Wkxv/ rq d vxelqwhuydo/ ^v�> v�n�`/ ri wkh

sduwlwlrq/ S�kpxvw eh h{srqhqwldo ri wkh irup +S�k,+w, @ D frvk+w� v�,.E vlqk+w� v�,1

Wr ghwhuplqhD dqgE/ zh xvh wkh idfw wkdw +S�k,+v�, @ k+v�, dqg +S�k,+v�n�, @ k+v�n�,1

�

Gh�qlwlrq 61317 Iru k> n 5 K�+I,/ gh�qh d Olh eudfnhw/ ^�> �`� / rq K�+I, e| ^k> n`� �
S� ^k> n`1

Zh fodlp wkdw K�+I, lv d Olh dojheud xqghu ^�> �`� 1 Iru wklv zh qhhg wr vkrz

wkh Mdfrel lghqwlw| krogv1 Lq rwkhu zrugv/ iru dq| k> n> o 5 K�+I,/ zh zdqw

M � ^k> ^n> o`� `� . ^o> ^k> n`� `� . ^n> ^o> k`� `� @ 3=

E| rxu uhpdunv lq wkh gh�qlwlrq ri S� / iru hdfk v� 5 S zh kdyh

M+v�, @ ^k+v�,> ^n> o`+v�,` . ^o+v�,> ^k> n`+v�,` . ^n+v�,> ^o> k`+v�,`

@ 3>

zkhuh zh kdyh xvhg wkh Mdfrel lghqwlw| iru I lq wkh odvw htxdolw|1 Exw vlqfh M lv lq K�+I,/

e| sduw +d, ri Ohppd 61314 lw lv xqltxho| ghwhuplqhg e| lwv ydoxhv rq S dqg khqfh M � 31



6:

Wkh qh{w wzr sursrvlwlrqv yhuli| wkdw ��� = K�+I,$ I� lv lqghhg dq lvrphwulf

lvrprusklvp1

Sursrvlwlrq 61318 Jlyhq d sduwlwlrq S @ i3 @ vf ? v� ? � � � ? v? @ 4j/ vxssrvh wkdw

k> n 5 K�+I,1 Wkhq

+k> n, @
?3�[
�c�'�

T��kk+v�,> n+v�,l>

Wkxv/ wkh pds ��� = K�+I,$ I� lv dq lvrphwu|/ zkhuh wkh lqqhu surgxfw rq I� lv jlyhq

lq +614,1

Surri= Vxssrvh n+v, @
S?3�

�'f J+v> v�,D� dqg k+v, @
S?3�

�'f J+v> v�,E�/ zkhuh D�

dqg E� 5 I iru doo l1 Wkhq

+k> n, @
?3�[
�'f

kk+v�,> D�l

@
?3�[
�'f

kk+v�,>
?3�[
�'f

T��n+v�,l

@
?3�[
�c�'f

T��kk+v�,> n+v�,l>

zkhuh zh kdyh xvhg Ohppd 51619 iru wkh �uvw htxdwlrq1�

Fruroodu| 61319 Iru n+v, @
S?3�

�'f J+v> v�,D� dqg k+v, @
S?3�

�'f J+v> v�,E� dv deryh/

+k> n, @
?3�[
�c�'f

J+v�> v�,kE�>D�l=

Surri= Dv lq wkh surri deryh/

+k> n, @
?3�[
�'f

kk+v�,> D�l

@
?3�[
�'f

k
?3�[
�'f

J+v�> v�,E�>D�l

@
?3�[
�c�'f

J+v�> v�,kE�> D�l=�

Sursrvlwlrq 6131: Wkh pds ��� = K�+I,$ I� lv d Olh dojheud lvrprusklvp1
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Surri= Iurp wkh surri ri Sursrvlwlrq 61316/ lw lv fohdu wkdw ��� lv rqh0wr0rqh1

Iru dq| j @ +jf> j�> = = = j?3�, 5 I� / fkrrvh k 5 K�+I, wr eh k+v, �
?3�S
�c�'f

J+v> v�,T��j� 1

Wkhq ���+k, @ j/ dqg wkxv ��� lv rqwr1 Wr vhh wkdw ��� lv d Olh dojheud krprprusklvp/

qrwh wkdw iru k> n 5 K�+I,/

���+^k> n`�, @ ���+S� ^k> n`,

@ ���+
?3�[
�c�'f

J+�> v�,T�� ^k+v�,> n+v�,`,

@ +^k+vf,> n+vf,`> ^k+v�,> n+v�,`> = = = > ^k+v?3�,> n+v?3�,`,

@ ^+k+vf,> = = = > k+v?3�,,> +n+vf,> = = = > n+v?3�,,`I�

@ ^���+k,> ���+n,`I� = �

Dw wklv srlqw lw lv xvhixo wr glvfxvv wkh jhrphwu| ri K�+I,1

Gh�qlwlrq 6131; Ohw u eh wkh _Ohyl0Flylwd fryduldqw ghulydwlyh% rq K+I,1 Lghqwli|lqj

K�+I, zlwk wkh ohiw lqyduldqw yhfwru �hogv rq J� / zh zloo gh�qh rq K�+I, d fryduldqw

ghulydwlyh/ u� / dv iroorzv= iru hdfk k> n 5 K�+I, ohwu�� n � S�+u�n,/ l1h1/ u�� @ S�u�1

Gh�qlwlrq 6131< Zh gh�qh wkh Odsodfldq � rq K+I, e|

� �
[
&M7

u&u&>

dqg wkh Odsodfldq �� rq K�+I, e|

�� �
[
&M7�

u�&u�& >

zkhuh V lv d jrrg ruwkrqrupdo edvlv iru K+I, dqg V� lv dq| ruwkrqrupdo edvlv iru K�+I,/

uhvshfwlyho|1

Qrwh wkdw iru k 5 K+I, dqg o 5 K�+I,/

+S�k> o, @ +S�k. k� S�k> o,

@ +k> o,=

Zh fdq xvh wklv wr vkrz wkdw u� lv phwulf frpsdwleoh edvhg rq wkh phwulf frpsdwlelolw|

ri u= iru doo k> n> o 5 K�+I,

+u�� n> o, @ +S�u�n> o, @ +u�n> o, @ +n>u�o, @ +n>S�u�o, @ +n>u�� o,=



6<

Dovr/ vlqfh u lv wruvlrq iuhh/ wkhq vr lv u� vlqfh

u�� n �u�& k @ S�+u�n �u&k, @ S� ^k> n` @ ^k> n`� =

Wkxv/ u� ghvhuyhv wr eh fdoohg wkh Ohyl0Flylwd fryduldqw ghulydwlyh rq K�+I,1

Iru wkh iroorzlqj ohppdv/ +�> �, zloo ghqrwh wkh lqqhu surgxfw rq K+U, gh�qhg

e| +k> k, @
U �
f i+k�+v,,2 . +k+v,,2jgv dqg V�+U, zloo eh dq duelwudu| ruwkrqrupdo edvlv

ri K�+U,1

Ohppd 613143 Iru doo +w�> w2, 5 ^3> 4`2/ +S�J+�> w�,> J+�> w2,, @ J�+w�> w2,/ zkhuh

J�+w�> w2, �
[

@M7�E-�

d+w�,d+w2,=

Surri= Ohw V�+B, eh dq ruwkrqrupdo edvlv ri +K�+U,,
z dqg ohw V eh wkh

ruwkrqrupdo edvlv ri K+U, gh�qhg e| V @ V�+U, ^ V�+B,1 Wkhq

+S�J+�> w�,> J+�> w2,, @
[
@M7

+S�J+�> w�,> d,+J+�> w2,> d,

@
[

@M7�E-�

+S�J+�> w�,> d,+J+�> w2,> d,

.
[

KM7�Ez�

+S�J+�> w�,> e,+J+�> w2,> e,

@
[

@M7�E-�

+J+�> w�,> d,+J+�> w2,> d,

@
[

@M7�E-�

d+w�,d+w2, @ J�+w�> w2,>

zkhuh zh kdyh xvhg Ohppd 51619 iru wkh odvw htxdwlrq1

Lw lv fohdu iurp wkh surri ri Ohppd 613143 wkdw J�+w�> w2, lv zhoo0gh�qhg vlqfh

wkh vxppdwlrq lq wkh �uvw htxdwlrq ri wkh surri lv lqghshqghqw ri fkrlfh ri ruwkrqrupdo

edvlv V1

Ohppd 613144 Iru doo +w�> w2, 5 ^3> 4`2/ J�+w�> w2, @ +S�J+w�> �,,+w2,1

Surri= Xvlqj Ohppd 613143 dqg wkh idfw wkdw J lv d uhsurgxflqj nhuqho/

J�+w�> w2, @ +S�J+�> w�,>J+�> w2,, @ +S�J+�> w�,,+w2, @ +S�J+w�> �,,+w2,=�
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Ohppd 613145 Iru k 5 O�+^3> 4`, dqg w� 5 ^3> 4`/

+S�

] �

f
I +�> w�,k+w�,gw�,+w2, @

] �

f
�+J�,r+w�> w2,k+w�,gw�

1

Surri=

+S�

] �

f
I +�> w�,k+w�,gw�,+w2, @

?3�[
�c�'f

J+w2> v�,T��

] �

f
Jr+v� > w�,k+w�,gw�

@

] �

f

?3�[
�c�'f

J+w2> v�,T��Jr+v� > w�,k+w�,gw�

@

] �

f

?3�[
�c�'f

�Jr+w�> v�,T��J+v�> w2,k+w�,gw�

@

] �

f
�+J�,r+w�> w2,k+w�,gw�= �

Ohppd 613146 Ohw S @ i3 @ vf ? v� ? � � � ? v?3� ? 4j eh d jlyhq sduwlwlrq dv ehiruh1

Wkhq

J+v> w, @ J�+v> w, .
?3�[
�'f

J�+v> w,>

zkhuh

J�+v> w, @

;AAA?AAA=
3 li +v> w, @5 ^v�> v�n�`

2

t�?�E|3r�� t�?�Er�n�3r�
t�?�Er�n�3r��

li v� � w ? v ? v�n�

t�?�Er3r�� t�?�Er�n�3|�
t�?�Er�n�3r��

li v� � v � w ? v�n�

Surri= Ohw w 5 ^3> 4` eh �{hg1 Vlqfh J+�> w, 5 K+U, @ K�+U, �Nhu+���,/ dqg

vlqfh/ e| Ohppd 613144/ +S�J+�> w,,+v, @ J�+v> w,/ wkhq zh fdq zulwh

J+v> w, @ J�+v> w, . Y +v> w, ; v 5 ^3> 4`

zkhuh Y +�> w, 5 Nhu+���, +l1h1/ Y +v�> w, @ 3 ; v� 5 S,1 Dvvxph w 5 ^v�> v�n�` iru vrph l1

Gh�qh

J�+v> w, � J+v> w,�J�+v> w, ; v 5 ^v�> v�n�`=

Vlqfh J�+v> w, @ +S�J+�> w,,+v, @
?3�S
�c,'f

J+v> v�,T�,J+v,> w,/ wkhq J�+v�> w, @ J+v�> w, dqg

J�+v�n�> w, @ J+v�n�> w,/ vr J�+v�> w, @ J�+v�n�> w, @ 31
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Ohw O eh wkh gl�huhqwldo rshudwru gh�qhg e| O � � _2

_r2
.41 Vlqfh zh nqrz wkdw

O+J+�> v�,,+v, @ 3 iru v 9@ v�/ wkhq O+J�+�> w,,+v, @ 3 iru v� ? v ? w dqg w ? v ? v�n�1

Vlqfh Jr+w
n> w,�Jr+w

3> w, @ �4 dqg Jr+v> v�, lv frqwlqxrxv rq +v�> v�n�, iru doo m/ wkhq

+J�,r+w
n> w,� +J�,r+w

3> w, @ �41 Dovr/ vlqfh J lv frqwlqxrxv/ wkhq J� lv frqwlqxrxv1

Sxwwlqj doo ri wkh deryh idfwv wrjhwkhu/ zh vhh wkdw J� pxvw eh wkh Juhhq*v

ixqfwlrq rq ^v�> v�n�` vdwlvi|lqj wkh iroorzlqj frqglwlrqv=

41 O+J�+�> w,,+v, @ 3 iru v 5 +v�> w, ^ +w> v�n�,

51 J�+v�> w, @ J�+v�n�> w, @ 3

61 +J�,r+w
n> w,� +J�,r+w

3> w, @ �4

71 J�+�> w, lv frqwlqxrxv rq ^v�> v�n�`=

Xvlqj wkh Juhhq*v ixqfwlrq phwkrg ri vroylqj olqhdu gl�huhqwldo htxdwlrqv zlwk

olqhdu erxqgdu| frqglwlrqv +vhh s1 558 lq ]zloolqjhu ^54``,/ zh xvh +4, deryh wr ghwhuplqh

wkdw J� pxvw eh ri wkh irup

J�+v> w, @

;?= Dhr .Eh3r iru v� � w ? v

Hhr . Ih3r iru v � w � v�n�=

Iurp +4,0+7, deryh/ zh jhw wkh iroorzlqj v|vwhp ri htxdwlrqv=

Hhr� . Ih3r� @ 3

Dhr�n� .Eh3r�n� @ 3

Dh| �Eh3| �Hh| . Ih3| @ �4
Dh| .Eh3| @ Hh| . Ih3|=

Vroylqj wklv v|vwhp ri olqhdu htxdwlrqv iru D>E>H dqg I zloo jlyh

D @ �4

5
h3| .

h3r� vlqk+v�n� � w,

5 vlqk+v�n� � v�,

E @
4

5
h| � hr� vlqk+v�n� � w,

5 vlqk+v�n� � v�,

H @
h3r� vlqk+v�n� � w,

5 vlqk+v�n� � v�,

I @ �h
3r� vlqk+v�n� � w,

5 vlqk+v�n� � v�,
=
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Vxevwlwxwlqj wkhvh whupv lq rxu irupxod iru J�+v> w, wkhq jlyhv

J�+v> w, @

;AAA?AAA=
;?= ��

2h
r3| . er3r� t�?�Er�n�3|�

2 t�?�Er�n�3r��

.�
2h
3rn| � e3rnr� t�?�Er�n�3|�

2 t�?�Er�n�3r��

<@> iru v� � w ? v � v�n�

er3r� t�?�Er�n�3|�
2 t�?�Er�n�3r��

� e3rnr� t�?�Er�n�3|�
2 t�?�Er�n�3r��

iru v� � v � w � v�n�

@

;?= vlqk+w� v, . t�?�Er3r��
t�?�Er�n�3r��

vlqk+v�n� � w, iru v� � w ? v � v�n�

t�?�Er3r��
t�?�Er�n�3r��

vlqk+v�n� � w, iru v� � v � w � v�n�

=

Iru wkh sduw ri J�+v> w, zkhuh v� � w ? v � v�n�/ zh xvh wkh lghqwlw| vlqk+d, vlqk+e, @

�
2+frvk+d. e,� frvk+d� e,, wzlfh dv iroorzv=

vlqk+w� v, .
vlqk+v� v�,

vlqk+v�n� � v�,
vlqk+v�n� � w,

@
vlqk+w� v, vlqk+v�n� � v�, . vlqk+v� v�, vlqk+v�n� � w,

vlqk+v�n� � v�,

@

�
2

;?= frvk+w� v. v�n� � v�,� frvk+w� v� v�n� . v�,

.frvk+v� v� . v�n� � w,� frvk+v� v� � v�n� . w,

<@>
vlqk+v�n� � v�,

@
�
2ifrvk+w� v� . v�n� � v,� frvk+w� v� � +v�n� � v,,j

vlqk+v�n� � v�,

@
vlqk+w� v�, vlqk+v�n� � v,

vlqk+v�n� � v�,
=

Khqfh/ J�+v> w, pd| qrz eh zulwwhq dv

J�+v> w, @

;?=
t�?�E|3r�� t�?�Er�n�3r�

t�?�Er�n�3r��
iru v� � w ? v � v�n�

t�?�Er3r�� t�?�Er�n�3|�
t�?�Er�n�3r��

iru v� � v � w � v�n�

=

Wkh iroorzlqj yhul�hv wkdw frqglwlrqv +4,0+7, duh vdwlv�hg e| J�1

41 Vlqfh O+vlqk+v�n���,,+v, @ � vlqk+v�n��v,.vlqk+v�n��v, @ 3 dqg O+vlqk+��v�,,+v, @
� vlqk+v� v�, . vlqk+v� v�, @ 3/ wkhq fohduo| O+J�+�> w,,+v, @ 3 iru v 5 +v�> w, ^ +w> v�n�,1

51

J�+v�> w, @
vlqk+v� � v�, vlqk+v�n� � w,

vlqk+v�n� � v�,
@ 3

J�+v�n�> w, @
vlqk+w� v�, vlqk+v�n� � v�n�,

vlqk+v�n� � v�,
@ 3
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61

+J�,r+w
n> w, @ �vlqk+w� v�, frvk+v�n� � w,

vlqk+v�n� � v�,

@ �
�
2ivlqk+v�n� � v�, . vlqk+5w� +v�n� . v�,,j

vlqk+v�n� � v�,

+J�,r+w
3> w, @

frvk+w� v�, vlqk+v�n� � w,

vlqk+v�n� � v�,

@
�
2ivlqk+v�n� � v�, . vlqk+�5w. +v�n� . v�,,j

vlqk+v�n� � v�,
=

Wkxv/ +J�,r+w
n> w,� +J�,r+w

3> w, @ ��
2 � �

2 @ �4 1

71 Vlqfh vlqk lv frqwlqxrxv/ zh mxvw qhhg wr fkhfn wkh frqwlqxlw| ri J�+v> w, dw v @ w1

Lqghhg/

J�+w
3> w, @

vlqk+w� v�, vlqk+v�n� � w,

vlqk+v�n� � v�,
@ J�+w

n> w,=

Zh kdyh wkxv vkrzq wkdw iru +v> w, 5 ^v�> v�n�`/ Y +v> w, @ J+v> w, � J�+v> w, @

J�+v> w,/ zkhuhJ�+v> w, lv gh�qhg dv deryh1 Li w 5 ^v�> v�n�` iru vrph l/ wkhq rq hdfk lqwhuydo

^v�> v�n�` zkhuh l 9@ m/ lw lv hdv| wr vhh wkdw Y +�> w, pxvw eh ri wkh irup Y +v> w, @ Dhr.Eh3r

zlwk Y +v� > w, @ Y +v�n�> w, @ 31 Wkxv D @ E @ 3/ dqg vr Y +v> w, @ 3 iru v 5 ^v� > v�n�`1

Zh fdq wkhq frqfoxgh wkdw

Y +v> w, @

;?= 3 iru v @5 ^v�> v�n�`

J�+v> w, iru v 5 ^v�> v�n�`
=

H{whqglqj J�+v> w, wr eh }hur rxwvlgh ri ^v�> v�n�`/ zh fdq wkhq zulwh Y +v> w, @
?3�S
�'f

J�+v> w,

; v> w 5 ^3> 4` dqg wkxv J+v> w, @ J�+v> w, .
?3�S
�'f

J�+v> w,1 �

Rqh fohduo| vhhv e| wkh irupxod iru hdfk J�+v> w, wkdw J� lv v|pphwulf vlqfh J

dqg J� duh erwk v|pphwulf1 Xvlqj rxu frqyhqwlrq wkdw +J�,r lv wkh sduwldo ghulydwlyh

ri J� zlwk uhvshfw wr lwv �uvw frpsrqhqw dqg +J�,| lv wkh sduwldo ghulydwlyh ri J� zlwk

uhvshfw wr lwv vhfrqg frpsrqhqw zh kdyh wkh iroorzlqj iru +{> |, 5 ^v�> v�n�`
2=

+J�,r+{> |, @

;?= � t�?�E+3r�� ULt�Er�n�3%�
t�?�Er�n�3r��

iru v� � | ? { � v�n�

ULt�E%3r�� t�?�Er�n�3+�
t�?�Er�n�3r��

iru v� � { � | � v�n�

@

;?=
t�?�Er�3+� ULt�Er�n�3%�

t�?�Er�n�3r��
iru v� � | ? { � v�n�

ULt�E%3r�� t�?�Er�n�3+�
t�?�Er�n�3r��

iru v� � { � | � v�n�

=
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Xvlqj wkh lghqwlw| vlqk+d. e, @ vlqk+d, frvk+e, . frvk+d, vlqk+e,/ zh wkhq jhw

+J�,r+{> |, @

;?=
t�?�E3E+n%�nr�n�nr��3ULt�Er�3+� t�?�Er�n�3%�

t�?�Er�n�3r��
iru v� � | ? { � v�n�

t�?�E3E+n%�nr�n�nr��3t�?�Er�3%� ULt�Er�n�3+�
t�?�Er�n�3r��

iru v� � { � | � v�n�

=

Qrwlqj wkdw

+J�,|+{> |, @

;?=
ULt�E+3r�� t�?�Er�n�3%�

t�?�Er�n�3r��
iru v� � | ? { � v�n�

t�?�Er�3%� ULt�Er�n�3+�
t�?�Er�n�3r��

iru v� � { � | � v�n�

zh wkhq kdyh wkh iroorzlqj fruroodu|1

Fruroodu| 613147

+J�,r+{> |, @

;?= �+J�,|+{> |, .
t�?�E3E+n%�nr�n�nr��

t�?�Er�n�3r��
iru +{> |, 5 ^v�> v�n�`

2

3 iru +{> |, @5 ^v�> v�n�`
2

@

;?= �+J�,r+|> {, .
t�?�E3E+n%�nr�n�nr��

t�?�Er�n�3r��
iru +{> |, 5 ^v�> v�n�`

2

3 iru +{> |, @5 ^v�> v�n�`
2

=

��� �L?�ih}i?Ui Lu 6�?�|i #�4i?t�L?@* w@T*@U�@?

Wkhruhp 61414

nS�+ ����,S�nJR $ 3 dv mSm $ 3=

Surri= Rxu jrdo lv wr �qg/ iru hdfk sduwlwlrq S/ dq �+S, vxfk wkdw �+S,$ 3 dv

mSm $ 3 dqg/ iru hdfk k> M 5 K�+I, /

m++ ����,k> M,m � �+S, nkn nMn = +616,

Gxh wr wkh ohqjwk ri wkh fdofxodwlrqv wkdw zloo xqirog iru wkh surri ri wklv

wkhruhp/ zh zloo xvh vhyhudo ohppdv wr irfxv rq vhsdudwh hvwlpdwlrqv zklfk frpelqhg

zloo jlyh wkh lqhtxdolw| lq +616,1 Vlqfh zh duh uhdoo| frpsdulqj +�k> M, zlwk +��k> M,/

zh vwduw e| h{sdqglqj wkhvh wzr whupv lq wkh iroorzlqj wzr ohppdv1

Ohppd 61415 Iru k> M 5 K+I, /

+�k> M, @ �
] �

f
d frvk+

4

5
,Nkk�+w,> M �+w,lgw +617,

.
4

5

] �

f

] �

f
J+{> w,2Nkk�+{,> M �+w,lg{gw

�4

7

] �

f

] �

f
J+{> w,2Nkk+{,> M+w,lg{gw=
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Surri= Ohwwlqj V eh dq ruwkrqrupdo edvlv ri K+I, ri wkh irup V @ kfIf zkhuh

kf lv dq ruwkrqrupdo edvlv ri K+U, dqg If lv dq ruwkrqrupdo edvlv ri I/ zh kdyh=

+�k> M,

@
[
&M7

�+u&k>u&M,

@ �
[
&M7

] �

f
ik+u&k,

�+{,> +u&M,
�+{,l. k+u&k,+{,> +u&M,+{,ljg{

@ �
[
&M7

] �

f
ik^n> k�`+{,�

] �

f
J+{> w,^n> k�`gw.

