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1. INTRODUCTION

Let M be an n-dimensional oriented Riemannian manifold (not
necessarily complete) without boundary and E a smooth Hermitian vector
bundle over M. Denote by I'(E) the smooth sections of E. Further assume
that L is a second order elliptic differential operator on I(E) whose prin-
ciple symbol is the dual of the Riemannian metric on M tensored with the
identity section of Hom(E). In this paper we derive stochastic calculus for-
mulas for De o and e“Da where acI(E) and D is an appropriately
chosen first order differential operator on I'(E).

As an example of the kind of formula found in this paper, let us consider
one representative special case. Namely suppose that M is a compact spin
manifold, £=S is a spinor bundle over M, D is the Dirac operator on
I'(S) and L= — D> Let scal denote the scalar curve of M. Then

(e~ ™PDa)(x) = (De ™ TPa)(x)

1 T
= ELe™ R Il o )17 a( X (X)),

where X,(x) is a Brownian motion on M starting at x € M, //, is stochastic
parallel translation along X,(x) in S relative to the spin connection, B, is
a T, M-valued Brownian motion associated to X,(x) and yp, is the Clifford
multiplication of B, on S,. This result is described in more detail in
Section 5.2 below.

It is also possible to get a formula for D% o by iterating a minor
generalization of the previous formula. For example if 0 < 7, < T then

—TD?2

(D%~ PPa)(x)

1 T
- - —(1/8) fo scal(X(x)) dt, 1 .
TT(T—T,) Efe ’ Vor,VBr—8n /] 7 U X7(X))];

see Theorem 7.4 below.

There are a number of other related approaches to derivative formulas
in the literature; see for example Norris [44], Elworthy and Li [24, 26],
Stroock and Turetsky [54, 55] and Hsu [34, 35].

Let us end the introduction with a short outline of the paper. Section 2
introduces the basic stochastic and differential geometric notation along
with the standing Assumption 1 used throughout the paper. Geometric
examples satisfying Assumption 1 are also presented here. More details on
the notation and the examples of Section 2 may be found in Appendix A.
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Section 3 introduces a number of local martingales associated to the
geometric data of Section 2. Theorem 3.7 and Corollary 3.9 of this section
are fundamental to the rest of the paper. In Section 4 we describe some
general heat equation derivative formulas under the assumption that the
local martingales introduced in Section 3 are in fact martingales, see in par-
ticular Eqs. (4.22) and (4.23).

Section 5 illustrates our results for compact M. Dirac operators are
covered in Section 5.2 and the differential d and co-differential d* are
treated in Section 5.3. Heat equation derivative formulas involving
covariant derivatives are covered in Section 5.4, and Section 5.5 in the con-
text of 1-forms. In Section 6 we show how to relax the compactness
assumption on M. Some technical heat semi-group properties used in the
section are gathered in Appendix B.

Section 7 is devoted to higher derivative formulas. The ideas are
illustrated in Theorems 7.4 and 7.7. Theorem 7.4 gives a formula for the
square of the Dirac operator on spinor valued solutions to the heat equa-
tion while Theorem 7.7 gives a formula for the Hessian of a solution to the
scalar heat equation.

2. GENERAL STOCHASTIC AND GEOMETRIC NOTATION

2.1. Brownian Motion on M

Let M be an n-dimensional oriented Riemannian manifold (not
necessarily complete) without boundary, (-, - ) be the Riemannian metric
on M, and VI be the Levi-Civita covariant derivative on TM. Let (Q, 7,
{Z,} =0, P) be a filtered probability space satisfying the usual hypothesis,
and for each xe M let { X(x): 1 <{(x)} be an M-valued Brownian motion
on (Q, #, {Z,},50, P), starting from x, with possibly finite lifetime {(x).
Recall that X,=X,/(x) is said to be an M-valued Brownian motion
provided that X is a diffusion process such that

MLi=fX) —fX) =4 [ 47X ds on (1<)

is a real local martingale for every fe C®(M). Here Af denotes the
Riemannian Laplacian of f.

2.2. Covariant Derivatives and Parallel Translation

Let E—> M and E— M be two vector Pundles over the Riemannian
manifold M. Further assume that £ and E are equipped with covariant
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derivatives, VZ and V% respectively. In the case that E and E are Rieman-
nian vector bundles with fiber metrics (-, - )z and (-, - )z respectively, we
will always assume that VZ and V¥ are metric compatible covariant
derivatives. Given a smooth curve o: [0, co[ —» M, let

//t ( ooy M — Tyy M, //f(a): E,0) = Eo and
//t( o) a(O)_’Ea(t)

denote parallel translation along o up to time ¢ relative to V', V¥, and
V% respectively. The corresponding stochastic parallel translations along the
Brownian motion X.(x) will simply be denoted by //7*: T M — Ty, M,
//E: E, - Exy, and //E: E, - E ., respectively.

Notation 2.1. In what follows, let -, - > denote the pairing between a
vector space V and its dual space V*. For a linear operator C: V' — W, let
C™ W* — V* denote the transpose of C. If ¥ and W are inner product
spaces, C*: W — V will denote the adjoint of C relative to the inner
products on V' and W. The inner product on ¥ will be denoted by (-, -)

or (+, +)y.

The covariant derivatives V7™, VZ and V¥ induce covariant derivatives
on any vector bundle & over M which is constructed by taking tensor
products of the bundles TM, E, E and their dual bundles. In order to sim-
plify notation we will simply write V for the induced covariant derivative
on any such vector bundle & and similarly we will write //,: &, — &y, for
stochastic parallel translation and R for the curvature tensor relative to this
covariant derivative.

EXAMPLE 2.2. Suppose that § =TM ® E*® E and that vQa®@ € &,
then

Jv@a®)=(//TMo)® ((//F) " ) ® (/7€) (2.1)
and for a, be T M,
R(a,b)(v®@a®<&)=R™(a,b) v@a®<
+0@ (—aoRF(a, b)) ®E+vQ@a® RE(a, b) &,
where (//E%) 1o :=oo(//F) "' and R™, RE, and RE are the curvature ten-

sors for VI, VE and V* respectively. Our convention of denoting parallel
translation and the curvature tensor as //, and R respectively on all bundles
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associated to TM, E, and E leads to the strange looking identities,
/" =//7" and R*= —R. For example, on § =TM Q E*Q E,

1E =T @ (U ® (/)
A AU - YV

which is //;! on *=T*M® E® E*. Similarly, R"*= —R is a conse-
quence of the fact that, in general, RE* = —(RE)™,

DerFNITION 2.3.  The orthogonal frame bundle of M will be denoted by
O(M). Given a point x € M, the principle bundle O(M) may be realized as
UmeM Om(M)a Where

0,(M):={u:T.M— T, M|uis an isometry}.

(The base point x will be suppressed from the notation since different x’s
lead to equivalent principle bundles.) Let z: O(M) — M be the fiber projec-
tion map defined by n(u)=m if ue 0,(M) and let 3 be the T, M-valued
one-form on O(M) defined by $(&)=u"'n ¢ for all £e T, 0(M).

DEFINITION 2.4 (Brownian Motion on 7,M). Associated to the
Brownian motion X,(x) on M is a T, M-valued local martingale B, defined
on [0, {(x)[ by the Fisk Stratonovich stochastic integral,

Bii= [ /17X, x) 1= | 9067,

see [22, 28].

2.3. Laplacians and First Order Differential Operators

For a vector bundle E over M, let I'(E) denote the smooth sections of
E. In case of a Riemannian vector bundle E over M, let L*(E) denote the
square-integrable sections relative to the Riemannian volume measure on
M and L>-T'(E) the square-integrable smooth sections of E.

DErFINITION 2.5 (Horizontal Laplacians). The horizontal Laplacians
O: I(E)—> I(E) and O: I'(E)— I'(E) are the second order differential
operators given by

2 ~
V€i®eia’
1

Oa:=Y Vig,a and Oa:=

i=1 i

NGE

n

where {e;}7_, is any local orthonormal frame of TM and for a e I'(E)

Vet = (Vi) a—Vim,a (2.2)
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with Vﬁ@eid being defined analogously. In other words, [J is given as the

following composition,

VI*M®E

0: NE) S N(T*M ®E) NT*MQT*MQ E) -5 I'(E)

DEFINITION 2.6 A multiplication map from E to E is a smooth sec-
tion m of the vector bundle Hom(7*M ® E, E) ~TM® E*® E. To each
multiplication map m we define a first order differential operator D,,:
I'(E) - I'(E) by

D,,a=mVa. (2.3)
Notation 2.7. For ve T, M, let m, e Hom(E,, E.) be given by
m,&:=m((v, ) @) e E,

for all £ € E.. In the following we will typically describe m by describing m,,
for ve TM.

DEerFINITION 2.8 (Compatibility with V). A multiplication map m is said
to be compatible with V provided Vim =0, i.e.

Vf(mxa) =My a + my(VEa)

for all Xe I(TM), ae I'(E), and ve TM.
Since aeT*M®E,~Hom(T M, E) may be written as a=>7

i=1

(e;,-)®a(e;) where {e;}7_, is an orthonormal frame for T, M, it follows
that

ma="Yy mja(e,). (2.4)

(Dja)c=Y m,V,a, (2.5)

where a € I'(E) and {¢,}7_, is an orthonormal frame for 7, M.

DEerFINITION 2.9. To each multiplication map m, there is a dual multi-
plication map m"™ which is the smooth section of the bundle Hom(7T*M ®
E*, E*) determined by m'" = (m,)* for all ve TM. If E and E are Rieman-
nian vector bundles, the adjoint multiplication map m* from E to E is
determined by m} :=(m,)* for all ve TM.
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Remark 2.10. It is easily checked that if m is compatible with V then so
is its dual m" and its adjoint m*. Moreover, if m is V-compatible, then
/7 m=m, /|7 m"=m" and //;'m* =m*. More precisely

(//E) m//er//f,
(/[ £ mjjru, (//Foy =1,

and
=(//B) "  m}w, |/E

for all ve T, M. Also recall that when VZ and VE are metric compatible
covariant derivatives, then (/%)== (//E)* and (//F)~' = (//F)*.

In geometrically natural situations one is often presented with the follow-
ing formalism.

Assumption 1. We suppose that m is a multiplication operator and L
and L are given second order differential operators on I(E) and I(E)
respectively which satisfy the following conditions.

1. The operators D :=D,,, L, and L obey the commutation relation:
DL=LD —p,

for some p € I'(Hom(E, E)).

2. The operators #:=0—L: I(E)—I(E) and % =0-1:
I(E)— I'(E) are zeroth~ order operators, i.e. # and # are sections in
I'(End(E)) and 7(End(E)) respectively.

2.4, Examples

Let us now gives some examples where Assumption 1 is satisfied. More
detailed comments about these examples and the general setup may be
found in Section A.3 of Appendix A.

ExampLE 2.11 (Exterior Bundle Examples). Let AT*M:=@}_,
A*T*M denote the exterior bundle over M, Q% M) denote the sections of
A*T*M and Q(M) := @5 _, 2*(M) be the space of differential forms over
M. Let d denote the exterior differential on Q(M), d* be the co-differential
and

— —(d+d*)>= —(d*d+dd*)

be the de Rham—Hodge Laplacian on Q(M). We now give three related
examples satisfying Assumption 1 with p =0.
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1. Let E:=AKT*M, E:= A**'T*M and let m,= C, be the exterior
product or creation operator which is defined by C,a:=(v,-) A a for
veT .M, xe A*T*M and x e M. Then

De=d, =d|Q5M), L:=A4,:=A4|QM),
L=y =4|2"1(M)

satisfy Assumption 1 with p =0.

2. Let E:=A*T*M, E:=A*"'T*M and m,=A, be the interior
product or annihilation operator which is defined by 4,a := (v, -, ..., -) for
allve T .M, xe A*T*M and x e M. Then

D = —df=—d*|QNM), L=4,=4|Q4M),
L=4,_,=4|Q2 (M)

satisfy Assumption 1 with p =0.

