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Abstract. It is shown that in four space-time dimensions the compact U(1)
lattice gauge theory with general energy function converges to a renormalized
free electromagnetic field on the current sector as the lattice spacing approaches
zero, provided the coupling constant is sufficiently large. For the Wilson energy
function, it is possible, by judicious choice of the Gibbs state, to get convergence
for arbitrary coupling strengths. Furthermore, for all but a countable number of
values of the coupling constant, the limit exists and is independent of the
particular state chosen to define the lattice model.

1. Introduction

The problem of mathematical existence of quantized Yang—Mills’ fields is (on an
informal level) equivalent to defining a certain probability mcasure on a space of
connection forms. The informal description of this (Yang—Mills’) measure is

du(A)=Z texp [217 fd z trace (F{}(x)z)dx]DA, (1.1)

ROE<j
where A runs over a space of connection forms (4) on the trivial unitary vector

d
bundle CN x R%, F4=dA+ A A A is the curvature of A, DA =[] [] d(4,(x)) is
i=1 xep?
“infinite dimensional Lebesgue measure” on (4), g* is a positive “coupling” constant,

and Z is a normalization constant which makes u a probability measure. See Gross
[5] for a discussion of (1.1) and its ailments.

A standard approach for trying to make sense of the informal expression (1.1) is
to “approximate” the measure by a compact lattice gauge model introduced by
K. Wilson [1], see Sect. 3 below. The problem is then to show that the lattice
measures have a limit as the lattice spacing tends to zero (the continuum limit).

The procedure for removing the lattice cutoff has still not been carried out for
space-time dimension larger than two with a non-abelian gauge (structure) group.
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However, for partial results (involving renormalization group ideas related to ideas
in Wilson [2]) in the non-abelian case, see T. Balaban [1-14] and P. Federbush
[1-71.

This paper is concerned with the case where the gauge group (G)is U(1). Thisis a
considerable simplification since the measure in (1.1) may now be defined directly as
an infinite-dimensional Gaussian measure, see for example Gross [5]. For our
purposes, the measure (u) of (1.1) (called the free Euclidean electromagnetic field for
G = U(1)) is characterized by

Jexp (F4(p))du(A) = exp [ — g*(A ™" d*p,d*p)/2], (1.2)

where A =) A,dx" with A, being a real Schwartz distribution on R’, F*=dA (in
distribution sense), p is any compactly supported C*-differential 2-form on R, d* is
the L?-adjoint of d, and A = — (d*d + dd*). Given that pin (1.1)is already defined by
(1.2)for G = U(1) proving convergence of the lattice approximating measures is to be
considered a test case for the more difficult non-abelian case.

Gross [3] showed, for d = 3 and G = U(1) and under some natural assumptions
on the lattice action, that the “lattice current” converges (in the sense of Fourier
transforms) to the current in the free Euclidean electromagnetic field. Furthermore,
if the lattice action is the “Villain” action, then Gross essentially shows that the
lattice field strength tensor converges to the corresponding field strength tensor of
the free Euclidean electromagnetic field.

This paper shows that similar results hold for d = 4 and G = U(1), despite the fact
that the heuristics motivating the definition of the lattice measure are not very
convincing when d = 4 (see Gross [5]). In particular, for various hypothesis and
lattice models, the lattice measures converge in the sense of Fourier (Laplace)
transforms in the “lattice current” to the current of a renormalized free Euclidean
electromagnetic field. As in Gross [3], a main technique used is the Schwinger-
Dyson equations (an infinite-dimensional integration by parts). However, unlike in
Gross [3], the mechanism for convergence is based on choosing a particularly nice
extreme Gibbs state to represent the lattice model. These extreme Gibbs states are
needed to provide the necessary decoupling of distantly separated “plaquettes.”

In this paper, attention has been restricted to studying the lattice current
(J = d*F) rather than the field strengths (F). This allows us to avoid the Dirac
monopoles (breakdown of the Bianchi identity) which are inadvertently introduced
into the lattice theory. Avoidance of the monopoles seems resonable in the abelian
theory because a similar mechanism for avoiding them in the non-abelian theory is
now available, Gross [4].

Closely related results to Gross [3] and this paper have been obtained by
C. King [1-2]. King has used the results and idea’s of Balaban [1-3] to prove the
existence of the continuum U(1)-Higgs (abelian) model in two and three space-time
dimensions. However, the approximating measures that King uses are non-compact
versions of the Wilson lattice approximation. The generalization of these non-
compact approximations to the non-abelian setting is as yet unknown.

This paper has been divided into eight sections with one appendix. Sections two
and three contain the basic notation and the definition of the lattice model. Section
four gives the statements of the main results. The remaining sections are devoted to
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the proofs of the main theorems. The appendix describes the necessary notations
and facts about pressure which are needed in Sect. 8.

Finally, let me introduce some notation which will be used throughout the paper.
The notation u(f) will be used to denote j fdu, and the notation A =< B will be used
to denote A = B and |A| < co(]|4] is the number elements of the set A).

2. Lattice Complexes and Their Basic Properties

Definition 2.1. Let {e;}{_; be the standard unit vectors in R% and k be a non-
negative integer less than d. The positively (/negatively) oriented k-cells based at
xeZ’ are the formal symbols: +(e;, A e;, A - Ae,),, where 1 <i; <i, <. <iy
<id, provided k 2 1. The positive (/negative) oriented O-cells are the symbols (+),,
where xeZ?. Let (Z4)® denote the set of k-cells of both orientations.

A k-chain is defined in the usual way as the formal sum of a finite number of k-
cells with integer coefficients with — 1c identified with the k-cell (— ¢) of opposite
orientation. Similarly, the boundary operator (9) is defined on chains by

1 k
dc= ZO '21 (=1 (e, e, A A8 A A€y e, (2.1
£=0j=

(where the basis vector under the circumflex is to be omitted) for ¢=
(e;, Aey, A+ Aey )., and then extended linearly.

Definition 2.2. A (lattice) k-form is a homomorphism on the Z module of k-chains to
the complex numbers. So if i is a k-form and ¢, and ¢ are the k-chains and a is an
integer, then y/(c + ac’) = Y(c) + ay(c). A k-form is said to have compact support if it
is identically zero on all k-cells based sufficiently far from 0.