4

5

] �

f
I +{> w,^n> k`gw>

^n> M �`+{,�
] �

f
J+{> w,^n> M �`gw.

4

5

] �

f
I +{> w,^n> M `gwl

.k�
] �

f
I +{> w,^n> k�`gw.

4

5

] �

f
J+{> w,^n> k`gw>

�
] �

f
I +{> w,^n> M �`gw.

4

5

] �

f
J+{> w,^n> M `gwljg{

@ �
[
@M�f

[
�MIf

i
] �

f
k^d+{,E>k�+{,`> ^d+{,E>M �+{,`lg{

.

] �

f
k�
] �

f
J+{> w,^d+w,E>k�+w,`gw.

4

5

] �

f
I +{> w,^d+w,E>k+w,`gw> ^d+{,E> M �+{,`lg{

.

] �

f
k^d+{,E>k�+{,`>�

] �

f
J+{> w,^d+w,E>M �+w,`gw.

4

5

] �

f
I +{> w,^d+w,E> M+w,`gwlg{

.

] �

f
k�
] �

f
J+{> w,^d+w,E>k�+w,`gw.

4

5

] �

f
I +{> w,^d+w,E>k+w,`gw>

�
] �

f
J+{> w,^d+w,E>M �+w,`gw.

4

5

] �

f
I +{> w,^d+w,E>M+w,`gwlg{

.

] �

f
k�
] �

f
I +{> w,^d+w,E>k�+w,`gw.

4

5

] �

f
J+{> w,^d+w,E>k+w,`gw>

�
] �

f
I +{> w,^d+w,E> M �+w,`gw.

4

5

] �

f
J+{> w,^d+w,E>M+w,`gwlg{j

@ �
] �

f
+
[
@M�f

d+{,+{,,
[
�MIf

k^E>k�+{,`> ^E>M �+{,`lg{

�
] �

f

] �

f
+
[
@M�f

d+w,+{,,i�J+{> w,
[
�MIf

k^E>k�+w,`> ^E>M �+{,`l

.
4

5
I +{> w,

[
�MIf

k^E>k+w,`> ^E> M �+{,`ljgwg{
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�
] �

f

] �

f
+
[
@M�f

d+{,+w,,i�J+{> w,
[
�MIf

k^E>k�+w,`> ^E>M �+{,`l

.
4

5
I +{> w,

[
�MIf

k^E>k�+w,`> ^E>M+{,`ljgwg{

�
] �

f

] �

f

] �

f
+
[
@M�f

d+w�,+w2,,iJ+{> w�,J+{> w2,
[
�MIf

k^E>k�+w�,`> ^E> M �+w2,`l

�4

5
J+{> w�,I +{> w2,

[
�MIf

k^E>k�+w�,`> ^E>M+w2,`l

�4

5
I +{> w�,J+{> w2,

[
�MIf

k^E>k+w�,`> ^E> M �+w2,`l

.
4

7
I +{> w�,I +{> w2,

[
�MIf

k^E>k+w�,`> ^E>M+w2,`l

.I +{> w�,I +{> w2,
[
�MIf

k^E>k�+w�,`> ^E>M �+w2,`l

�4

5
J+{> w�,I +{> w2,

[
�MIf

k^E>k+w�,`> ^E> M �+w2,`l

�4

5
I +{> w�,J+{> w2,

[
�MIf

k^E>k�+w�,`> ^E>M+w2,`l

.
4

7
J+{> w�,J+{> w2,

[
�MIf

k^E>k+w�,`> ^E>M+w2,`ljgw�gw2g{

@ �
] �

f
+J+{> {,Nkk�+{,> M �+{,lg{

.

] �

f

] �

f
J+w> {,iJ+{> w,Nkk�+w,> M �+{,l � 4

5
I +{> w,Nkk+w,> M �+{,ljgwg{

.

] �

f

] �

f
J+w> {,iJ+{> w,Nkk�+w,> M �+{,l � 4

5
I +{> w,Nkk�+w,> M+{,ljgwg{

�
] �

f

] �

f

] �

f
J+w�> w2,iJ+{> w�,J+{> w2,Nkk�+w�,> M �+w2,l

�4

5
J+{> w�,I +{> w2,Nkk�+w�,> M+w2,l

�4

5
I +{> w�,J+{> w2,Nkk+w�,> M �+w2,l. 4

7
I +{> w�,I +{> w2,Nkk+w�,> M+w2,l

.I +{> w�,I +{> w2,Nkk�+w�,> M �+w2,l � 4

5
J+{> w�,I +{> w2,Nkk�+w�,> M+w2,l

�4

5
I +{> w�,J+{> w2,Nkk+w�,> M �+w2,l. 4

7
J+{> w�,J+{> w2,Nkk+w�,> M+w2,ljgw�gw2g{
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@ �
] �

f
+J+{> {,Nkk�+{,> M �+{,lg{. 5

] �

f

] �

f
J+{> w,2Nkk�+{,> M �+w,lgwg{

.
4

7

] �

f

] �

f

g

gw
+J+{> w,,2Nkk+{,> M �+w,lgwg{

.
4

7

] �

f

] �

f

g

gw
+J+{> w,,2Nkk�+{,> M+w,lgwg{

�
] �

f

] �

f
J+w�> w2,i

] �

f
J+{> w�,J+{> w2,g{ �Nkk�+w�,> M �+w2,l

�4

7

] �

f
J%%+{> w�,J+{> w2,g{ �Nkk+w�,> M+w2,l

�
] �

f
J%%+{> w�,J+{> w2,g{ �Nkk�+w�,> M �+w2,l

�4

7

] �

f
J+{> w�,J+{> w2,g{ �Nkk+w�,> M+w2,ljgw�gw2

@ �
] �

f
+J+{> {,Nkk�+{,> M �+{,lg{. 5

] �

f

] �

f
J+{> w,2Nkk�+{,> M �+w,lgwg{

�4

5

] �

f

] �

f
J+{> w,2Nkk�+w,> M �+{,lgwg{

�
] �

f

] �

f
J+w�> w2,iJ+w�> w2,Nkk�+w�,> M �+w2,l. 4

7
J+w�> w2,Nkk+w�,> M+w2,ljgw�gw2=

Uhqdplqj yduldeohv dqg qrwlqj wkdw J+{> {, @ d frvk+�2,/ zh vhh wkdw +617, krogv1�

Ohppd 61416 Iru d jlyhq sduwlwlrq S @ i3 @ vf ? v� ? � � � ? v?3� ? 4j dqg k> M 5
K�+I,>

+��k> M,

@ �
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� frvk+v� � w� . v�n� � w2,J�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

.
4

5

] �

f

] �

f
J2
�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

�4

7

] �

f

] �

f
J2
�+w�> w2,Nkk+w�,> M+w2,lgw�gw2

�
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� vlqk+�+w2 . w�, . v�n� . v�,

=J�+w�> w2,+Nkk�+w�,> M+w2,l.Nkk+w�,> M �+w2,l,gw�gw2= +618,

Surri= Ohw V� eh dq ruwkrqrupdo edvlv ri K�+I, ri wkh irup V @ k�If zkhuh



7;

k� lv dq ruwkrqrupdo edvlv ri K�+U, dqg If lv dq ruwkrqrupdo edvlv ri I/ Wkhq

+��k> M, @ �
[
&M7�

+u�& k>u�& M, +619,

@ �
[
&M7�

+�S�+
] �

f
I +�> w�,^n> k�`+w�,gw�, . 4

5
S�+

] �

f
J+�> w�,^n> k`+w�,gw�,>

�S�+
] �

f
I +�> w2,^n> M �`+w2,gw2, . 4

5
S�+

] �

f
J+�> w2,^n> M `+w2,gw2,,

@ �
[
&M7�

i+
] �

f
+J�,r+w�> �,^n> k�`+w�,gw�>

] �

f
+J�,r+w2> �,^n> M �`+w2,gw2,

.
4

5
+

] �

f
+J�,r+w�> �,^n> k�`+w�,gw�>

] �

f
J�+�> w2,^n> M `+w2,gw2,

.
4

5
+

] �

f
J�+�> w�,^n> k`+w�,gw�>

] �

f
+J�,r+w2> �,^n> M �`+w2,gw2,

.
4

7
+

] �

f
J�+�> w�,^n> k`+w�,gw�>

] �

f
J�+�> w2,^n> M `+w2,gw2,j> +61:,

zkhuh zh kdyh xvhg Ohppdv +613144, dqg +613145, iru wkh odvw htxdwlrq1 Zh zloo zulwh

wkh odvw vxppdwlrq lq +61:, dv

�
[
&M7�

iD& .
4

5
E& .

4

5
F& .

4

7
G&j +61;,

dqg fdofxodwh hdfk ri wkh lqqhu surgxfwv/ D&/ E&/ F&/ dqg G&/ lqglylgxdoo| lq zkdw

iroorzv1

Iluvw/ xvlqj Ohppd 613143/ zh kdyh[
&M7�

D&

@
[
&M7�

+

] �

f
+
[
,M��

o�+w�,o+�,,^n> k�`+w�,gw�>
] �

f
+
[
�,M��

�o�+w2,�o+�,,^n> M �`+w2,gw2 +61<,

@
[
&M7�

i
] �

f
k g
g{

] �

f
+
[
,M��

o�+w�,o+{,,^n> k
�`+w�,gw�>

g

g{

] �

f
+

�[
�,M��

�o�+w2,�o+{,,^n> M
�`+w2,gw2lg{

.

] �

f
k
] �

f
+
[
,M��

o�+w�,o+{,,^n> k
�`+w�,gw�>

] �

f
+

�[
�,M��

�o�+w2,�o+{,,^n> M
�`+w2,gw2lg{j

@
[
&M7�

[
,c�,M��

i
] �

f
k
] �

f
o�+w�,o

�+{,^n> k�`+w�,gw�>

] �

f

�o�+w2,�o+{,^n> M
�`+w2,gw2lg{

.

] �

f
k
] �

f
o�+w�,o+{,^n> k

�`+w�,gw�>

] �

f

�o�+w2,�o+{,^n> M
�`+w2,gw2lg{j
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@
[
&M7�

[
,c�,M��

] �

f
io�+{,�o�+{, . o+{,�o+{,jg{ � k

] �

f
o�+w�,^n> k

�`+w�,gw�>

] �

f

�o�+w2,^n> M
�^+w2`gw2l

@
[
&M7�

[
,c�,M��

+o+�,> �o+�,, � k
] �

f
o�+w�,^n> k

�`+w�,gw�>

] �

f

�o�+w2,^n> M
�^+w2`gw2l

@

] �

f

] �

f
+
[
,M��

o�+w�,o
�+w2,,

[
@M��

[
�MIf

k^d+w�,E>k�+w�,`> ^d+w2,E>M �+w2,`lgw�gw2

@

] �

f

] �

f
+J�,r|+w�> w2,J�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2 +6143,

zkhuh zh kdyh xvhg wkh idfw wkdw k� lv dq ruwkrqrupdo edvlv ri K�+U, wr jhw wkh vhfrqg

wr odvw htxdwlrq deryh1

Dw wklv srlqw zh pdnh qrwh wkdw +J�,r|+w�> w2, fdq eh h{suhvvhg dv iroorzv=

+J�,r|+w�> w2,

@

;AAAAAAAA?AAAAAAAA=

;A?A=
�d frvk+w� � w2 .

�
2,

.
?3�S
�'f

d� frvk+v� � w�, frvk+v�n� � w2,4dr�cr�n�o2+w�> w2,

<A@A> li w� � w2

;A?A=
�d frvk+w� � w2 � �

2,

.
?3�S
�'f

d� frvk+v� � w2, frvk+v�n� � w�,4dr�cr�n�o2+w�> w2,

<A@A> li w2 ? w�

@

;AAAAAAAAA?AAAAAAAAA=

;A?A=
�d frvk+w� � w2 .

�
2, .

?3�S
�'f
i�d� vlqk+v� � w�, vlqk+v�n� � w2,

.d� frvk+v� � w� . v�n� � w2,j4dr�cr�n�o2 +w�> w2,

<A@A> li w� � w2

;A?A=
�d frvk+w� � w2 � �

2, .
?3�S
�'f
i�d� vlqk+v� � w2, vlqk+v�n� � w�,

.d� frvk+v� � w2 . v�n� � w�,j4dr�cr�n�o2 +w�> w2,

<A@A> li w2 ? w�

@ �J�+w�> w2, .
?3�[
�'f

d� frvk+vU � w� . v�n� � w2,4dr�cr�n�o2
+w�> w2,

Zh fdq wkhq frqfoxgh wkdw

[
&M7�

D&

@

] �

f

] �

f
�J2

�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

.
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� frvk+vU � w� . v�n� � w2,J�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2=
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Iru wkh vhfrqg whup lq +61;,/ wkh vdph uhdvrqlqj xvhg lq +6143, jlyhv[
&M7�

E& @

] �

f

] �

f
+J�,r+w�> w2,J�+w�> w2,Nkk�+w�,> M+w2,lgw�gw2=

Exw e| Fruroodu| 613147/

+J�,r+w�> w2, @ Jr+w�> w2,�
?3�[
�'f

+J�,r+w�> w2,

@ �J|+w�> w2,

.
?3�[
�'f

i+J�,|+w�> w2,� d� vlqk+�+w� . w2, . v�n� . v�,j4dr�cr�n�o2+w�> w2,=

Wkxv

[
&M7�

E&

@

] �

f

] �

f
�+J�,|+w�> w2,J�+w�> w2,Nkk�+w�,> M+w2,lgw�gw2

�
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� vlqk+�+w� . w2, . v�n� . v�,J�+w�> w2,Nkk�+w�,> M+w2,lgw�gw2

@ �4

5

] �

f

] �

f

g

gw2
+J�+w�> w2,,

2Nkk�+w�,> M+w2,lgw�gw2

�
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� vlqk+�+w� . w2, . v�n� . v�,J�+w�> w2,Nkk�+w�,> M+w2,lgw�gw2

@
4

5

] �

f

] �

f
J2
�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

�
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� vlqk+�+w� . w2, . v�n� . v�,J�+w�> w2,Nkk�+w�,> M+w2,lgw�gw2>

zkhuh zh kdyh xvhg lqwhjudwlrq e| sduwv iru wkh odvw htxdwlrq1

Iru wkh wklug whup lq +61;,/ wkh vdph uhdvrqlqj xvhg deryh iru wkh vhfrqg whup

jlyhv [
&M7�

F&

@
4

5

] �

f

] �

f
J2
�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

�
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� vlqk+�+w� . w2, . v�n� . v�,J�+w�> w2,Nkk+w�,> M �+w2,lgw�gw2
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Ilqdoo|/ wkh iruwk whup lq +61;, fdq eh fdofxodwhg dv iroorzv=[
&M7�

G&

@
[
&M7�

i
] �

f
k
] �

f
+J �,r+{> w�,^n> k`+w�,gw�>

] �

f
+J�,r+{> w2,^n> M `+w2,gw2lg{

.

] �

f
k
] �

f
J�+{> w�,^n> k`+w�,gw�>

] �

f
J�+{> w2,^n> M `+w2,gw2lg{

@

] �

f
i
] �

f
+J�,r+{> w�,+J�,r+{> w2,g{

.

] �

f
J�+{> w�,J�+{> w2,g{jJ�+w�> w2,Nkk+w�,> M+w2,lgw�gw2

@

] �

f

] �

f
+J�+�> w�,>J�+�> w2,,J�+w�> w2,Nkk+w�,> M+w2,lgw�gw2

@

] �

f

] �

f
J�+w�> w2,

2Nkk+w�,> M+w2,lgw�gw2>

zkhuh zh kdyh xvhg Ohppdv +613143, dqg +613144, iru wkh odvw htxdwlrq1

Kdylqj fdofxodwhg wkh irxu whupv lq +61;,/ zh fdq qrz frqfoxgh wkdw

+��k> M,

@ �
[
&M7�

iD& .
4

5
E& .

4

5
F& .

4

7
G&j

@

] �

f

] �

f
J2
�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

�
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� frvk+vU � w� . v�n� � w2,J�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

�4

7

] �

f

] �

f
J2
�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

�4

5

?3�[
�'f

] r�n�

r�

] r�n�

r�

d� vlqk+�+w� . w2, . v�n� . v�,J�+w�> w2,Nkk�+w�,> M+w2,lgw�gw2

�4

7

] �

f

] �

f
J2
�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

�4

5

?3�[
�'f

] r�n�

r�

] r�n�

r�

d� vlqk+�+w� . w2, . v�n� . v�,J�+w�> w2,Nkk�+w�,> M+w2,lgw�gw2

�4

7

] �

f

] �

f
J�+w�> w2,

2Nkk+w�,> M+w2,lgw�gw2>

zklfk jlyhv +618,1�

Ohppd 61417 J� frqyhujhv wr J xqlirupo| rq ^3> 4`2 dv mSm $ 3=
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Surri= Uhfdoo wkdw J+v> w, @ J�+v> w, .
?3�S
�'f

J�+v> w, iru +v> w, 5 ^3> 4`2/ zkhuh

J�+v> w, @

;AAA?AAA=
3 li +v> w, @5 ^v�> v�n�`

2

t�?�E|3r�� t�?�Er�n�3r�
t�?�Er�n�3r��

li v� � w ? v � v�n�

t�?�Er3r�� t�?�Er�n�3|�
t�?�Er�n�3r��

li v� � v � w � v�n�

=

Li +v> w, @5 ^v�> v�n�`
2 ;l/ wkhq fohduo| J+v> w, @ J�+v> w,1 Li +v> w, 5 ^v�> v�n�`

2 iru vrph l/

wkhq iru mSm vx�flhqwo| vpdoo/

mJ+v> w,�J�+v> w,m @ mJ�+v> w,m
� vlqk+v�n� � v�, � vlqk+mSm,>

vlqfh vlqk lv dq lqfuhdvlqj ixqfwlrq1 Lq dq| fdvh/ mJ+v> w,�J�+v> w,m � vlqk+mSm,$ 3 dv

mSm $ 31 �

Wkh qh{w wkuhh ohppdv ghprqvwudwh wkh dssursuldwh dssur{lpdwlrq ri wkh whupv

lq +��k> M, wr wkrvh lq +�k> M,1

Ohppd 61418 Iru d jlyhq sduwlwlrq S dqg k> M 5 K�+I,/ ohw

H+k> M>S, �
�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� vlqk+�+w� . w2, . v�n� . v�,

�J�+w�> w2,+Nkk�+w�,> M+w2,l.Nkk+w�,> M �+w2,l,gw�gw2
�� =

Wkhq

olp
���<f

vxs
8�8c8a8$�

H+k> M>S, @ 3=

Surri= Iluvw qrwh wkdw

H+k> M>S,

�
?3�[
�'f

] r�n�

r�

] r�n�

r�

����vlqk+v�n� � w2,

vlqk+v�n� � v�,
frvk+w� � v�,� vlqk+w� � v�,

vlqk+v�n� � v�,
frvk+vUn� � w2,

����
�P � ��Nkk�+w�,> M+w2,l.Nkk+w�,> M �+w2,l

��gw�gw2>
zkhuhP lv d erxqg iru J�+w�> w2, rq ^3> 4`

21 Iru vpdoo hqrxjk mSm/ zh kdyh
��� t�?�Er�n�3|2�t�?�Er�n�3r��

���
dqg

��� t�?�E|�3r��
t�?�Er�n�3r��

��� ohvv wkdq 4 / dqg mfrvk+w� � v�,m dqg mfrvk+vUn� � w2,m ohvv wkdq 51 Wkxv/
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e| xvh ri wkh Fdxfk|0Vfkzduw} lqhtxdolw|/

H+k> M>S,

� 7P

] �

f

] �

f
+
?3�[
�'f

4dr�cr�n�o2,
��Nkk�+w�,> M+w2,l.Nkk+w�,> M �+w2,l

�� gw�gw2
� 7P+

] �

f

] �

f
+
?3�[
�'f

4dr�cr�n�o2,
2gw�gw2,

�
2

�+
] �

f

] �

f

��Nkk�+w�,> M+w2,l.Nkk+w�,> M �+w2,l
��2 gw�gw2, �2

� 7P+
?3�[
�'f

+v�n� � v�,
2,

�
2 +

] �

f

] �

f
5+
��Nkk�+w�,> M+w2,l��2 . ��Nkk+w�,> M �+w2,l��2,gw�gw2,�2

� 7
s
5P+

?3�[
�'f

+v�n� � v�,
2,

�
2

�+
] �

f

] �

f
f2
��k�+w�,��2 mM+w2,m2 gw�gw2 . ] �

f

] �

f
f2 mk+w�,m2

��M �+w2,��2 gw�gw2,�2
� 7

s
5Pf+

?3�[
�'f

+v�n� � v�,
2,

�
2 +5 nkn2 nMn2,�2 @ ;Pf+

?3�[
�'f

+v�n� � v�,
2,

�
2 nkn nMn >

zkhuh f lv d frqvwdqw ghshqglqj rq Nk�> �l1 Wkhuhiruh/

olp
���<f

vxs
8�8c8a8$�

H+k> M>S, � olp
���<f

;Pf+
?3�[
�'f

+v�n� � v�,
2,

�
2 @ 3>

zklfk suryhv wkh ohppd1�

Ohppd 61419 Iru hdfk sduwlwlrq S ri ^3> 4` wkhuh h{lvwv dq �+S, � 3 vxfk wkdw �+S,$ 3

dv mSm $ 3 dqg iru k> M 5 K�+I,/

�������
?3�S
�'f

U r�n�
r�

U r�n�
r�

d�^frvk+vU � w� . v�n� � w2,J�+w�> w2,� d frvk+�2,`

�Nkk�+w�,> M �+w2,lgw�gw2

�������
� �+S, nkn nMn

Surri= Qrwh �uvw wkdw frvk lv xqlirupo| frqwlqxrxv rq ^3> 4`/ J� frqyhujhv

xqlirupo| wr J rq ^3> 4` dv mSm $ 3 +e| Ohppd 61417,/ dqg J lv xqlirupo| frqwlqxrxv rq

^3> 4`21 Iru d jlyhq S/ ohw

�+S, � pd{
�Mt�c��� c?3��

+
vxs

E|�c|2�Mdr�cr�n�o2

�����frvk+vU � w� . v�n� � w2,J�+w�> w2,� d frvk+
4

5
,

�����
,
=
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Ohwwlqj D+w�> w2> v�> v�n�, �
��frvk+vU � w� . v�n� � w2,J�+w�> w2,� d frvk+�2,

��/ wkhq zh vhh

wkdw

D+w�> w2> v�> v�n�,

@ mfrvk+vU � w� . v�n� � w2,J�+w�> w2,� frvk+vU � w� . v�n� � w2,J+w�> w2,

.frvk+vU � w� . v�n� � w2,J+w�> w2,�J+w�> w2,

.J+w�> w2,�J+w2> w2,m
� mfrvk+vU � w� . v�n� � w2,m mJ�+w�> w2,�J+w�> w2,m

. mfrvk+vU � w� . v�n� � w2,� 4m mJ+w�> w2,m. mJ+w�> w2,�J+w�> w2,m

zkhuh zh kdyh xvhg wkh idfw wkdw d frvk+�2, @ dJ+w2> w2,1 Lw lv wkhq fohdu wkdw �+S,$ 3

dv mSm $ 3 e| rxu uhpdunv dw wkh ehjlqqlqj ri wkh surri1

Zh qrz kdyh wkdw�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d�D+w�> w2> v�> v�n�,Nkk�+w�,> M �+w2,lgw�gwz
�����

�
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� mD+w�> w2> v�> v�n�,m
��Nkk�+w�,> M �+w2,l��gw�gw2