3. Let E=E:=AT*M, L=L:=4 and let m=y be the “Clifford”
multiplication defined by y = C — A. Then

D,=d+d* L=L=4
satisfy the Assumption 1 with p =0.

Item 3 of the last example generalizes to differential forms with values in
a vector bundle. This is described in the next example.

ExaMpPLE 2.12 (Vector-valued Forms). Let S— M be a Euclidean vec-
tor bundle over M (with fiber inner product denoted by (-, - )g) equipped
with a metric compatible covariant derivative V5. Let E= E=AT*M® S
and let m be the Clifford multiplication y determined by y = C — A, where
as above C,a:=(v,-)Aa and A,a=a(v, -,..,-) for all veT, M,
ae A*T*M ® S and x e M (see Section A.1 of Append1x A for our conven-
tions). Then D,=dy+d5 where dy and d3 are the covariant differential
and co- dlfferentlal on A(E):=I(AT*M®S). Then L=L:= —D2
—(dy+d¥)* and y satisfy Assumption 1 with p =0.

ExaMpLE 2.13 (Dirac Operator on a Spin Manifold). Assume now that
M is a spin manifold and S— M a spinor bundle over M. Let V¥ denote
the spin connection on S and let S=S. Further let m,a =y, denote the
Clifford action of ve T, M on a€S,. Then D, is the Dirac operator_on

I(S) and L=1L:= —D2 satisfy Assumptlonl with p=0 and Z=% =
4 scal, where scal is the scalar curvature of M. For details on this and the
next example, see (for instance) Theorem 3.52 on p. 126 of [4].
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ExamMpPLE 2.14 (Twisted Dirac Operators). The spinor bundle S is ten-
sored with an auxiliary Riemannian/Hermitian vector bundle F over M to
give a Dirac operator of the form

[SQF) —— I(T*"M®S®F) —— I(SQF), (2.6)

where as in the previous example y denotes Clifford multiplication. Then
again L =L = — D? satisfy Assumption 1 with p=0.

ProrosiTION 2.15 (V on a General Vector Bundle). Let E— M be a
vector bundle with covariant derivative VE, RE be the curvature tensor of VE,

E:=T*M® ExHom(TM, E)

and m: T*"MQE — E = ]:*M@ E be the identity map considered as a multi-
plication map from E to E. (Notice that D,,=VE.) Given # € I'(End(E)) let

A=Ric"®15;—2RE. +1,4,,® # € I'(End(E)) (2.7)
and
p=V-RE4+ VB g c (Hom(E, E)), (2.8)

where for ne E,=T*M® E, ~Hom(T, M, E,), ve T,M, a€E,, and {e,}
again an orthogonal frame for T .M,

(RE-n)(v)= ) RE(v,e)nley), (29)
i=1

(V-REa)(v)= i (V. R")(e;, v)a, (2.10)
i=1

(VERE) ) (0) = (VENE) ) ¢, 2.11)

and Ric is the Ricci tensor of M,

Rico= ) R™(v, e;) e;. (2.12)

i=1

Then L:=0—R, L=0—%, p, and m=id satisfy Assumption 1.
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Proof. By Eq. (A.18) of Appendix A,
VELa=VEO-R)a=VEQa— (VE"E ) a— R VEa

= (0 VEa)(v) ~ Vresa +2 Y, RE(v.€) Voa

i=1

—(V-REa)(v) — (VEMBE @) g — R VEa
= (L V*a)(v)—(pa)(v). 1

2.5. The Adjoint of D,,

We will end this section by computing the formal adjoint of D,, when m
is compatible with V.

LEMMA 2.16.  Suppose that E and E are vector bundles with fiber metrics
(-, Vg and (-, -)g and that VE and VE are metric compatible covariant
derivatives on E and E respectively. Also assume that m is a V-compatible
multiplication map and let m* be the adjoint multiplication map. Then the

operator D, . I'(E)— I'(E) is the formal adjoint of —D,,. More precisely,

j (D,,S, T)Edvolz—f (S,D,.T), dvol
M M

for all smooth sections Se€ I'(E) and Te I'(E) such that S® T has compact
support.

Proof. For S and T fixed as above, let X be the compactly supported
vector field on M determined by

(m,S, T)g= (X, V) rar
for all ve TM. Let {e;}7_, be a local orthonormal frame on M, then
ei(X, e)rp =e;(m,;S, T)g=(V,(m,S), T)g+ (m, S,V T)g
= (my, S, T+ (me, V.S, T)g+(S,mgV,T)g
= (X, Veedrp+ (me, Ve, S, T)p+ (S, mE Vv, T)g.
Hence

n

(Ve,-Xs e)rm= Z LeiX, e;)rpr— (X, Ve,-ei)TM]

1 i=1

div(X) =

e

1

Z [(me,- VeiS’ T)EJ’_ (S9 m;k, VE,T)E]
i=1

= (DmS9 T)E'+(Sa Dm*T)E'
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The lemma now follows by integrating this last expression over M and
using Stokes’ theorem to conclude that

fdw ) dvol = j d(Ayvol)=0. |

Remark 2.17. An analogous proof shows that if m is a V-compatible
multiplication map, then

j (D,,S, T> dvol = —j (S, D,uT> dvol
M M

for all smooth sections SeI(E) and TelI(E*) such that S® T has
compact support.

3. LOCAL MARTINGALES

In this section, suppose that m is a multiplication map and L=0 — 2
and L=0—2 are second order differential operators on [ (E) and
I'(E) satisfying Assumption 1, ie. p:=LD, —D,,Le I'(Hom(E, E)). Let
0, €End(E,) and O, € End(E,) denote the solutions to the ordinary dif-
ferential equations,

d 1 . .

7 0,= ) 0.2, with  Qy=1idg, (3.1)
and

d ~ 1 ~ ~ . ~ .

2 0=—304, with Jy=idg, (32)

where 2, :=(//5)~' % //F and %,,:= (//F)~' % //F are linear operators on
E, and E, respectively.
Notation 3.1. A time dependent section {a,}o<,.7 of E is said to be

smooth if (z, x)+—a,(x) is infinitely differentiable for (¢, x)e 10, T[ x M
with derivatives extending continuously to [0, T[ x M.

PROPOSITION 3.2. Let m, L and L be as in Assumption 1 and Q and O
be defined by Egs. (3.1) and (3.2) respectively. Suppose further that
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{a,}o<i<7 is a smooth time dependent section of E which satisfies the

backwards heat equation,

0 1
aa,-{-iLa,:O.

For t in the stochastic interval [0, {(x) A T[, let
N;:=0,// " a(X(x))
and
N.:=0,//;" Da (X (x)).
Then the stochastic differentials of N, and N, are given by

dN,= Qt//:l V//tTMdB,at(Xt(x))

and
d]vt = Qt//;l V//,dl'i, Dat(Xt(x)) + %Q,//fl(pa,)(X,(x)) dl’
where p :=LD, — D, Le I(Hom(E, E)) as in Assumption 1.

(3.7)

Proof. The proof is an application of It6’s lemma and the commutation

relations in Assumption 1. In more detail we have,

sz = Qt//t_l V//,dB,at(Xt(x))

41 < — O R,/ a (X (x)+ 0,/ Dat(Xt(x))>
2 _Qt//t_lLat(Xt(x))

= Qt//t_l V//,dB,at(Xt(x)),

where in the last equality we used the identity,

—y)/7 )T 0=/ (O =-R)=//7'L.

dt

Similarly,
dN, = 0.//7' Va5, Da (X (x))

+1< Qt7//,//t lDa +Qt//t DDG ( ))>dl
2 —Q//;lDLa(X( ))

=0,//7'V a8, Da(X(x) +30,//7 (pa)(X(x)) dt

because

_]//,//t1D+//t DD //tlDL //t LD DL //t_lp I
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3.1. Dual Pairs

_ DeFmNITION 3.3. A pair of adapted continuous processes /, € EY and
/, € E*is called a dual pair if Z,=<{N,,/,> —{N,, ¢, is a local martingale.

THEOREM 3.4. Suppose that /, € E* and 7, € E* are continuous semimar-
tingales such that

dl,=o,dB,+ B, dt

and

d’,=d,dB,+ J, dt,

where o, € Hom(T M, EY), &, e Hom(T, M, E%), B,eE* and B, E* are
predictable processes. Then ¢ and ¢ is a dual pair provided

&=0, (3.8)
0,057, =//,0¥B,,  and (3.9)
my.// . Q“/?,—//,Q“oc v foreach veT M. (3.10)

Proof. Let Z,={(N,,7,>—{(N,, /> and write dX~dY if X— Y is a
local martingale. Computing dZ, using Proposition 3.2 gives

dZ, ~{dN,, 7> +<{N, d7,> +<{dN,, d7,> —{(N,,d/,> — {dN,, d/,>
~ (30,17 (pa )X (x)), 7, di
+ (N, B> dt+<0.//7"'V a8, Dal X (x)), &, dB,)
— ANy, By dt =< Q1 7'V apad Xy, (x)), &, dB,)
= K07 (pa) (X (x)), 7> di

<O/ 7 m//,e,V//,e, t(x))’ﬁt> dt

1

\IMa

+ _i ()7 o D X)), By
- < Qt//t_lat(Xt(x))’ ﬂt> dt
LS QY el X)) aer di.
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Keeping in mind that //,=(//;")" (ie. //Z" = ((//F)~")*) we find, by com-
paring terms involving a, V,,a, and V, , Da, that dZ, ~0 provided that
Egs. (3.8), (3.9) and (3.10) are satisfied. ||

The upshot of the previous theorem is that to make a dual pair we
should choose a =0 (i.e. d/,=f, dt),
ﬂtZ%(Q;r)_l//t_lptr//zégrit and
a0 =00/ mij, /OB, foreach veT. M.
Because the processes Q! and Q;‘ will arise often in the sequel, it is
convenient to introduce the following notation.

Notation 3.5. Let 2,:= Q% e End(E¥) and J,:= QY gEnd(E;’;). Taking
the transposes of Egs. (3.1) and (3.2) shows that 2 and 2 solve the follow-
ing ordinary differential equations:

1
%Qtz —3 %}Zﬂt with 2, =id g, (3.11)
and
d ~ I~ ~ . ~
7 9,= —3 R 2, with 2, =1idg,. (3.12)

DerFINITION 3.6 (Finite Energy Process). Let V be a finite dimensional
vector space. A V-valued process {/,} .o, 7 is said to be a finite energy
process provided ¢ is adapted and (on a set of measure one) s— 7, is
absolutely continuous and | |d/,/ds|3, ds < oo, where |-|,, denotes any one
of the equivalent norms on V. If in addition there is a pe[ 1, co) such that

T p/2
E { <j \d,/ds|?, ds> } <o,
0

then we say that {/,} .o [ is an L?-finite energy process.

We have the following immediate consequence of Theorem 3.4. In this
theorem and in the rest of the paper we will write / rather than / for a
finite energy process with values in E%.

