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Abstract. We show that heat kernel measure and pinned Wiener measure on loop groups over simply
connected compact Lie groups are equivalent2000 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

Equivalence entre la mesure de la chaleur et la mesure du pont
brownien sur des groupes de lacets

Résumé. On montre que la mesure de la chaleur et la mesure du pont brownien sur un groupe
simplement connexe compact sont équivalenie8000 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

Version francaise abrégée

SoientK un groupe de Lie compact, connexes K son élément neutrdy’ son algebre de Lie €, -)
un produit scalaire euclidien siif qui soit invariant sous I'action adjointe.

Soient aussiC I'espace des lacetg. la mesure de Wiener du pont brownien de variaheg v} la
mesure de la chaleur sut, définie par I'équation (1.2). Il a été montré dans [6] que la mesure de la
chaleur/! est absolument continue relativement a la megilréu pont brownien et il a été conjecturé que
ces deux mesures sont équivalentds sist simplement connexe. Dans cette Note, il est démontré que cett
conjecture est vraie (théoréme 2.2).

Soit Z; () la dérivée de Radon—Nikodyfdv /du?)(v). Soit N = {y € L; Z;(vy) =0}.

NotonsH'(K) le sous-groupe des lacets d’énergie finie. Utilisant la quasi-invariance de la mesul
12 (voir [9]) et celle dev? démontrée dans [4] sous les translations a gauchéipék’), on montre
gu'essentiellement N = N pour touth € H*(K). Utilisant le théoréme d’ergodicité de Gross. (8]
et Aida [1]) on en déduit ou bienY (V) = 0 (ce qui est impossible) ou bien qu@(N¢) = 0.

Note présentée par Paul MALLIAVIN .
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Une généralisation de ce résultat a des groupes qui ne sont pas simplement connexes est faite.

1. Introduction

Let K be a connected compact Lie groups K be the identityg = T, K be the Lie algebra ok and
(-,-) be anAd k-invariant inner product of (To simplify notation later we will, without loss of generality,
assume thak is a matrix group.) The loop group di is defined by

L=L(K)= {760([0, 1],K) :v(0) =~(1) ze}

and whenk is not simply connected, we I€}, denote those loops il which are homotopic to the constant
loop ate € K. We view L as a topological space equipped with the topology of uniform convergence.

Let 1Y denotepinned Wiener measussith variancet. This measure may be described as the law of
the procesqy; : 0 < s < 1} pinned so thay; = e, whereg is the solution to the Stratonovich stochastic
differential equation

dgs = gs o Vtdb, with go =e.

Hereb is a standard-valued Brownian motion with covariance determined(hy). As introduced in [5]
and [10], theheat kernel measure’ on £ is the timet distribution of a certainC-valued Brownian motion
which we now describe.

Let {X(t,s)}gfjilo be at-valuedBrownian bridge sheeti.e., x is a ¢-valued centered continuous

Gaussian process such that
E[(A,x(t,5)){B,x(r,0))] = (A, B) min(¢,7) (min(s, o) — 0's) (1.1)

forall s,0 €10,1],¢,7 € [0,00) andA, B € t. Let X(¢, s) for 0 < ¢ < oo and0 < s < 1 denote the solution
to the Stratonovich stochastic differential equation (with s as a parameter),

Y(dt,s) = X(t,s) o x(dt,s) with 3(0,s)=e, Vs € [0,1]. (1.2)

By Malliavin [10] (seealso Baxendale [3] or Driver [4]), we may and do chod$g, s) to be jointly
continuous in(t, s). Theheat kernel measure at timet > 0 is the law of the process— %(t, s) € K.
Notice by construction that?(L,) = 1. For further details and motivations for these constructions the
reader is referred to [4-6].

In [6], it was shown that/{ is absolute continuous relative td and it was conjectured that these two
measures are equivalentif is simply connected. In this Note, we will prove in Theorem 2.2 that this
conjecture is true. The proof is based on an elementary fact (Lemma 2.1 below) on the equivalence of t
quasi-invariant measures.

2. An elementary lemma and the equivalence af? and !

Let X be a topological group and be a subgroup. For a finite Borel measurandh € Y, define the
new measure” on X by v (A) = v(h- A), whereA is a Borel measurable subset dndl = {hx | z € A}.