� �+S,
]
dfc�o2

+
?3�[
�'f

4

vlqk+v�n� � v�,
4dr�cr�n�o2+w�> w2,,

��Nkk�+w�,> M �+w2,l�� gw�gw2
� �+S,

]
dfc�o2

+
?3�[
�'f

4

��
4dr�cr�n�o2+w�> w2,,

��Nkk�+w�,> M �+w2,l��gw�gw2>
zkhuh zh kdyh xvhg wkh idfw wkdw �� � v�n� � v� ? vlqk+v�n� � v�, iru doo l +qrwh wkdw

vlqk�+{, @ frvk+{, A 4, vlqk+{, A { iru { A 3,1 Ohwwlqj

��+w�> w2, �
?3�[
�'f

4

��
4dr�cr�n�o2+w�> w2,

iru +w�> w2, 5 ^3> 4`/ wkh Fdxfk|0Vfkzduw} lqhtxdolw| jlyhv

�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d�D+w�> w2> v�> v�n�,Nkk�+w�,> M �+w2,lgw�gw2
�����

� �+S,
]
dfc�o2

��+w�> w2,
��k�+w�,�� ��M �+w2,�� gw�gw2

@ �+S,
] �

f

��k�+w�,�� +W� ��M �+�,��,+w�,gw�
� �+S,��k���

u2EM�EI��

��W� ��M �+�,����u2Edfc�o��
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zkhuh +W�i,+v, �
U �
f ��+w> v,i+v,gv iru doo i 51O2+^3> 4`,1

Zh fodlp wkdw W� lv d erxqghg rshudwru rq O2+^3> 4`,1 Lqghhg/ iru i 51O2+^3> 4`,>] �

f
m+W�i,+w,m2 gw @

] �

f

����] �

f
��+w> v,i+v,gv

����2 gw
@

] �

f

�����
] �

f
+
?3�[
�'f

4

��
4dr�cr�n�o2+w> v,,i+v,gv

�����
2

gw

@

] �

f

�����
?3�[
�'f

4dr�cr�n�o+w,

] r�n�

r�

i+v,
4

��
gv

�����
2

gw

@

] �

f

?3�[
�'f

4dr�cr�n�o+w,+

] r�n�

r�

i+v,
4

��
gv,2gw

@
?3�[
�'f

��+

] r�n�

r�

i+v,
4

��
gv,2

�
?3�[
�'f

��

] r�n�

r�

mi+v,m2 4

��
gv

@

] �

f
mi+v,m2 gv @ ninu2Edfc�o� >

zkhuh zh kdyh xvhg Mhqvhq*v lqhtxdolw| lq wkh odvw lqhtxdolw|1

Khqfh/ nW�nu2<u2 � 4/ dqg zh wkhq kdyh�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d�D+w�> w2> v�> v�n�,Nkk�+w�,> M �+w2,lgw�gw2
�����

� �+S,��k���
u2EM�EI��

nW�nu2<u2

��M ���
u2EM�EI��

� �+S, nknMEI� nMnMEI�

zklfk suryhv wkh ohppd1�

Ohppd 6141: Iru hdfk sduwlwlrq S ri ^3> 4` wkhuh h{lvwv dq �+S, � 3 vxfk wkdw �+S,$ 3

dv mSm $ 3 dqg iru k> M 5 K�+I,/�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d�Nkk�+w�,> M �+w2,lgw�gw2 �
] �

f
Nkk�+w,> M �+w,lgw

����� � �+S, nkn nMn =
+6144,

Surri= Wkhuh duh fhuwdlq vlpsol�fdwlrqv zh fdq pdnh lq +6144 , wr pdnh fdofx0

odwlrqv hdvlhu1 Iluvw/ lw lv vx�flhqw wr suryh wkh ohppd zlwk d� @
�

t�?�Er�n�3r��
uhsodfhg

e| �
{�

@ �
r�n�3r�

1 Lqghhg/ e| Wd|oru*v wkhruhp/ iru mSm vx�flhqwo| vpdoo/

3 � vlqk+v�n� � v�, @ v�n� � v� .
frvk+��,+v�n� � v�,

�

6$
;l>
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zkhuh 3 ? �� ? v�n� � v� dqg 4 ? frvk+��, ? 51 Wkxv/ iru doo l/���� 4

vlqk+v�n� � v�,
� 4

v�n� � v�

���� @
ULt�E1��

�- +v�n� � v�,
�

+v�n� � v� .
ULt�E1��

�- +v�n� � v�,�,+v�n� � v�,

� v�n� � v� � mSm =

Vhfrqg/ lw lv vx�flhqw wr uhsodfh M e| k1 Li zh gh�qh wkh elolqhdu irup E e|

Hkk> Ml �
?3�[
�'f

] r�n�

r�

] r�n�

r�

d�Nkk�+w�,> M �+w2,lgw�gw2 �
] �

f
Nkk�+w,> M �+w,lgw>

wkhq e| wkh v|pphwu| ri N/ H lv v|pphwulf1 Vlqfh K�+I, lv �qlwh glphqvlrqdo/ wkhq

iru doo k 5 K�+I, wkh olqhdu ixqfwlrqdo Hkk> �l = K�+I, $ U lv erxqghg1 Wkxv/ e| wkh

Ulhv} uhsuhvhqwdwlrq wkhruhp/ wkhuh h{lvwv d olqhdu rshudwru D = K�+I, $ K�+I, vxfk

wkdw Hkk> Ml @ kDk>Ml iru doo k> M 5 K�+I,1 Vlqfh H lv v|pphwulf/ wkhq vr lv D1 Li zh

dvvxph wkdw mHkk> klm � �+S, nkn2 iru doo k 5 K�+I,/ l1h1/ mkDk>klm � �+S, nkn2 iru doo

k 5 K�+I,/ wkhq e| Ohppd 514 lq Odqj ^48` dqg e| wkh v|pphwu| ri D/

mHkk> Mlm @ mkDk>Mlm
� �+S, nkn2 nMn2

iru doo k> M 5 K�+I,1

Wklug/ lw lv vx�flhqw wr suryh +6144, dvvxplqj k lv uhdo dqg zlwk Nk�> �l uhsodfhg
e| vfdodu pxowlsolfdwlrq1 Wr vhh zk|/ uhfdoo wkdw K�+I, @ iJ+�> v�,D = D 5 I> v� 5 Sj @
K�+U,I1 Zh fdq fkrrvh d edvlv/ ih�> = = = > h_j +zkhuh g @ glp+I,,/ zklfk lv ruwkrqrupdo

zlwk uhvshfw wr Nk�> �l/ l1 h1/ Nkh�> h�l @ ��� iru l> m 5 i4> = = = > gj1 Zh pd| wkhq zulwh

k @
S_

�'� k�h�/ zkhuh k� 5 K�+U, iru hdfk m 5 i4> = = = > gj1 Dvvxplqj +6144, lv wuxh iru

wkh vfdodu fdvh/ wkhq�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d�Nkk�+w�,> k�+w2,lgw�gw2 �
] �

f
Nkk�+w,> k�+w,lgw

�����
@

������
?3�[
�'f

] r�n�

r�

] r�n�

r�

d�i
_[

�'�

k��+w�,k
�
�+w2,jgw�gw2 �

] �

f
i

_[
�'�

k�+w,k�+w,jgw
������

�
_[

�'�

�+S, nk�n2M�E-�
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@ �+S,
] �

f

_[
�'�

i��k��+w,��2 . mk�+w,m2jgw
@ �+S,

] �

f
iNkk�+w,> k�+w,l.Nkk+w,> k+w,ljgw

� �+S,
] �

f
if ��k�+w,��2 . f mk+w,m2jgw

@ f�+S, nkn2M�EI�

zkhuh f lv d frqvwdqw ghshqglqj rq N1

E| wkh ixqgdphqwdo wkhruhp ri fdofxoxv/

?3�[
�'f

] r�n�

r�

] r�n�

r�

4

��
k�+w�, � k�+w2,gw�gw2 @

?3�[
�'f

��k

��
� ��k

��
��>

zkhuh ��k � k+v�n�, � k+v�,1 Zh wkxv qhhg wr suryh wkdw iru hdfk sduwlwlrq S/ wkhuh
h{lvwv dq �+S, vxfk wkdw�����

?3�[
�'f

��k

��
� ��k

��
�� �

] �

f
k�+w, � k�+w,lgw

����� � �+S, nkn2 >

zkhuh �+S,$ 3 dv mSm $ 31 Exw qrwh wkdw

?3�[
�'f

��k

��
� ��k

��
�� @

?3�[
�'f

�k��+w, � �k��+w,��

@
?3�[
�'f

] r�n�

r�

�k��+w, � �k��+w,gw>

zkhuh iru hdfk l/ �k� lv wkh olqh vhjphqw zlwk �k�+v�, @ k+v�, dqg �k�+v�n�, @ k+v�n�,=

Iru hdfk l/ frqvlghu wkh lqwhjudo
U r�n�
r�

i
����k��+w,���2 � mk�+w,m2jgw= Uhfdoo wkdw k 5

K�+U, lv ri wkh irup k+w, @
?3�S
�'f

f�J+w> v�, dqg fdq wkxv eh h{suhvvhg dv k+w, @ dh|.eh3|

zkhq uhvwulfwhg wr ^v�> v�n�`1 Lq oljkw ri wklv/ k lv wkhq xqltxho| ghwhuplqhg e| lwv ydoxhv

dw wkh hqgsrlqwv= � � k+v�, dqg � � k+v�n�,1 Vlqfh lqwhjudwlrq lv wudqvodwlrq lqyduldqw/

wkhq/ iru frqyhqlhqfh lq fdofxodwlrqv/ zh pd| zulwh] r�n�

r�

i
����k��+w,���2 � ��k�+w,��2jgw @ ] B

3B
i
����n�+w,���2 � ��n�+w,��2jgw

zkhuh n lv ri wkh irup n @ fh| . gh3| zlwk n+��, @ � @ k+v�, dqg n+�, @ � @ k+v�n�,/
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dqg �n lv d olqh zlwk �n+��, @ � dqg �n+�, @ �1 Rqh fdq hdvlo| yhuli| wkdw

n+w, @
4

vlqk+5�,
+� vlqk+� . w, . � vlqk+� � w,,>

�n+w, @ �.
� � �

5�
+w. �, @

4

5�
+�+� . w, . �+� � w,,>

n�+w, @
4

vlqk+5�,
+� frvk+� . w,� � frvk+� � w,,>

�n�+w, @
� � �

5�
=

Ohwwlqj e � vlqk+5�,/ zh wkhq kdyh wkh iroorzlqj=] B

3B

��n�+w,��2 gw
@

4

e2

] B

3B
+� frvk+� . w,� � frvk+� � w,,2gw

@
4

e2

] B

3B
+�+frvk+�, frvk+w, . vlqk+�, vlqk+w,,

��+frvk+�, frvk+w,� vlqk+�, vlqk+w,,,2gw

@
4

e2

] B

3B
++� � �, frvk+�, frvk+w, . +� . �, vlqk+�, vlqk+w,,2gw

@
4

e2

] B

3B
i+� � �,2 frvk2+�, frvk2+w, . +� . �,2 vlqk2+�, vlqk2+w,

.5+� � �,+� . �, frvk+�, frvk+w, vlqk+�, vlqk+w,jgw
@

4

e2

] B

3B
i+� � �,2 frvk2+�, frvk2+w, . +� . �,2 vlqk2+�, vlqk2+w,jgw

@
4

e2

] B

3B
i+� � �,2 frvk2+�,

4

5
+frvk+5w, . 4, . +� . �,2 vlqk2+�,

4

5
+frvk+5w,� 4,jgw

@
4

e2
i+� � �,2 frvk2+�,

4

5
+vlqk+5w, . 5�, . +� . �,2 vlqk2+�,

4

5
+vlqk+5w,� 5�,j=

Qrwlqj wkdw
U B
3B

����n�+w,���2 gw @ U B3B Eq3k�2

eB2
gw @ Eq3k�2

2B / zh wkhq kdyh

����] B

3B
i
����n�+w,���2 � ��n�+w,��2jgw����

@

����+� � �,2i 4
5�
� 4

vlqk2+5�,
frvk2+�,

4

5
+vlqk+5�, . 5�,j

�+� . �,2
4

vlqk2+5�,
vlqk2+�,

4

5
+vlqk+5�,� 5�,

����
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� +� � �,2
4

vlqk+5�,

����vlqk+5�,5�
� frvk2+�,

4

5
+4 .

5�

vlqk+5�,
,

����
.+� . �,2

4

vlqk+5�,
vlqk2+�,

4

5

����4� 5�

vlqk+5�,

����
� 4

e
i+� � �,2 . vlqk2+�,+� . �,2

4

5
j�+�,

� 4

e
i+� � �,2 . +frvk2+�,� 4,+�2 . �2,j�+�,

� 4

e
i+� � �,2 . +frvk+5�,� 4,+�2 . �2,j�+�,> +6145,

zkhuh �+�, � pd{i
��� t�?�E2B�2B � frvk2+�,�2+4 .

2B
t�?�E2B�,

��� > ���4� 2B
t�?�E2B�

���j/ dqg/ iru wkh odvw

lqhtxdolw|/ zh xvhg wkh idfw wkdw frvk2+�, � frvk+5�, vlqfh frvk+5�, @ frvk2+�,.vlqk2+�,

1 Lw lv hdv| wr fkhfn wkdw �+�,$ 3 dv � $ 31

Zh qrz frpsduh wkh h{suhvvlrq lq +6145, wr +n> n,B �
U B
3Bimn�+w,m2 . mn+w,m2jgw1

Vlqfh/ lq wkh lqwhuydo +��> �,/ n kdv wkh surshuw| wkdw n�� @ n/ zh fdq xvh lqwhjudwlrq e|

sduwv wr jhw

+n> n,B @ n�n
��B
3B
�
] B

3B
mn+w,m2 gw.

] B

3B
mn+w,m2 gw

@
4

e2
+� frvk+� . w,� � frvk+� � w,,+� vlqk+� . w, . � vlqk+� � w,,mB3B

@
4

e2
i+� frvk+5�,� �,� vlqk+5�,� +� � � frvk+5�,,� vlqk+5�,j

@
4

e
ifrvk+5�,+�2 . �2,� 5��j

@
4

e
i+� � �,2 . +frvk+5�,� 4,+�2 . �2,j=

Wkhuhiruh/

����U B3Bi����n�+w,���2 � mn�+w,m2jgw���� � �+�,+n> n,B1

Uhwxuqlqj wr rxu ruljlqdo qrwdwlrq dqg xvlqj wudqvodwlrq lqyduldqfh ri lqwhjud0

wlrq/ zh kdyh ����] r�n�

r�

i
����k�+w,���2 � mk+w,m2jgw���� � �+v�n� � v�,+k> k,�>

zkhuh +k> k,� @
U r�n�
r�

imk�+w,m2 . mk+w,m2jgw1 Wkxv/�����
?3�[
�'f

] r�n�

r�

i
����k�+w,���2 � mk+w,m2jgw����� �

?3�[
�'f

�+v�n� � v�,+k> k,�

� �+mSm,+k> k, @ �+mSm, nkn2 =

Wklv frpsohwhv wkh surri ri wkh ohppd1 �
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Zh duh qrz uhdg| wr suryh +616,1 E| Ohppd 617 dqg Ohppd 618 zh jhw

m+�k> M,� +��k> M,m

�
�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� frvk+v� � w� . v�n� � w2,J�+w�> w2,Nkk�+w�,> M �+w2,lgw�gw2

�
] �

f
d frvk+

4

5
,Nkk�+w,> M �+w,lgw

����
.

����45
] �

f

] �

f
+J2

�+w�> w2,�J2+w�> w2,,N kk�+w�,> M �+w2,lgw�gw2
����

.

����47
] �

f

] �

f
+J2

�+w�> w2,�J2+w�> w2,,Nkk+w�,> M+w2,lgw�gw2
����

.

�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d� vlqk+�+w2 . w�, . v�n� . v�,

=J�+w�> w2,+Nkk�+w�,> M+w2,l.Nkk+w�,> M �+w2,l,gw�gw2
��

�
�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d�^frvk+vU � w� . v�n� � w2,J�+w�> w2,� d frvk+
4

5
,`

�Nkk�+w�,> M �+w2,lgw�gw2
��

.d frvk+
4

5
,

�����
?3�[
�'f

] r�n�

r�

] r�n�

r�

d�Nkk�+w�,> M �+w2,lgw�gw2 �
] �

f
Nkk�+w,> M �+w,lgw

�����
.
4

5

] �

f

] �

f

��J2
�+w�> w2,�J2+w�> w2,

�� f ��k�+w�,�� ��M �+w2,�� gw�gw2
.
4

7

] �

f

] �

f

��J2
�+w�> w2,�J2+w�> w2,

�� f mk+w�,m mM+w2,mgw�gw2
.H+k> M>S,

� i��+S, . �2+S, . ��+S, . �e+S,j nkn nMn

zkhuh ��+S, lv iurp Ohppd 61419/ �2+S, lv iurp Ohppd 6141:/

��+S, � 6

7
f vxs
E|�c|2�Mdfc�o2

iJ�+w�> w2,�J+w�> w2,j>H+k> M>S,

+f ghshqgv rq N,/ H+k> M>S, lv iurp Ohppd 61418/ dqg �e+S, � vxs8&8c8,8$�iH+n> o>S,j1
Qrwlqj wkdw ��+S, $ 3 dv mSm $ 3 +e| Ohppd 61417/ wkhq iurp wkh deryh ohppdv lw lv

fohdu wkdw �+S, � i��+S,. �2+S,. ��+S,. �e+S,j $ 3 dv mSm $ 31 Xvlqj wklv gh�qlwlrq

ri �+S, lq +616,/ zh kdyh qrz frpsohwhg wkh surri iru Wkhruhp 614141 �
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��2 �L?�ih}i?Ui Lu 6�?�|i #�4i?t�L?@* +�UU� Ai?tLh

Wkhruhp 61514 nS�+Ulf�Ulf�,S�nJR $ 3 dv mSm $ 3=

Surri= Rxu jrdo lv wr �qg/ iru hdfk sduwlwlrq S/ dq �+S, vxfk wkdw �+S,$ 3 dv

mSm $ 3 dqg/ iru hdfk k 5 K�+I,>

m++Ulf�Ulf�,k> k,m � mUlfkk> kl �Ulf�kk> klm
� �+S, nkn2 =

Zh �uvw qrwh wkdw iru d jrrg ruwkrqrupdo edvlv/ V/ ri K+I,/ zh kdyh

Ulf kk> kl @
[
&M7

+U kk> nln> k,

@
[
&M7

+u�u&n �u&u�n �ud�c&on> k,

@
[
&M7

�+u&u�n> k,� +ud�c&on> k,

@
[
&M7

+u�n>u&k,� +ud�c&on> k,

@
[
&M7

+u&k. ^k> n`>u&k,� +ud�c&on> k,

@
[
&M7

�+u&u&k> k,� +u&^k> n` .ud�c&on> k,

@ �+�k> k,�
[
&M7

+u&^k> n` .ud�c&on> k,=

Vlploduo|/

Ulf� kk> kl
@ �+��k> k,�

[
&M7�

+u&^k> n`� .ud�c&o�n> k,

@ �+��k> k,�
[
&M7�

+u&^k> n` .ud�c&on> k, .
[
&M7�

+u&+T� ^k> n`, .u'� d�c&on> k,

@ �+��k> k,�
[
&M7�

+u&^k> n` .ud�c&on> k, .
[
&M7�

+5u&+T� ^k> n`, . ^T� ^k> n`> n`> k,

zkhuh T� @ L � S� dqg L @ lghqwlw| rq K+I,=
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Ohw xv frpsduh Ulf kk> kl dqg Ulf� kk> kl = E| Wkhruhp 61414/ zh nqrz wkhuh

h{lvwv dq ��+S, vxfk wkdw m+�k> k,� +��k> k,m � ��+S, nkn2 zlwk ��+S,$ 3 dv mSm $ 3 1

Qh{w/ qrwh wkdw iru n 5 V

+u&^k> n` .ud�c&on> k,

@ +�
] �

f
I +�> w,^n> ^k> n`�`+w,gw. 4

5

] �

f
J+�> w,^n> ^k> n``+w,gw

�
] �

f
I +�> w,^^k> n`> n�`+w,gw. 4

5

] �

f
J+�> w,^^k> n`> n`+w,gw> k,

@ +�
] �

f
I +�> w,i^n> ^k> n`�`+w, . ^^k> n`> n�`+w,jgw> k,

@ +�
] �

f
I +�> w,i^n> ^k�> n``+w, . ^n> ^k> n�``+w, . ^^k> n`> n�`+w,jgw> k,

@ +�
] �

f
I +�> w,i^n> ^k�> n``+w,� ^n�> ^n> k``+w,� ^k> ^n�> n``+w, . ^^k> n`> n�`+w,jgw> k,

@ +�
] �

f
I +�> w,^n> ^k�> n``+w,gw> k,

@

] �

f
ik�

] �

f
Jrr+v> w,^n> ^k

�> n``+w,gw> k�+v,l

.k�
] �

f
I +v> w,^n> ^k�> n``+w,gw> k+v,ljgv

@

] �

f
ik�

] �

f
+�+w� v,�J+v> w,,^n> ^k�> n``+w,gw> k�+v,l

.k�
] �

f
Jr+v> w,^n> ^k

�> n``+w,gw> k+v,ljgv

@

] �

f
k^n> ^k�> n``+v,> k�+v,lgv

zkhuh zh kdyh xvhg lqwhjudwlrq e| sduwv iru wkh odvw htxdwlrq dqg wkh idfw wkdw V lv d

_jrrg% edvlv +l1h1/ n 5 V @, ^n�> n` @ 3 , iru wkh �iwk htxdwlrq1

Wkxv/

[
&M7

+u&^k> n` .ud�c&on> k, @
[
&M7

] �

f
k^n> k�`+v,> ^n> k�`+v,lgv

@

] �

f
J+v> v,Nkk�+v,> k�+v,lgv=

Vlploduo|/
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[
&M7�

+u&^k> n` .ud�c&on> k, @

] �

f
J�+v> v,Nkk�+v,> k�+v,lgv=

Lw iroorzv wkhq wkdw

������
[
&M7

+u&^k> n` .ud�c&on> k,�
[
&M7�

+u&^k> n` .ud�c&on> k,

������
�

] �

f
mJ+v> v,�J�+v> v,mNkk�+v,> k�+v,lgv

� �2+S,
] �

f

��kk�+v,> k�+v,l��gv
� �2+S, nkn2

zkhuh �2+S, @ +vxsrMdfc�o mJ+v> v,�J�+v> v,m, � F dqg F ghshqgv rq Nk�> �l 1 Vlqfh zh

nqrz e| Ohppd 61417 wkdw J� $ 3 xqlirupo| dv mSm $ 3 / wkhq �2+S,$ 3 dv mSm $ 3 1

Zh qh{w fodlp wkdw iru hdfk sduwlwlrq/ S / wkhuh h{lvwv dq ��+S, vxfk wkdw

��+S,$ 3 dv mSm $ 3 dqg iru k 5 K�+I,>������
[
&M7�

+^T� ^k> n`> n`> k,

������ � ��+S, nkn2 =

Vlqfh k 5 K�+I,> iru dq lqwhuydo/ ^v�> v�n�`/ ri wkh sduwlwlrq S/ k pxvw eh ri wkh irup

k+w, @ fh| . gh3| iru doo w 5 ^v�> v�n�` 1 Lw lv hdv| wr fkhfn wkdw lq idfw

k+w, @ k+v�, frvk+w� v�, .
��k

��
vlqk+w� v�, ;w 5 ^v�> v�n�`>

zkhuh v�� r�nr�n�
2 / ��k � k+v�n�,� k+v�, / dqg �� � 5 vlqk+r�n�3r�2 , 1

Ohwwlqj �� � v�n� � v� / zh pd| wkhq zulwh/ iru w 5 ^v�> v�n�` /

^k> n`+w,

@ ^k+v�, frvk+w� v�, .
��k

��
vlqk+w� v�,> n+v�, frvk+w� v�, .