The differential (dy) of k-form () is the k + 1 form determined on (k + 1)-cells (c)
by

dy(c) = (0c) = Y, Y(p). (2.3)
pede
If ¢ and ¥ are two k-forms with compact support, set

@) =3 ) @) (2.4)

ce(Za) )
The co-differential (d*y) of (k + 1)-form () is the k form determined on k-cells (p) by
d*y(p) =3, Yle). (2.5)

c.pedc

The co-differential (d*) is the adjoint of (d) with respect to (2.4).

The rest of this section deals with approximating differential (C*) forms on R? by
lattice forms on Z“. If  is a differential k-form on R? and a > 0 (thought of as the
lattice spacing), then define the lattice approximation () by

v @=[v= | Vi, alax+se, + -+ Sge;, )dsy ... dsy, (2.6)
ac [0,al*

wherec=(e;, Aej, Ao Aey)cand Yy, =Wl(e;,, e, ..., e, ) the components of .
(Note: Y, (c) ~a"y, ,, ;. (ax) for a close to zero.)
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We now have two meanings for the symbol (d). However, the next lemma shows
that for lattice approximations the two differentials may be interchanged.

Lemma 2.1. Let s be a differential k-form on R* and y, be a lattice approximation.
Then (d), and d(),) are the same k-forms on Z°, where the first d is the exterior
differential and the second d is the lattice differential.

Proof. (d)alc) = Idlﬁ— [ V= ¥=y.00)=(dy,) ).

oac) a(dc)

The second equality is Stokes’ theorem, see Spivak [1]. The rest is only a matter of
unwinding definitions. Q.E.D.
Finally, if i/, and ¢ are compactly supported C* differential k-forms on R?, put

W, 0)= Zfl/fmz ) Piis.i(X)dx, 27

where the sum is over increasing subsequences of length k of {1,2,3,...,d}, and
Viiip...0(X) and @;;, ;. (x) are the components of the differential k-forms y and ¢
respectively. The following lemma connecting the two bilinear forms (2.4) and (2.7) is
easily proved using standard Riemann integral techniques.

Lemma 2.2. Let Y and ¢ be compactly supported differential k- forms on R?, then
(b, @) =lim a“~2P (s, @,). (2.8)
al0

3. Definition of the Lattice Model

Let i:R — R be a real twice continuously differentiable even periodic function with
period 2n. Any such function (h) will be called an energy function. The main
examples of interest are given below.

Example 3.1. Wilson energy: h(x) =1 — cos(x).
Example 3.2. Generalized Wilson energy: h(x)=1—cos(mx), where m is any
integer.
N

Example 3.3. Wilson-like energy: h(x Z « cos (kx), where b, = 0 and N is an
positive integer.
Example 3.4. Villain energy: For each > 0, define h; by

exp(— phy(x)=¢; 3, exp[—plx—2mn)*2], (3.1)

where c; is a constant chosen such that the right-hand side is one at x = 0.

To each energy function (h) we will associate a lattice statistical mechanical
model. See Israel [1] Preston [1] for the general notation and facts about lattice
statistical mechanics.

Let (% , )4 be the set of (positively oriented) one cells on Z% Let (2 )2 be the set
of (positively oriented) two cells. The one cells will also be referred to as bonds and



Continuum Limit of U(1), 483

the two cells as plaquettes. The lattice for the model is the set of positively oriented
bonds 4 ... The state space for the model is S?, the unit circle. The unit circle will be
identified with the interval [ — =, 7] with the end points identified. The “apriori”
measure on S! is taken to be normalized Lebesgue measure (1) on [ — m, 7]. The
configuration space (€2) is then (S1)** = {w: %, »[—n,7]}.

It is convenient to embed configuration space (£2) in (S*)”, by defining w(— b) =
— w(b), where be# , and we. (Remember that the unit circle has been identified
with [ — 7, 7].) With this convention each configuration may be extended to a 1-form
on Z-

Definition 3.1. Let h be a given energy function, then the associated interaction
potential (9" = {@}}5..4,) is given by
h(dw(p) if B=0dp for some pe@+}

o) —
¢5(@)= {0 otherwise (32)

where B denotes the set of bonds in B disregarding orientation. Hence, the energy
(H%w|w")) of a configuration (w) given the boundary conditions (w') over Bc < 4.,
is
Hijwlo)= ) hd[wgx oy, 1)), (33)
pe? . pnB#¢
where

w(b) if beB

. 4
o'(b) otherwise (34

g X CO;%,\B(b) = {

The corresponding specification (JT"=1IT¢"= {II}},__, ) is defined in the

standard way as follows. If (f) is a continuous function on £ (a compact space
with the product topology) then,

Mo, ) = Zi(w) ™! nge*ﬂé‘“"“”f(w; X Wy, 5 dAE (), (3.5)

where Z%(w) is the normalization constant such that IT%(w,1) = 1,2(B)=(S!)?,
Wy = ' |ze2(B), and dA®(w}) is the product of the normalized Lebesgue measures
on 2(B). The set of (extreme) Gibbs states associated to IT" will be denoted by
(G(n)G(h).

Up to this point it has been convenient to absorb certain numeric factors
associated with the lattice spacing parameter a and the coupling strength g into the
energy function h. These factors are easily made explicit when necessary.

Definition 3.2. A Gibbs state ueG(g~?a"*~“h) is said to be a lattice approximation
(for the lattice aZ“) to the free Euclidean electromagnetic field with coupling strength
g. (The factor a“~* is motivated by (2.8).)

Definition 3.3. The lattice field strength tensor is
F(p)(w) = K (dw(p)), (3.6)

where pe?, and we2. (Remember that each w is extended to be a 1-form on Z, so
dw(p) is defined.)
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Remark 3.1. Since the energy function (k) is assumed to be even, /' is then odd. So for
each configuration (), F(-)(w) may be considered as a 2-form on Z°.

Definition 3.4. The “lattice current” associated to F is

J(b)(w)=d*F(b)(w)= > F(p)(w (3.7

pe?:bedp

for all be4, and we.

4. Statement of the Main Results

Theorem 4.1. Let d > 4, and ¢ be a closed (dp = 0) complex valued test 2- form on R
For each a >0, let p,eG(g~*a"“~®h), then
lim p,(exp (a“" 9)(F, @) = 1, (4.1)

al0

where (F, ¢,)(w) =3 Z (P)(@)@,(p) as in (2.5).