THEOREM 3.7. Let a, N, and N be as in Proposition 32, £, € E* be a
finite energy process and define the E%F-valued process,

5

t ~ z ~
U= [ 20 LB 20 A s (33)
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where p ;= [/ p(X(x))//, and

Pl =1/ P XN/ =1/ p (X)) (3.14)

(See the remarks at the end of Example 2.2 explaining the identity |/ =
/|Tt.) Then

Zfi=<N,,/t>—<N,, Uf> (3.15)
is a local martingale on [0, {(x) A T[ and
dZ{ =< 0.//7' Y s, Dad X (X)), £,
—<LO7V apal X (X)), UT)
_<NI7Q;1//; m//,dB,//t’Qt/:‘>' (3-16)

Proof. Because of Theorem 3.4 and the comments after its proof, we
need only prove Eq. (3.16). Since we already know that Z7 is a local mar-
tingale, we need only keep track of those terms in dZ? which depend
linearly on dB,. Hence Eq. (3.16) follows from the identity

dZ! ={dN,, Y +{N,,dt,y + {dN,, d’,>
—{dN,, U,y —{N,,dU?y —<dN,,dU?)
and Egs. (3.6), (3.7) and (3.13). |

By Remark 2.10, if the multiplication operator m is compatible with V,
then

my=//Emy (/)7 =]/ m
for all ve T, M. Hence, the formula for U7 in Eq. (3.13) simplifies to
z ~
Uf’:J0 27 mt, 30+ j 271 p 3/, ds. (3.17)

Remark 3.8. Suppose that /, € E_ is a finite energy process. Under the
further assumption that £ and E are Riemannian vector bundles and m is
compatible with V, the results of Theorem 3.7 remains true with U7 and Z7
defined by

t - t ~
UL = [ (07 mis, 02 it 3 [ (071 p},0200ds (318)
0 0
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and
Z{:=(N../)g—(N,, U)g, (3.19)
where p}, 1= //7' p*(X(x))//s.

We will finish this section with another equivalent version of
Theorem 3.7.

COROLLARY 3.9.  Suppose that m is compatible with V ( for simplicity),
k, is an E*-valued finite energy process and a and N are as in Proposition
3.2. Also define:

N, :=//71 Da(X(x)), (3.20)
jg m (K, + L jg 1pt k, ds (3.21)

and
25:= (N, k,> —{N,, O%>. (3.22)

Then Z* is a local martingale on [0, {(x) A T[ whose It6 differential is given by

dZ* ={J/7MV ), ap, Da (X (X)), k>
- <Qt//t_1 V//,dB,at(Xt(x))s Ultc>
— Q7N miy (K, + 3R k). (3.23)

Proof. Comparing Egs. (3.5) and (3 20) shows that N,= Q,N,. Define
the finite energy process 7, by /, :=(2,) ' k, so that k,= 3,/,. Because

ki=3,0—3R% 3, =30, — 3R k,, (3.24)
it follows from Eq. (3.17) that U*:= U ¢. This identity and
(Nt =CON,.(2) k> =(N. k>

shows that Z%=Z7 as well. By Theorem 3.7 Z¥=Z is a local martingale
on [0,l(x)AT[ and by Eq. (3.16) and Eq. (3. 24) the differential of Z’,‘ is
given by
dZ5 =017V yap, Dad X (X)), (2,) 7" k)
- < Qt//:l V//,dB,at(Xt(x)), U]tc>
— (N 27 migy (ki 3 R k)
which is the same as Eq. (3.23). |
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4. THE FUNDAMENTAL DERIVATIVE FORMULAS

In this section, we will give a number of derivative formulas under the
assumption that the local martingales in Proposition 3.2 and Theorem 3.7
are in fact martingales. In the later sections we will verify this hypothesis
in a number of cases. To simplify notation, we will from now on assume
that the multiplication map m is compatible with the covariant derivative
V. Thus the assumptions which are in force in the remainder of the paper
are:

Assumption 2 (Standing Assumptions). Let E and E be vector bundles
endowed with covariant derivatives. Assume that L, L, and m are given
satisfying Assumption 1 and that m is compatible with the covariant
derivatives.

All of our examples in Section 3 satisfy this assumption. The following
theorem contains the basic derivative formulas in this paper.

THEOREM 4.1 (Basic Derivative Formulal). Let a be a solution to
Eq.(3.3) and Q and Q be given by (3.1) and (3.2). Also let T be a stopping
time bounded by T < oo such that T <((x) and let /, € E* be a finite energy
process on the stochastic interval [0, t]. Assume that © and / have been
chosen such that

ECO.//7" DadXx)), )1 < oo, EKQ.//7 adX(x)), UD| < 0,

where U’ is defined in Eq.(3.17). Further assume (Z°)*:=Z7 _is a mar-
tingale where Z? is the local martingale in Eq. (3.15). Then
[E[ <Da0(x)! /0>] = [E[ < Qr//;l Dar(Xr(x))s /r>]
—E[{Q.//; 'alX(x)), US> 1. (4.1)
Therefore,
1. if£,=0 and {,=¢ € E* then
<DCIO(X), é> = _[E[<Q’L'//;1a’[(XT(x))ﬁ Ui>:|9 (42)

2. orifly=0 and /.= &€ E* (where & may be random here) then

E[<O.//; " Dal(X (X)), E>1=E[{Q.//;  al X (x)), U] (43)

Proof. Since we have assumed that the expression (Z7)” in Eq. (3.15) of
Theorem 3.7 is a martingale, it follows that EZ{=[E(Z*)3.=EZ7, ie.

T

E<Nra /1:> - HE<j\705 /0> = HE<N,[, Uf>



HEAT EQUATION DERIVATIVE FORMULAS 59

which along with the definitions of N, N in Proposition 3.2 proves
Eq. (4.1). 1

Remark 4.2. Suppose that /, € E, is a finite energy process. Under the
further assumption that E and E are Riemannian vector bundles and m is
compatible with V, Theorem 4.1 remains valid with all pairings (-, - )
replaced by the appropriate inner products (-, - )z or (-, - )z and all trans-
poses replaced by adjoints and U’ defined as in Eq. (3.18) above.

THEOREM 4.3 (Basic Derivative Formula II). Let a be a solution to
Eq. (3.3) and Q be given by (3.1). Also let T be a stopping time bounded by
T< oo such that T<({(x) and let k, € E* be a finite energy process on the
stochastic interval [0, t]. Assume that © and k have been chosen such that

E </ DalX(x), k. yl < oo, EKQ.//; alXo(x)), U] < oo,

where U* is defined in Eq.(3.21). Further assume (Z*)*:=2Z* _is a mar-
tingale where Z* is the local martingale in Eq.(3.22). Then
E[{Dag(x), ko> 1=EL//; ' Da(X(x)), k)]
—E[<Q.//7 aXo(x)), US> ]. (4.4)
Therefore,
1. ifk,=0 and ky=¢ € E* then
<Da0(x)s é> = _[E[<Qr//;1aT(Xr(x))5 U]':>:|9 (45)

2. orifke=0 and k,=¢& e E* (where & may be random here) then

E[<//7" DalX(x)), &) T=E[{Q.//  aX(x)), Us>]. (46)

Proof. The proof is the same as Theorem 4.1 except that we use
Corollary 3.9 in place of Theorem 3.7. ||

The formulas appearing in Theorem 3.7 take on a simpler form when m
is compatible with V and ¢, is of the form /,=/,¢ where /, is an R-valued
finite energy process and ¢e E*. To write out these formula, it is con-
venient to introduce the process V2 € Hom(E,, E,) by

_ t t
Vi=| 7:0miw 07 +1| 7.0.p,,05" ds. (4.7)

where p, :=//7"p(X(x))//, and the E _-valued process

=/,N,~V’N,. (4.8)
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COROLLARY 4.4. Let a be a solution to Eq.(3.3) and Q and Q be given
by (3.1) and (3.2). Also let T be a stopping time bounded by T < oo such that
t<{(x) and let £, be an R-valued finite energy process on the stochastic
interval [0, t]. Assume that t and { have been chosen such that

EN7.0.//7 DalX(x))| <oo,  EIVIQ.// alX(x))| <0,

where V7 is defined in Eq.(4.7). Further assume (Z°)*:=Z7

ef S ag IS a mar-
tingale where Z? is the local martingale in Eq.(4.8). Then

Day(x) =E[7,0.//;7" Da (X (x))]—E[V]0.//7 a(X(x))]. (49)
Moreover,

1. if/,=0and ly=1 then
Day(x)=—E[VI0,// a (X (x))], (4.10)
2. orifly=0and/ =1 then

ELO.//; " Da (X (x)]=E[V]Q.//; " alX(x))]. (4.11)

In the remainder of Section 4, we will illustrate the type of formulas that
can be derived from Theorem 4.1. For now we will just assume that the
hypothesis of Theorem 4.1 or Corollary 4.4 are satisfied. The subsequent
sections will address the issue of verifying these hypotheses in a number of
different contexts.

In order to apply Theorem 4.1, it is necessary to have a solution a to
Eq. (3.3). There are basically two choices which will be used in the sequel:
(i) a,= e T~ L2y where a e I'(E) and (ii) a, =« where La=0. The second
case is formally a special case of the first.

4.1. Feynman—Kac Formulas

For this subsection, we will assume that the lifetime &(x) of the
Brownian motion is infinite. We begin by recalling the Feynman-Kac
representation for e~ and e~

ProrosiTION 4.5 (Feynman-Kac). Suppose that o and & are smooth
sections of E and E such that there exist smooth solutions to the partial
differential equations

—u(t)== Lu(t) with u(0)=oa (4.12)



HEAT EQUATION DERIVATIVE FORMULAS 61

and
—i(t)== Li(t) with #(0)=4. (4.13)

Further assume that there is a solution to Eq.(4.13) when d = Da. We will

write ™o for u(t), respectively e'“& for ii(1), and ¢'T* Da for the solution

to Eq.(4.13) when &=Da. Let a,=u(T—1)=e """, respectively,
a,=i(T—1t)=eT"L2% and let N, and N, be defined by Egs. (3.4) and
(3.5). If the local martingales N, and

- Q,//;ldt(Xt(x))

are in fact martingales for 0 <t < T, then

(e™20)(x) =E[ Q7//7 ' (X 7(x))], (4.14)
(ePa)(x) = EL O// 7' &( X 1(x))]. (4.15)

Under the further assumptions,

() | E10upy Q7' Nel di< o0 (4.16)

(with p,, as in Eq.(3.14)) and (ii) the local martingale

= [ 017V a5, DX, () (4.17)

is a martingale on [0, T'], then

(eTE2 Do)(x) = (De ™) (x)
+;[E[< JOT Qerldr) Or//7 o Xp(x)) | (4.18)

Remarks 4.6. (1) Equation (4.18) is a stochastic version of Duhamel’s
principle.

(i1)) The hypotheses of the previous proposition are easily verified
when M is compact, see Proposition 5.1 below.

Proof (of Proposition 4.5). Since N, is assumed to be a martingale,

(e™20)(x) =E[No]=E[ N1 =E[Q7// 7' a(X7(x))]

which proves Eq. (4.14). The proof of Eq. (4.15) is similar and so we omit it.
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Taking expectations of Eq. (3.7) of Proposition 3.2 and using Eq. (4.15)
with & = Da, we find that

(e7E2 Da)(x) = E[ O7//7' DU X 7(x))] =E[N7]

T ~
= ELNGI+E [ 017 (pa)(X () di

= (De™a)(x)

+%[ELT 0./ (X X))/, Q7 1 Q) T ad X (x)) dt
= (De™a)(x) + 3E fTQ,p//tQt’lN, du. (4.19)

Note that Eq. (4.16), along with the martingale property of N,, implies
as well that

T ~
| E10:p),07 N, di < . (4.20)
0

To simplify notation, let I, := Q,p//tQt_l. From the bounds in Egs. (4.16)
and (4.20) and Fubini’s Theorem, it follows that

E|[Nypl<oo and E|IN,| < (4.21)

for almost every 1€ [0, T]. At any ¢ where Eq.(4.21) holds, one shows
using the martingale property of N, that E[I,N,]=E[I,N,]. (This is
done by first truncating I, and then passing to the limit.) Since
E[I,N,]=FE[I,N;] for almost every ¢, we find that

T _ T T
E[ 00 'Nodi=| ELIN]di=[ ELI\Ng]dr,
0 0 0

which along with Eq. (4.19) implies Eq. (4.18) since
Np= QT//;laT(XT(x)) = QT//;I“(XT(X))~ |

4.2. Semigroup Derivative Formulas

Let a,=e'7=912y where ae I'(E) and e’ is the semigroup generated
by a suitable extension of L. Taking =T in Theorem 4.1, we find the
following derivative formula from Eq. (4.2),

(De™Pu(x), &) = —E[{Qr//7 ' X7(x)), UL ]
for any ¢eE* (4.22)
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where / is an appropriate finite energy process with values in E* such that
{r=0 and /,=¢&. Similarly, using Proposition 4.5 and Eq. (4.3),

CeTE2 Da(x), & = E[{ Qr//7" Da(X7(x)), €]
=E[{Q7//7 X 1(x)), U} ]
for any ¢&eE¥, (4.23)

where now /;=¢ and /4, =0.