��n

��
vlqk+w� v�,

@ ^k+v�,> n+v�,` frvk
2+w� v�, .

4

��
+^��k> n+v�,` . ^k+v�,>��n`, frvk+w� v�, vlqk+w� v�,

.
4

�2�
^��k>��n` vlqk

2+w� v�,>
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dqg

��^k> n` @ +^��k> n+v�,` . ^k+v�,>��n`, frvk+
��

5
,=

Xvlqj Sursrvlwlrq 61316 zh wkhq kdyh

S� ^k> n`+w, @
^k> n`+v�, . ^k> n`+v�n�,

)�
frvk+w� v�, .

��^k> n`

��
vlqk+w� v�,

@
i5^k+v�,> n+v�,` frvk2+{�

2 , .
2
#2�
^��k>��n` vlqk

2+{�

2 ,j
)�

frvk+w� v�,

.
5

�2�
+^��k> n+v�,` . ^k+v�,>��n`, frvk+

��

5
, vlqk+

��

5
, vlqk+w� v�,

@ i^k+v�,> n+v�,` frvk+��

5
, .

4

5)�
^��k>��n`j frvk+w� v�,

.
4

��
+^��k> n+v�,` . ^k+v�,>��n`, frvk+

��

5
, vlqk+w� v�,>

zkhuh )� @ 5frvk+{�

2 ,1 Wkxv/ iru w 5 ^v�> v�n�` /

T� ^k> n`+w,

@ ^k> n`+w,� S� ^k> n`+w,

@ ^k+v�,> n+v�,`+frvk
2+w� v�,� frvk+

��

5
, frvk+w� v�,,

.+^
��k

��
> n+v�,` . ^k+v�,>

��n

��
`,+frvk+w� v�,� frvk+

��

5
,, vlqk+w� v�,

.^
��k

��
>
��n

��
`+vlqk2+w� v�,� 4

5)�
�2� frvk+w� v�,,= +6146,

Qh{w qrwh wkdw vlqfh T� ^k> n` 5 Nhu+���,/ wkhq

^T� ^k> n`> n`+v�, @ ^T� ^k> n`+v�,> n+v�,` @ 3

iru doo v� 5 S1 Wkxv/ ^T� ^k> n`> n` 5 Nhu+���, lpso|lqj wkdw[
&M7�

+^T� ^k> n`> n`> k, @ 3

vlqfh k 5 K�+I,1

Zh qrz suryh vrph jhqhudo lqhtxdolwlhv wkdw zloo eh xvhixo iru wkh uhpdlqghu

ri rxu surri ri Wkhruhp 615141
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Ohppd 61515 Vxssrvh i = ^3> 4`$ U lv d srvlwlyh ixqfwlrq vxfk wkdw sE%�
% lv lqfuhdvlqj

dqg i+{, @ r+{,> zkhuh zh duh xvlqj wkh qrwdwlrq r+{, wr phdq d ixqfwlrq zlwk wkh

surshuw| wkdw �sE%��
�%� $ 3 dv m{m $ 3= Wkhq iru hdfk sduwlwlrq/ S @ i3 @ vf ? v� ? � � � ?

v?3� ? 4j ri ^3> 4`> < �+S,> zlwk �+S,$ 3 dv mSm $ 3> vxfk wkdw iru doo k 5 K�+I,

?3�[
�'f

mNkk+v�,> k+v�,li+��,m � �+S, nkn2

dqg
?3�[
�'f

mNkk+v�,>��kli+��,m � �+S, nkn2 =

Surri=

?3�[
�'f

mNkk+v�,> k+v�,li+��,m �
?3�[
�'f

�� mNkk+v�,> k+v�,lm i+��,

��

�
#
?3�[
�'f

��

$�
vxs
�
mNkk+v�,> k+v�,lm

��
vxs
�

i+��,

��

�

�
#

vxs
rMdfc�o

f mk+v,m2
$
i+mSm,
mSm

� �+S, nkn2 +6147,

zkhuh f ghshqgv rq N dqg �+S, � 5fsE������� =

Wr vhh zk| wkh odvw lqhtxdolw| krogv lq +6147,/ qrwh wkdw iru v 5 ^3> 4` / k+v, @

k+w, .
U r
|
k�+{,g{ ;w 5 ^3> 4` 1 Wkxv

k+v, @

] �

f
k+v,gw

@

] �

f
k+w,gw.

] �

f

�] r

|

k�+{,g{

�
gw

zklfk lpsolhv

mk+v,m2 �
�] �

f
mk+w,mgw.

] �

f

�] r

|

��k�+{,��g{�gw�2

� 5

#�] �

f
mk+w,mgw

�2

.

�] �

f

��k�+{,��g{�2
$

� 5

�] �

f
mk+w,m2 gw.

] �

f

��k�+{,��2 g{�
@ 5 nkn2
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zkhuh zh kdyh xvhg wkh Fdxfk| Vfkzduw} lqhtxdolw| lq wkh vhfrqg olqh dqg Mhqvhq*v

lqhtxdolw| lq wkh wklug olqh1

Wkh vhfrqg lqhtxdolw| lq wkh vwdwhphqw ri wkh Ohppd iroorzv e| wkh vdph

uhdvrqlqj xvhg iru wkh �uvw1 �

Ohppd 61516 Iru k 5 K�+I,>

?3�[
�'f

mNk��k>��klm � �+S, nkn2

zkhuh �+S,$ 3 dv mSm $ 3=

Surri= Xvlqj Mhqvhq*v lqhtxdolw|/ zh jhw

?3�[
�'f

mNk��k>��klm � f
?3�[
�'f

�2
�

������k

��

����2
@ f

?3�[
�'f

�2
�

����] r�n�

r�

k�+v,
4

��
gv

����2
� f

?3�[
�'f

�2
�

] r�n�

r�

��k�+v,��2 4

��
gv

� f mSm
?3�[
�'f

] r�n�

r�

��k�+v,��2 gv
� f mSm nkn2 >

zkhuh f ghshqgv rq N1 Wkh lqhtxdolw| iroorzv e| ohwwlqj �+S, � f mSm1 �

Zh qrz qhhg wr frqvlghu wkh �qdo whup lq Ulf�kk> kl =

[
&M7�

+5u&+T� ^k> n`,> k,

@
[
&M7�

5

�
�
] �

f
I +�> w,^n> +T� ^k> n`,�`+w,gw. 4

5

] �

f
J+�> w,^n>T� ^k> n``+w,gw> k

�
+6148,

Xvlqj rxu suhylrxv uhsuhvhqwdwlrq ri T� ^k> n` lq Htxdwlrq +6146,/ zh fdq vsolw

wkh vxppdqg lq +6148, lqwr wzr lqqhu surgxfwv dv iroorzv1 Wkh �uvw lqqhu surgxfw lv
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�
�
] �

f
I +�> w,^n> +T� ^k> n`,�`+w,gw> k

�
@

] �

f

��
�
] �

f
Jrr+v> w,^n> +T� ^k> n`,

�`+w,gw> k�+v,

 
.

�
�
] �

f
Jr+v> w,^n> +T� ^k> n`,

�`+w,gw> k+v,

 �
gv

@

] �

f


^n+v,> +T� ^k> n`,

�+v,`> k�+v,
�
gv

@

] �

f


+T� ^k> n`,

�+v,> ^k�> n`+v,
�
gv

@
?3�[
�'f

] r�n�

r�

k^k+v�,> n+v�,`+5F�+v,V�+v,� frvk+
��

5
,V�+v,,

.
4

��
+^��k> n+v�,` . ^k+v�,>��n`,+V

2
� +v, . +F�+v,� frvk+

��

5
,,,F�+v,,

.
4

�2�
^��k>��n`+5V�+v,F�+v,� 4

5)�
�2� V�+v,,>

^k+v�,> n+v�,`F�+v,V�+v,

.
4

��
+^��k> n+v�,`F

2
� +v, . ^k+v�,>��n`V

2
� +v,, .

4

�2�
^��k>��n`F�+v,V�+v,lgv>+6149,

zkhuh F�+v, � frvk+v� v�, dqg V�+v, � vlqk+v� v�,= Iru wkh vhfrqg lqqhu surgxfw lq

+6148, zh kdyh

�] �

f
J+�> w,^n>T� ^k> n``+w,gw> k

�
@

] �

f
k^n>T� ^k> n``+v,> k+v,lgv

@

] �

f
kT� ^k> n`+v,> ^k> n`+v,lgv

@
?3�[
�'f

] r�n�

r�

k^k+v�,> n+v�,`+F2
� +v,� frvk+

��

5
,F�+v,,

.
4

��
+^��k> n+v�,` . ^k+v�,>��n`,+F�+v,� frvk+

��

5
,,V�+v,

.
4

�2�
^��k>��n`+V

2
� +v,�

4

5)�
�2�F�+v,,>

^k+v�,> n+v�,`F
2
� +v,

.
4

��
+^��k> n+v�,` . ^k+v�,>��n`,F�+v,V�+v, .

4

�2�
^��k>��n`V

2
� +v,lgv= +614:,
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Ehiruh frpelqlqj wkh deryh wzr uhvxowv wr jhw dq h{suhvvlrq iru +6148,/ zh pdnh

wkh iroorzlqj gh�qlwlrqv iru euhylw|=

D�
�+v, @ 7F�+v,V�+v,� 5 frvk+

��

5
,V�+v,

D�
2+v, @ 5V2

� +v, . +5F�+v,� frvk+
��

5
,,F�+v,

D�
�+v, @ 7F�+v,V�+v,� 4

)�
�2� V�+v,

D�
e+v, @ F�+v,V�+v,

D�
D+v, @ F2

� +v,

D�
S+v, @ V2

� +v,

D�
.+v, @ F�+v,V�+v,

D�
H+v, @ F2

� +v,� frvk+
��

5
,F�+v,

D�
b+v, @ +F�+v,� frvk+

��

5
,,V�+v,

D�
�f+v, @ V2

� +v,�
4

5)�
�2�F�+v,

D�
��+v, @ F2

� +v,

D�
�2+v, @ F�+v,V�+v,

D�
��+v, @ F�+v,V�+v,

D�
�e+v, @ V2

� +v,

Xsrq h{sdqglqj wkh wzr h{suhvvlrqv lq +6149, dqg +614: ,/ dgglqj wkhp wrjhwkhu/

dqg wkhq vxpplqj ryhu wkh edvlv V� > zh jhw wkh iroorzlqj lqhtxdolw| iru +6148,=

������
[
&M7�

+5u&+T� ^k> n`,> k,

������
�

?3�[
�'f

�����Nkk+v�,> k+v�,lJ�+v�> v�,] r�n�

r�

iD�
�+v,D

�
e+v, .D�

H+v,D
�
��+v,jgv

����
.

����Nkk+v�,>��klJ�+v�> v�, 4
��

] r�n�

r�

�
D�
�+v,D

�
D+v, .D�

H+v,D
�
�2+v,

�
gv

����
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.

����Nkk+v�,> k+v�,l+J�+v�n�> v�,�J�+v�> v�,,
4

��

] r�n�

r�

�
D�
�+v,D

�
S+v, .D�

H+v,D
�
��+v,

�
gv

����
.

����Nkk+v�,>��kl+J�+v�n�> v�,�J�+v�> v�,,
4

��

] r�n�

r�

�
D�
�+v,D

�
.+v, .D�

H+v,D
�
�e+v,

�
gv

����
.

����Nk��k> k+v�,lJ�+v�> v�, 4
��

] r�n�

r�

iD�
2+v,D

�
e+v, .D�

b+v,D
�
��+v,jgv

����
.

����Nk��k>��klJ�+v�> v�, 4
�2�

] r�n�

r�

iD�
2+v,D

�
D+v, .D�

b+v,D
�
�2+v,jgv

����
.

����Nk��k> k+v�,l+J�+v�n�> v�,�J�+v�> v�,,
4

�2�

] r�n�

r�

�
D�
2+v,D

�
S+v, .D�

b+v,D
�
��+v,

�
gv

����
.

����Nk��k>��kl+J�+v�n�> v�,�J�+v�> v�,,
4

���

] r�n�

r�

�
D�
2+v,D

�
.+v, .D�

b+v,D
�
�e+v,

�
gv

����
.

����Nkk+v�,> k+v�,l+J�+v�n�> v�,�J�+v�> v�,,
4

��

] r�n�

r�

�
D�
2+v,D

�
e+v, .D�

b+v,D
�
��+v,

�
gv

����
.

����Nkk+v�,>��kl+J�+v�n�> v�,�J�+v�> v�,,
4

�2�

] r�n�

r�

�
D�
2+v,D

�
D+v, .D�

b+v,D
�
�2+v,

�
gv

����
. mNkk+v�,> k+v�,l++J�+v�n�> v�n�,�J�+v�> v�n�,,� +J�+v�n�> v�,�J�+v�> v�,,

� 4
�2�

] r�n�

r�

iD�
2+v,D

�
S+v, .D�

b+v,D
�
��+v,jgv

����
. mNkk+v�,>��kl++J�+v�n�> v�n�,�J�+v�> v�n�,,� +J�+v�n�> vU,�J�+v�> v�,,

� 4
���

] r�n�

r�

iD�
2+v,D

�
.+v, .D�

b+v,D
�
�e+v,jgv

����
.

����Nk��k> k+v�,l+J�+v�n�> v�,�J�+v�> v�,,
4

�2�

] r�n�

r�

�
D�
�+v,D

�
e+v, .D�

�f+v,D
�
��+v,

�
gv

����
.

����Nk��k>��kl+J�+v�n�> v�,�J�+v�> v�,,
4

���

] r�n�

r�

�
D�
�+v,D

�
D+v, .D�

�f+v,D
�
�2+v,

�
gv

����
. mNk��k> k+v�,l++J �+v�n�> v�n�,�J�+v�> v�n�,,� +J�+v�n�> v�,�J�+v�> v�,,

� 4
���

] r�n�

r�

iD�
�+v,D

�
S+v, .D�

�f+v,D
�
��+v,jgv

����
. mNk��k>��kl++J�+v�n�> v�n�,�J�+v�> v�n�,,� +J�+v�n�> v�,�J�+v�> v�,,

� 4
�e�

] r�n�

r�

iD�
�+v,D

�
.+v, .D�

�f+v,D
�
�e+v,jgv

�����
Iru hdfk l 5 i3> 4> = = = > q�4j/ ohw xv odeho wkh deryh vl{whhq whupv e|E�

�> = = = >E
�
�S/

uhvshfwlyho|/ vr wkdw wkh lqhtxdolw| fdq eh zulwwhq pruh eulh�| dv iroorzv=������
[
&M7�

+5u&+T� ^k> n`,> k,

������ �
?3�[
�'f

�S[
�'�

E�
� =
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Vlqfh vlqk+{, dqg frvk+{, duh rgg dqg hyhq ixqfwlrqv/ uhvshfwlyho|/ wkhq

D�
�+v,D

�
D+v, .D�

H+v,D
�
�2+v,

@ 7F�
� +v,V�+v,� 5 frvk+

��

5
,F2

� +v,V�+v, .F�
� +v,V�+v,� frvk+

��

5
,F2

� +v,V�+v,

lv dqwl0v|pphwulf derxw v�@
r�nr�n�

2 1 Wkxv E�
2 @ 31 Vlploduo|/ E�

� @ 3 iru m @

6> 8> ;> <> 45> 47> dqg 48=1

Iru wkh uhpdlqlqj whupv/ zh zloo xvh wkh idfw wkdw wkhuh h{lvwv d erxqg P vxfk

wkdw iru doo sduwlwlrqv S/ dqg doo +v> w, 5 ^3> 4`2/ mJ�+v> w,m ? P dqg m+J�,r+v> w,m ? P

+wklv fdq eh yhul�hg e| wkh gh�qlwlrq ri J� dqg wkh frqwlqxlw| ri vlqk dqg frvk dv lq +BB

,,1 Zh dovr xvh wkh idfw wkdw V�+v, dqg F�+v, duh dqdo|wlf hyhu|zkhuh zlwk wkh iroorzlqj

Wd|oru vhulhv derxw v @v�=

V�+v, @ vlqk+v� v�, @
"[
?'f

+v� v�,2?n�

+5q. 4,$

F�+v, @ frvk+v� v�, @
"[
?'f

+v� v�,
2?

+5q,$
=

Iru wkh E�
� whup zh qrwh wkdw

D�
�+v,D

�
e+v, .D�

H+v,D
�
��+v,

@ 7F2
� +v,V

2
� +v,� 5 frvk+

��

5
,F�+v,V

2
� +v, .Fe

� +v,� frvk+
��

5
,F�

� +v,=

E| v|pphwu| derxw v�@
r�nr�n�

2 dqg wkh Wd|oru h{sdqvlrq ri wkh deryh whup/ lw lv fohdu

wkdw ] r�n�

r�

iD�
�+v,D

�
e+v, .D�

H+v,D
�
��+v,jgv @ i+��,>

zkhuh i+{, @ r+{, dqg sE%�
% lv lqfuhdvlqj1 Wkxv/ e| Ohppd 61515/ wkhuh h{lvwv dq �ec2+S,

vxfk wkdw �ec2+S,$ 3 dv mSm $ 3 dqg

?3�[
�'f

E�
2 � P

?3�[
�'f

����Nkk+v�,> k+v�,l] r�n�

r�

iD�
�+v,D

�
e+v, .D�

H+v,D
�
��+v,jgv

����
@ P

?3�[
�'f

mNkk+v�,> k+v�,li+��,m

� �ec2+S, nkn2 =



:4

Iru wkh E�
S whup zh xvh Ohppd 61516 wr jhw

?3�[
�'f

E�
S @

?3�[
�'f

����Nk��k>��klJ�+v�> v�, 4
�2�

] r�n�

r�

iD�
2+v,D

�
D+v, .D�

b+v,D
�
�2+v,jgv

����
� +

?3�[
�'f

mNk��k>��klm,P vxs
�

����� 4�2
�

] r�n�

r�

iD�
2+v,D

�
D+v, .D�

b+v,D
�
�2+v,jgv

�����
� mSm nkn2P vxs

�

����� 4�2
�

] r�n�

r�

iD�
2+v,D

�
D+v, .D�

b+v,D
�
�2+v,jgv

�����
Frqvlghulqj wkh Wd|oru vhulhv h{sdqvlrq ri V�+v, dqg F�+v,/ rqh fdq vhh wkdw] r�n�

r�

iD�
2+v,D

�
D+v, .D�

b+v,D
�
�2+v,jgv

@

] r�n�

r�

i5F2
� +v,V

2
� +v, . 5Fe

� +v,� 5F�
� +v, frvk+

��

5
, +614;,

.F2
� +v,V

2
� +v,�F�+v,V

2
� +v, frvk+

��

5
,jgv

@ R+��
� ,

zkhuh R+{, lv d ixqfwlrq zlwk wkh surshuw| wkdw wkhuh h{lvw F A 3 dqg u A 3 vxfk wkdw

��E%��
�%� ? F iru doo m{m ? u1 Lw wkhq iroorzv wkdw wkhuh h{lvwv dq Q A 3 vxfk wkdw iru mSm

vx�flhqwo| vpdoo/

vxs
�

����� 4�2
�

] r�n�

r�

iD�
2+v,D

�
D+v, .D�

b+v,D
�
�2+v,jgv

����� � Q=

Wkxv/
?3�S
�'f

E�
S � �ecS+S, nkn2/ zkhuh �ecS+S, @ mSmPQ 1

Iru wkh E�
. whup zh qrwh wkdw

D�
2+v,D

�
S+v,.D

�
b+v,D

�
��+v, @ 5Ve

� +v,�5F�+v,V
2
� +v,.6F

2
� +v,V

2
� +v,�6F�+v,V

2
� +v, frvk

�
��

5

�
E| v|pphwu| derxw v�@

r�nr�n�
2 dqg wkh Wd|oru h{sdqvlrq ri wkh deryh whup/ lw lv fohdu

wkdw
4

��

] r�n�

r�

iD�
2+v,D

�
S+v, .D�

b+v,D
�
��+v,jgv @ j+��,>

zkhuh j+{, @ r+{, dqg }E%�
% lv lqfuhdvlqj1 Qh{w/ e| wkh Phdq Ydoxh Wkhruhp/ iru hdfk

l 5 i3> 4> = = = > q � 4j wkhuh h{lvwv dq av� 5 +v�> v�n�, vxfk wkdw C�Er�n�cr��3C�Er�cr��
{�

@
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+J�,r+av�> v�,1 Zh wkhq kdyh

?3�[
�'f

E�
. @

�����
?3�[
�'f

Nk��k> k+v�,l+J�+v�n�> v�,�J�+v�> v�,,

� 4
�2�

] r�n�

r�

�
D�
2+v,D

�
S+v, .D�

b+v,D
�
��+v,

�
gv

����
�

?3�[
�'f

����Nk��k> k+v�,l+J�,r+av�> v�, 4
��

] r�n�

r�

�
D�
2+v,D

�
S+v, .D�

b+v,D
�
��+v,

�
gv

����
� P

?3�[
�'f

����Nk��k> k+v�,l 4
��

] r�n�

r�

�
D�
2+v,D

�
S+v, .D�

b+v,D
�
��+v,

�
gv

���� =
Lw wkxv iroorzv e| Ohppd 61515 wkdw wkhuh h{lvwv dq �ec.+S, vxfk wkdw �ec.+S, $ 3 dv

mSm $ 3 dqg
?3�S
�'f

E�
. � �ec.+S, nkn2 =

Iru wkh E�
�f whup/ iurp +614;, dqg wkh uhdvrqlqj iru wkh E�

. whup lw iroorzv wkdw

wkhuh h{lvwv dq �ec�f+S, vxfk wkdw �ec�f+S,$ 3 dv mSm $ 3 dqg
?3�S
�'f

E�
�f � �ec�f+S, nkn2 =

Iru wkh E�
�� whup/ zh qrwh wkdw wkh vdph uhdvrqlqj iru wkh E�

. whup dssolhv wr

vkrz wkdw wkhuh h{lvwv dq �ec��+S, vxfk wkdw �ec��+S, $ 3 dv mSm $ 3 dqg
?3�S
�'f