Remark 4.1. The fact that ¢ is closed is equivalent to the existence of a test 1-form ( j)
such that ¢ =dj (provided d > 2), as follows from standard compact De Rham
cohomology theory (Bott and Tu [1]). Hence the theorem is a statement about the
lattice current d*F, since (F, @) = (F,dj) = (d*F,j) = (J,)).

Theorem 4.1 asserts that the continuum limit on the current sector of the lattice
models for d >4 is “trivial.” The limiting measure is a oJ-function at the zero
configuration.

In the following, we will restrict the space-time dimension to the case of most
interest; d = 4. This is an exceptional case, since the lattice approximating Gibbs
state of Definition 3.2 no longer depends on the lattice spacing parameter (a). The
influence of the lattice spacing is only felt in the lattice approximations ¢, to the test
2-form ¢.

Theorem 4.2. (d = 4) Suppose that G(g~2h) = {u}, is a one element set. Then for any
closed complex test 2-form (@) on R*,

lim pu(e"-*)) = exp <% g*(o, <p)>, (42)
all

where o = u(h"(w(9p))) = 0 (independent of pe P). Furthermore, o. = 0 if and only if h is
a constant function.

Remark 4.2. The set of Gibbs states G(g ~2h) is closed under translations and 90°-
rotations of the lattice, since the specifications are invariant under these operations.
Hence, the unique Gibbs state (¢) must be invariant under translations and 90°-
rotations.

The theorem says that the Laplace transforms of the lattice current converges to
the corresponding Laplace transforms of the free Euclidean field (compare (4.2) with
(1.2)) provided the coupling constant (g?) is renormalised by the factor «. (Note:
(A~ 'd*p,d*p)= —(p,p) if dp=0.)
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An application of Dobrushin’s uniqueness theorem gives an easy method for
checking the hypothesis of Theorem 4.2. This is the subject of the next lemma.

Lemma 4.1. Let h be a given energy function, and let the coupling constant (g*) be
chosen sufficiently large such that [sup (h) — inf (h)] < 2g*/9. Then |G(g~2h)| = 1, and
hence the conclusion of Theorem 4.2 holds.

Theorem 4.3. (d = 4) Let ¢ be areal-valued closed (dg = 0) test 2- form on R*. Suppose
that ueG (g~ 2h) is an extreme Gibbs state which is also translation and 90°-rotation
invariant. Then

lim (") = exp (%a 9*(o, <p)>, (4.3)
all
where o is the constant defined in Theorem 4.2.

The proofs of Theorems 4.1-4.3 are given in Sect. 6.

Remark 4.3. Theorem 4.3 is a special case of Theorem 4.2 if |G(g ™~ 2h)| = 1.

The existence of a Gibbs state satisfying the hypothesis of Theorem 4.3 is not
known for general energy functions (h). However, if h is a Wilson-like action
(Example 3.3), then results of Messager et al. [1] guarantee the existence of such a
Gibbs state.

Theorem 4.4. (Messager et al. [1]) Assume d =4, and suppose h is a Wilson-like
energy function. Let p)eG(g~2h) be the Gibbs state constructed by taking the
thermodynamic limit with zero boundary conditions:

1© = weak- lim T3 (0,-), (4.4)

B3,

where O denotes the zero configuration, and B1% . means that B should eventually
contain any finite set of bonds in % , . Then p]) exists and defines an extreme invariant
Gibbs state, 1.e. satisfies the hypothesis of Theorem 4.3.

The proofs of Lemma 4.1 and Theorem 4.4 are in Sect. 7.

Following ideas in Pfister [1] and Frohlich and Pfister [1], one finds for a
Wilson-like energy function and for almost all values of the coupling constant (g)
that the limit in Theorem 4.3 exists and is independent of the particular choice of
invariant Gibbs state.

Theorem 4.5. (d = 4) Let h be a Wilson-like energy function. Then for all but at most a
countable number of g > 0,
lim i (e""9)) = exp <_7a‘ g*(o, @)), 4.5)

all

where , is any (translation and 90°-rotation) invariant element of G(g~*h), ¢ is any
real closed test 2- form, and o= g (h"(w(3p))) (1 is defined in (4.4)) independent of the
particular choice (u,).

The proof is given in Sect. 8.

It should be pointed out that Theorems 4.3—4.5 are only needed when there is a
first order phase transition for the model, that is when |G(g ~2h)| > 1. Otherwise the
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stronger result of Theorem 4.2 would be applicable. The existence of a first order
phase transition is still an open question for these U(1),-gauge models. Recall that
Guth’s theorem (Guth [1]) asserts that in d = 4, the U(1), lattice gauge theory with
the Villain action does have a phase transition. However, this phase transition is
characterized by the decay properties of “Wilson loop variables” as the size of the
loop increases to infinity. It is not clear how a phase transition of this type is related
to the more standard phase transitions which are characterized by smoothness
properties of the thermodynamic potentials.

5. Preliminary Lemmas and Estimates

This section contains some basic identities which result from integration by parts.
These identities will then be used to derive a number of basic estimates of quantities
involving the Laplace or Fourier transforms of the lattice currents. Throughout this
section it will be convenient to absorb the factor g ~%a“~* into the energy function
(h). These factors are easily reinserted later when they are needed. Also, unless
explicitly stated, the dimension of space time (d) is allowed to be arbitrary.

Lemma 5.1. (Schwinger—Dyson Equations, see Gross [3].) Let h be an energy
function, ue G(h) be an arbitrary Gibbs state. Let f be a differentiable periodic function
depending on only finitely many bond variables. Then for any bond b

u(0f/0w(b)) = u(J(b) f), (6.1
where J(b) is the lattice current in Definition 3.4.

Proof. Choose B« < % such that f(w)depends only on wg and such that b and the
bonds of any neighboring plaquettes are contained in B. Then by finite dimensional
integration by parts, noting that the boundary terms are zero by periodicity,

IT(w,0f [0e(b)) = IT (e, J (b)- f), (5.2)

for all configurations w. See Egs. (3.3), (3.5) and the definition of J(b) (Definition 3.4)
and the following computation:

OHp(o'|w)/0w' (D)= 3, H(dew'(p)-0de(p)/oe'(b)

pe? :pnB#¢

= ), Hdo'(p)=Jb)(o).
peP:bedp
In the second equality we used the assumption that i’ is odd, the convention of &’
being extended to a 1-chain, and the assumption that b was in the “interior” of B.
The theorem now follows by integrating both sides of Eq. (5.2) with respect to the
Gibbs state (u) and using the D.L.R. equations; Preston [1], Israel [1] or Ruelle

(13 Q.ED.