Remark 4.7. 1t is interesting to notice that by choosing 7, to be ran-
dom, we may also use Eq. (4 3) of Theorem 4.1 to get a formula for
eTL2Da(x) for any operator L on I'(E) of the form L = ] — . To do this,
let

d 4 A s A
7 0,= Q R, with  Qy,=idz, (4.24)

where %// —(//Ey~' % //E, and choose / such that /,=0 and /,=
(007" & with ¢ e E* non-random. Then by the Feynman—Kac formula
(Proposition 4.5)

CeTE2 Da(x), &> =E[{ Or//7" Dar(X1(x)), &) ]
=E[{O7//7' Dap(X1(x)), (0707 D]

=E[<Or//7" Dar(Xr(x)), (7). (4.25)
This equation along with Eq. (4.3) and a,=a implies that
(€™ Da(x), &) =E[{Qr//7 ' dX1(x)), Up> ], (4.26)

where 7 is an E*-valued process such that /,=0 and /,= (QTQ;I)tr .

Remark 4.8. Equations (4.22) and (4.23) provide stochastic formulas
for De™"x and e""? Da, not containing derivatives of the section a. These
and related formulas rely on the fact that one of the local martingales given
by Eq. (3.15), or Eq. (3.19), or Eq. (3.22), is a martingale for certain choices
of a finite energy process {/,}, respectively {k,}. Nevertheless there is an
essential difference between formula (4.22) and (4.23). To get the formula
for De™/%x, we need to know that the local martingale

Zf=<ﬁts/t> _<Nt’ Uf>,

as given by Eq. (3.15), is a martingale for a finite energy process ¢ such that
lo=2¢ and /-=0. As we shall see (Section 6), this can always be achieved
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(independently of whether M is compact or complete), for instance, by tak-
ing /,=0 already for s>t A T where 7 is the first exit time of X(x) from
some relatively compact neighborhood of x. On the other hand, to get the
formula for e”*? Da, the martingale property for Z is exploited where now
4o =0 and /;= ¢, which no longer is a local problem. It implies the second
equality in (4.23), which combined with the Feynman-Kac representation
for eT42 D gives both equalities in Eq. (4.23). As will be seen in Section 5,
the martingale property in this case is easily checked if M is compact (for
most applications, completeness of M is sufficient), but it is not automati-
cally satisfied in general. For instance, sticking to the case p =0 for sim-
plicity, and under the assumption that Z? is a martingale also for 7, = ¢&, we
get the formula

((De™Pa)(x), &Y = E[{ Dr//7" DX 7(x)), €]

which combined with Eq. (4.23) shows that De”a = ¢ D, see also
Eq. (4.18). The validity of such commutation rules is known to be an
intriguing question for (non-complete) Riemannian manifolds.

4.3. Harmonic Section Derivative Formula

Suppose that aelI'(E) is a L-harmonic section (i.e. La=0) defined
locally in a neighborhood 7~ of x. Let 7 be the first exit time of X,(x) from
some relatively compact neighborhood of x which is contained in 7. If
{/,}o<i<. is a bounded L'-finite energy process (ie. (|§[/'(s)|*ds)"*e L")
such that /,=¢e E* and /,=0, then

(Da(x), & = —E[{Q.//7 " a(X(x)), UT)] (4.27)

where U? is the process defined in Eq. (3.17).

5. APPLICATIONS FOR COMPACT M

In order to avoid technical complications we will first demonstrate some
applications of the previous results under the assumption that M is a com-
pact manifold without boundary. Applications in the case that M is not
compact will be given in the next section. One key consequence of the com-
pactness of M is that {(x)= oo a.s. for all x e M. Again recall that Assump-
tion 2 (at the beginning of Section 4) is in force throughout the remainder
of this paper.
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By standard elliptic P.D.E. theory and the Minakshisundaram—Pleijel
method for constructing heat kernels we have the following facts. The heat
equation

0,a,= La, with ay=ael(E) (5.1)

has a unique solution which we write as P,a. The linear operator P,:
I'(E)— I'(E) extends continuously to a one-parameter semigroup on
L*(E), see for example Chapter 2 of [4]. The L? generator of this semi-
group is the closure L of L. To verify this last assertion, let L be the L2
generator of P, and LY denote the formal adjoint of L. Then using the
result in [4], LT generates (in the same way L generated P) the adjoint
semigroup P}. Therefore, for ae Z(L) and b e I'(E), we have that

(fab) =41 (Pab)=2] (0 PFb)=(a L)

dr 0+ Lo+

This shows that L < L__ « L= (L")*. However, by basic elliptic regularity
theory, Z((L")*)= 9(L)=H 2_the Sobolev space with two derivatives in
L?. Therefore, L =L = (L")* From now on we will write ¢’* for P,.

PROPOSITION 5.1.  Suppose that o and & are L?* sections of E and E
respectively, then the Feynman—Kac formula in Egs. (4.14) and (4.15) of
Proposition 4.5 are valid. If we further assume that « is an H' section of E
(ie. o« is an L? section of E with one weak derivative in L?), then Eq. (4.18)
is valid as well.

Proof. Using a continuity argument, it suffices to prove Egs. (4.14),
(4.15) and (4.18) under the assumption that « and & are smooth sections
of E and E respectively. Since M is compact, Q,, Q; ! and 0, are bounded
by e, where K is a non-random constant depending on the bounds on
2 and Z. Using these facts and the assumed smoothness of a and &, it is
easy to see that the assumptions in Proposition 4.5 are satisfied. ||

Remark 52. A simple consequence of Eq.(4.18) is that De™?a=
e't2 D when p = 0. Of course this may be proved directly as well. Indeed,
for ae I'(E), a,= De'™?x and b,=e"™? Da are both solutions to the heat
equation 2a, =1Ta, with initial condition a,|,_,=Dax. Uniqueness of
solutions to the L heat equation gives a,=b,, i.e.

De™?q=¢T> Dy for all aell(E).

By continuity, the previous equation extends to all H' sections « of E.
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For a more general account on the elliptic theory of the heat equation
(5.1), including elliptic boundary problems in the case of compact
manifolds with boundary, the reader is referred to Agranovich [ 1], Grubb
[33], as well as Seeley [47, 48, 497.

5.1. Corollaries of Theorem 4.1

COROLLARY 5.3.  Suppose that o is a bounded measurable section of E
and Ee E*. Let {/,} o< ,<1 be an L'-finite energy process with values in E*
(see Definition 3.6) such that {7=0. Then, with £ :=/(, € E¥,

(De™u(x), &) = —E[ Or// 7' (X 1(x)), U5 T, (52)

where U’ is given by Eq.(3.17). More generally, letting pe(l, 0) and
g=p/(p—1) be the conjugate exponent of p, if {/,}o<,<r is an L-finite
energy process and o is an L? section of E, then Eq.(5.2) is still valid.

Proof. We will apply Theorem 4.1 with a,(x) := (T ~9%2x)(x). By the
Burkholder-Davis—Gundy inequality, there exists a constant C, depending
only on ge[1, o0), K and T, such that

q T q/2
sC[EKJ |f’,|2dt> }
0

E

T
-1 .tr ) pf
J‘O ”@s mdB:”@s/s

and also

E jT:Q—lp":@”/ ds
0 []s=8%s

s

< C[EKJOTMSPds)q/T
<C </g+ E { (LT VAk ds>q/2] >

These equations together show that U% is Lé-integrable.

First suppose that o is a bounded measurable section of E. As in the
proof of Proposition 5.1, the local martingale N of Proposition 3.2 and Z*
of Theorem 3.7 are already martingales. In case |De*x| is not bounded on
(0, TT x M it may be necessary to first modify / such that /(7T —¢) =0 for
some small ¢ >0 and then to take the limit as ¢ — 0, see [ 58] for details.

Finally, if pe (1, c0) and {/,} y<,<7 is an L?finite energy process, then
both sides of Eq. (5.2) depend continuously on « € L?(E), hence it suffices
to prove Eq. (5.2) when « is smooth. But for smooth « it is easy to verify
the hypothesis of Theorem 4.1. |
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COROLLARY 5.4. Suppose that oI (E ) is an L-harmonic section (i.e.
La=0) and é € E*. Let {4} o<.< 7 be an L'-finite energy process with values
in E* such that {7=0 and {y=¢ € E*. Then

(Da(x), &) = —E[{Qr//7 (X 7(x)), U7 ], (5.3)
where again U’ is given by Eq. (3.17).

Proof. This is a consequence of Theorem 4.1 with a,:=a or directly
from the previous Corollary upon noting that e”*?a =« since La=0. |

COROLLARY 5.5. Suppose that a is a C' section of E and & E*. Let
{t}o<ier be an L'-finite energy process with values in E* such that {,=0
and (7= € E¥%. Under Assumption 2,

(™ D), &) = E[{ Qr//7 0 X7(x)), U ], (5.4)

where Uj is given by Eq.(3.17). If instead we choose ¢ as above except with
lo=C€e E¥ and (=0, then

CeTE2 Du(x), & =E[{ O7// 7 U X 1(x)), WD 1, (5.5)

where
T _ tr
w3 ([ G0t ar) ey

Proof. Equation (5.4) follows from Eq. (4.3) of Theorem 4.1 with a, :=
e T=9 L% Equation (5.5) is a consequence of Eq. (4.2) of Theorem 4.1 and
Eq. (4.18) which imply,

- E[<QT//;1aT(XT(X))7 U§>]
={(De™u(x), &>

= {(e™ Da)(x), &)
e[ ([T @0 ar) ouiratxsone) |

Remark 5.6. Suppose that E and E are Hermitian vector bundles with
metric compatible covariant derivatives. Under these conditions, the results
of Corollaries 5.3, 5.4, and 5.5 may be rewritten by replacing the dual space
E* by E, and the dual parings <-, - > by the appropriate Hermitian
metrics and then using Eq. (3.18) to define the process U?.
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5.2. Formulas for Dirac operators

Let us specialize Corollaries 5.3 and 5.5 to the case where E= E=S is
a spin bundle over M. Recall that S is Riemannian vector bundle with
metric compatible spin connection VS, see Example 2.13. In this case
R=R=1Lscal, p=0,

Or= QT: e—(1/8) T scal( Xy(x)) dr idg

X

and
, T
Ur= _fo ydBS/;s

wherein we have used the fact that y* = —y. Corollary 5.3 (see Remark 5.6)
becomes

(De=TP24(x), &) g

X

T
— | emomsrns (o). [ ants) .
0

Sx

where / is an L!-finite energy process with values in S, such that /=0
and /,=¢€S,. Taking ¢,=h,¢ in the previous equation (where ¢ € S, and
h, is an L'-finite energy process with values in R) gives

(De~TP*2q)(x)
T
— [ o~/ scallXix)) ar <j0 h;yd&)//;lam(x))} (5.6)

wherein we have used the fact that y* = —y,. Choosing #,=1—1/T in this
equation implies

1 T
(De™ ™) (x) = E[ e~ VW sl dty oo ()] (57)

Similarly, using Eq. (5.4) of Corollary 5.5 (with € S,),

(e~ TP Dy(x), &) g

X

— _F| e-® §T scal(X(x)) dt <//T10((XT(x)), JTydB /'S> } R
0 Sy
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where ¢ is an L!-finite energy process with values in S, such that /,=¢&
and /,=0. Taking /,=t&/T in the previous equation gives the same for-
mula for e~""? Da(x) as in the right side of Eq.(5.7). This of course
should be the case since [ D, L] =0.