E�
�� �

�ec��+S, nkn21
Jrlqj edfn wr wkh E�

e whup/ zh qrwh wkdw

D�
�+v,D

�
.+v, .D�

H+v,D
�
��+v, @ 8F2

� +v,V
2
� +v,� 6 frvk+

��

5
,F�+v,V

2
� +v,>

dqg wkxv wkh uhdvrqlqj iru wkh E�
. whup dssolhv wr vkrz wkdw wkhuh h{lvwv dq �ece+S, vxfk

wkdw �ece+S,$ 3 dv mSm $ 3 dqg
?3�S
�'f

E�
e � �ece+S, nkn21

Iru wkh E�
�� whup zh qrwh wkdw

D�
�+v,D

�
e+v, .D�

�f+v,D
�
��+v, @ 8F2

� +v,V
2
� +v,�

4

)�
�2�F�+v,V

2
� +v,�

4

5)�
�2�F

�
� +v,>

dqg vr djdlq wkh uhdvrqlqj iru wkh E�
. whup dssolhv wr vkrz wkdw wkhuh h{lvwv dq �ec��+S,

vxfk wkdw �ec��+S,$ 3 dv mSm $ 3 dqg
?3�S
�'f

E�
�� � �ec��+S, nkn2 =

Ilqdoo|/ iru wkh E�
�S whup zh qrwh wkdw/ dv lq +614;,/] r�n�

r�

iD�
�+v,D

�
.+v, .D�

�f+v,D
�
�e+v,jgv

@

] r�n�

r�

i7F2
� +v,V

2
� +v, . Ve

� +v,�
6

)�
�2�F�+v,V

2
� +v,jgv

@ R+��
� ,=
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Vr wkhuh h{lvwv dq Q A 3 vxfk wkdw iru mSm vx�flhqwo| vpdoo/

vxs
�

���� 4��
�

] r�n�

r�

iD�
�+v,D

�
.+v, .D�

�f+v,D
�
�e+v,jgv

���� � Q=

Dsso|lqj wkh Phdq Ydoxh Wkhruhp wr J�+�> v�n�, dqg J�+�> v�, dqg xvlqj Ohppd 61516/

zh jhw
?3�S
�'f

E�
�S � �ec�S+S, nkn2/ zkhuh �ec�S+S, @ 5PQ mSm =

Zh kdyh wkxv vkrzq wkdw������
[
&M7�

+5u&+T� ^k> n`,> k,

������ � �e+S, nkn2 >

zkhuh

�e+S, � �ec�+S, . �ece+S,�ecS+S, . �ec.+S,
.�ec�f+S, . �ec��+S, . �ec��+S, . �ec�S+S,=

Wkh surri ri Wkhruhp 61514 lv qrz frpsohwh e| qrwlqj wkdw

m++Ulf�Ulf�,k> k,m � �+S, nkn2

zkhuh �+S, @ ��+S, . �2+S, . ��+S, . �e+S,=�



��@T|ih e

A�i Oi@| kih?i* �i@t�hi

Iru hdfk sduwlwlrq/ S/ ri ^3> 4`/ ohw E� eh wkh Eruho �0dojheud rq J� 1 Zh gh�qh

J wr eh wkh vpdoohvw �0dojheud rq O+J, vxfk wkdw wkh surmhfwlrqv �� = O+J, $ J� duh

J@E�0phdvxudeoh iru hdfk sduwlwlrq/ S1 Rxu jrdo lq wklv vhfwlrq lv wr vkrz wkdw iru hdfk

�{hg jf 5 O+J, dqg hdfk w A 3/ wkhuh h{lvwv d xqltxh khdw nhuqho suredelolw| phdvxuh

�|+jf> �, rq +O+J,>J,/ l1h1/ zlwk wkh surshuw| wkdw

+h|
{
2 i,+jf, @

]
nEC�

i+j,�|+jf> gj,

iru doo erxqghg i 5 IF"+O+J,,/ zkhuh � lv gh�qhg ehorz lq +716, dqg IF"+O+J,,
duh wkh f|olqghu ixqfwlrqv gh�qhg lq Vhfwlrq 4151 Zh gh�qh +h|

{
2 i,+jf, wr eh wkh xqltxh

ixqfwlrq/ x+w> jf,/ rq ^3>4,�O+J, wkdw vroyhv wkh khdw htxdwlrq=
Cx

Cw
+w> jf, @

4

5
�}fx+w> jf,

olp
|�f

x+w> jf, @ i+jf,=

Zh qrwh wkdw iS| � h|
{
2 j|Df lv wkh vhpljurxs ri rshudwruv rq IF"+O+J,, zlwk jhqhudwru

O � {
2 +l1h1/ Oi @ olp|�f

�|s3s
| ; i 5 IF"+O+J,,,1

Wkh khdw nhuqho phdvxuh zloo eh ghulyhg iurp dq O+J,0ydoxhg Eurzqldq prwlrq1
Wkh h{lvwhqfh ri vxfk d surfhvv lv gxh wr Pdooldylq ^4:`1 Wkh surfhgxuh qhhghg wr

frqvwuxfw wkh surfhvv iru wkh iuhh orrs jurxs lv yluwxdoo| wkh vdph dv wkdw iru wkh slqqhg

orrs jurxs dv ghvfulehg e| Gulyhu ^6`/ vr zh zloo rqo| vxppdul}h lw dqg yhuli| dq| vwhsv

wkdw zrxog eh gl�huhqw lq wkh iuhh orrs fdvh1

:7
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Wkh surfhgxuh ehjlqv e| frqvwuxfwlqj dq O+I,0ydoxhg Eurzqldq prwlrq/ i �|j|Df/
zkhuh O+I, � in 5 F+^3> 4`> I, = n+3, @ n+4,j1 Zh pxvw �uvw vd| zkdw zh phdq e| d

_Eurzqldq prwlrq% rq wklv vsdfh1 Ohw

K�T � ik 5 K+I, = < uw1 fwv1 ixqfwlrq/ ��/ ri erxqghg

yduldwlrq zlwk k�+v, @ ��+v,d=h=
�
=

Iru hdfk k 5 K�T / gh�qh �� 5 O+I,W e|

��+n, � �
] �

f
kn+v,> g��+v,l.

] �

f
kn+v,> k+v,lgv ;n 5 O+ I,> +714,

zkhuh wkh �uvw lqwhjudo lv gh�qhg lq wkh Ohehvjxh0Vwlhomhv vhqvh1 Qrwh wkdw iru k> n 5
K�T � K+I,/ ��+n, @ +k> n,MEI�1

Iru d jlyhq �owhuhg suredelolw| vsdfh +Z> iI|j|Df>I > S , vdwlvi|lqj wkh xvxdo

frqglwlrqv +l1h1/ frpsohwh dqg uljkw0frqwlqxrxv,/ zh vd| wkdw i�|j|Df lv dq O+I,0ydoxhg
Eurzqldq prwlrq rq Z surylghg

41 �| lv I|@J0phdvxudeoh ; w A 3/

51 iru doo $ 5 Z/ wkh pds w :$ �|+$, lv frqwlqxrxv iurp ^3>4, wr O+I,/ dqg

61 i�|j|Df lv d phdq0}hur Jdxvvldq surfhvv zlwk fryduldqfh

H^��+�|,�&+�r,` @ w a �+k> n,

iru doo k> n 5 K�T dqg w> � 5 ^3>4,1

Lw lv d zhoo nqrz idfw wkdw vxfk d Eurzqldq prwlrq h{lvwv vr zh zloo qrw suryh

lw khuh +rqh phwkrg ri surri xvhv Nroprjrury*v h{whqvlrq wkhruhp dqg wkh revhuydwlrq

wkdw +K+I,>O+I,, lv dq devwudfw Zlhqhu vsdfh1

Zh zloo qh{w vkrz wkdw dq O+J,0ydoxhg Eurzqldq prwlrq rqZ pd| eh ghulyhg

iurp i�|j|Df1 Iluvw/ ohw xv uhfdoo vrph gh�qlwlrqv iurp wkh wkhru| ri vwrfkdvwlf lqwhjud0

wlrq1 Lq jhqhudo/ li K dqg N duh Kloehuw vsdfhv/ ohw E+K>N, eh wkh vsdfh ri erxqghg

olqhdu pdsslqjv iurp K $ N1 LiP dqg [ duh K dqg E+K>N,0ydoxhg vhplpduwlqjdohv/

uhvshfwlyho|/ wkhq wkh iroorzlqj duh wkh iruzdug/ edfnzdugv/ dqg Vwudwrqrylfk vwrfkdvwlf
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lqwhjudov/ uhvshfwlyho|/ ri [ zlwk uhvshfw wr P =] |

f
[gP � olp

�Z�<f

"[
�'f

[|Z�
+P|2|Z�n�

�P|2|Z�
,>

] |

f
[
#�
gP � olp

�Z�<f

"[
�'f

[|Z�n�
+P|2|Z�n�

�P|2|Z�
,>

] |

f
[�P � olp

�Z�<f

"[
�'f

[|Z�
.[|Z�n�

5
+P|2|Z�n�

�P|2|Z�
,>

zkhuh wkh olplwv duh lq suredelolw| dqg hdfk � @ i3 @ wZf ? wZ� ? wZ2 ? � � �4j lv d

sduwlwlrq ri ^3>4, 1

Wkh qh{w wkhruhp lv gxh wr Pdooldylq ^4:`1 Dvvxph If lv dq ruwkrqrupdo edvlv

ri I @ Olh+J,/ dqg +Z> iI|j|Df>I > S , lv wkh �owhuhg suredelolw| vsdfh iurp deryh1

Wkhruhp 71314 Vxssrvh wkdw J lv d frpsdfw Olh jurxs zlwk DgC 0lqyduldqw lqqhu surg0

xfw/ k�> �l/ rq I1 Wkhq iru hdfk jf 5 O+J,/ wkhuh h{lvwv d frqwlqxrxv dgdswhg O+J, 0ydoxhg
surfhvv/ i	|j|$f/ rq Z zklfk vroyhv wkh iroorzlqj idplo| ri Vwudwrqrylfk gl�huhqwldo

htxdwlrqv=

	B|+v, @
[
�MIf

�D+	|+v,,�
�
B|+v,

	f+v, @ jf+v, ; v 5 ^3> 4`> +715,

zkhuh �D lv wkh ohiw0lqyduldqw yhfwru �hog rq J zlwk �D+h, @ D/ dqg ��| +v, � kD> �|+v,l1

Wkh lqwhusuhwdwlrq ri +715,/ dv gh�qhg lq Fkdswhu LY ri Lnhgd dqg Zdwdqdeh

^45`/ lv wkdw iru dq| i 5 F"+J,/

i+	|+v,,� i+	f+v,, @
[
�MIf

] |

f

�Di+	� +v,,�
�
B� +v,

iru doo v 5 ^3> 4`1 Wkh h{lvwhqfh ri d vroxwlrq wr +715, lv dfwxdoo| suryhg lq Lnhgd dqg

Zdwdqdeh ^45`1 Lw lv wkh h{lvwhqfh ri d mrlqwo| frqwlqxrxv yhuvlrq ri wkh vroxwlrq wkdw

uhtxluhv ixuwkhu zrun1 Wkh surri vxssolhg e| Gulyhu ^6` iru wkh h{lvwhqfh ri vxfk d mrlqwo|

frqwlqxrxv yhuvlrq lq wkh slqqhg orrs fdvh fdq eh dssolhg yhuedwlp iru wkh iuhh orrs fdvh1

Wkh nh| wr wkh surri lv wkh dssolfdwlrq ri Nroprjrury*v frqwlqxlw| fulwhulrq1 Wkh rqo|

gl�huhqfh lq rxu fdvh lv wkdw zh duh xvlqj d gl�huhqw Juhhq*v ixqfwlrq/ J+v> w,/ dv gh�qhg



::

lq +517,1 Zh rqo| qhhg wr qrwh wkdw J+v> w, dqg Jr+v> w, duh xqlirupo| erxqghg iru doo

+v> w, 5 ^3> 4`2/ wkhq wkh dujxphqw lq ^6` jrhv wkurxjk1

Zh qrz h{sodlq zk| i	|j|Df fdq eh fdoohg d _Eurzqldq prwlrq% rq O+J,1
Iluvw qrwh wkdw wkh Odsodfldq/ �/ rq O+J, lv gh�qhg e|

�i �
[
�M7

u2
�i �

[
�M7

u�+u�i,> +716,

iru doo i 5 IF"+O+J,,/ zkhuh V lv dq ruwkrqrupdo edvlv iru K+I,1 Zh gh�qh u�i e|

+u�i,+j, � �ki+j,

@
g

gw
m|'f i+jh

|�, ; j 5 O+J,>

zkhuh w :�$ jh|� lv d sdwk lq O+J, zlwk
g

gw
m|'f ++jh

|�,+v,, @ jk+v, m}Er�5 W}Er�J

iru hdfk v 5 ^3> 4`1 Qrwh wkdw li i @ I � �� zlwk/ S @ i3 @ vf ? v� ? � � � ? v?3� ? 4j/
wkhq

+u�i,+j, @
?3�[
�'f

+k+v�,
E��I ,+��j,>

zkhuh iru dq| D 5 I/ DE�� lv gh�qhg wr eh wkh ohiw lqyduldqw yhfwru �hog rq J� jlyhq e|

+DE��I ,+jf> = = = > j?3�, � g

gu
mo'f I +jf> = = = > j�3�> j�h

o�> j?n�> = = = > j?3�,>

+717,

zkhuh h lv wkh h{srqhqwldo pds iurp I wr J +vhh Vhfwlrq 615 lq gr Fdupr ^:`,1

Wkhruhp 71315 Vxssrvh S @ i3 @ vf ? v� ? � � � ? v?3� ? 4j lv d jlyhq sduwlwlrq dqg

W A 31 Vxssrvh i = ^3> W `�O+J,$ U lv d ixqfwlrq ri wkh irup i+w> j, @ I +w> j�,/ zkhuh

j� @ ��j 5 J� / vxfk wkdw I = ^3> W ` � J� $ U lv frqwlqxrxv/ I mEfcA �fC� lv vprrwk

zlwk �uvw dqg vhfrqg rughu ghulydwlyhv h{whqglqj wr frqwlqxrxv ixqfwlrqv rq ^3> W `�J� 1

Wkhq iP|j|MdfcA o / gh�qhg e|

P| � i+w>	|,� i+3>	f,�
] |

f
++
C

Cw
.
4

5
�,i+�> �,,+	� ,g� ; w 5 ^3> W `> +718,

lv d pduwlqjdoh1 Lq dqdorj| zlwk wkh �qlwh glphqvlrqdo fdvh/ zh wdnh wklv wr eh zkdw

gh�qhv i	|j|Df dv d Eurzqldq prwlrq1
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Surri= Ohw +	�,| � +	|+vf,> = = = >	|+v?3�,, 5 J� iru doo w 5 ^3> 4`1 E| wkh idfw

wkdw 	|+v�, vroyhv Htxdwlrq +715, iru hdfk v� 5 S/ lw fdq eh vkrzq wkdw +	�,| vdwlv�hv

�+	�,| @
?3�[
�'f

[
�MIf

DE��++	�,|,�
�
B|+v�,=

E| dq dssolfdwlrq ri Lwr*v irupxod/ zh jhw

g^i+w>	|, @
C

C�
i+�>	|, m�'| .

?3�[
�'f

[
�MIf

+DE��I +w> �,,++	�,|,��_|+v�, .
4

5
�i+w>	|,gw=

Wkxv/

P| @
?3�[
�'f

[
�MIf

] |

f
+DE��I +�> �,,++	�,� ,��B� +v�,=

Vlqfh i��| +v�,j|Df lv d pduwlqjdoh iru hdfk v� dqg +DE��I +�> �,,++	�,� , lv erxqghg
iru hdfk l dqg D/ wkhq lw lv zhoo nqrzq wkdw wklv lpsolhv iP|j|Df lv d pduwlqjdoh +vhh

Wkhruhp 53 rq s1 53 lq Surwwhu ^4;`,1 �

Zh duh qrz uhdg| wr gh�qh wkh khdw nhuqho phdvxuh rq +O+J,>J,1 Iru hdfk

w A 3/ ohw �|+h> �, eh wkh odz ri 	|/ zkhuh h 5 O+J, lv wkh lghqwlw| orrs1 Lq rwkhu zrugv/

�|+h>D, � S +	| 5 D, ; 5 J=

Dqg iru dq| jf 5 O+J,/ gh�qh �| +jf> �, e|

�|+jf> D, @ +O}fW�|+h> �,,+D,
� �|+h> O

3�
}f
+D,,

@ S +O}f �	| 5 D,= +719,

Wkhruhp 71316 Iru doo erxqghg i 5 IF"+O+J,,/

+h|
{
2 i,+jf, @

]
nEC�

i+j,�|+jf> gj, ; jf 5 O+J,=

Surri= Ohw i 5 IF"+O+J,, eh ri wkh irup i+j, @ I +j�,/ I 5 F"+J�,/ iru d

jlyhq sduwlwlrq S/ dqg ohw jf 5 O+J,1 Gh�qh

x+w> jf, �
]
nEC�

i+j,�|+jf> gj, ; w � 3=

Wkhq e| +719,/

x+w> jf, @ H^i+O}f �	|,` @ H^ �i+jf>	|,` @ H^ �I +jf> +	�,|,`>
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zkhuh �i+jf> �, � i � O}f+�,/ �I +jf> �, � I � OEZ��}f�+�, 5 F"+J�,/ dqg +	�,| � ��+	|,1

Iurp +718, lw iroorzv wkdw

x+w> jf, @ H^P| . �i+jf>	f, .

] |

f

4

5
�2

�i+jf>	� ,g� `

@ H^ �i+jf>	f,` .

] |

f
H+

4

5
�2

�i+jf>	� ,,g�>

zkhuh zh kdyh xvhg wkh idfw wkdw P| lv d pduwlqjdoh zlwk Pf @ 3 d1h11 Zh zloo xvh

wkh qrwdwlrq �2 dqg ��c2/ zkhuh dssursuldwh/ wr lqglfdwh wkdw zh duh dsso|lqj � ru

�� wr wkh vhfrqg yduldeoh ri wkh ixqfwlrq rq zklfk wkh| duh rshudwlqj1 Iru h{dpsoh/

�2
�i+jf>	� , � �+ �i+jf> �,,+	� ,1 Lw lv hdv| wr fkhfn wkdw �2

�i+jf>	� , @ ��c2
�I +jf> +	�,� ,

/ zkhuh

��c2
�I +jf> j�, @

[
�MIf

?3�[
�c�'f

J+v�> v�,+D
E��DE�� �I +jf> �,,+j�,

iru doo j� 5 J� / dqg

+	�,� � ��+	� , @ +	� +vf,> = = = >	� +v?3�,, 5 J� =

DE�� lv wkh qrwdwlrq zh lqwurgxfhg lq +717,1 Zh wkxv kdyh

x+w> jf, @ H^ �I +jf> +	�,f,` .

] |

f
H^

4

5
��c2

�I +jf> +	�,� ,`g�=

Lqwxlwlyho|/ zh zrxog olnh iru H^�2��c2
�I +jf> +	�,� ,` @

�
2��c}fH^

�I +jf> +	�,� ,`1

Wklv lv lqghhg d wuxh vwdwhphqw/ exw qrw wulyldo1 Rqh pd| uhihu wr wkh fkdswhu rq gl�xvlrq

surfhvvhv rq pdqlirogv +Fkdswhu Y/ s1 587, lq Lnhgd dqg Zdwdqdeh ^45` iru d surri1 Zh

fdq wkhq zulwh

x+w> jf, @ �I +jf> +	�,f, .

] |

f

4

5
��c}fH^ �I +jf> +	�,� ,`g�>

dqg wkxv

Cx

Cw
+w> jf, @

4

5
��c}fH^ �I +jf> +	�,|,` @

4

5
�}fH^

�i+jf>	|,`

@
4

5
�}fx+w> jf,=

Dqg e| wkh grplqdwhg frqyhujhqfh wkhruhp dqg wkh idfw wkdw 	f @ h d1h1/ zh kdyh

olp
|�f

x+w> jf, @ olp
|�f

H^i+O}f � 	|,`

@ H^i+O}f � h,`
@ H^i+jf,` @ i+jf,=
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Wkhuhiruh/ zh kdyh

+h|
{
2 i,+jf, @

]
nEC�

i+j,�|+jf> gj,= �

Iru d �{hg jf� 5 J� dqg w A 3/ gh�qh wkh suredelolw| phdvxuh ��| +jf� > �, rq
J� e|

��| +jf� > D, � S +O}f� � +	�,| 5 D, ;D 5 J� =

Lw wkhq iroorzv iurp wkh deryh glvfxvvlrq wkdw i+	�,|j|Df lv d gl�xvlrq surfhvv rq J�

zlwk jhqhudwru �� dqg wkdw

+h|
{�
2 I ,+jf�, @

]
C�

I +j�,�
�
| +jf� > gj�, +71:,

iru doo I 5 F"+J�, dqg jf� 5 J� 1

Wkh iroorzlqj ohppd zloo eh xvhixo lq surylqj wkh orjdulwkplf Vrerohy lqhtxdo0

lw|1

Ohppd 71317 Iru d sduwlwlrq S @ i3 @ vf ? v� ? � � � ? v?3� ? 4j/

�� @
[
�MK

�k2>

zkhuh � lv dq ruwkrqrupdo edvlv ri +I� > +�> �,�, dqg +�> �,� lv gh�qhg dv lq +614,1

Surri= Iru hdfk v� 5 S/ ohw J�+v�, � +J�+v�> vf,> = = = >J�+v�> v?3�,, 5 U?/ dqg

iru D 5 I/ J�+v�,D � +J�+v�> vf,D> = = = > J�+v�> v?3�,D, 5 I� 1 Iru I 5 F"+J�, dqg

j� 5 J� / zh wkhq kdyh

[
�MK

�k2I +j�, @
[
�MK

�k+
[
�MIf

?3�[
�'f

+DE��I +j�,,kD>k�l

@
[
�MK

[
�c�MIf

?3�[
�c�'f

+EE��DE��I +j�,,kD>k�lkE>k�l>

zkhuh hdfk k 5 � lv ghqrwhg e| k @ +kf> k�> = = = > k?3�,1 Uhfdoolqj wkdw +T��, @ +J��,3�/

kD>k�l @
?3�[
&c,'f

T&,kJ+v�> v&,D>k,l

@ +J�+v�,D>k,� =
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Xvlqj wkh vdph fdofxodwlrqv iru kE>k�l/ zh vhh wkdw

[
�MK

�k2I +j�, @
[
�MK

[
�c�MIf

?3�[
�c�'f

+EE��DE��I +j�,,+J�+v�,D>k,�+J�+v�,E>k,�

@
[

�c�MIf

?3�[
�c�'f

+EE��DE��I +j�,,+J�+v�,D>J�+v�,E,�

@
[

�c�MIf

?3�[
�c�'f

+EE��DE��I +j�,,i
?3�[
&c,'f

T&,J+v�> v&,J+v�> v,,kD>Elj

@
[
�MIf

?3�[
�c�'f

+DE��DE��I +j�,,J+v�> v�, @ ��I +j�,= �

Zh qh{w zlvk wr revhuyh wkdw vlqfh +�> �,� lv ohiw lqyduldqw rq J� / wkhq wkh

Ulhpdqqldq yroxph phdvxuh/ �� / rq J
� lv d ohiw Kddu phdvxuh +l1h1/ �� lv d ohiw lqyduldqw/

qrq}hur Udgrq phdvxuh,1 Dqg vlqfh J� lv frpsdfw/ lw lv wkxv xqlprgxodu/ l1h1/ �� lv

erwk d ohiw dqg uljkw Kddu phdvxuh +vhh Sursrvlwlrq 43149 lq Iroodqg ^;``,1 Lw lv zhoo

nqrzq wkdw lq wklv fdvh/
S
�MK

�k2 / dqg wkxv �� / lv wkh Odsodfh Ehowudpl rshudwru rq J�

+vhh Sursrvlwlrq 814 lq Gulyhu ^6` dqg Uhpdun +515, lq Gulyhu dqg Jurvv ^9`1 Xvlqj wklv

idfw/ lw wkhq iroorzv e| Wkhruhp 514 lq Gulyhu ^6` wkdw iru w A 3/ wkhuh h{lvwv d vprrwk

ixqfwlrq s|+{� > j�, rq J� �J� vxfk wkdw

+h|
{�
2 I ,+{�, @

]
C�

s|+{� > j�,I +j�,��+gj�, ;I 5 F"+J�,=

E| +71:,/ zh wkhq kdyh]
C�

I +j�,�
�
| +jf� > gj�, @

]
C�

I +j�,s|+jf� > j�,��+gj�,

iru doo jf� 5 J� dqg I 5 F"+J�,1



��@T|ih D

W?|i}h@|�L? �) �@h|t L? OEC�

Wkh prwlydwlrq iru ghyhorslqj dq lqwhjudwlrq e| sduwv irupxod rq O+J, lv uh0
odwhg wr wkh wdvn ri pdnlqj rxu orjdulwkplf Vrerohy lqhtxdolw| d jhqhudo dv srvvleoh1