Lemma 5.2. (See Gross [3].) Let j be a lattice 1- form with finite support, ue G(h), and
u(s) = u(e*") for s real. Then

w(s)=s Y, dj(p)*u(h’(do(p)-e” ). (5.3)

PE? 4
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Proof.

w(5) = sl De ") = (112 jbuI b))
0

=0T 00 e

aJ, i .
=(s/2)zj(b)u<a—(cj—;;—))-ew’”>, (5.4)

where the sums are over all bonds. The Schwinger—Dyson equations were used in
the third equality.

Set ¢ =dj, so by Definitions 3.3 and 3.4, (J, ) =(F, ). We now compute the
derivative in (5.4).

y AE0) 5, (DT LI o) 1 )~ 1,(~ D))

5 Ow(b)
=(1/2) ), o(p)h"(do(p))[dj(p) — dj(— p)]

=), ¢(p)*h"(dw(p)), (5.5)
where
(1 ifbedp
lap(b)z{o otherwise (56)

Plug (5.5) into (5.4) to finish the proof, noting the extra factor of two in (5.3) arises
from the restriction of the sum to . Q.E.D.

Lemma 5.3. (Dimension =d.) Let j be a complex lattice 1-form with finite support,
weG(h) a translation invariant Gibbs state, and u(s) = u(e*V?). Then

lu(s)| < exp {(s*/2)1dj 1> 11" |0}, (5.7)
where || dj |1 = (dja, dj.).
Proof. Without loss of generality, it may be assumed that j is real since |u(s)]
(e D)) = p(esReM), and [[dRe(j)|* < [ dj||> So assume j is real.

By Eq. (5.3),
[ ()| S sl djll* R ]| o uls). (5.8)
Hence
[n (u(s)/u(0))| = [(f) |dIn(u(t))/delde < [[dj (12 11" ]| o 5%/2-

te[0,s]

The lemma follows by exponentiating this last inequality using u(0)=1. Q.E.D.

For notational ease, let K(-,-,...,") denote a generic function which is increasing
in each of its variables. From lemma to lemma and even line to line there may be
many such functions K, which will all be denoted by the same letter.

Lemma 5.4. (Dimension =d) Let ueG(h) be an invariant Gibbs state, and j be a
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complex lattice 1-form on Z°, with finite support. Then
pu(1e”? — 12 S K(Ih" o I djll ) 1R oo™ 1 i 113 (5.9)
Proof. Let
o(s) = u(| eV — 12) = p(e? RV 4 | — V) — ), (5.10)
Differentiating (5.10) using Eq. (5.3), one easily finds the estimate
() =slh" o ; |dj(p)* | Lu(le*]) + u(le )],

By using the estimate in Eq. (5.8) and this last equation, we conclude that
WIS KR oo il IR o1 dj113 (5.11)
for se[0, 1]. Since v(0) = 0, the same estimate holds for v. Q.E.D.

6. Proofs of Theorems 4.1-4.3

Our first goal will be to prove Theorems 4.2 and 4.3. Theorem 4.1 will be proved at
the end of this section. The proof of Theorems 4.2 and 4.3 will be broken up into a
number of propositions and lemmas.

Proposition 6.1. (d = 4) Suppose that j is a complex valued test 1-form on R* and
ueG(h) is an invariant Gibbs state. Define

c(a) = sup {|cov,(h"(dw(p)), V) |:pe 2, ,s€[0,1]}, (6.1)
where cov,(f,g) = u(fg) — u(f)u(g). Suppose that lim c(a) =0, then
al0
lim p(e¥9) = exp <% d, dj)), 6.2)
al0 2

with o as in Theorem 4.2.

Proof. Letk, = a(dj,, dj,), u,(s) = p(e’*), and v,(s) = exp (— k,s*/2)-u,(s). Then by
Lemma 5.2

v (s) = exp (— k5% /2){ — kysuy(s) + uj(s) } = exp(— k,s*/2){(1/2)s

x Y dju(p)* cov,, (h"(dw(p)), e779)}. (6.3)
p
So
[v,(5)| £ K-c(a)- | dji |1%, (6.4)
where
K =sup {(s/2)exp(—k,s*/2)|0 <a<1,0<s<1}, (6.5)
and
| djall? = (djor dji). (6.6)

By Lemma 2.2 k, —» k = a(dj,dj) as a—0, so that K < co. Since by assumption
c(@)—0 as a—0, v,—~0 as a—0 uniformly in se[0, 1]. Since v,(0) =1 (1,(0) = 1),
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it follows that v, converges to one uniformly in s. Putting s= 1, conclude that
u,(1)—€e"* as a—0. " Q.ED.

In view of this proposition, the proofs of Theorems 4.2 and 4.3 are reduced to
showing in each case that c(a) -0 as a— 0. This will be done by using the cluster
properties of unique or extreme Gibbs states. To carry this procedure out we must
divide the test 1-form into “near” and “far” pieces. The cluster properties will be
applied to the far pieces. The following lemma enables us to control this spliting of
the test 1-form.

For the remainder of this section let g be a real infinitely differentiable function
with compact support on R?. Furthermore assume ¢ is radial, 0 < g < 1, and

(NS
R FRETIMPS L

Put ¢"(x) = g(r~'x) for all r > 0.
Lemma 6.1. Letj be a complex test 1- form on R* and g" be as above. Define j* = g"j for
all ¥ > 0. Then

a’= @d)al3 S K-LIGIS 7472 + [ djl%r ], (6.7)

for all positive r and a. The sup-norms are supremums over all the components of the
forms and over all of R%. K is a constant which only depends on the dimension (d), and
the function (g).