5.3. Application to d and d*

Let E=E=AT*M, L=L=A and P,:=e¢"¥? where A is the self-adjoint
extension of 4. An application of Corollary 5.3 with m being either the inte-
rior product 4 or the exterior product C (see Example 2.11 and Defini-
tion A.1 in Appendix A for the notation) gives the following theorem.

THEOREM 5.7. Let M be a compact manifold, a be a bounded measurable
section of AT*M and ve AT M for some x € M. Then
T
P vy = —E| (Il atr. 2 [ 27w 20| (59
T
@ Pra)vy = €| (a0 20 [ 2708, 8 2.0)) | (59)
0

where ¢ is any L'-finite energy process with values in AT M such that {y=v
and £7=0, 2, is the solution to the differential equation

d 1
S A== A52, with Z=id s, (5.10)

R =17 R, and R* is the Weitzenbick curvature term described in

Eq. (A.16) of Lemma A.9, Appendix A.

Similarly an application of Corollary 5.5 with m being either the interior
product 4 or the exterior product C implies the following theorem.

THEOREM 5.8. Let M be a compact manifold, a be a C' section (H'
would do) of AT*M and ve AT M for some x€ M. Then
T
(Prday,oy =E| (7 alXs(on 2, [ 27 200) | 511
T
(Prd*a) vy =E| (17 aXno 2, [ 2708w 2,0 |, (512)

where ¢ is any L'-finite energy process with values in AT M such that {,=0
and (r=v and 9, solves Eq. (5.10) as above.
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This theorem also follows from Theorem 5.7 because dPra = Prda and
d*Pra=Prd*a for C' sections a of AT*M, see Remark B.9.

In the special case where /' =constant, the formulas (5.9) and (5.10)
have been derived by Elworthy and Li [26] from a non-intrinsic formula
by the techniques of filtering out redundant noise, as developed in
Elworthy and Yor [27]; see [23] for a general account on this.

Specializing Eq. (5.8) to zero forms gives the following Bismut type for-
mula, see [24, 56, 58].

COROLLARY 5.9. Let f: M — R be bounded and measurable, x e M and
ve T .M. Then, for any L'-finite energy process ¢ with values in T .M such
that {y=v, and (=0,

APy f1owey = —E | SO0 [ (2108,

where 9, is the Aut(T, M)-valued process satisfying the differential equation:

d 1. .
4=y Ric, 8 with %=idry. (5.13)

Proof. Letting a= fe A%(T*M) in Eq. (5.8) and using the fact that //,
and @, act as the identity on 0-forms we find that

Py froeey = —E| 0700 [ a2t

_ {f(XT(x)) fOTw/;, dB,)} :

where 2, is the restriction of the solution of Eq.(5.10) to T,.M. By
Eq. (A.17) of Appendix A 2" | TM = Ric, and thus 2, restricted to T, M
solves Eq. (5.13). |

The following theorem is a special case of Eq. (5.9) of Theorem 5.7 and
improves a result in [19] (see Corollary 5.18 below) by giving a formula
for E[V- Y(X;(x))] which does not contain derivatives of the curvature
tensor.

THEOREM 5.10. Let M be a compact Riemannian manifold, 2, denote the
solution to Eq.(5.13), Y be a smooth vector field on M, V.Y denote the
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divergence of Y, T>0 and ¢ be a real-valued L'-finite energy process. If
to=0 and (=1, then

LV YOG 00] = —E | (/7 YO0 2, [ 22, s, )| (514
0
Proof. Leta= (Y, -)eQ'(M). By Eq. (A.9) of Appendix A,

d*a= =Y A, V,a=—-Y A,(V,Y,)=—V.Y.

Applying Eq. (5.12) with v =1¢€ A% T, M) implies

ELV- Y(X7(x))]= —{(Prd*a),, 1)
T
=—E { <//;1a(XT(X)), »@Tjo 2.1 de>} ,
where we have used the fact that 2" =0 on A% TM) and %" =Ric on
ANTM) and hence that 2,|A%T . M)=id and 2,|ANT,.M) solves
Eq.(5.13). This proves Eq. (5.14) because // ;' a(X 7(x)) = (// 7' Y(X 7(x)), - ).
|

Note that compactness of M is not essential here: the formulas in
Theorem 5.8 only require the martingale property of (3.15), or (3.19), for
some 7 such that /,=v and /;=0. As indicated in Remark 4.8, this can
always be achieved and gives a formula for (dPra)(x), respectively.
(d*Pra)(x), as long as Pra is well-defined, ie. 0;'//7 a(X4(x))e L. In
particular, @ need not be differentiable. Also the finite lifetime of the
Brownian motion only effects the stochastic representation of Pra, see
Section B.1 of Appendix B but not the given argument. (See Section 6 for
precise statements in this direction.) In the situation of Theorem 5.10 this
shows that the right-hand side of Eq.(5.14) is just —d*Pra where
a=(Y,-). To verify however that

d*Pra= —E[(V-YV)(X7(x))]  (=Prd*a) (5.15)

requires assumptions (in particular, differentiability of a): it precisely
reflects the property that the local martingale (3.5) is actually a martingale,
from where (5.15) follows by taking expectations.

5.3.1. An integrated logarithmic gradient estimate for the heat kernel
on M. As an application of formula (5.14) we get the following integrated
estimate for the gradient of the logarithmic derivative of the heat kernel
on M. Of course this result may be derived by partial differential equation
techniques as well.
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THEOREM 5.11. Let M be a compact Riemannian manifold without

boundary. For every qe[1, o[ there is a constant C,< oo such that for all
t<1,

1/q9
<f [V, log px, 2)|7 px, z) VO](dZ)> <C e, (5.16)
M

where K is a bound on the Ricci curvature (Ric) of M.

Remark 5.12. This estimate with ¢ =1 may be used to show that pinned
Brownian motion on a compact manifold is a semimartingale.

Proof. Without loss of generality, we may assume that ¢ > 2. Since

ELY- Y(Xr(x)]= | pr(x.2) V- ¥(z) vol(dz)

= — | (Y(2), V..Iog pr(x, 2)) rag (. 2) vol(d2),

Equation (5.14) is equivalent to

| (7(2), V. 108 pr(x, 2)) g p1(x, 2) vol(dz)

—e| (17 Y0t 2, [ 22 s, ).

where / is a real-valued L'-finite energy process such that /,=0 and /= 1.
If Kis a bound on Ric and 1/p + 1/¢ =1, Holder’s and the Burkholder—
Davis—Gundy inequalities imply

‘ || (¥(2). V. log pr(x. 2) s P, 2) vol(dz)

|

T
<ERT(E [ Y(X7(x))|7) "7 (E ‘ | 271 aB,
0

T
<ekTE { V(X)) U £:2;" dB,
0

q> 1/q9

T
< e E YU (ol \ ("2 27 02 ar
0

q/2> 1/q

q/2> 1/q

JT/’,Zdt

0

< C, T (E | Y(Xp(x))| ) (E
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for some constant C, < co. Choosing 7, :=/T in this inequality shows,

[, (VY. 10 prtx, ) e (. 2) volld)

ST712C T (E | Y(X7(x))|)1P
1/p
— T ~12C, T <j 1Y(2)|” pp(x, 2) vol(a’z)> .
M
Now choose Y(z):=|V,log p,(x, z)|?772V,_log p(x, z) to get
| 1V.10g pr(x. 2)* pr(x. 2) vol(dz)

1/p
<T~'2C, KT <J V. log pr(x, 2)[77~ Y pr(x, 2) VOl(dZ)>
M

1-1/q
=T~ '2C e <j IV.log pr(x, 2)|* pr(x, z) VOI(dZ)) :
M

Solving this equation for ({,,|V.log pr(x, 2)|? pr(x, z) vol(dz))"* proves
Eq.(5.16). |

5.4. Formulas for VeTt?

In this subsection, we will write out the results in Corollaries 5.3, 5.5 and
Theorem 4.3 when D=V. Let E— M be a Riemannian vector bundle with
metric compatible covariant derivative VZ, # € I'(End(E)), E:=T*M Q E,
m=1id (the identity multiplication map), D,,=V¥, and L=0 —%. We
also define # e I'(End(E)) and p e I(Hom(E, E)) by

R =Ric" ®idy—2RE - +id7uy ® A,
and
p=V.RE4 (VEME g
By Proposition2.15, L:=0—%, L=0C—%, p, and m satisfy Assump-

tion 2. We have the following immediate consequences of Corollaries 5.3
and 5.5.

THEOREM 5.13.  Suppose that o is a bounded measurable section of E and
EeE¥=T.MQE¥and {/,} o< ,< 1 a L'-finite energy process with values in
E* (see Definition 3.6) such that {7=0 and {,=¢ € E*. Then

(Ve 2y(x), &y = —E[{ Qz//7 X 1(x)), U5y ], (5.17)
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where U’ is given by Eq. (3.17). If we further assume that o is an H' section
of E and {{,} g <, <1 is an L'-finite energy process with values in E* such that
lo=0, then

(e Va(x), &) =E[<Qr//7 ' (X r(x)), UTD . (518)

Remark 5.14. We may extend Eq. (~5.18) using Remark 4.7 as follows.
Let # be an arbitrary section of End(E), L= — % and

)
dt

where as before @//t = (//‘?)_1 @//F. Then
(™ Va(x), &) = E[Qr//7" a(X7(x)), U ],

wherg /, is any L'finite energy process such that /,=0 and /r=
(07071 &

By using Theorem 4.3, we may get another (more explicit) formula for
VeTL/2, This theorem will be given after the following preparatory Lemma.

A | A . A
Q,z—EQZQ%//t with Qy=idz, (5.19)

Lemma 5.15. The transpose of the multiplication map m=id is the
“annihilation” operator A, where A,: E* =TM ® E* — E* is determined by

Aw®a)=(v,w)a  forall v,weT M, acE¥ xeM.
Also

AT =Ric®idg+2 Y ¢,® RE"(-, ¢;) +id 7, ® 2", (5.20)

i=1

where {e;}"_, is a local orthonormal frame and e, ® R¥"(-, e;) € T'(End(E*))
is determined by

e, QRE(,e)(v@a)=e,;QRE* (v, e,) a= —e;@aoRE(v, e;)
for ve T .M and o€ E*. Moreover,
P = (V. RE) 4 (VEME ) ¢ M(Hom(TM ® E*, E*)),  (5.21)

where

(V-RE)" (1@a) =oto (V- RF)(v) = i oo (Vo R5)(e;, v))  (5.22)

i=1
and

(VEnd(E)%)tr(v®o() ZOCO(VSnd(E)e@)- (523)
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Proof. Let v,weT M, ¢cE, and acE* Since m,: E, —E, =
T*M®E, is given by m,& = (v, -)®¢, it follows that

{m,&w®ay = (v, w)& a) =<, (v, w) ay =< A(w®a))
which shows that m=A4,. Now let feHom(T M, E)=TiMQE,.