Lq rwkhu zrugv/ zh zdqw wkh lqhtxdolw| wr krog iru d odujh fodvv ri ixqfwlrqv1 Wklv zloo

eh dffrpsolvkhg e| vkrzlqj wkh forvdelolw| ri d fhuwdlq v|pphwulf/ txdgudwlf irup wkdw

dsshduv lq wkh lqhtxdolw|1

D�� �*Lti_ @?_ �*Lt@M*i "�@_h@|�U 6Lh4t

Ohw xv wdnh d prphqw wr uhylhz vrph idfwv derxw txdgudwlf irupv1 Rqh pd|

uhihu wr Pd dqg U�rfnqhu ^49` ru Ixnxvklpd/ Rvklpd/ dqg Wdnhgd ^<` iru pruh rq wklv

vxemhfw1 Ohw K eh d jhqhudo Kloehuw vsdfh +K lv qrw qhfhvvdulo| wkh vdph dv K+I, iurp

deryh,1 Ohw H = G+H, �G+H, $ U eh d elolqhdu irup rq d olqhdu vxevsdfh G+H, $ K1

Zh zloo dvvxph G+H, lv ghqvh lq K zlwk uhvshfw wr wkh Kloehuw qrup rq K/ dqg H lv

srvlwlyh v|pphwulf1 Ohw H = G+H,$ U dovr ghqrwh wkh dvvrfldwhg txdgudwlf irup gh�qhg

e|

H+y, � H+y> y, ; y 5 G+H,=

Gh�qh wkh lqqhu surgxfw/ +�> �,�/ rq G+H, e|

+y>z,� � +y>z,M . H+y>z, ; y>z 5 G+H,>

zkhuh +�> �,M lv wkh Kloehuw lqqhu surgxfw rq K1 Gh�qh n�n� e| nyn� �
s
+y> y,� iru doo

y 5 G+H,1

;5
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Gh�qlwlrq 81414 H lv forvhg li dqg rqo| li +G+H,> +�> �,�, lv d Kloehuw vsdfh1

Wkh iroorzlqj sursrvlwlrq lv hdv| wr yhuli|1

Sursrvlwlrq 81415 H lv forvhg li dqg rqo| li iru doo vhtxhqfhv iy?j � G+H, vxfk wkdw

ny? � ynM $ 3 dv q$4 iru vrph y 5 K dqg H+y? � y6,$ 3 dv p>q$4/ zh kdyh

y 5 G+H, dqg H+y? � y,$ 3 dv p>q$41

Li +G+H,> +�> �,�, lv qrw d Kloehuw vsdfh/ lw pd| eh srvvleoh wr h{whqg H wr d forvhg

txdgudwlf irup/ H / rq vrph odujhu vsdfh K� � G+H,1 Wklv lv srvvleoh zkhq H lv forvdeoh1

Gh�qlwlrq 81416 H lv forvdeoh li dqg rqo| li iru doo vhtxhqfhv iy?j � G+H, vxfk wkdw

ny?nM $ 3 dv q$4 dqg H+y?�y6,$ 3 dv p>q$4/ zh kdyh H+y?,$ 3 dv q$41

Li H lv forvdeoh/ zh fdq gh�qh K� wr eh K� � F@ �/ zkhuh F lv wkh vhw ri Fdxfk|
vhtxhqfhv lq +G+H,> +�> �,�,/ l1h1/

F � iiy?j � G+H, = olp
6c?<"

ny? � y6n� @ 3j>

dqg � lv wkh htxlydohqfh uhodwlrq

iy?j � iz?j / olp
?<"

ny? �z?n� @ 3=

K� lv wkxv wkh vhw ri doo htxlydohqfh fodvvhv lq F1
Jlyhq �y> �z 5 K�/ zkhuh �y dqg �z duh wkh htxlydohqfh fodvvhv ri iy?j dqg iz?j/

gh�qh ++�> �,,� rq K� e|

++�y> �z,,� � olp
?<"

+y?> z?,�=

Rqh fdq fkhfn wkdw wkh gh�qlwlrq ri � lpsolhv wkdw ++�> �,,� lv zhoo0gh�qhg1
Zh fdq vhh wkdw G+H, lv lpehgghg lq K� e| wkh pds

� = G+H,$ K�

y :$ �y>

zkhuh �y lv wkh htxlydohqfh fodvv ri iy?j dqg y? @ y ;q � 41 Fohduo|/ � lv dq lvrphwu|1

Zh fdq dovr lpehg K� lq K e|

a� = K� $ K
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�y :$ olp
?<"

y?>

zkhuh iy?j lv d uhsuhvhqwdwlyh ri wkh htxlydohqfh fodvv ri �y dqg wkh olplw lv zlwk uhvshfw

wr n�nM 1 Vlqfh iy?j lv Fdxfk| lq n�n� dqg n�nM � n�n�/ wkhq iy?j lv Fdxfk| lq n�nM dqg

wkxv olp?<" y? lv jxdudqwhhg wr h{lvw1

Qrwh wkdw a� lv lqmhfwlyh suhflvho| gxh wr wkh idfw wkdw H lv forvdeoh1 Lqghhg/ li

iy?j 5 �y 5 K� dqg iz?j 5 �z 5 K� zlwk olp?<" y? @ olp?<"z?/ wkhq ny? �z?nM $ 3

dv q$4 dqg

H++y? �z?,� +y6 �z6,, � H+y? � y6,� H+z? �z6,$ 3 dv p>q$4=

Khqfh/ wkh forvdelolw| ri H jlyhv H+y? �z?,$ 3 dv q$4 dqg wkxv ny? �z?n� $ 3 dv

q$41

Wkh irup H fdq eh h{whqghg wr K� e| gh�qlqj H = K� �K� $ F e|

H+�y> �z, � olp
?<"

H+y?> z?, ; �y> �z 5 K�> +814,

zkhuh iy?j 5 �y dqg iz?j 5 �z1 +Rqh pd| xvh wkh Fdxfk|0Vfkzduw} lqhtxdolw| dqg wkh

idfw wkdw iy?j lv n�n�0Fdxfk| wr vkrz wkh olplw rq wkh uljkw lq +814, h{lvwv1,

Li zh lghqwli| K� zlwk a�+K�,/ l1h1/ ohw

K� � iy 5 K = < d +�> �,� 0Fdxfk| vhtxhqfh iy?j � G+H,
zlwk ny? � ynM $ 3 dv q$4j >

wkhq zh fdq h{whqg H wr H rq K� � K lq wkh vdph zd| dv deryh/ l1h1/

H+y>z, � olp
?<"

H+y?> z?, ; y>z 5 K�>

zkhuh iy?j> iz?j � F dqg ny? � ynM $ 3/ nz? �znM $ 3 dv q $ 41 Wklv doorzv xv

wr ylhz K� dv dq dfwxdo vxevsdfh ri K dqg qrw d vhw ri htxlydohqfh fodvvhv1

Qrz ohw K dqg N erwk eh Kloehuw vsdfhv1 Lw zloo eh xvhixo iru xv wr frqvlghu wkh

forvdelolw| ri d sduwlfxodu w|sh ri irup gh�qhg lq whupv ri d olqhdu rshudwru D = K $ N

dv iroorzv=

H� = G+H�,�G+H�,$ F

H�+y>z, � +Dy>Dz,g ; y>z 5 G+D,>
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zkhuh G+H�, @ G+D,/ wkh grpdlq ri D/ lv dvvxphg wr eh ghqvh lq K1 Dv zh zloo vkrz

ehorz/ lw wxuqv rxw wkdw H� lv forvdeoh li dqg rqo| li D lv d forvdeoh rshudwru1

Ohwwlqj O+K>N, ghqrwh wkh vsdfh ri olqhdu rshudwruv iurp K wr N/ dqg �+D,

ghqrwh wkh judsk ri D 5 O+K>N,> l1h1/

�+D, � i+y>Dy, = y 5 G+D,j � K �N>

uhfdoo wkh iroorzlqj gh�qlwlrqv1

Gh�qlwlrq 81417 D 5 O+K>N, lv forvhg l� �+D, lv forvhg lq K �N1 D 5 O+K>N, lv

forvdeoh l� �+D, lv wkh judsk ri dq rshudwru lq O+K>N,1

Li D lv forvdeoh/ zh zloo ohw D eh lwv forvxuh/ l1h1/ D lv wkh olqhdu rshudwru zlwk

wkh surshuw| �+D, @ �+D,1 Lw lv qrw kdug wr fkhfn wkdw D lv forvdeoh li dqg rqo| li jlyhq

iy?j � G+D, zlwkny?nM $ 3 dqg nDy? � xng $ 3 dv q $ 4 iru vrph x 5 N/ wkhq

x @ 31 Wkh qh{w ohppd jlyhv d yhu| frqyhqlhqw qhfhvvdu| dqg vx�flhqw frqglwlrq iru

forvdelolw| ri d olqhdu rshudwru zklfk zloo eh xvhg lq Wkhruhp 819141

Ohppd 81418 D 5 O+K>N, lv forvdeoh li dqg rqo| li G+DW, lv ghqvh lq N1

Surri= Uhfdoo wkdw DW = G+DW, � N $ K lv wkh dgmrlqw ri D zkhuh x 5 G+DW,

li dqg rqo| li < z 5 K vxfk wkdw

kDy> xl @ ky>zl ; y 5 G+D,>

lq zklfk fdvh DWx � z1

Zh �uvw lqwurgxfh wkh iroorzlqj qrwdwlrq1 Ohw +�> �,gfM eh wkh lqqhu surgxfw

rq N �K gh�qhg e|

k+x�> y�,> +x2> y2,lgfM � kx�> x2lg . ky�> y2lM ; +x�> y�,> +x2> y2, 5 N �K=

Ohw W = K �N $ N �K eh wkh xqlwdu| rshudwru

W = +y> x, :�$ +x>�y,=
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Qrwh wkdw �+DW, @ ^W�+D,`z e| wkh iroorzlqj=

+x> y, 5 �+DW,/ kDz>xlg @ kz> ylM ;z 5 G+D,

/ kDz> xlg . k�z> ylM @ 3 ;z 5 G+D,

/ k+Dz>�z,> +x> y,lgfM @ 3 ;z 5 G+D,

/ kW +z>Dz,> +x> y,lgfM @ 3 ;z 5 G+D,

/ +x> y,BW�+D,=

Lw lv d zhoo0nqrzq idfw wkdw vlqfh �+D, lv forvhg/ wkhq �+D, @ +�+D,
z
,z +vhh

Ohppd 61609 lq Nuh|v}lj ^47`,1 Exw e| wkh frqwlqxlw| ri wkh lqqhu surgxfw rq K �N/

�+D,
z
@ �+D,z/ vr �+D, @ +�+D,z,z1 Wkh idfw wkdw W lv xqlwdu| wkhq jlyhv

�+D, @ +�+D,z,z

@ W3�++W�+D,z,z,

@ W3�+�+DW,z,=

Zh fdq qrz �qlvk wkh surri e| frqwudglfwlrq=

D lv qrw forvdeoh / <x 9@ 3 lq N dqg iy?j � G+D, zlwk

y? $ 3 dqg Dy? $ x dv q$4
/ +3> x, 5 �+D, @ W3�+�+DW,z,

/ W +3> x, @ +x> 3, 5 �+DW,z

/ k+x> 3,> +z>DWz,lgfM @ 3 ;z 5 G+DW,

/ kx>zlg @ 3 ;z 5 G+DW,

/ xBG+DW, iru vrph x 9@ 3 lq N

/ G+DW,z 9@ i3j
/ NqG+DW, 9@ !=

Vhh Ohppd 6160: lq Nuh|v}lj ^47` iru dq h{sodqdwlrq ri wkh odvw htxlydohqfh deryh1 �

Zh fdq qrz pdnh wkh iroorzlqj olqn ehwzhhq D dqg H�1

Ohppd 81419 H� lv forvdeoh li dqg rqo| li D lv forvdeoh1
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Surri= Vxssrvh H� lv forvdeoh1 E| gh�qlwlrq/ wklv phdqv wkdw li iy?j � G+H�,
zlwk ny?nM $ 3 dqg H�+y? � y6, $ 3 dv p>q $ 4/ wkhq H�+y?> y?, @ nDy?ng $
31 Wr vkrz D lv forvdeoh/ zh dvvxph iy?j � G+D, @ G+H�, zlwk ny?nM $ 3 dqg

nDy? � xng $ 3 iru vrph x 5 N dqg vkrz wklv lpsolhv x @ 31 Exw nDy? � xng $ 3

lpsolhv iDy?j lv Fdxfk| lqN dqg wkxv H�+y?�y6, @ nDy? �Dy6ng $ 3 dvp>q$41

E| wkh forvdelolw| ri H�/ zh vhh wkdw nDy?ng @ H�+y?> y?,$ 3 dv q$41 E| xqltxhqhvv

ri olplwv/ lw pxvw eh wkdw x @ 31

Frqyhuvho|/ vxssrvh D lv forvdeoh dqg iy?j � G+H�, @ G+D, zlwk ny?nM $ 3

dqg H�+y? � y6,$ 3 dv p>q$41 Wkhq nDy? �Dy6ng $ 3 dv p>q$4/ dqg vlqfh

N lv frpsohwh/ <x 5 N zlwk nDy? � xng $ 31 Vlqfh D lv forvdeoh/ wkhq x @ 3 dqg wkxv

H�+y?> y?, @ nDy?ng $ 3> surylqj wkdw H� lv forvdeoh1 �

Wkh txdgudwlf irup dsshdulqj lq wkh orjdulwkplf Vrerohy lqhtxdolw| zloo eh

ghqrwhg e| H}fc| = G+H}fc|,�G+H}fc|,$ U/ iru hdfk w � 3 dqg jf 5 O+J,/ zkhuh

H}fc|+i> j, �
]
nEC�

+�ui+{,> �uj+{,,MEI��|+jf> g{,>

H}fc|+i, �
]
nEC�

����ui+{,���2
MEI�

�|+jf> g{,>

dqg G+H}fc|, � IF"+O+J,,1 H}fc| lv fohduo| v|pphwulf dqg srvlwlyh1 E| gh�qlwlrq/ li

i 5 IF"+O+J,, lv ri wkh irup i+j, @ I +j�, /zkhuh I 5 F"+J�,/ dqg li j 5 O+J,/ zh
gh�qh �ui+j, wr eh wkh xqltxh hohphqw lq K+I, vxfk wkdw

+�ui+j,> k, @ +�ki,+j, ;k 5 K+I,= +815,

Lq rxu fdvh/ iru doo k 5 K+I,/ wkh idfw wkdw rxu Juhhq*v ixqfwlrq/ J+v> w,/ lv d uhsurgxflqj

nhuqho jlyhv

+
[
�MIf

?3�[
�'f

+DE��I +w> �,,+j�,J+v�> �,D>k, @
[
�MIf

?3�[
�'f

+DE��I +w> �,,+j�,kD>k+v�,l

@
?3�[
�'f

+k+v�,
E��I +w> �,,+j�, @ +�ki+w> �,,+j,>

zkhuh k+v�,
E�� lv gh�qhg dv lq +717,1 Wkxv/

+�ui+w> �,,+j, @
[
�MIf

?3�[
�'f

+DE��I +w> �,,+j�,J+v�> �,D= +816,



;;

Wkh Kloehuw vsdfh lq rxu fdvh lv O2+O+J,> �|+jf> �,, � G+H}fc|,1 Wkh wdvn ri

surylqj H}fc| lv forvdeoh zloo uhtxluh surylqj dq lqwhjudwlrq e| sduwv irupxod rq O+J,1
Wkh vdph surri jlyhq e| Gulyhu ^6` iru wkh fdvh ri wkh slqqhg orrs jurxs zloo krog lq

rxu fdvh1 Wkh rqh lpsruwdqw nh| wr wkh surri zklfk uhtxluhv vhsdudwh yhul�fdwlrq lq rxu

fdvh lv wkh �qlwh glphqvlrqdo dssur{lpdwlrqv wr wkh Odsodfldq dqg Ulffl/ zklfk zh kdyh

douhdg| suryhg lq Wkhruhpv +61414, dqg +61514,1 Dowkrxjk zh zloo qrw jlyh wkh frpsohwh

surri iru wkh lqwhjudwlrq e| sduwv irupxod khuh/ zh zloo uhylhz krz wkh irupxod lpsolhv

wkh forvdelolw| ri H}fc|1 Lw zloo dovr eh lpsruwdqw wr h{sodlq wkh frpelqdwlrq ri suredelolw|
dqg jhrphwu| wkdw duh lpsolflw lq wkh irupxod1

D�2 A�i �h|�L?Lh4@* 6h@4i ��?_*i

Zh zrxog olnh wr lqwurgxfh wkh qrwlrq ri sdudooho wudqvodwlrq dorqj d Eurzqldq

prwlrq ydoxhg rq d Olh jurxs1 Ehfdxvh ri wkh qdwxuh ri wkh Eurzqldq prwlrq/ lw zloo eh

frqyhqlhqw wr zrun lq wkh frqwh{w ri wkh ruwkrqrupdo iudph exqgoh1

Ohw P eh d g0glphqvlrqdo frpsdfw/ frqqhfw Olh jurxs zlwk ohiw lqyduldqw phw0

ulf/ k�> �l +wkh iroorzlqj glvfxvvlrq zloo dsso| dovr zkhq P lv d jhqhudo pdqlirog,1 Wkh

ruwkrqrupdo iudph exqgoh/ R+P,/ riP lv gh�qhg lq wkh iroorzlqj zd|1 Iru hdfk p 5P /

ohw R6+P, eh wkh froohfwlrq ri olqhdu lvrphwulhv iurp WeP wr W6P +zkhuh W6P lv wkh

wdqjhqw vsdfh ri P dw p,1 Wkhq ohw R+P, � ^6M�R+P,1 Rqh pd| wklqn ri R6+P, dv

ehlqj wkh vhw ri doo ruwkrqrupdo edvhv ri W6P dqg R+P, dv wkh vhw ri doo ruwkrqrupdo

iudphv rq P 1

Dvvxph u lv d k�> �l0frpsdwleoh fryduldqw ghulydwlyh wkdw lv wruvlrq vnhz v|p0

phwulf +l1h1/ kW k[>\ l> \ l � 3 iru doo yhfwru �hogv [>\ rq P / zkhuh W lv wkh wruvlrq

whqvru W k[>\ l @ uf\ �ut[ � ^[>\ ` ,1 Uhfdoo wkdw iru d ixqfwlrq i 5 F"+P,/ wkh

fryduldqw ghulydwlyh ri wkh gl�huhqwldo gi lv d ghjuhh05 fryduldqw whqvru/ ugi / gh�qhg e|

ugik[>\ l � [+gik\ l,� gikuf\ l=

Zh gh�qh wkh Odsodfldq zlwk uhvshfw wr u e|

�i � wuugi @
_[
�'f

iH�H�i � giku.�
H�l ; i 5 F"+P,> +817,

zkhuh iH�j_�'� lv d orfdo ruwkrqrupdo iudph rq P 1



;<

Iru d vprrwk sdwk � = +d> e, $ P dqg d yhfwru �hog [+v, 5 WjEr�P dorqj �/

zh vd| wkdw [ lv sdudooho zlwk uhvshfw wr u dorqj � surylghg

u �jEr�[+v, @ 3 ; v 5 +d> e,= +818,

Vlqfh Eurzqldq prwlrq rq P zloo qrw eh vprrwk/ zh qhhg wr jhqhudol}h wkh phdqlqj ri

_sdudooho%1

Iru hdfk x 5 R+P,/ ohw W�R+P, eh wkh wdqjhqw vsdfh ri R+P, dw x1 Ohw

� = WR+P, $ R+P, eh wkh surmhfwlrq gh�qhg e| �[ @ x iru [ 5 W�R+P,/ dqg ohw

�� = R+P, $ P eh wkh surmhfwlrq gh�qhg e| ��x � p iru x 5 R6+P,1 Gh�qh wkh

fdqrqlfdo 40irup � = WR+P,$ WeP e|

�k[l � +�[,3���W[ ;[ 5 R+P,= +819,

Vr li [ lv ri wkh irup [ @ x�+3, iru vrph vprrwk fxuyh x lq R+P, zlwk x+3, @ x � �[/

wkhq �k[l @ x3���+3, zkhuh �+v, @ ��x+v,1 Lq rwkhu zrugv/ �k[l fdq eh wkrxjkw ri dv

wkh _frruglqdwhv% ri ��+3, zlwk uhvshfw wr x +li zh wklqn ri x dv fruuhvsrqglqj wr dq

ruwkrqrupdo edvlv iru W6P zkhuh p @ ��x,1

Ohw R+WeP, eh wkh froohfwlrq ri olqhdu lvrphwulhv iurp WeP wr lwvhoi +l1h1/

R+WeP, � Re+P,,/ dqg ohw vr+WeP, eh wkh Olh dojheud ri R+WeP, +l1h1/ wkh vnhz0

v|pphwulf olqhdu wudqvirupdwlrqv rq WeP,1 Wkh frqqhfwlrq 40irup $ = WR+P, $
vr+WeP, lv gh�qhg e|

+$k[l,kdl � x+3,3�
u
gv

����
r'f

+x+v,d, ;[ 5 WR+P,> d 5 WeP> +81:,

zkhuh x lv dq| vprrwk fxuyh lq R+P, zlwk x�+3, @ [1

Iru hdfk d 5 WeP / zh ohw E@ ghqrwh wkh krul}rqwdo yhfwru �hog rq WR+P,1 E|

wklv zh phdq wkdw iru hdfk x 5 R+P,/ E@+x, lv wkh xqltxh yhfwru lq W�R+P, vxfk wkdw

$kE@+x,l @ 3 dqg ��WE@+x, @ xd1 E@+x, lv fdoohg wkh krul}rqwdo oliw ri d wr x1

D�� �@h@**i* Ah@?t*@|�L?