Proof.
1dj)all3 S LIg" A Dall2 + (g™ diall1?
<2[1(dg" A ol + (g™ diall3]- (6.8)
We estimate the two terms of (6.8) separately. Starting with the first term observe,
I(dg™ A Ja(p)I = Ip ldg" ~ jl = 1Jlle Ip ldg’, (6.9)

where the absolute value of a form denotes the maximum over the absolute value of
the components. By the definition of g", there exists a dimension dependent constant
(c) such that

[ ldg'1=0 if dist(ap,0)= cr. (6.10)
ap
Using the estimate,
ldg"| =1r~'Vg(r~'x)-dx| <" Vgll,, (6.11)
and (6.10), we conclude that
afp 1dg"| < IVG ]l oo™ a* Aeriay (P): (6.12)

where

1 if dist (p,0) < s

A
0 otherwise 6.13)

xs(p) = {
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Combine the estimates (6.9) into (6.12) to get

1dg” A 1o S Kl jlloor ™ 0% ersalp)- (6.14)
Square and then sum this last estimate over all plaquettes to obtain
a“" V) (dg" A jall3 < K- jI% T2 (6.15)
To obtain this last inequality I have used
[{p:dist(p,0) < cr/a}| < K-(r/a)’, (6.16)

where K denotes a constant only depending on d. By a similar (easier) argument it
follows

a“" (g djall3 = K- dj||%, 1, (6.17)

where K is a constant only depending on d.
The theorem now follows from the estimates (6.8), (6.15) and (6.17). Q.E.D.
We are now ready to apply the cluster properties of extreme or unique Gibbs
states. So for convenience, let me remaind the reader of these cluster properties. A

Gibbs state (u) is said to have the (strong) cluster property, if for all feC(£2) there
exists B< < 4, such that for any geC(£2) that depends only on w, ., then

lcov,(f,9)| < {l“‘(gl |é‘70|0) (strong)

where cov,(f,g) = u(fg) — u(f)u(g). and |-, is the sup-norm.

Theorem 6.1. (Ruelle [1] or Preston [ 1]) If a Gibbs state u is (unique) extreme, then p
has the (strong) cluster property.

, (6.18)

Theorem 6.2. (d = 4) Let h be an energy function, ueG(h), and j be a complex test 1-
form on R*. Fix a plaquette (p,) based at 0€Z*. Then
a) If |G(h)| =1, then
|COVu(h”(dw(po))» e(J’ja))l g K( ” ] ” 0 “ d] ” ® ” d]a ” 2) OpQ(a)' (619)

b) If pis extreme (ue G (h)) and j is purely imaginary, then the estimate (6.19) still
holds, and in (6.19), O, (a) denotes a function which is independent of the test 1- form (),
and tends to zero as a tends to zero.

Proof. Let r be a positive number less than one, j* be as above, and put k"= j — j".
For notational ease put j;, = (j"),, k, = (k"),, and f(w) = h"(dw(p,)). The parameter (r)
will eventually be chosen to be a function of a which converges to zero as a goes to
Zero.
First split cov,(f,e"/?) into two parts,
cov,(f, e? i) = cov,(f, e W el

= cov,(f, [e"% — 17e"4) + cov,(f, ™). (6.20)

Call the first term in (6.20) A and the second term B. We now estimate |A|,

|AI 201 f | opt(1[€9% — 17”51y < 201 f 11 | L% = 171 2y Il €9 2
<Kl AR 12 < KO lloos 1o Idiall2) s (6.21)
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where K(,,-) denotes a function (depending on h) which is increasing in its
arguments. The Cauchy—Schwartz inequality was used in the second inequality,
Lemma 5.3 and Lemma 5.4 in the third, and || dk{ ||, < ||dj, |, + || df;||,, Lemma 6.1
and r <1 in the last inequality.

To estimate | B| we will have to divide the proof into two cases corresponding to
the two cases of the theorem. However, first note that (J, k%)(w) depends only on the
bond variables outside a ball of radius (cr/a), where c is a positive constant. At this
time choose r = a'V/?, hence r/a— o0 as a— 0.

Case (a)| G(h)| = 1: By the strong cluster property (Theorem 6.1), there exists a
function 0, (a) as in the statement of the theorem such that

|Bl = [cov,(f, )] = 0,(a) ("), (6:22)
Using Lemma 5.3, Lemma 6.2 and Eq. (6.22) we conclude that
100V, (%) < 0,o(@) K (1| jll s 14 11 5 1 i ): (6.23)

Case (b) ueG(h) is extreme and j is purely imaginary: The observation that
|e"*)| = 1 and the cluster property to Theorem 6.1 asserts again an estimate of type
(6.23) holds (with K independent of j in this case).

The estimate (6.19) follows from combining the estimates (6.21), (6.23), and
(6.20). Q.E.D.

Itis now an easy matter to extend Theorem 6.2 to allow for the fixed plaquette p,
on the left-hand side of (6.19) to be arbitrary.

Lemma 6.2. Suppose that ueG(h) is an invariant (translation and 90° rotation
invariant) Gibbs state satisfying an estimate of the form (6.19), then

lcov,, (" (da(p)), )| < K (1| j 1l o5 1dj |5 I1d]a 1) O po(@) (6.24)
holds for all pe2.

Proof. Let T, denote the natural translation operators on differential forms and on
lattice forms, see Appendix. Then if j is a test 1-form

(Tox)a= Ty ja (6.25)

So using (6.25) and the fact that both sides of the estimate (6.19) are invariant under
translations of j, allows us to conclude that inequality (6.19) is valid if the plaquette
(po) in the left-hand side of (6.19) is replaced by any of its translates. Using a similar
argument for rotations, we conclude that the plaquette (p,) on the left-hand side of
the estimate (6.19) may be replaced by any plaquette (p). Q.E.D.

Proof of Theorems 4.2 and 4.3. Combining Proposition 6.1, Theorem 6.2, and
Lemma 6.2 with the energy function h replaced by g~ 2k gives the limits in Eq. (4.2)
and (4.3) of Theorems 4.2 and 4.3. So it only remains to show that « > 0 with equality
if and only if & is constant. This is a consequence of the following lemma.

Lemma 6.3. Let p be an invariant Gibbs state, then
a= p(h'(da(p))) = (2(d — 1))~ u(J (b)), (6.26)

where b is any bond, and d is the dimension. Furthermore, o> 0 if h is not a constant.
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Proof.

0
uI(0)*) = w(@J (b)/ow(b)) = #(m{ 'sz F (p)}>

= 3wl do(p) =2~ )
p:bedp
The Schwinger—Dyson equations were used in the first equality, the definition of J in
the second, the definition of F in the third, and the fact that 2(d — 1) is the number of
plaquettes with a given bond in their boundaries. So the validity of Eq. (6.26) has
been shown.