We recall the basic notion of measures on groups. We say/tisajuasi-invariant relative to if " is
equivalent tav for all h € Y. For a quasi-invariant measureelative toY’, v is said to be ergodic relative
to the left action oft” if a Borel measurable subsdtsatisfyingv((A~ h-A)U (h- A~ A)) =0 for any
h €Y, implies that either(X ~ A) =0o0rv(A)=0.
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LEMMA 2. 1 — Letr; andv, be quasi-invariant finite non-zero measuresomelative to a subgroupy’.

Letal(z) = ( ) (¢=1,2). Suppose that
1) vyis ergod|c relative taY” and that
2) v, is absolute continuous relative tq.
Thenv, andwv, are equivalent.

Proof. —Let Z(x) = 3”2 (x). We need only prove that (z) > 0 for v4-a.e.x. We will do this by showing
thatuy (N) = vi({z € X | Z(z) = 0}) =
By definition of o (z),

/fh Loy dv;(x /f x)dv(z) (i=1,2) (2.1)

for all bounded measurable functiofison X andh € Y. Using equation (2.1) and the definition Bfwe
have

/Xf(h_lx) dl/g(.T):/Xf(h_l.T) x)duv (z /f Z(hx)a (z) duy ()
and

/Xf(h 2) dua(e /f )l (2) dvs ( /f )l (2)Z(x) dvi (z).

Since these equations hold for all bounded measurable functions, it follows
Z(hx)a(z) = Z(z)abk(x) for v -a.e.r, (2.2)

for all h € Y. Similar calculations shows that® ' (ha)a(z) =1 for v-a.e.z, i = 1,2, andh € Y. In
particular,

al(x) >0 fory-a.e.r. (2.3)
Thus we may write equation (2.2) as

=

h
2

(z)
(z

~

Z(hz) = Z(x)

2 (2.4)
1

o

~

By equations (2.3) and (2.4) and the fact thatN) = 0,
h-N =N uptoav;-null set

for all h € Y. Hence by the ergodicity of;, eitherv; (X ~ N) =0 or v, (N) = 0. Sincew, is not zero we
knowv (X ~\ N) > 0 and thereforey; (N) = 0 which completes the proof.O

Now we are going to prove the equivalence of heat kernel measure and pinned Wiener meagifre. Let
be the restriction of the pinned Wiener measuité¢o £,. The absolute continuity of’ with 1. was proved

in [6]. Let Z,(7) = ().

THEOREM 2.2. — The Radon—Nikodym derivativé (v) is positive forii?-a.e.y. Namely,.? and v
are equivalent orCg.

Proof. —Let H!(K) andH!(K), denote the subgroups of finite energy loopiand £, respectively.
The quasi-invariance of then-pinned measure relative &' (K) is standardgee[2,7,11]). However, the
quasi-invariance of pinned Wiener measure relativélt¢K) is much more delicate and is due to M.-
P. Malliavin and P. Malliavin [9]. The quasi-invariance of heat kernel meagtirelative toH' (K), was
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proved in [4]. Furthermore the ergodicity @f relative toH!(K), was proved by Gross [8éealso
Aida [1] for this result and its generalizations). Hence the theorem is a consequence of Lemma 2.1 af
settingX = Lo, Y = HY(K)g, v1 = @ andvy =), O

COROLLARY 2.3.— For eachh € HY(K), let v{(h, A) := v?(h"1A)— heat kernel measure of
starting ath. LetIl C H'(K') be chosen so that to each homotopy class,ithere is a unique representative
inIL. Theny and )", . v¢ (h, -) are equivalent measures @h

Proof. —For h € H!(K), let £;, denote those loops id which are homotopic té.. By Theorem 2.2,
v?(h,-) is equivalent tqi? (h=1(-)) on L, 1. By the quasi-invariance qf? relative toH! (K), it follows
that i) (h='(-)) is equivalent touf|., _, on L;,-1. Thereforey? (h,-) is equivalent tau?|, _, on L,
and hence_, ., v/ (h,-) is equivalent toy, . il |z, ., =pf. O

h—1
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