Zh kdyh douhdg| gh�qhg wkh phdqlqj ri sdudooho wudqvodwlrq lq Htxdwlrq +818,

dorqj d vprrwk sdwk1 Zh duh qrz uhdg| wr gh�qh wkh qrwlrq ri sdudooho wudqvodwlrq dorqj

dq P 0ydoxhg Eurzqldq prwlrq1 Dvvxph i	|j|Df lv dq P0ydoxhg Eurzqldq prwlrq rq d
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jlyhq �owhuhg suredelolw| vsdfh/ +Z> iI|j|Df>I > S ,/ vdwlvi|lqj wkh xvxdo frqglwlrqv1 E|

gh�qlwlrq/ wklv phdqv wkdw i	|j|Df lv dq dgdswhg frqwlqxrxv surfhvv vxfk wkdw 	f @ h

doprvw hyhu|zkhuh/ dqg

i+	|,� i+	f,� 4

5

] |

f
+�i,+	� ,g� +81;,

lv d pduwlqjdoh ; i 5 F"+P,1 Zh vd| wkdw dq R+P, 0ydoxhg surfhvv/ i@@|j|Df/ lv sdudooho
wudqvodwlrq dorqj i	|j|Df surylghg @@f lv wkh lghqwlw| lq R+WeP, / �� � @@| @ 	| ; w � 3/

dqg ] |

f
$k�@@� l @ 3 ; w � 3= +81<,

Rqh pd| lqwhusuhw wkh lqwhjudo lq +81<, dv iroorzv1 Dvvxplqj @@� 5 X iru � 5 ^v�> v2` �
^3> w` dqg d orfdo fkduw/ +X> {,/ ri R+P,/ wkhq zh fdq zulwh $ dv

$ @
?[
�'�

i�g{�>

zkhuh q � glp+R+P,, dqg i� = R+P,$ vr+WeP, iru l 5 i4> = = = > qj1 Zh wkhq gh�qh] r2

r�

$k�@@� l �
?[
�'�

] r2

r�

i�+@@� ,�+{�+@@� ,,1 +8143,

Li @@� olhv lq pruh wkdq rqh fkduw ri R+P,/ rqh pd| xvh d sduwlwlrq ri xqlw| wr gh�qh wkh

hqwluh lqwhjudo
U |
f $k�@@� l dv d frpelqdwlrq ri lqwhjudov ri wkh w|sh lq +8143, +vhh Fkdswhu

; lq Vslydn ^53`,1

Zh fdq vhh krz +81<, jhqhudol}hv wkh qrwlrq ri sdudooho wudqvodwlrq dv jlyhq lq

Htxdwlrq +818,/ iru li x lv d ghwhuplqlvwlf vprrwk sdwk lq R+P, vdwlvi|lqj +81<,/ wkhq zh

zrxog kdyh ] |

f
$k�x+�,l @

] |

f
$kx�+�,lg� @ 3 ; w � 3 +8144,

, $kx�+w,l @ 3 ; w � 3=

E| +81:, wklv zrxog lpso| x+w,3�Q
_|
+x+w,d, @ 3 ; d 5 WeP 1 Ylhzlqj x dv d sdwk lq wkh

ruwkrqrupdo iudph exqgoh/ l1h1/ x+w, fruuhvsrqgv wr dq ruwkrqrupdo edvlv lq W�Z�E|�P iru

hdfk w/ zh vhh wkdw +8144 , lpsolhv wkdw x| lv wkh sdudooho wudqvodwlrq/ lq wkh vhqvh ri +818,/

ri dq ruwkrqrupdo edvhv x+3, 5 R+WeP, dorqj wkh sdwk � � ��x lq P 1 Vlqfh i	|j|Df lv
qrw d vprrwk surfhvv/ zh vhh wkdw lw lv qhfhvvdu| wr xvh d vwrfkdvwlf lqwhjudo/ dv lq +81<,/

wr gh�qh sdudooho wudqvodwlrq1
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D�e �hL�?�@? �L|�L? V�@ A�i #i�i*LT4i?| �@T

Lq wklv vhfwlrq zh glvfxvv krz Eurzqldq prwlrqv rq wkh Olh jurxs/ P / dqg rq

wkh Olh dojheud/ WeP / duh uhodwhg yld wkh ghyhorsphqw pds dqg lwv lqyhuvh +vrphwlphv

fdoohg wkh _uroolqj% pds,1 Dowkrxjk zh glg qrw uhihu wr lw e| qdph/ d uroolqj pds zdv

dfwxdoo| xvhg lq Wkhruhp 71314 wr ghulyh d Eurzqldq prwlrq rq wkh iuhh orrs jurxs/

O+J,1
Lw zloo eh khosixo dw wklv srlqw wr jlyh d jhqhudo rxwolqh ri zkdw zh zloo gr lq wklv

vhfwlrq dv lw uhodwhv wr rxu dqwlflsdwhg lqwhjudwlrq e| sduwv irupxod1 Zh zloo �uvw vwduw

zlwk d WeP0ydoxhg Eurzqldq prwlrq/ i�|j|Df/ dqg dsso| wkh uroolqj pds zlwk uhvshfw

wr d _ ohiw0fryduldqw% ghulydwlyh wr jhw dq P0ydoxhg Eurzqldq prwlrq/ i	|j|Df1 Wkh

uhdvrq zh xvh wkh ohiw0fryduldqw dqg qrw wkh Ohyl0Flylwd fryduldqw ghulydwlyh lv wkdw lw

lv pxfk hdvlhu wr vroyh i	|j|Df lq wklv frqwh{w vlqfh sdudooho wudqvodwlrq wxuqv rxw wr eh

htxlydohqw wr ohiw0wudqvodwlrq1

Zh wkhq xvh wkh ghyhorsphqw pds zlwk uhvshfw wr wkh Ohyl0Flylwd fryduldqw

ghulydwlyh wr ghulyh d gl�huhqw Eurzqldq prwlrq/ ie|j|Df/ lq WeP 1 Wkh uhdvrq iru wklv

zloo eh dssduhqw zkhq zh vhh krz wkh lqwhjudwlrq e| sduwv irupxod lqyroyhv wkh Ohyl0

Flylwd Ulffl whqvru1

Ohw xv qrz vwduw zlwk d WeP0ydoxhg Eurzqldq prwlrq/ i�|j|Df/ rq wkh �owhuhg

suredelolw| vsdfh +Z> iI|j|Df>I > S ,1 Dvvxph i�|j|Df kdv fryduldqfh

H^k�|> kl> k�� > nl` @ w a �kk> nl ; w> � � 3 dqg k> n 5 WeP 1

Ohw uu eh wkh xqltxh ohiw0fryduldqw ghulydwlyh rqP / l1h1/ vxfk wkdw uu
�f
�\ @ 3 iru doo ohiw0

lqyduldqw yhfwru �hogv �[ dqg �\ rq P +vhh Fkdswhu LL/ vhfwlrq 6 lq Khojdvrq ^44`,1 Iru d

vprrwk sdwk/ �/ lqP zlwk �+3, @ h/ lw lv hdv| wr vhh wkdw iru [ 5 WeP / OjE|�W[ @ �[jE|�

lv wkh sdudooho wudqvodwlrq ri [ dorqj � zlwk uhvshfw wr uu1 Lqghhg/ li iH�j_�'� lv dq

ruwkrqrupdo edvlv ri WeP dqg [ @
_S
�'f

{�H�/ wkhq

uu
�jE|�+OjE|�W[, @ uu

�jE|�+
_[
�'f

{�+ �H�,jE|�,

@
_[
�'f

{�uu
�jE|�+

�H�,jE|� @ 3=
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Ohw i	|j|Df eh wkh xqltxh vroxwlrq wr wkh iroorzlqj Vwudwrqrylfk vwrfkdvwlf

gl�huhqwldo htxdwlrq=

�	| @
_[
�'f

�H�+	|,��
.�
| > 	f @ h> +8145,

zkhuh iH�j_�'� lv dq ruwkrqrupdo edvlv ri WeP dqg �.�
| � kH�> �|l iru doo w � 31 Dv lq

Wkhruhp 71314/ zh lqwhusuhw +8145, wr phdq

i+	|,� i+	f, @
_[
�'f

] |

f

�H�i+	� ,��
.�
� ; i 5 F"+P,=

Wkh pdsslqj iurp i�|j|Df wr i	|j|Df lv zkdw zh fdoo wkh uroolqj pds1 Wkh h{lvwhqfh ri d
vroxwlrq wr +8145, lv glvfxvvhg lq Fkdswhu Y ri Lnhgd dqg Zdwdqded ^45`1 Rqh pd| vroyh

vxfk dq htxdwlrq e| xvlqj Zklwhqh|*v wkhruhp wr lpehg P lqwr U2_n�1 Lw lv wkh idfw

wkdw zh kdyh xvhg d Vwudwrqrylfk gl�huhqwldo htxdwlrq wkdw jxdudqwhhv wkdw wkh vroxwlrq

wr +8145, zloo eh edfn lq P 1

Sursrvlwlrq 81714 i	|j|Df lv dq P0ydoxhg Eurzqldq prwlrq1 Lq rwkhu zrugv/

i+	|,� i+	f,� 4

5

] |

f
+�i,+	� ,g�

lv d pduwlqjdoh iru doo i 5 F"+P,/ zkhuh � lv gh�qhg dv lq +817,1

Surri= Dv zh kdyh qrwhg dw wkh hqg ri Fkdswhu 7/ vlqfh P lv xqlprgxodu/ wkhq

� @
_S
�'�

�H2
� / zkhuh iH�j_�'� lv djdlq dq ruwkrqrupdo edvlv iru WeP 1

E| +8145, dqg wkh gh�qlwlrq ri wkh Vwudwrqrylfk lqwhjudo/ iru hdfk i 5 F"+P,

i+	|,� i+	f, @
_[
�'�

i
] |

f
+ �H�i,+	� ,g�

.�
� .

4

5
! �H�i+	,> �

.� "|j>

zkhuh ! �> � " ghqrwhv txdgudwlf fryduldwlrq1 Qrwh wkdw

_[
�'�

! �H�i+	,> �
.� "|@

_[
�'�

] |

f
g+ �H�i+	� ,,g�

.�
�

@
_[
�'�

] |

f

_[
�'�

i �H�+ �H�i,+	� ,g�
.�
� .

4

5
g ! �H�+ �H�i,+	,> �

.� "�jg�.�
�

@
_[
�'�

_[
�'�

i
] |

f

�H�+ �H�i,+	� ,g ! �.� > �.� "� .
4

5
!! �H�+ �H�i,+	,> �

.� "> �.� "|j>
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zkhuh zh kdyh xvhg +8145, djdlq iru wkh vhfrqg htxdwlrq deryh1 Iru wkh wklug htxdwlrq/

vhh Wkhruhp 81: lq Fkxqj dqg Zlooldpv ^4`1 Vlqfh ! �H�+ �H�i,+	,> �
.� "� lv ri erxqghg

yduldwlrq/ wkhq !! �H�+ �H�i,+	,> �
.� "> �.� "|@ 31 Dqg vlqfh i�|j|Df lv d Eurzqldq

prwlrq/ wkhq ! �.� > �.� "�@ ���� +vhh Wkhruhp 6149 lq Ndudw}dv dqg Vkuhyh ^46`,1 Zh

wkxv kdyh

i+	|,� i+	f, @
_[
�'�

] |

f

�H�i+	� ,g�
.�
� .

_[
�'�

4

5

] |

f

�H2
� i+	� ,g�=

Vlqfh �H�i+	� , lv erxqghg/ wkhq
U |
f
�H�i+	� ,g�

.�
� lv d pduwlqjdoh iru hdfk1 �

Qrz wkdw zh kdyh ghulyhg d Eurzqldq prwlrq/ i	|j|Df/ rq P iurp wkh Eurz0

qldq prwlrq i�|j|Df rq WeP / zh zloo ghulyh |hw dqrwkhu Eurzqldq prwlrq/ ie|j|Df/
rq WeP e| dsso|lqj wkh ghyhorsphqw pds wr i	|j|Df zlwk uhvshfw wr wkh Ohyl0Flylwd

fryduldqw ghulydwlyh1

Iurp qrz rq zh zloo ohw i@@|j|Df ghqrwh sdudooho wudqvodwlrq dorqj i	|j|Df
zlwk uhvshfw wr wkh Ohyl0Flylwd fryduldqw ghulydwlyh/ zklfk zh zloo ghqrwh e| u1 Wkxv/
i@@|j|Df vdwlv�hv Htxdwlrq +81<,1 Ohw ie|j|Df eh wkh WeP 0ydoxhg Eurzqldq prwlrq

gh�qhg e|

e| �
] |

f
�k�@@� l ; w � 3> +8146,

zkhuh � lv wkh fdqrqlfdo 40irup lq +819,1 Wklv pdsslqj vhqglqj iurp i	|j|Df wr ie|j|Df
lv zkdw zh fdoo wkh ghyhorsphqw pds= Zlwk ie|j|Df gh�qhg lq wklv zd|/ rqh fdq vhh wkdw

i@@|j|Df vdwlv�hv wkh Vwudwrqrylfk vwrfkdvwlf gl�huhqwldo htxdwlrq

�@@| @ EBK|+@@|,> +8147,

zkhuh EBK|+@@|, �
?3�S
�'�

E.�
+@@|,�e

.�
| dqg e.�

| � ke|>H�l1 Lq d vhqvh/ +8147, vd|v wkdw e| lv

wkh surfhvv lq WeP zkrvh _ yhorflw| yhfwru% dw wlph w/ zkhq sdudooho wudqvodwhg dorqj 	/

lv pdsshg wr wkh _yhorflw| yhfwru% ri 	 dw wlph w1 Wkh uhodwlrqvkls ehwzhhq ie|j|Df dqg
i�|j|Df lv jlyhq lq wkh wkhruhp ehorz1

Wkhruhp 81715 Gh�qh wkh R+WeP,0ydoxhg surfhvv X| e|

X| � OP3�| W@@| = +8148,
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Wkhq

e| @

] |

f
X3�� ��� > +8149,

dqg

e| @

] |

f
X3�� g�� ; w � 3= +814:,

Dovr/ X| vdwlv�hv wkh Vwudwrqrylfk gl�huhqwldo htxdwlrq

�X| .GBq|X| @ 3> Xf @ LAe� > +814;,

zkhuh G lv wkh Ohyl0Flylwd ghulydwlyh/ u/ uhvwulfwhg wr WeP 1

Surri= Zh uhihu wr Gulyhu ^7` iru wkh surri ri +814;,1 Iru +8149,/ uhfdoo wkdw

e| �
U |
f �k�@@� l1 E| +819, dqg wkh idfw wkdw 	| @ �� � @@| / zh jhw

e| @

] |

f
+��@@� ,

3���W�@@�

@

] |

f
@@3�� �	� =

Dsso|lqj +8145, jlyhv

e| @

] |

f
@@3�� i

_[
�'f

�H�+	� ,��
.�
� j

@

] |

f
@@3�� OP�Wi

_[
�'f

H�+	� ,��
.�
� j

@

] |

f
X3�� ��� >

zklfk suryhv +8149,1

Iru +814:,/ wkh gh�qlwlrq ri wkh Vwudwrqrylfk vwrfkdvwlf lqwhjudo lq +8149, jlyhv

e| @

] |

f
X3�� g�� .

4

5
! X3�> � "|

@

] |

f
X3�� g�� .

4

5

] |

f
g+X3�� ,g�� =

Zh fodlp wkdw iU |f X3�� g��j|Df lv d Eurzqldq prwlrq1 Vlqfh ie|j|Df lv dovr d

Eurzqldq prwlrq lq WeP dqg ! X3�> � "| lv d surfhvv ri erxqghg yduldwlrq/ lw pxvw eh

wkdw �
2 ! X3�> � "|@ 3 iru doo w � 3/ dqg wkxv e| @

U |
f X

3�
� g�� 1
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Wr vhh wkdw iU |f X3�� g��j|Df lv d R+WeP,0ydoxhg Eurzqldq prwlrq/ ohw +D��
� , eh

wkh pdwul{ fruuhvsrqglqj wr X3�� zlwk uhvshfw wr d �{hg edvlv ri R+WeP, dqg ohw ��� eh

wkh lwk frpsrqhqw ri �� zlwk uhvshfw wr wklv edvlv1 Vlqfh OP3�� W dqg @@� duh lvrphwulhv/

wkhq e| gh�qlwlrq ri X� lw lv fohdu wkdw +D��
� , lv ruwkrjrqdo1 Zh pd| wkxv fdofxodwh wkh

txdgudwlf fryduldwlrq ri wkh lwk dqg nwk frpsrqhqwv ri
U |
f X

3�
� g�� dv iroorzv=

!
] u

f
D��
� g�

�
� >

] u

f
D&,
� g�

,
� "|@

] |

f
D��
� D

&,
� g ! ��> �, "�

@

] |

f
D��
� D

&,
� ��,g�

@

] |

f
D��
� +D

3�
� ,�&g�

@ ��&w=

E| O�hy|*v pduwlqjdoh fkdudfwhul}dwlrq ri Eurzqldq prwlrq +vhh Wkhruhp 6149 lq ^46`,/

lw iroorzv wkdw iU |f X3�� g��j|Df lv lqghhg d Eurzqldq prwlrq1 �

Qrwh wkdw vlqfh X3�� X� @ LAe� / Vwudwrqrylfk lqwhjudwlrq e| sduwv jlyhv

�+X3�� X� , @ +�X3�� ,X� . X3�� �X� @ 3=

Wkxv/

�X3�� @ �X3�� +�X� ,X
3�
�

@ X3�� +GBq�X� ,X
3�
�

@ X3�� GBq� >

zkhuh zh kdyh xvhg +814;, iru wkh odvw htxdwlrq1 Wklv jlyhv] |

f
g+X3�� ,g�� @

] |

f
�+X3�� ,g�� � 4

5

] |

f
g ! X3�> 4 "� g��

@

] |

f
�+X3�� ,g��

@

] |

f
X3�� GBq�g��

@

] |

f
X3�� G_q�g�� �

4

5

] |

f
X3�� G_Aqc�7�

g��

@

] |

f
X3�� G_q�g��
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@

] |

f
X3��

_[
�c�'�

+G.�
H�,g�

.�
� g�

.�
�

@

] |

f
X3��

_[
�'�

+G.�
H�,g�=

E| wkh odvw sduw ri wkh surri ri Wkhruhp 81715/ zh nqrz wkdw ! X3�> � "|@ 3 iru doo

w � 3/ vr e| wkh deryh fdofxodwlrq/] |

f
X3��

_[
�'�

+G.�
H�,g� @ 3 ; w � 3=

Vlqfh X3�� lv reylrxvo| lqyhuwleoh/ wkhq wklv lpsolhv wkdw
_S
�'�

+G.�
H�, @ 31 Zh pd| wkxv

zulwh wkh Odsodfldq lq +817, dv

�i @
_[
�'�

�H�+ �H�i,>

zklfk djuhhv zlwk wkh Odsodfh Ehowudpl rshudwru dv lq Sursrvlwlrq 817141

D�D W?|i}h@|�L? �) �@h|t

Zh duh qrz uhdg| wr jlyh rxu lqwhjudwlrq e| sduwv irupxod iru ohiw lqyduldqw

yhfwru �hogv rq O+J,1 Ohw � dqg 	 eh wkh Eurzqldq prwlrqv rq O+I, dqg O+J, dv lq
Wkhruhp 713141 Iru zkdw iroorzv/ li k 5 K+I,/ zh gh�qh +k> �|, wr phdq d frqwlqxrxv

yhuvlrq ri

olp
?<"

��?+�|,> +814<,

zkhuh � lv gh�qhg dv lq +714,/ ik?j � K�T zlwk k? $ k lq K+I,/ dqg wkh olplw lq +814<,

lv lq O2 zlwk uhvshfw wr wkh suredelolw| phdvxuh S rq wkh vsdfhZ rq zklfk � lv gh�qhg1

Wkhruhp 81814 Ohw w A 3 dqg k 5 K+I,1 Dvvxph o = ^3> w` $ U lv dq devroxwho|

frqwlqxrxv ixqfwlrq zlwk o+3, @ 3/ o+w, @ 4/ dqg
U |
f
bo2+�,g� ? 41 Ohw Ulf eh wkh Ohyl0

Flylwd Ulffl whqvru rq K+I, dv gh�qhg lq +5154,1 Wkhq iru doo i 5 IF"+O+J,,/

H^+�ki,+	|,` @ H^i+	|,

] |

f
+i bo+� ,� 4

5
o+�,UlfjK+�,>

#�
g�� ,`> +8153,
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zkhuh K+w, K+I, lv wkh xqltxh K+I,0ydoxhg surfhvv wkdw vroyhv wkh edfnzdugv Vwrfkdvwlf

gl�huhqwldo htxdwlrq

k�K+v, .

] |

r

u{3_q�K+�, .
4

5

] |

f
�K+�,g� @ 3= +8154,

Khuh/ u lv rxu Ohyl0Flylwd fryduldqw ghulydwlyh rq K+I, +dv lq Gh�qlwlrq 514146 dqg �

lv wkh Odsodfldq � � S
&M7

u2
& +dv lq Gh�qlwlrq 6131<1 E| dexvh ri qrwdwlrq/ zh wdnh wkh

lqqhu surgxfw lq wkh uljkw vlgh ri +8153, wr phdq

+i bo+�,� 4

5
o+�,UlfjK+�,>

#�
g�� , � +bo+�,K+�,>

#�
g�� ,� 4

5
o+�,UlfkK+�,>

#�
g�� l=

Vnhwfk ri Surri= Zh zloo glvfxvv wkh nh| vwhsv lq wkh surri dv lw lv suhvhqwhg

lq Gulyhu ^6`1 Dvvxph S @ i3 @ vf ? v� ? � � � ? v?3� ? 4j lv d sduwlwlrq ri ^3> 4`/ dqg

i @ I � �� / zkhuh I 5 F"+J�,1 Ohw +	�,| � �� � 	| @ +	|+vf,> = = = >	|+v?3�,, dqg

+��,| � ��� � �| @ +�|+vf,> = = = > �|+v?3�,,1 Dv lq Wkhruhp 71314/ 	� dqg �� duh uhodwhg

e| wkh htxdwlrq

+	�,B| @
_?[
�'f

�H�++	�,|,�+��,
.�

|

@
?[
�'f

_?[
�'f

H
E��
� ++	�,|,k�B|+v�,> H�l>

zkhuh g @ glp+J, dqg iH�j_�'� lv dq ruwkrqrupdo edvlv iru WeP 1

Iru wkh frpsdfw/ �qlwh glphqvlrqdo Olh jurxs/ P � J� / wkh iroorzlqj �qlwh

glphqvlrqdo yhuvlrq ri +8154, krogv e| Fruroodu| +918, lq Gulyhu ^7`=

H^+�ki,+	|,` @ H^+�k�I ,++	 �,|,` @ H^i++	�,|,

] |

f
+i bo+�,� 4

5
o+�,Ulf�jK�+�,>

#���
g+��,� ,`>

+8155,

zkhuh k� � ��k/ dqg Ulf� lv wkh Ulffl whqvru zlwk uhvshfw wr wkh Ohyl0Flylwd fryduldqw

ghulydwlyh/ u� / rq I� 1 Zh gh�qh wkh I� 0ydoxhg surfhvv e|

+K�,� � X�+�> w,k� � X�+�,X�+w,
3�k� >

zkhuh X�+w, lv wkh R+I
�,� ydoxhg surfhvv/

X�+w, � OEP��
3�
| W+@@�,|>
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vdwlvi|lqj wkh Vwudwrqrylfk gl�huhqwldo htxdwlrq

gX�+w, .u�BEq� �|X�+w, @ 3> X�+3, @ LI� >

dqg +@@�,| lv sdudooho wudqvodwlrq dorqj +	�,|1

Zh vkrxog qrwh wkdw wkh surri iru +8155, uholhv rq wkh xvh ri wkh I�0ydoxhg

Eurzqldq prwlrq i+e�,|j|Df uhvxowlqj iurp wkh ghyhorsphqw pds dssolhg wr i+	�,|j|Df
dv lq +8146,1

Wkh qh{w nh| wr wkh surri ri +8153, lv sdvvlqj wr wkh olplw dv mSm $ 3 lq +8155,1

Wklv uhtxluhv d ghwdlohg dujxphqw iru zklfk zh uhihu wr wkh rqh r�huhg e| Gulyhu ^6`1

Wkh uhdvrq wkh vdph dujxphqw dssolhv lq rxu fdvh lv gxh wr wkh fuxfldo idfw wkdw rxu