Fix abond be4# ,,and let Bc < #, be such that be B and J(b) depends only on
the bond variables over B. If h is not constant, it is easy to check that J(b) is not
identically zero. So by continuity of J(b), there is a neighborhood in Qwith J(b)* > 0.
It then follows that IT%(w, J(b)?) > 0 for all configurations w, since finite dimensional
Lebesgue measure charges open sets. Since u(J(b)?) = uI1%(-, J(b)?) by the D.L.R.
equations, we conclude that u(J(b)?) >0, and thus o > 0. Q.E.D.

Proof of Theorem 4.1. For notational ease, let ¢ = dj,

(d—4)n

My, ) =115 (@), and u,(s) = pye” "),
for se[0, 1]. Then by Lemma 5.2 with h replaced by a“~%h,
()= (5200 Y. @, (p) (b (dao(p))e™ 00, (6.27)
PEP

Since (s/2)a“ "%y ¢,(p)* > s(@, ) as a—0 (Lemma 2.2), it suffices to show that
peP

ua(h”(dw(p))es"(d_“)”’j“))—>O uniformly in p as a— 0, because u,(0) = 1.

Let p be a plaquette based at zero. Choose a subset B = = 4, which contains all
the bonds (disregarding orientation) of any plaquettes having a bond in common
with p. By the finite volume Schwinger—Dyson equations (see Eq. (5.2)) with h
replaced by a~*h,

(0, a" " (do(p))) = M j(w’,a“ ") 5;?17) [H(do(p))]

= a2 ITY(w!, JB)F () (6:28)

where b is any bond in the dp,, and w’'e{2 is any configuration. Dividing Eq. (6.28)
by a“~%, using the fact that J and F are uniformly bounded, we find

[T 5(e', 1" dex(p))| < Ka'™ ¥, (6.29)
where K is a constant depending on || A ] ,.
As in Theorem 6.2, split the 1-form j, into its “near” and “far” pieces,
jub) ifbor —bisin B

6.30
0 otherwise (630)

Ja(b) = {
and
Ja=Ja— Ja (6.31)

We do not have to be so careful in this case.
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Now
ol (@deo(p))e™” )| = [y deo(p))er” VR )|

— |#a{naB[.’ hu(dw(p))esa(d—4)(1312)].esa("*‘t)(J,jt{)}I

< K1t 0= ). (e, (632)
where K is a constant depending on |B] and || 4| ,,. The D.L.R. equations were used
in the second equality along with the fact that (J,j/) only depends on the bond
variables outside of B. The inequality is a consequence of Eq. (6.29) and the easy
estimate

I esa(d—4)(J,]Z) I, < eKa(d_a)'”j“oo’ (6.33)
where K only depends on |B|. But by Lemma 5.3 with h replaced by a“~#h,

pa(e )y < exp (a4 | djS 131 h | /2}

<exp {a“ M| dj, 1211 k]| ./2}. (6.34)
Combine the estimates (6.34) and (6.32) to get
LB (der(p))e™” ) < K(I 1> a2 dj, 1) a4, (6.35)

where K is an increasing function in its arguments. As in Lemma 6.2 the estimate
(6.35) remains valid when (p) is any plaquette, since for small a the Gibbs state p,
is unique and hence invariant, see Lemma 4.1 and Remark 4.2. Hence we have
shown that ,ua(h”(dw(p))es“(d_4)“%))—+0 uniformly in p as a—0, so the theorem is
proved. Q.E.D.

7. Proof of Lemma 4.1 and Theorem 4.4

Lemma 4.1 is a special case of the following (specialized) version of Dobrushin’s
uniqueness theorem (Dobrushin [1]) which is a combination of Dobrushin’s result
and an estimate of B. Simon [2]. Also see Gross [1-2] and Follmer [1] for other
proofs and related results to Dobrushin’s theorem.

Theorem 7.1. Suppose that ¢ is a finite range interaction potential on Q such that
sup ), (IBl=Dllesll. <1, (7.1)
be® .. B:beB

then there is only one Gibbs state associated to the potential .

Proof of Lemma 4.1. Without any loss of generality, assume that g = 1. We first note
that G(h — ¢) = G(h) for any real constant (c), since IT% 9 = IT"% for all real ¢ and
Bcc%, (Bc%, and |B| < o). Thus we may assume that h is normalized such
that || k||, = 3[sup (k) — inf(h)].
An easy computation using the Definition 3.1 shows
sup Y, (IBl= Dl ehlle=3d -1kl (7.2)

be# , B:beB

in d-dimensions. The factor 3 is from the fact that [dp| =4 if p is a plaquette. The
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factor d-1 counts the number of positively oriented plaquettes with b in the
boundary. The lemma now follows from Theorem 7.1. Q.ED.

Proof of Theorem 4.4. The fact that the limit ) defined in (4.4) exists and defines an
extreme Gibbs state is a special case of Theorem 1 of Messager et al. [1] applied to
our model. The invariance of the measure u° easily follows from the invariance of

-2
{H% h}Bcc.‘}?+:
-2 -2
Mg, f)=1% "@-T,fT), (7.3)

where T denotes the action of a translation by an element of Z? (see Appendix) or a
90°-rotation on % ., 2, and C(£2). Hence, if w in (7.3) is the zero configuration
(w(b) = 0) so that we T = w, the invariance of u° follows by letting B4 . in (7.3).

QED.

8. Independence of the Limit (Proof of Theorem 4.5)

Our first goal will be to find a criteria on a Gibbs state which insures that the limit in
(4.5) exists and is the desired value. The following theorem is closely related to
Theorem 6.2, and will take its place in this setting. Throughout this section h will
denote a Wilson-like energy function.

Theorem 8.1. (g = 1) Let h be a Wilson-like energy function, p, be a fixed plaquette
based at 0, and peG(h) be any Gibbs state such that p°(h"(dw(py)) = p(h”(dw(p,))),
where u° = 1 as defined in Eq. (4.4). Then

|cov, (" de(po)), €| S K(Il jllcos 1 dj |5 | djall2) O (@), @1

where K is an increasing function in its arquments, O ,, (a) >0 as a— 0, and j is any real
test 1-form on R* (i.e. the estimate (6.19) is still valid).

For the proof of this theorem we will need a fact which is Proposition 1 of
Messager et al. [1] applied to this model.

Proposition 8.1. (Messager et al. [1]) Let h be a Wilson-like energy function. Let u°

denote the Gibbs state defined in (4.4) with g = 1, and ue G(h) be any other Gibbs state.