Then Eq. (5.20) follows by taking transposes of Eq.(2.7) along with the
computation,

(RE)" (v@a), ) ={v®a, R"- B

(o, R5(v, ¢;) Ble,))

1

IIM:

i

(e;Q RE(v, e;))" a, B

1

I
I M=

i

— Z (e;Q RE (v, e;)a, B).
Egs. (5.21), (5.22) and (5.23) are proved similarly:

((V-RE) & o@ad> = (Vo RE)(en v) &, o

i=1

n

= ¥ (G acl(VeRen ),

and
(VBB R) £ p@a)y = ((VERD 2) & o)
— (& (VEEER) (5@ 0)y
—(Eae (VRO )y, ]

THEOREM 5.16. Let Z€ I(End(FE)), Q be as in Eq.(3.1), L=0 — %,
and m=1id. Suppose that o is a bounded measurable section of E, ¢, is a
T . M-valued L'-finite energy process and

Ve[ [+ SR, /. dB,) — RE(,. 0B,) + M4, dB) ,] 0.7

where 0B,, and dEs denotes the Fisk-Stratonovich and backwards It6 dif-
ferential respectively. (More precisely, if X is another semimartingale, then
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X,0B,=X,dB,+1dX,dB,and X,dB,= X, dB,+dX,dB,.) If ly=ve T .M
and {7=0 then
Ve Pa(x) = —E[V707// 7 a(X7(x))], (5.24)
and assuming in addition that a€ I'(E), if {,=0 and {r=ve T .M then
(e"D2Va), = E[V40r//7 o X1(x))]. (5.25)

Proof. Let a,:=e'T=9L2% EecE* ( be an L'-finite energy process
with values in T, M and k,=/,® &. In order to apply Theorem 4.3 we need
to work out U* defined in Eq. (3.21). Using Lemma 5.15,

my (K + 3R k) = Agp (L ® &+ AR (4,®¢))
=(/,,dB,) ¢+ 5(Ric,, 4, dB,) &

+ ) (e dB,) R (4, ) &+ 54y, dB,) RJj &

1

1=

=(/y+4%Ric,, 4, dB)) E+ R (4, dB,) &
+3(4,, dBy) R &

Similarly,
piike=(V-RE)I (£,) E+ (VENBR)Y (£,) &
and hence from Eq. (3.21),
t
Uf=| 27'0(/i+ Y Ricy, /.. dB,) £+ R (4, dB) &
+3(Z,, dB,) 2} &1

t
+ % -[0 Qs—l((V . RE);Z (4,) &+ (VEnd(E)%)}Z (¢,) &) ds

t
:f 27'(4i+5Ric, 4, dB)) E+ RE(£,,0B,) &
0
-
+ %(/sa st) *%;Zé]
=(V)Ue,

where in the last equality recall that RE"(v, w) = —(RE(v, w))*. This com-
putation along with Eq. (4.5) of Theorem 4.3 gives:
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If /=0 and /,=ve T, M then
(V,e™Pu(x), &) = (Ve™a(x), v® &)
= —E[<Qr//7 ar(X7(x)), (V)T EN]

which implies Eq. (5.24) since & € E¥ is arbitrary. Similarly if /,=ve T, M
and /,=0, then by Eq. (4.6) of Theorem 4.3

E[<//7" VX 7(x)), 0@ ED T =E[ Qr// 7 e X 1(x)), (V)" ED .
By Eq. (4.15) of Proposition 4.5,
(™22 Va),, &) = (T2 Va)(x), v ® &)
= E[<//7"' V(X 7(x)), v@EDT.

Combining the last two equations proves Eq. (5.25). |

COROLLARY 5.17. Let ae LAE) and T>0 and 2, be the End(T, M)-
valued process defined as the solution to the ordinary differential equation

Q"‘%RIC/& Qt=0 With :.QozideM.
If hp=0 and hy=ve T .M then

Vi = | " L2 dB) + RE(OB, 201} /7' o(X) | (520
0

Assume in addition that o€ I'(E). If hy=2;'ve T, M and hy=0, then

(€02 Vo), = | { [ (2 dB)+ REGB, 201} 7 aXp) | (527

where E=T*M ® E.

Proof. This follows from an application of Theorem 5.16 with #Z=0
and /,:=2,h,. |

As an application of Theorem 5.16 we may recover the following result
in [19] (see Theorem 4.1 and Corollary 4.3). A better version of this for-
mula has already appeared in Theorem 5.10 above.

COROLLARY 5.18.  Suppose that Y is a C' vector field on M and h is an
L-finite energy path with values in R such that hy=0 and hp=1, then

EL(V- Y)(X7(x))]

—F <//T1 Y(X4(x)), jOT(h; dB,—1h, Ric), dEg) (5.28).
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Proof. By Theorem 5.16 with E=TM, #=0 (and hence Q=1id) and
4o =0, we have

EL// 71V o)X (X)) 1 = ELVE// 7 e X (X)) ], (5.29)

where
V= j(/'+ Ric,, /,. dB,) — jR/T/ff(z;,aBs).

Let {e;}7_, be an orthonormal basis for 7, M. Replace / in Eq.(5.29) by
i :=hge;, take the inner product with e; and then sum on i to find:

EL(V- YV)(X7(x))] = i ECCV e, Y(X (X)), [/ 7e€i)]

i=1

ELU/ 7" Ve, YX7(X))s )]

1

Il
e

EL(V%//7' Y(X7(x)), e)]

—

Il
NS

Il
I M s

EL(//7" Y(X7(x)), (V7)* e)].

This finishes the proof since

Z (VE)* e, _j Z [(h.e,+Lh, Ric,, e, dB,) e,
+ R/T/Zw(hseia 5Bs) ei]
T 1 . .
=j0 ((h,+ L h, Ric,,) dB,— h; Ric,,, 0B,)
and
%hs RiC//SdBS—thiC//SéBS

1 . ")
== _ihs R]C//SdBS. I
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Remark 5.19. The backwards Itd differential in Eq. (5.28) may be
expressed as

h, Ric,, dB, = h, Ric,, dB, + h,//7 1V scal(X,(x)) ds,  (5.30)

where V scal denotes the gradient of the scalar curvature of M. The proof
proceeds as follows,

h, Ric,, dB, = h, Ric,, dB,+h, d Ric,, dB,
=h, Ric,, dB,+ Z hy// (V). RiC)// e, ds

i=1

=h,Ric,, dB,+h,//;"' V- Ric ds, (5.31)
where V - Ric is the vector field on M given by

V-Ric:= ) (V. Ric)e,

Jj=1

where {e;}7_, is a local orthonormal frame on M. On the other hand for
veT M,

n n

vscal= ) v(Rice; e;)= ) (V,Rice,, ¢;)

i=1 i=1

i ]

= ¥ (V. R™)ene)e, e

which by the Bianchi identity (dy R™ =0) may be written as

n

v scal = Z ((Vg,R™)(0, ¢,) ¢;, ¢;) —

iD=

((Ve,-RTM)(eja v) €5 e;)

i, 1

Z (Ve,R™)(v,¢;) e;e) + 3. (Vo,R™)(v, ¢)) ¢, ¢))
ij=1

=23 ((V,Ric)v,e) Z o Ric) ¢;, v)

=2(V-Ric, v).

Hence V - Ric =V scal/2 which combined with Eq. (5.31) proves Eq. (5.30).
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5.5. Formulas for Ve on Q' (M)

Using Example 2.11, Theorem 5.13 we may write formulas for Ve’#* on
Q¥(M) for 0 <k <n. Rather than doing this in general, we will content
ourselves with the case k=1. So in this section let E=T*M, E=
T*M® T*M, and 4 = —d*d—dd* on Q'(M).

t4/2

ProposITION 5.20.  Suppose that o is a bounded measurable differential
I-form (i.e. section of T*M) and € E¥*=T ,M® T M. Let {/,} o<, <7 be
an L'-finite energy process with values in T.M® T .M (see Definition 3.6)
such that =0 and {,=_¢. Then

(Ve™Po(x), &y = —E[Qr//7 (X 1(x)), U], (5.32)
where
£ ‘ 1 ~ 1 4 1t 5
Ul = jo D7 Ay B0+ L jo 2:-1p% 3.4, ds, (5.33)

pre (Hom(TM ® TM, TM)) is given by
pF(v®@w)=(V,Ric) w— (V- R™)(v) w, (5.34)
2 and 9 are defined by Eqgs. (3.11) and (3.12) with #* = Ric and
A" =Ric®idpy +2 Y ;@ R™(-, ¢;) +id 13, ® Ric, (5.35)
i=1
where (see Lemma 5.15)
e;QR™ (. e)v@w)=e;® R™ (v, e;) w

for v, we T M.

Proof. By Eq.(A.17) of Lemma A9, we have 4= —% where # =
Ric". Let E=T*M, E=T*M® T*M and m, p and # be as in Proposi-
tion 2.15. By Lemma 5.15 above, m = A4,, #" is given by Eq. (5.35) and

ptr — (V . RT*M)tr + (VEnd(T*M) RiCtr)tr.

Since RT™M(v, w)= —(R™(v, w))" and in general V (A4")=(V, A4)", the
previous equation is the same as Eq.(5.34) above. Finally Eq.(5.32)
follows from Corollary 5.3. |

We may get another formula by using Theorem 5.16 in place of
Corollary 5.3.
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ProPOSITION 5.21.  Suppose o is a bounded measurable 1-form on M and
l, is a T . M-valued L'-finite energy process such that {y=ve T M and
{r=0. Then

Vee™Pa(x) = —E[V707// 7' (X 7(x))],

where

t
Ve = fo [(/,+1Ric,, 4, dB,)— R7™((,, 5B,)
b .
+3(4,, dB,) Ricjj 1 0!
and Q solves

49,

i O, Ric) with Qo =1id s,

See Theorem 5.16 for the meaning of 0B, and d(li.

Remark 5.22. The expression for V7 may be written solely in terms of
1to differentials using

n

RZS*M(/ss 5Bs) = R/T/:M(/ss st) +% Z (V//xeiRT*M)//S (/ss ei) dS

i=1

= R[™(,, dB,) = 5(V-R™™),, (£,) ds

and

(Zs» d(ES) Ricfj = (¢, dB,) Ricf) + Y. (£, e;)(V ), Ric)} ds

i=1

= (4, dB) Ricjj +(V,, Ric)}) ds.

6. APPLICATIONS FOR NON-COMPACT M

For E=AT*M let again 4 = — % be the Rham-Hodge Laplacian on
I'(E) where # € I'(End E) denotes the Weitzenbock curvature term, see
Proposition A.7 of Appendix A. Further, let Z = min Spec 4%, i.e.

A(x)=min{{ R.v,v):veE,, [v|=1}, (6.1)

and consider the scalar semigroup PZ as defined in Appendix B Sect. B.1.
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Now let 4 be the Friedrichs extension of 4| I',(E) and P,a=e"*4a be
the semigroup on L?(E) generated by A/2 and Q, denote the solution to
Eq. (3.1). Then,

Pa(x)=E[Q,//7 a(X(x)) 1}, <c(x ] (6.2)

for all ae L¥(E) with PZ |a|(x) < co, see Appendix B Theorem B.4.

On a complete manifold, by the spectral theorem, one has dP,a= P, da,
and dual to this, d*P,a= P,d*a, see Section B.2 in Appendix B below. If
we drop completeness then these equations are no longer true, even if M
is BM-complete, see [ 59]. But we will show that there always exist Bismut
type formulas for dP,a and d*P,a, not involving derivatives of «a, inde-
pendently whether a is smooth or not.

THEOREM 6.1. Let M be a Riemannian manifold, ae LX(AT*M) and
x €M such that PZ |a| (x) < oo for some T >0, further let T be the first exit
time of X(x) from some relatively compact neighborhood of x and T* =
(T—¢) At for some arbitrary small ¢>0. Then for any ve AT .M the
following formulas hold:

{(dPra),, v)

T
= €| (7 X r ) Vs 20 ) 27 (42010 )|

{(d*Pra),,v)

[ T
= | (o) g 22 [[ 27008, 20|

for any bounded finite energy process £ with values in AT M such that {,=
v, £,=0 for all t >T*, and the property that E[ (3" |/}|* ds)'?] < co. If, in
addition, a € LA (AT*M) is bounded on this neighborhood, one can take ¢ = 0.