�qlwh glphqvlrqdo Ulffl whqvruv dqg Odsodfldqv frqyhujh wr wkhlu lq�qlwh glphqvlrqdo

frxqwhusduwv dv zh kdyh vkrzq lq Wkhruhpv +61414, dqg +61514,1 �

D�S �*Lt@M�*�|) Lu |�i "�@_h@|�U 6Lh4

Uhfdoo wkdw wkh txdgudwlf irup zh duh lqwhuhvwhg lq iru wkh orjdulwkplf Vrerohy

lqhtxdolw| lv jlyhq e|

H}fc|+i> j, �
]
nEC�

+�ui+{,> �uj+{,,MEI��|+jf> g{,

iru hdfk w � 3 dqg jf 5 O+J,/ zkhuh �u = G+�u, @ IF"+O+J,,$ O2+O+J,> �|+jf> �,>K+I,,

lv wkh judglhqw rshudwru vdwlvi|lqj wkh frqglwlrq lq +815,1 Dv lq +719,/ �|+h> �, lv wkh odz dw

wlph w ri wkh Eurzqldq prwlrq i	|j|Df frqvwuxfwhg lq +8145, dqg �|+jf> �, @ O}fW�|+h> �,=

Wkhruhp 81914 Iru hdfk w A 3 dqg jf 5 O+J,/ H}fc| lv forvdeoh/ zkhuh G+H}fc|, @

IF"+O+J,,1

Surri= Lw lv vx�flhqw wr suryh H| � Hec| lv forvdeoh iru hyhu| w � 3 vlqfh iru hdfk

jf 5 O+J,/

H}fc|+i> j, @

]
nEC�

+�ui+{,> �uj+{,,MEI��|+jf> g{,

@

]
nEC�

+�ui+O}f{,> �uj+O}f{,,MEI��|+h> g{,

@

]
nEC�

+�u+i � O}f,+{,> �u+j � O}f,+{,,MEI��|+h> g{,

@ H|+i � O}f > j � O}f,



<<

iru doo i> j 5 G+H|, @ IF"+O+J,,1 Wkxv/ li zh nqhz H| zhuh forvdeoh/ wkhq jlyhq

ii?j � G+H|, zlwk ni?nu2EnEC�cD|E}fcu��
$ 3 dqg H}fc|+i? � i6,$ 3 dv p>q$4/ wkhq

ni? � O}fnu2EnEC�cD|Eecu��
$ 3

dqg H}fc|+i? � O}f � i6 � O}f, $ 3 dv p>q$4=

Vr H}fc|+i?, @ H|+i? � O}f,$ 3 dv q$41

Zh qh{w vkrz wkdw �u kdv d ghqvho| gh�qhg dgmrlqw1 Xvlqj rxu lqwhjudwlrq e|

sduwv irupxod lq +8153, zlwk o+�, � �
|
/ iru h{dpsoh/ zh vhh wkdw iru doo k 5 K+I, dqg

i> j 5 IF"+O+J,,/

k�u+ij,> klu2EnEC�cD|Eecu�(MEI�� @

]
nEC�

+�u+ij,+{,> k,MEI��|+h> g{,

@

]
nEC�

�k+ij,+{,�|+h> g{,

@ H^�k+ij,+	|,`

@ H^+ij,+	|,
4

w

] |

f
+iL � 4

5
�UlfjK+�,>

#�
g�� ,`

@ H^+ij,+	|,
4

w
H^

] |

f
+iL � 4

5
�UlfjK+�,>

#�
g�� , m �+	|,``

@ H^+ij,+	|,*�+	|,`>

zkhuh *� = O+J,$ U lv d Eruho phdvxudeoh ixqfwlrq vxfk wkdw

*�+	|, @
4

w
H^

] |

f
+iL � 4

5
�UlfjK+�,>

#�
g�� ,MEI� m �+	|,` d=v==

Wkxv/ ohwwlqj O2 � O2+O+J,> �|+h> �,>K+I,,/ zh kdyh

k�ui> jklu2 . k�uj> iklu2 @ k�u+ij,> klu2
@

]
nEC�

+ij,+{,*�+{,�|+h> g{,

@ ki> j*�lu2EnEC�cD|Eecu��>

dqg wkxv

k�ui> jklu2 @ ki> j*�lu2EnEC�cD|Eecu�� �
]
nEC�

i+{,�kj+{,�|+h> g{,

@ ki> j*� � �kjlu2EnEC�cD|Eecu��= +8156,

Ohwwlqj IF"+O+J,>K+I,, � ijk = j 5 O+J,> k 5 K+I,j/ zh vhh e| +8156, wkdw iru

jk 5 IF"+O+J,>K+I,,

�uW+jk, @ j*� � �kj=
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Wkxv/ IF"+O+J,>K+I,, � G+�uW,1
Zh qh{w vkrz wkdw IF"+O+J,>K+I,, lv ghqvh lq O2 @ O2+O+J,> �|+h> �,>K+I,,

e| vkrzlqj wkdw IF"+O+J,>K+I,,z @ i3j +vhh Ohppd 6160: lq Nuh|v}lj ^47`,1 Lqghhg/

vxssrvh wkdw M 5 IF"+O+J,>K+I,, dqg +jk> M,u2 @ 3 iru j 5 O+J, dqg k 5 K+I,1

Wkhq ]
nEC�

j+{,+k> M+{,,MEI��|+h> g{, @ 3=

Vlqfh j zdv duelwudu|/ lpsolhv wkdw iru doo k 5 K+I,/ +k> M+{,,MEI� iru doprvw doo {1 Wkxv/

M+{, @ 3 iru doprvw doo { vlqfh zh fdq zulwh

M+{, @
[
�M7

+k> M+{,,MEI�

zkhuh V lv dq ruwkrqrupdo +frxqwdeoh, edvlv ri V1

Ilqdoo|/ e| Ohppd 81418/ zh fdq frqfoxgh wkdw �u lv forvdeoh1 Ohppd 81419 wkhq

lpsolhv wkdw H| lv forvdeoh1 �



��@T|ih S

A�i wL}@h�|�4�U 5LML*i�

W?i^�@*�|)

Zh duh qrz uhdg| wr vwdwh wkh �qlwh glphqvlrqdo yhuvlrq ri rxu orjdulwkplf

Vrerohy lqhtxdolw|1 Iru dq| I 5 F"+J�,/ ohw

S|I +jf�, �
]
C�

I +j�,�
�
| +jf� > gj�,=

Wkhruhp 91314 Ohw F eh wkh frqvwdqw lq Wkhruhp 516144 vxfk wkdw Ulfkk> kl � �F+k> k,
;k 5 K+I,1 Wkhq <P A 3 vxfk wkdw iru d �{hg sduwlwlrq/ S/ ri ^3> 4` dqg iru w � 3/

S|+I
2 orjI 2, � 5

Ff
+h�f| � 4,S|+

����u�I���2
I�
, . S|+I

2, orj+S|+I
2,, +914,

rq J� / zkhuh Ff � F .P dqg �u�I lv wkh judglhqw ri I rq J� zlwk uhvshfw wr +�> �,� 1
E| frqyhqwlrq/ 3 orj 3 � 31

Surri= Uhfdoo wkdw e| Wkhruhp 61514/ iru hdfk sduwlwlrq S/ wkhuh h{lvwv dq

�+S, A 3 vxfk wkdw

mUlfkk> kl �Ulf�kk> klm � �+S, nkn2MEI� ;k 5 K�+I,= +915,

Lw lv qrw gl�fxow wr vhh iurp wkh surri ri Wkhruhp 61514 wkdw �+S, lv xqlirupo| erxqghg/
l1h1/ <P A 3 vxfk wkdw �+S, �P iru doo sduwlwlrqv S ri ^3> 4`1 Iurp +915,/ zh wkxv kdyh

iru hdfk sduwlwlrq S/

Ulf�kk> kl � Ulfkk> kl � �+S, nkn2MEI�

� �F nkn2MEI� �P nkn2MEI� =

434
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Khqfh/

Ulf�kk> kl � �Ff nkn2MEI� >

zkhuh Ff � F .P A 31

Ohw u� eh wkh Ohyl0Flylwd fryduldqw ghulydwlyh rq K�+I, dv ghvfulehg lq Ghi0

lqlwlrq 6131;1 Ohw �u� ghqrwh wkh Ohyl0Flylwd fryduldqw ghulydwlyh rq I� zlwk uhvshfw wr

wkh phwulf +�> �,� gh�qhg lq +614,1 Vlqfh ��� = K�+I, $ I� lv d Olh dojheud lvrphwulf

lvrprusklvp/ e| Sursrvlwlrqv 61318 dqg 6131: / lw hdv| wr fkhfn wkdw iru doo �D dqg �E lq

I� /

�u�O� �E @ ���u�E�Z3�
�

O��
+��3��

�E,=

Qrz ohw UI� eh wkh Ohyl0Flylwd fxuydwxuh whqvru dqg UlfI� eh wkh Ohyl0Flylwd Ulffl

whqvru zlwk uhvshfw wr +�> �,� rq J� 1 Zh fdq vhh wkhq wkdw iru �D 5 I� /

UlfI� k �D> �Dl
@

[
O�MI�f

+UI� k �D> �El �E> �D,�

@
[
O�MI�f

+���u�E�Z3�
�

O��
+��3�� ���u�E�Z3�

�
O��
+��3��

�E,,� ���u�E�Z3�
�

O��
+��3�� ���u�E�Z3�

�
O��
+��3��

�E,,

����u�E�Z3�
�

d O�c O�o�
+��3��

�E,> �D,�

@
[
O�MI�f

+u�
E�Z3�
�

O��
+u�

E�Z3�
�

O��
+��3��

�E,,�u�
E�Z3�
�

O��
+u�

E�Z3�
�

O��
+��3��

�E,,

�u�
E�Z3�
�

d O�c O�o�
+��3��

�E,> ��3��
�D,MEI�

@
[
&M7�

+u�
E�Z3�
�

O��
+u�� k,�u�� +u�E�Z3�

�
O��
k,�u�

d�Z3�
�

O�c�o�
k> ��3��

�D,MEI�

@ Ulf�k��3�� �D> ��3��
�Dl=

Wkxv

UlfI� k �D> �Dl @ Ulf�k��3�� �D> ��3��
�Dl

� �Ff+��
3�
�

�D> ��3��
�D,MEI�

@ �Ff+ �D> �D,� =

E| ohiw0wudqvodwlrq lqyduldqfh ri UlfI� dqg +�> �,� / lw iroorzv wkdw iru doo sduwlwlrqv S/

UlfI� k �D> �Dl � �Ff+ �D> �D,� ; �D 5 WJ� =
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Vlqfh J� lv d xqlprgxodu Olh jurxs/ wkhq wkh lqhtxdolw| lq +914, iroorzv e|

Wkhruhp 51< lq Gulyhu dqg Orkuhq} ^8` dqg lv ruljlqdoo| gxh wr Ednu| dqg Ohgrx{1 �
Vlqfh wkh frqvwdqw/ Ff/ lq Wkhruhp 91314 lv lqghshqghqw ri wkh sduwlwlrq S/

wkhq wkh orjdulwkplf Vrerohy lqhtxdolw| krogv lq wkh frqwh{w ri O+J, dv vwdwhg lq wkh

wkhruhp ehorz1

Wkhruhp 91315 +Orjdulwkplf Vrerohy Lqhtxdolw| rq F|olqghu Ixqfwlrqv, Ohw Ff eh wkh

frqvwdqw deryh dqg ohw jf 5 O+J, eh �{hg1 Iru doo i 5 IF"+O+J,, dqg w A 3/]
nEC�

i2 orj i2g� � 5

Ff
+h�f| � 4,

]
nEC�

����ui���2
MEI�

g�.

]
nEC�

i2g� orj+

]
nEC�

i2g�,>

+916,

zkhuh � � �|+jf> �,1

Surri= Wkh lqhtxdolw| lq +916, iroorzv iurp Wkhruhp 91314 zlwk wkh iroorzlqj

revhuydwlrqv1 Iluvw/ qrwh wkdw iru i 5 IF"+O+J,, ri wkh irup i @ I ��� / I 5 F"+J�,/]
nEC�

i2 orj i2g� @

]
nEC�

I 2+��j, orjI
2+��j,�|+jf> gj,

@

]
Z
I 2+�� � O}f � 	|, orjI

2+�� � O}f �	|,gS

@

]
Z
I 2+O}f� � +	�,|, orjI 2+O}f� � +	�,|,gS

@

]
C�

I 2+j�, orjI
2+j�,�

�
| +jf� > gj�,= +917,

Vlploduo|/]
nEC�

i2g� orj+

]
nEC�

i2g�, @

]
C�

I 2+j�,�
�
| +jf� > gj�, orj+

]
C�

I 2+j�,�
�
| +jf� > gj�,,=

+918,

Qh{w/ qrwh wkdw xvlqj qrwdwlrq iurp wkh surri ri Ohppd 71317/ zh kdyh

]
nEC�

����ui���2
MEI�

g� @

]
nEC�
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�'f

+DE��I +��j,,J+v�> �,D
������
2

MEI�

�|+jf> gj,

@

]
C�

������
[
�MIf

?3�[
�'f

+DE��I +j�,,J+v�> �,D
������
2

MEI�

��| +jf� > gj�,

@

]
C�

������
[
�MIf

?3�[
�'f

+DE��I +j�,,J�+v�,D

������
2

I�

��| +jf� > gj�,>
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zkhuh/ iru wkh odvw htxdwlrq/ zh kdyh xvhg wkh idfw wkdw �� = K�+I,$ I� lv dq lvrphwu|1

Exw iru dq| k @ +kf> k�> = = = > k?3�, 5 I� /

+
[
�MIf

?3�[
�'f

+DE��I +j�,,J�+v�,D>k,I� @
[
�MIf

?3�[
�'f

+DE��I +j�,,kD>k�l

@ �kI +j�,=

Khqfh/
S

�MIf

?3�S
�'f

+DE��I +j �,,J�+v�,D @ �u�I +j�,1 Zh pd| wkxv zulwh

]
nEC�

����ui���2
MEI�

g� @

]
C�

����u�I +j�,���2
I�
��| +jf� > gj�,= +919,

Xvlqj wkh htxlydohqfhv lq Htxdwlrqv +917,/ +918,/ dqg +919,1 dv vxevwlwxwlrqv lq

+914, jlyhv xv +916,1 �

Vlqfh zh kdyh vkrzq wkdw H}fc| lv forvdeoh iru doo jf 5 O+J, dqg w A 3/ zh fdq

h{whqg wkh lqhtxdolw| lq Wkhruhp 91315 wr wkh Kloehuw vsdfh G+H}fc|, zkhuh H}fc| lv wkh
forvhg h{whqvlrq ri H}fc| dv lq +814,1

Wkhruhp 91316 +Jhqhudo Orjdulwkplf Vrerohy Lqhtxdolw|,Ohw Ff eh wkh frqvwdqw lq Wkh0

ruhp 91314 dqg ohw jf 5 O+J, eh �{hg1 Iru doo w A 3 dqg i 5 G+H}fc|,/]
nEC�

i2 orj i2g� � 5

Ff
+h�f| � 4,H}fc|+i, .

]
nEC�

i2g� orj+

]
nEC�

i2g�,>

+91:,

zkhuh � � �|+jf> �,1

Surri= Ohw w A 3 dqg i 5 G+H}fc|,1 E| rxu glvfxvvlrq lq Vhfwlrq 814/ wkhuh

h{lvwv d +�> �,�0Fdxfk| vhtxhqfh/ ii?j/ lq G+H}fc|, @ IF"+O+J,, vxfk wkdw i? $ i lq

O2+O+J,> �|+jf> �,, dqg H}fc|+i?, @ olp?<" H}fc|+i?,1 Vlqfh i? lv O20frqyhujhqw/ wkhuh

h{lvwv d vxevhtxhqfh/ ii?&j/ zklfk frqyhujhv srlqwzlvh wr i d1h11 Ohw �P / zlwk P A 3/

eh d orzhu erxqg iru wkh ixqfwlrq { :$ { orj { rq +3>4, vr wkdw P . i2?& orj i
2
?&
� 3 iru

doo n1 Idwrx*v Ohppd wkhq lpsolhv]
nEC�

iP . i2 orj i2jg� � olp lqi
&<"

]
nEC�

iP . i2?& orj i
2
?&
jg�

dqg wkxv ]
nEC�

i2 orj i2g� � olp lqi
&<"

]
nEC�

i2?& orj i
2
?&
g�=
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Xvlqj Wkhruhp 91315/ wklv jlyh xv

]
nEC�

i2 orj i2g� � olp lqi
&<"

]
nEC�

i2?& orj i
2
?&
g�

� olp
&<"

i 5

Ff
+h�f| � 4,H}fc|+i?&,

.

]
nEC�

i2?&g� orj+

]
nEC�

i2?&g�,j

@
5

Ff
+h�f| � 4,H}fc|+i, .

]
nEC�

i2g� orj+

]
nEC�

i2g�,= �

Lq frqfoxvlrq/ rqh pd| uhihu wr Gdylhv ^5` ru Jurvv ^43` iru vrph jhqhudo surshu0

wlhv ri orjdulwkplf Vrerohy lqhtxdolwlhv1 Lq sduwlfxodu/ Jurvv glvfxvvhv wkh uhodwlrqvklsv

ehwzhhq orjdulwkplf Vrerohy lqhtxdolwlhv/ vxfk dv wkh rqh lq +91:, deryh/ dqg wkh xqltxh

vhoi0dgmrlqw rshudwru/ K}fc|/ dvvrfldwhg wr wkh forvhg irup/ H}fc|/ dsshdulqj lq wkh lq0

htxdolw| +l1h1/ H}fc|+i> j, @ +K}fc|i> j,u2 iru doo i> j 5 G+H}fc|,,1 Iru h{dpsoh/ e| wkh

Urwkdxv0Vlprq pdvv jds wkhruhp/ +91:, lpsolhv wkdw

ninu2 � +i> 4,2u2 �
h�f| � 4

Ff
H}fc|+i,

iru doo i 5 G+H}fc|,1 Wklv lpsolhv wkdw wkh vshfwuxp ri K}fc| lv frqwdlqhg lq i3j _
^ �f

e�f|3�
>4,1 Jurvv dovr glvfxvvhv dq htxlydohqfh ehwzhhq wkh orjdulwkplf Vrerohy lq0

htxdolw| dqg d sduwlfxodu k|shufrqwudfwlylw| surshuw| ri wkh rshudwru vhpljurxs/ S +W , �
h3AM}fc| > dvvrfldwhg wr K}fc|1
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^4` N1 O1 FKXQJ/ U1 M1 ZLOOLDPV/ Lqwurgxfwlrq wr Vwrfkdvwlf Lqwhjudwlrq/ Vhfrqg
Hglwlrq/ Elunk�dxvhu/ Ervwrq2Edvho2Ehuolq/ 4<<31

^5` H1 E1 GDYLHV/ Khdw Nhuqhov dqg Vshfwudo Wkhru|/ Suhvv V|qglfdwh ri wkh Xqlyhuvlw|
ri Fdpeulgjh/ 4<<31

^6` E1 N1 GULYHU/ Lqwhjudwlrq e| sduwv dqg txdvl0lqyduldqfh iru khdw nhuqho phdvxuhv
rq orrs jurxsv/ XFVG suhsulqw/ Ghfhpehu 4<<91

^7` E1 N1 GULYHU/ Lqwhjudwlrq e| sduwv dqg txdvl0lqyduldqfh iru khdw nhuqho phdvxuhv
uhylvlwhg/ XFVG suhsulqw/ Ghfhpehu 4<<91

^8` E1 N1 GULYHU/ Orjdulwkplf Vrerohy lqhtxdolwlhv iru slqqhg orrs jurxsv/ M1 ri Ixqf1
Dqdo1 Yro 473/ s16;4077;/ 4<<91

^9` E1 N1 GULYHU/ O1 JURVV/ Kloehuw vsdfhv ri krorprusklf ixqfwlrqv rq frpsoh{ Olh
jurxsv/ wr dsshdu lq wkh Surfhhglqjv ri wkh 4<<7 Wdqljxfkl V|psrvlxp1

^:` P1 gr FDUPR/ Ulhpdqqldq Jhrphwu|/ Elunk�dxvhu/ Ervwrq2Edvho2Ehuolq/ 4<<51

^;` J1 E1 IROODQG/ Uhdo Dqdo|vlv= Prghuq Whfkqltxhv Dqg Wkhlu Dssolfdwlrqv/ Mrkq
Zloh| ) Vrqv/ Qhz \run2Fklfkhvwhu2Eulvedqh2Wrurqwr2Vlqjdsruh/ 4<;71

^<` P1 IXNXVKLPD/ \1 RVKLPD/ P1 WDNHGD/ Glulfkohw Irupv dqg V|pphwulf
Pdunry Surfhvvhv/ Zdowhu gh Jux|whu/ Ehuolq2Qhz \run/ 4<<71

^43` O1 JURVV/ Orjdulwkplf Vrerohy Lqhtxdolwlhv dqg Frqwudfwlylw| Surshuwlhv ri Vhpl0
jurxsv/ Ohfwxuh qrwhv jlyhq dw wkh Yduhqqd Vfkrro rq Glulfkohw Irupv/ Mxqh/ 4<<51

^44` V1 KHOJDVRQ/ Gl�huhqwldo Jhrphwu|/ Olh Jurxsv/ dqg V|pphwulf Vsdfhv/ Dfd0
ghplf Suhvv/ Lqf1/ Ervwrq2Vdq Glhjr2Qhz \run2Orqgrq2V|gqh|2Wrn|r2Wrurqwr/
4<:;1

^45` Q1 LNHGD/ V1 ZDWDQDEH/ Vwrfkdvwlf Gl�huhqwldo Htxdwlrqv dqg Gl�xvlrq Sur0
fhvvhv/ Qruwk0Kroodqg Sxeolvklqj Frpsdq|/ Dpvwhugdp2R{irug2Qhz \run/ 4<;41

^46` L1 NDUDW]DV/ V1 H1 VKUHYH/ Eurzqldq Prwlrq dqg Vwrfkdvwlf Fdofxoxv/ Vhfrqg
Hglwlrq/ Vsulqjhu0Yhuodj/ Qhz \run/ 4<<41

^47` H1 NUH\V]LJ/ Lqwurgxfwru| Ixqfwlrqdo Dqdo|vlv zlwk Dssolfdwlrqv/ Mrkq Zloh| )
Vrqv/ Qhz \run2Fklfkhvwhu2Eulvedqh2Wrurqwr2Vlqjdsruh/ 4<:;1
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^48` V1 ODQJ/ Uhdo dqg Ixqfwlrqdo Dqdo|vlv/ Vsulqjhu0Yhuodj/ Qhz \run/ 4<<61

^49` ]1 PD/ P1 U�RFNQHU/ Glulfkohw Irupv/ Vsulqjhu0Yhuodj/ Qhz \run/ 4<<4

^4:` S1 PDOOLDYLQ/ K|srhoolswlflw| lq lq�qlwh glphqvlrq/ lq Gl�xvlrq surfhvv dqg uh0
odwhg sureohpv lq dqdo|vlv/ Yro L1/ Pdun D1 Slqvn|/ hg1/ Fklfdjr 4<;</ Elunkdxvhu
4<<41

^4;` S1 SURWWHU/ Vwrfkdvwlf Lqwhjudwlrq dqg Gl�huhqwldo Htxdwlrqv/ D Qhz Dssurdfk/
Vsulqjhu0Yhuodj/ Ehuolq2Khlghoehuj2Qhz \run2Orqgrq2Sdulv2Wrn|r2Krqj Nrqj/
4<<81

^4<` K1 O1 UR\GHQ/ Uhdo Dqdo|vlv/ Pdfploodq Sxeolvklqj Frpsdq|/ Qhz \run/ 4<961

^53` P1 VSLYDN/ D Frpsuhkhqvlyh Lqwurgxfwlrq wr Gl�huhqwldo Jhrphwu|/ Yro1 L/ Sxe0
olvk ru Shulvk/ Lqf1/ Krxvwrq/ 4<:<1

^54` G1 ]ZLOOLQJHU/ Kdqgerrn ri Gl�huhqwldo Htxdwlrqv/ Dfdghplf Suhvv/ Ervwrq/
4<<51