Then p°(cos (3, m(b)w(b))) = u(cos (Y. m(b)w(b))) for any functionm: B .. — Z of finite
b b

support.

Proof of Theorem 8.1. For ease of notation set f, = h”(dw(p,)). It is well known that
any Gibbs state (1) may be decomposed into its extreme states;

mrh= [ v()P(av), (8.2)

v
e(h)

where P is a probability measure on the extreme Gibbs states (G,(h)) and f is any
continuous function on 2 (see for example Ruelle [1], Preston [1] or Dynkin [1]). Set
f=foin (8.2) and use u(f,) = u°(f,) = v(f,) for all veG(h) (Proposition 8.1) to
conclude that

P{veG, (h):v(fo) = 1°(fo)} = L 8.3)
If f is any continuous function on £2, let 7:G,(h) - R be the function f(v) = v(f). By



Continuum Limit of U(1), 495

definition, the function f is measurable on G,(h)—the g-algebra on G,(h) is taken to
be the smallest o-algebra for which the functions f are measurable (Dynkin [17).
With this notation we may restate (8.3) as f, = u°(f,) P-almost surely.

Now if f and g are two continuous functions on £ and p is given by Eq. (8.2), an
easy computation shows that

cov,(f.9)= f( Y cov,(f,9)P(dv) + covp(f, g). (84

In particular if f = f,, then
Covu(.fO: g) = Gj;h) Covv(fOs g)P(dV), (85)

since f, is a constant P-almost surely. By Theorem 6.2, for each ve G,(h) there exist
functions K and O, such that

[c0v,(fo, € )| < K (Il jlleo, 1 fll o 1 djall ) O (a1, (8.6)

where K is increasing in its arguments, O, (a) —» 0 as a — 0, and j is any real test 1-form.
Furthermore, looking at the proof of Theorem 6.2, the function K may be chosen to
be continuous and independent of the Gibbs state v. For later convenience the
function K is also chosen to be larger than one. It will be shown below (Lemma 8.3)
that the functions O,(a) may be chosen so that for each fixed a the map v— 0,(a) is
measurable on G, (h) and the map is bounded by 2| 4" || .. So use the estimate (8.6) in
Eq. (8.5) with g = ¢VY"J@ to get

lcov,(fo, € S K(I| jll o 1) | 05 | djiall 2) O po(@), (8.7)
where

O,@= [ O0\a)P(dv). (8.8)
Ge(h)

An application of the dominated convergence theorem shows that O, (a)—0
as a—0. Q.E.D.

Corollary 8.1. Let h be a Wilson-like energy function and ueG(h) be an invariant
Gibbs state such that u(h"(dw(p))) = p°(h"(dw(p))) for some plaquette p (and hence all
p’s). Then for each real test 1-form on R*,

lim pi(e""9) = exp (%a* (dj, dj)), 8.9)

al0
where o= p°(h"(dw(po))).

Proof. The proofis the same as the proof of Theorem 4.3 after using Theorem 8.1 in
place of Theorem 6.2 part (b). Q.ED.
This corollary is the desired convergence criteria that we were seeking. The
technical detail of measurability will be completed at the end of this section.
The next objective is the proof of Theorem 4.5. In view of Corollary 8.1, it is
enough to show the following proposition.

Proposition 8.2. (Dimension =d.) Let h be a Wilson-like energy function and g
denote the limit in (4.4) with g~? = f. Then each translation invariant measure
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neG(Bh) satisfies u(h" (dw(p))) = pg(h" (dw(p))) (p is any plaquette), for all but at most
a countable number of f§ > 0.

Remark 8.1. This result is modeled on Corollary 4.3 of Pfister [1], and Proposi-
tion 3.5 of Frohlich and Pfister [1].

Proof. Since h is a Wilson-like energy,
N

W(x)y= Y k*b,cos(kx). (8.10)
k=1

Let
P(B) = P(¢") (8.11)

be the pressure P(¢?") as defined in Eq. (A.10) of the appendix. By Theorem A.1, the
function P(p) is a convex continuous function. So by standard facts about convex
functions, P'(f) exists for all but a countable number of > 0. By Corollary A.1,
Definition 3.1, and " = Bo";

PB)=—u( Y BT gp)=—ul » hdop)/4)

Bc@+:0530 pc? 4 :0edp
=—u( Y hdo@)=p( Y H(dop)), (8.12)
pc? . :0ebase(p) pc P :0ebase(p)

where e G(fh)is any translation invariant Gibbs state (which includes x§) and fis a
point where P'(f) exists. By Eq. (8.10), 1" is a sum of cosine terms with positive
coefficients, and hence by Proposition 8.1.

1 (" (do(p))) = u(h"(dow(p))) (8.13)
for all plaquettes p and ueG(Bh). In view of Eq. (8.12) and (8.13), we conclude that
(" (dex(p))) = u(h" (dex(p))) (8.14)

for all plaquettes p and translation invariant ue G(fh). Equation (8.14) is valid for all
p for which P'(f) exists, that is for all but a countable number of f’s. Q.ED.

Proof of Theorem 4.5. As already noted, Theorem 4.5 is a direct consequence of
Corollary 8.1 and Proposition 8.2—take f=¢g 2 Q.E.D.

We now finish with the technical measurability detail which was left open in the
proof of Theorem 8.1.

Lemma 8.1. The collection of real continuous functions on R* with compact support
(CAR?%) is separable in the sub-norm topology. Furthermore, a countable dense set
D < C(R*) may be chosen to have the following property. If feC(R*) and n is
sufficiently large such that the supp(f) = B(0,n) = {xeR*:|x| < n}, then there exists
geD arbitrarily close to f with the supp(g) = B(0,n + 1).

Proof. Let D’ be the collection of continuous functions formed by taking
polynomials with rational coefficients of the functions x —|x — y|:R* - R, where
yeR* with rational components. The collection D’ is a countable set. By the Stone—
Weierstrass theorem the collection D’ when restricted to any compact set K = R* is
dense in C(K).
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For each positive integer n, choose g,eC(R*) such that supp(g,) = B(0,n + 1),
g,=1 on B(0,n), and 0 < g, < 1. We now define the countable collection of func-
tions (D) as D={fg,.feD’ and n a positive integer}. Then if feC(R* with
supp(f) = B(0, n) there exists h,e D" such that || f— hy || =41~ 0as k— co. Hence
| f—guhill o —0 as k— oo, since || f—guhyllo S | f— Iy ”L“’(B(O,n+1))' QE.D.