Proof. Recall that 2, is defined by Eq. (5.10) and let Q,:=2
We fix a relatively compact neighborhood U of x. Then |[(Pr_,a)(X,)l,
|(dPy_,a)(X,)| and |(d*P_,a)(X,)|, where X = X_(x) denotes our Brow-
nian motion starting from x, as well as Q, and 2,, are all bounded on the
stochastic interval [0, 7*]. This shows that the local martingales in
Proposition 3.2 and in Theorem 3.7 are uniformly integrable martingales
when stopped at 1= T*. Taking expectations at time 0 and 7'* leads to

<(dPTa)xr U>

= €| (QrelfH P read(Xpe), [ 27 000
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Note that

QT*//j_'*l(PT— r+@)(Xps) = [E"@T*[QT//;la(XT) 1{T<C(x)}]

which is by definition a bounded Z;.-measurable random variable. This
gives the first formula of the Theorem, the second one is derived in a com-
pletely analogous way.

If a is bounded, eventually by modifying 7/, we assume first that /=0
already on [T AT, T]n[T—¢, T] for some small ¢>0. Finally, this
restriction can again be removed in the resulting formulas by letting ¢ tend
to 0, see [ 58] for technical details. |

6.1. Bismut’s Formula

The following example is taken from [ 58 ]. There are similar formulas for
(du), if u is harmonic on some domain about x, see [ 58, 60].

THEOREM 6.2. Let f: M — R be a bounded measurable function, x € M
and ve T, M. Then, for any bounded finite energy process {{,}cro. op With
values in T M such that E[([5"T|/%|*ds)"/*] < co, and the property that
lo=v, ;=0 for all s=t A T, the following formula holds,

TA

dPyr [ 0> = —E | [(X2(0) T reciny |

T
(2,01, ng}, (63)
0

where T is the first exit time of X(x) from some relatively compact open
neighborhood D of x and 2 is the process defined in Eq.(5.13) of
Corollary 5.9.

On the other hand showing, for instance, that

LdPr [)esv) =E[OQr// 7 (df ) sy VD 17 <y ]

is a quite different matter: it requires the martingale property of

Qt//t_l(dPT—tf)X,(x) 1{t<{(x)}: 0<1<T,

which comes down to a question of differentiation under the expectation.
In particular, it is necessary for f to be differentiable.

6.2. Dirichlet Problem for Harmonic Forms

We conclude this section by specializing our results in case of the
Dirichlet problem for harmonic forms on bounded domains. In particular,
we present stochastic formulas for differentials and co-differential of har-
monic forms on manifolds with boundary. These formulas can be used to
prove local Harnack type estimates for harmonic forms in the same way as
has been done for harmonic functions in [60].
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THEOREM 6.3. Let M be a compact Riemannian manifold with non-
empty boundary OM, ae I'(AT*M), xe M\OM and t be a positive bounded
stopping time which is dominated by the first time the Brownian motion X(x)
hits the boundary OM. (For simplicity, a is assumed to be smooth up to the
boundary of M.) Let 2, denote the solution to Eq.(5.10) of Theorem 5.7
defined on the stochastic interval [0, 1] and Q,= 2%. If a is harmonic (i.e.
da= —(d*d+dd*)a=0) on M\OM, then

a(x) =E[Q.//; 'a(X(x))] (6.4)
and for any ve AT, M the following formulas hold,

e vy =~ | (Qulf alx o [ 27 200 )| (65)

¥ vy =~ E| (@ atxo. [ 2,08 n 200 )|, (66)

where {{} o, op i a bounded L'-finite energy process taking values in
AT M such that {,=v, £,=0, and the property that ({5 |/%|* ds)*e L.

Proof. Note that a, da, d*a extend as bounded sections to M since M
is compact. The proof is now essentially the same as the proof of
Theorem 5.7 above with P,a replaced by a and T by . The key point is
that the local martingales of Proposition 3.2 and Theorem 3.7 are easily
seen to be martingales up to the first exit time z. Hence the optional
sampling theorem applies to give stopped versions of Proposition 4.5,
Corollary 5.3 and Corollary 5.5 from which Egs. (6.4), (6.5) and (6.6)
follow. |

Remark 6.4. The formulas (6.4), (6.5), and (6.6) in Theorem 6.3 hold as
well when 7 is the first time the Brownian motion X(x) hits the boundary,
0M, provided that

[E[exp<—;f A(X(x)) A Odsﬂ <, (6.7)

where # is given by Eq. (6.1) and the L'-finite energy process {/}c(o, wf
in Egs. (6.5) and (6.6) is chosen with the additional restriction that /,=0
if =1 At for some t,e€(0, c0). Indeed, if ¢ denotes the first hitting time
of the boundary M then the formulas (6.4), (6.5), and (6.6) hold with
7 A T instead of 7 for any T>¢,, and condition (6.7) gives the existence
of an L'-dominating function for {Q, , 7} 7~ (see estimate (B.11) of
Appendix B) which allows by the dominated convergence theorem to pass
to the limit as 7' — co.
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The method used in Theorem 6.3 can easily be adapted to other situa-
tions, for instance, if @ is smooth on M \0M and extends only continuously
to oM.

For technical details about how to construct finite energy processes /
satisfying the conditions in Theorems 6.1, 6.2 and 6.3 the reader is referred
to [58] and [60].

7. HIGHER DERIVATIVE FORMULAS

We can get higher derivative formulas by iterating our previous formulas
following the ideas of Elworthy and Li in [24] and [26]. In order to carry
this out, we will need a minor extension of the results in Section 4. Let { %}
denote the filtration associated to the Brownian motion X(x) and E¥* denote
conditional expectation relative to the o-field . As usual we will assume that
E, E, L, L, m satisfy Assumption 2 at the beginning of Section 4. For sim-
plicity, let us assume that M is a compact manifold. The next theorem is the
conditioned version of Theorem 3.7 and Corollaries 5.3 and 5.5.

THEOREM 7.1. Let 0<t< T, a be a bounded measurable section of E,
a,:=e 7=

{0} e<i<r be an L'-finite energy process with values in E* (see Defini-
tion 3.6), and N and N be as in Egs. (3.4) and (3.5). For 0<t<t<T let

5

v, ;:[Q;lmg& @Sé;vﬁﬂ:fz—lp;;sésj;vs ds (11
and
Z0 =N, 37,y — (N, U >. (7.2)
Then {Z% } .<,<r Is an { Z,}-martingale with
de, =X Qt//t_l V,,ap, Da(X (X)), 2:1/t>
—OJI7 VY asal X (X)), UL >

— (N, 27 'mb 3,571, (7.3)
and
I7 Daf X (x)), > =E7 [ Or//7" Dag(Xp(x)), 27 1)
—E7 [ Qr// 7 ar(Xp(x)), U 131 (74)
Therefore,

1. if £7=0 then
7T De TR (X (X)), £
= —E7[<Qq//7 (X 1(x)), U 1], (7.5)
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2. orifl,=0 then

EZ[<Or//7" DU X1(x)), 27" /1) ]
=E7[<Qr//7 (X 7(x)), UT 1> ] (7.6)

Remark 7.2. The results in this theorem are direct analogues of
Theorems 3.7, and Corollaries 5.3 and 5.5. In fact this theorem could be
deduced using these results along with the strong Markov property of the
Brownian motion X,(x). (If H: C(R_; M)— R, is bounded measurable
and 7 a finite stopping time, then

EX [HeX,, (X)]=E[HoX.())]ly—x. 2s.) (7.7)

We will sketch a proof here using the methods already developed in
Section 3.

Proof. Notice that dU7,=2;"'mjj ;s 230, +32,"p} 23"/, dt
and hence by Theorem 3.4, UT,, and 2/, for 1 <t< T are a dual pair, ie.
{Z }e<i<r is an {Z}-martingale. The same computations leading to
Eq. (3.16) in Theorem 3.7 proves Eq.(7.3). (In fact Eq. (7.3) is Eq. (3.16)
w1th ¢, replaced by 2_1/ and the lower limits in the integrals defining
U " being changed from 0 to . )

Since Z?,is an {Z}-martingale, Z7 =E*7[Z7 .]. This identity is the
same as Eq. (7.4) because

Z; =N, 371y =<0,/ DaX (x)), 27" L)
= /[ Da(X (X)), L)
and
E7 (22 7] =7 [N, 270> ] =BT [Ny, UL 1]
=E"[< QT//T1 Dar(X7(x)), T_lfT>]
—E7 [ OQr//7 ar(X (X)), UL 1) 1.
Finally, Egs. (7.5) and (7.6) are immediate consequences of Eq. (7.4). |

The following Corollary is the conditioned analogue of Eq.(4.10) of
Corollary 4 4.

COROLLARY 7.3. Let 0<t< T, a be a bounded measurable section of E,
{7} e<i<r be an L'-finite energy process with values in R such that /7=0.
For 0<t<t<T let

_ [ ~ _
Vii=| 07 OdZiman+kp, 7. ds) 05" (78)
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Then
7 De TR (X (x)) o= —ET [ VL 107/ 7 (X p(x))]. (79)

Proof. Let ¢ be a bounded 7, -measurable random variable with values
in E* and let /,=/,£. In this case

T - ~ _ T o~ _
Ulp=| 27'm 5076 +4[ 271 p8 5.5, 7.c ds
= ( Vi T)tr és
where V7 . is defined in Eq. (7.8). Hence by Eq. (7.5) above,
)7 De TR 4( X (x)), £.E) = = EX [ O/ 7 el X (X)), (VE )" ED ]
= —(E VT 1 0r// 7 U X7(x))], .
Since ¢ is arbitrary, this proves Eq. (7.9). |

7.1. Higher Derivative Formula for Dirac Operators

Let E=FE=S— M be a spinor bundle over M, m=y be the Clifford
multiplication, D = D, the Dirac operator, and L =L = — D2 Recall that in
this case p=0, and # =% =} scal.

THEOREM 7.4. Suppose that 0<T,<T and ¢ is an L'-finite energy
process with values in R such that {,=2, {r, =1 and (=0, then

(D%~ TPa)(x)
T
= E[e*(l/S) fo scal(Xy(x)) dtng;1 4y s, yj';l “, dBSZ//; 1 O((XT(X))] (710)

where o is a bounded measurable section of S. For example, if (=
— (T Lo, 1y +(T—=T) " 11, 17)s Eq.(7.10) becomes

(D%~ TP )(x)

1 r
= m E[ei(l/g) 50 scal(Xy(x)) dtyBTl yBT—BTl//;l(x(XT(x))]. (71 1)
1 1

Proof. Since # =% =1scal and p =0,

0,= Qt: e—(1/8) 16 scal(XS(x))ds,

Va T t_ T
Vi” = 6(1/8) { scal(Xs(x)) ds j /;yst _ e(1/8) {6 scal(Xs(x)) dst; a5,
T
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and hence by Corollary 7.3, for 0 <7< ¢,

J]71 De= O PR o( X (x)) 7,

= —E7[em Wl dry o /7 (X (X))], (712)

where 7 is an R-valued L!-finite energy process such that 7,=0.

Let h:=/|;o, 77— | and k :=/|[ 1, 17 so that & and k are L'-finite energy
processes on [0, 7] and [T, T] respectively such that h,=1, hy =0,
kr =1, and ko= 0. Using the semigroup property of e~ and the fact that

. _ 2
D commutes with e =2,

D2e~TP2 o — De=T1 P12 pp—(T=T1) D2
By Eq.(7.12) with t=0 and t=T,,
(D%~ PP a)(x)

= — [E[e—(l/g) §é SCal(z\’t(x))dtng1 " de//;ll De—(T— T1) D%/2 O((th(x))]
and by Eq. (7.12) with t=T; and =T

/7 Dem TV (X (x)

= —E7n[em (It by g )7 a(Xp(x)].

Combining these two equations implies that

_ 2 — T scal (x -
(Dze TD?*/2 (X.)(x) — [E[e (1/8) § scal(Xy(x)) dtyL)T1 4, aB, y[% K, stZ//T IOC(XT(X))]

_ T ccal di _
=[[e (1/8) fp scal(X(x)) tng1 4, a, Vﬁl ‘0 dez//T 1 W Xr(xN]. 1

Remark 7.5. The method used in this proof already appears in the
work of Elworthy and Li, see [ 24] in the context of O-forms on a manifold
and [26] for proving formulas for dd* P,a, d*d P,a, A*P,a where a is a
differential form.