Definition 8.1. A continuous k-form () on R? is a continuous function from R? to
the degree-k exterior algebra over R In other words, ¢ is a differential k-form except
that the standard coefficients are only required to be continuous rather than smooth.

Lemma 8.2. Let a> 0 be fixed. Let X denote the space of pairs {j, @), where j is a
continuous 1-form and @ is a continuous 2- form on R* both with compact support. The
space X is given the norm

I<he> 1= 1ileo+lels+ el (8.15)

With the above notation, the space (X, ||-||) is a separable space.

Proof. Put |{j,0> e =1jlle+ |@allc- Let Dy = X be the collection of pairs
which have all of their components in the set D of Lemma 8.1. The countable set D,
is clearly dense in the space (X, || {*," > |l «)- So let e >0, and { j, ¢ e X be given, and
suppose that supp (< j, ¢ )) = B(0,n). Then by Lemma 8.1, there exist < j,, ¢, >€D,
supported in B(0, n + 1) converging to < j, ¢ > in the sup-norm. It follows by the easy
estimate

1@ — @l < K[n+ 1+ 2a1*|¢ — @rll o (8.16)
that || (g, @i > — {Jj, @ > || > 0asn— oo, where K is the volume of the unit sphere in 4-
dimensions. Hence, D,, is also a countable dense set in (X, ||-|). Q.E.D.

Lemma 8.3. Let K be a continuous function, increasing in its arguments, K = 1, and
such that an estimate of form (6.19) of Theorem 6.2 is valid for all extreme Gibbs states
v. Then for each ae(0, 1), the function

|cov,(fo, €")|
K(lljlloos I1djll o5 Il djall 2)

is measurable as a function of ve G (h). Furthermore O,(a) is uniformly bounded by
2| h || o> and O (a)—0 as a—0.

Proof. Each real test 1-form (j) may be identified with the element {j, dj e X, where
X is the space defined in Lemma 8.2. The space of test 1-forms given the norm

il =1<idil (8.18)

is a subspace of the separable normed space X, and hence is separable. The
expression in the bracket of Eq. (8.17) is easily seen to be continuous in the |- |-
topology of (8.15). So it suffices to take the supremum in (8.17) over a countable set.
But the expression in the braces of (8.17) when considered as a function of v is
measurable (by definition), and hence so is v— O (q).

The estimate that 0,(a) < 2||h" ||, is trivial. The fact that O,(a)—0 as a—0 is
Theorem 6.2. Q.ED.

O (a)= sup{ :jis a test l-form.} (8.17)
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Appendix: Pressure

For th1.s appendpc, ©={Qp}pc. @, (¢ 1.;:!2 - Rsuch .that @g(w) oply depgnds onw B)' is
an arbitrary finite range translation invariant (defined below) interaction potential
on 2 = (S')”+. The case of interest is the interaction potential in Definition 3.1. The
norm of such an interaction potential is defined to be

lel=sup > |BI""l¢ple (A.1)

be® y B:beBe = B 4

The group Z? naturally acts on the lattice 4, via

Tx[(ei)y] = (ei)(x+y)' (A.2)

So T, acts on a bond simply by translating the base point. The action on Z* naturally
induces actions on 2, and the functions on 2,

T(w)=wT_,, (A.3)
T.(f)(w) = f(we T). (A.4)

Definition A.1. The interaction potential (¢) is translation invariant if
pplwTy) = (PTx(B)(a))> (A.5)

for all xeZ? and Bcc 4,.
Definition A.2. Let A = Z% The set of positively oriented bonds associated to A is
AV ={(e)slxeA?and i=1,2,...,d}. (A.6)

Definition A.3. The pressure (P 4(w,¢)) of a translation invariant, finite range
interaction potential (¢) on £, given a configuration (w) and A =< Z¢, is

P y(,¢)=1A|""In[Z%m(w)], (A7)
where
Z%m(w) = 1j exp (— HY (o' 0))dAY " (@41 (A.8)
"9+
is the normalization constant for the associated specification, and
HYo(o'|) = )y PB(@ s X @y 1) (A.9)

Becd  BrAWxg
is the energy of the configuration @’ in A given the “boundary conditions” w.

Definition A.4. IfB=< 4%, put B® = {xeZ?|3abond be B with x as its base point},
the base of 4.

Theorem A.1. The infinite volume pressure (P) defined by the limit
P(g) = lim P 4(w, ¢) (A.10)
Azt

exists and is independent of the boundary conditions (w), as A increases to Z* through
cubes. The limiting function P is a continuous convex function on the space of finite
range translation invariant interaction potentials. Furthermore, there is a one-to-one
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correspondence between tangent functionals to the pressure at ¢ and translation
invariant Gibbs states of the interaction potential . (A tangent functional to P at @ is a
continuous linear functional () such that P(Y) — P(¢) = a( — @) for all invariant
interaction potentials \.) If u is a translation invariant Gibbs state, the associated
tangent functional is

aW)=—ul Y [B°""yYzl (A.11)

B:0eB°

If o is a tangent functional, the associated tramslation invariant Gibbs state is
determined by

w(f)=— ), (A.12)
where f is a continuous function depending only on the bond variables over some set
AccB,,and

fw°T,) if B=T.(A) for some xeZ*

Yh() = { 0 (A-13)

otherwise
Proof. Thisis easily reduced to the corresponding well known statements for lattice
models over Z*, see Israel [1]. Indeed, if T = S% then the map K:S%+ — T?*, given by
K(w)(x) = {o((e;),) }¢=1, can be used to map the lattice system over S%* to one over
T, Q.ED.

Corollary B.1. Let P and ¢ be as above and let P(f)= P(B¢) for all B> 0. If P'(B)
exists at f3, then
P(B)=—pl X 1B 05l =0,(p) (A.14)

B:0eB

for all translation invariant Gibbs states pe G(IT%*).
Proof. By Theorem A.1,
P(B + h) — P(B) = ho, () (A.15)

for all heR and pe G(I7%¢) which are translation invariant. Divide both sides of (A.15)
by || and take the limit as h tends to zero from above and below to get + P'(B) =

+ B, (). Q.ED.

Acknowledgement. It is a pleasure to thank L. Gross for many useful discussions.
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