Remark 7.6. Let 0<T,<T,<-.--<T,_<T,=T. The previous
Theorem may easily be extended to give

(D"e =P o)(x)

— T J—
= | TR [ (ol am, Vam, Va7 AKX 7)) |
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where 7 is an R-valued L'-finite energy process such that /,=n, /=
n—1,.., ¢ _,=1and /; =0 and
J={(81, 825 s 8,): 0<8, < T <5, < T, < -+ <T,,_<5,<T,}.

7.2. A Hessian Formula
In this section we will work out a formula for

Hess(eT2f) :=V de™/?f,

where f'is a bounded measurable function on M.

Similar formulas hold for V de?4x, where « is a differential form on M.
Related Hessian formulas may also be found in Norris [44], Elworthy and
Li [ 24, 26], Stroock and Turetsky [ 54, 55] and Hsu [ 35, 34].

THEOREM 7.7. Let M be a compact Riemannian manifold, (€ T .M &
T.M for some x € M, further f- M — R be a bounded measurable function on
M. Also for 0< T, <T, let {/,}o< <1, be an L'-finite energy process with
values in T,M ® T, M such that {y=¢ and (7, =0, and let {h,} 1, < ;< 1 be an
R-valued L'-finite energy process such that hy, =1 and hy=0. Then

CHess(e™2f)(x), &) = E [f()@(x)) [ ma,ug,am)], 0.3)

where 2 solves
2= —%Ric//: 2, with 2y =1d g 5, (7.14)

and U%, is given in Eq.(5.33) of Proposition 5.20. (The process U, depends
on the curvature tensor and its first derivatives.)

Proof. Since d4 = Ad,
v deTA/Zf — V deT1412(T—T1) A/zf — VeT14/2 [Jo(T—T1) A/Zf
Consequently by Proposition 5.20,
(Vde™Pf &) = —E[{Qr//7, de' T~V 2f(X1,(x)), U7> ]
= —E[<// 7! deT= TP (X 7 (X)), 2, UZ D] (7.15)

Suppose now that {k,} ,<,<7 is a T, M-valued L'-finite energy process
such that k=0 and kp, =2, U‘}l By Eq.(7.5) of Theorem 7.1 above
applied to the case where E= M xR, E=T*M, L=4©, L=4D, =0,
2 = Ric"™ and m = C (as in item 1. of Example 2.11) gives

)7t de T APf( X, (x)), 2, UG = —EXN[ f(X7(x)) U, 71, (7.16)
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where

k r t 1 r 1
UTLTle Cly 2,27 K= (2,951K., dB) (7.17)

T

(Notice that when applying Theorem 7.1, 2 =1id and 7 is the 2 defined by
Eq. (7.14) above.) Plugging Eq. (7.16) into Eq. (7.15) shows that

VA, & =k | fXp0 | (227K, dB,) .

Taking k,:=h, 2, U ’}1 in this formula implies Eq. (7.13) which proves the
theorem. ||

Remark 7.8. In a more general setting, it is possible to develop higher
derivative formulas in the following situation. Let D,: I'(E)— I'(E') be a
“Dirac type” operator such that D;L— L'D, =0, assuming conditions to
ensure that D,e L2 =¢~"L'/2D,. Let D,: I(E') - I(E") be another Dirac
type operator such that D,L'— L"D,=p. Then using the ideas described
above, one can derive a stochastic representation formula for D, D,e L2,

APPENDIX A: DIFFERENTIAL GEOMETRIC NOTATION
AND IDENTITIES

A.1. Conventions on Differential Forms

Let ¥V and W be finite dimensional vector spaces and let AV*:=
@, A*V* be the exterior algebra over V*. As is usual, we will identify
elements of A¥V*® W and alternating k-forms on V with values in W. Our
convention for doing this is to define, when a=o0; A a, A -+ A, QW,

(01, Vay oy V) i=det[ {a,(v)} 5, T w (A1)

for all {v;}%_, in V. Eq.(A.1) gives rise to the pairing {-, - »: A*V*x
A¥V — R determined by

oty 07 AUy A vor AUy =0(Vy, Ugy ey V). (A.2)

This pairing allows us to identify (A¥V)* with A*V*,

Suppose V and W are equipped with inner products (-, - ), and (-, - )y
respectively. Given this data, we may define the inner product of ae
A*V*@ W and fe AV*® W by



HEAT EQUATION DERIVATIVE FORMULAS 91

1
(0(9 ﬁ) =5k,fﬁ Z (O((Ul, Uay ey Uk)’ ﬂ(vla Uay ey Uk))W

V], U2, oy Uk €T

:5k,[ Z (a(eil A eiz AN eik)’
I<i<ip< --- <ig<n

ﬂ(en A€y o N eik))Ws (A.3)

where I'={e,, e,, ..., e,} is any orthonormal basis of V. It may be checked
that (-, - ) on A¥V* ® W is the unique inner product with the property that

(ot A s Ao ®@w, By A -oo A B,QW)
=0 sdet[ { (o, f)pa} s 11 (W, W)y
for all «;, ;€ V* and w, w' e W. The dual inner product on AV relative to
the pairing in Eq. (A.2) is determined by

(EyANEy A ANy AT A - A ﬂz)zék,/det[{(fn ﬂj)V}fj:J
as is easily checked because, by Eq. (A.3),

{eqs Aeyn oo ne i1 <ip<ip< - <ip<n}
is an orthonormal basis for A*V.

DerFmNiTION A.1. For ve V, the creation (exterior product) operator C,
is the linear operator on AV@® AV* given by C,é=v A ¢ and C,u:=
(v, )y Aa for E€eAV and ae AV*. The annihilation (interior product)
operator A, is the linear operator on AV @ AV* given by the adjoint of C,.

Notice that C(A*V @ A*V*) = A1V @ AT 1V* and A (A V@ A*V*) =
A=Y@ AR,

We have the following well known (and easily checked) facts about C
and A.

LemmA A.2. Let A be as in Definition A.1, then

1. (Formula for A4,) For v, vy, Uy, .., Uy €V and ac AV*, A, o :=
(v, +, ., -) and
Aoy Ay A - A=Y (=D (0, 0,) 0y Avy A s A Dy ATy
i=1

2. (Derivation Property) For each veV,
AU(O(/\ﬁ)IAvOC/\ﬁ-F(—I)kO( /\Avﬂ

where o€ AXV* and fe AV* or x € AV and pe AV.
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3. (Multiplicative Property) For each veV,
Colan Bf)=(=1)fanC,p

for ae A*V* and Be AV* or ae A*V and fe AV.

4. (Transposes) The pairing in Eq.(A.2) allows us to identify AV*
with (AV)* and hence (AV*)* with (AV)** = AV. Under these identifica-
tions, C¥=A4,.

5. (Commutation Relations) For all v, we V,
cC,+C,C,=0,
A,A,,+A4,,4,=0, and
A,C,+C,A,=(v,w)id pg 4p=.
Let y,:=C,— A,, an operator on E := A*V* for all ve V. Then
Vo=Cr—Af=4,-C,=—y,
and by property 5 above,
Volw + V¥ = —2(v, w) id. (A4)

Notation A.3. 1f W is another vector space, we will abuse notation by
using A, and C, to denote the operators A,®idy and C,®idy, on
(AV® AV*)® W.

DerFiNITION A4 (Clifford Multiplication). Let ¥ and E be inner
product spaces, a multiplication map y: V*® E— E is called a Clifford
multiplication provided yf = —y, for all ve V and

VoVw + YwVov= _2(1)’ W)V 1dE
holds for all v, we V.

A.2. Curvature

Suppose that £ — M is a vector bundle and that 7M and E are equipped
with covariant derivatives VZ and V7™ respectively. As in Section 2.2, these
covariant derivatives induce a covariant derivative on T*M ® E as well.
For ae I'(E) and v, we T M, let Vig a= (V" M™®EVEq)(v, w). Using this
notation, we have the following useful formula for the curvature of VZ.

Lemma A.5. Forv, weT M,

2 2 E E
Viewd— Vig,d=R"(v,w)a—Vrg, ,,a
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where RE is the curvature tensor of VE and T is the torsion tensor of V™.

Hence if V™ is torsion free, as is the Levi-Civita connection, then

V2

v®w

— V2 g.a=RE(v,w)a.
Proof. Let X, YeI(TM), then
Vieva=ViVia—Vimya
and hence
V§(® yd — V§,®Xa VEV?:LZ VVTMYa VEVI;,LZ + Vgl};MXa
=ViVia—Vivia—Vi, ya

V(VTMY viMx_rx, y1@

=R¥(X,Y)a VT(X - |

A.3. Weitzenbiock Formulas for Generalized Dirac Operators

Suppose that £ — M is a Riemannian vector bundle with metric com-
patible covariant derivative. Suppose further that y: T*M @ E— E is a
Clifford multiplication map, i.e. y,7,, + 7,7, = —2(v, w) for all v, we T .M
and xe M. We also assume that y is compatible with the covariant
derivative on E and that y, acts as a skew adjoint operator on E, for all
x e M. This implies by Lemma 2.16 that the formal adjoint of D, is D,. Let
L:= —Di, then the following Weitzenbock formula holds,

L=0-1Y 7.7,k (e ), (A3)
iJ
where {e;}7_, is any local orthonormal frame of 7M. Fixing x and choos-
ing {e;} 7_, such that (Ve,), =0 for all i, this is verified by the computation
D} =27 VeV =277V V

= Z VeloVowe =32 VeleVaweT VelaVewe)
i J

Z ye/yer e;®e] 25 V§I®ej+yejyelvgj®el)

-0+ 2 Z ye]yel e,@ez Vi‘@ej)

-0+ % Z yejyeiRE(ej: ei)9

i, j
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where the last equality is a consequence of Lemma A.5. Clearly we also
have that D, L=LD,.

A.3.1. Dirac operator on an spinor bundle. If M is a spin manifold,
E=Sis a spinor bundle over M, and V¥ is the spin connection on S, then
the previous formula reduces to D} = — [ + j scal, where scal is the scalar
curvature of M, see p. 126 in [4].

A3.2. Vector-valued differential forms. let M be a Riemannian
manifold with Levi—Civita connection and E — M be a Riemannian vector
bundle over M, endowed with a Riemannian linear connection. Let
AP(E)=T(A?T*M ® E) be the space of p-forms on M with values in the
vector bundle E and let

AE)=TAT*MQE)= @ +4°(E).

p=0

The same symbol V will be used to denote various covariant derivations
induced naturally from the Riemannian metric on M and the metric con-
nection in E. Let C: T*MQ (AT*MQE) > AT*M ® E be the creation
multiplication operator and define dy: o/(E)— /(E) by dy:=D-=CV.
The explicit formula for dy, is

p+1

dVa(Ula ) Up+1) = Z (_1)i+1 (Vvia)(vla seey ﬁia (L] Up+1)>

i=1

where a e .o/#(E) and vy, .., v, € T, M for some xe M.
Since

Vx(Cla®a))=Vy(a Aa)=Vyana+a nVya

=CVya®a+a®Vya) (A.6)

the exterior multiplication C is compatible with V. The following properties
of dy (see [ 20, 21]) follow from the product rule for V, Eq. (A.6), and basic
properties of C:

1. dya=Va for ae o/°(E)=TI(E).

2. dy(ax Ana)=du na+(—1)%® g A dya for all homogeneous dif-
ferential forms a on M and ae ./(E).

3. dy(o A a)=o A dya for all homogeneous differential forms o« on M
and ae oA (E).
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4. If ae o/%E):=I(E), then dia= R¥a because
dya=CVCVa

=Y C,C.V2y.a

ej ei®ej
i, j=1

= % Z [CEiCej(Vi@eja - ng@‘-’ia)]

i j=1
n

=3 >, C,C,R(e;e)a=R"q,

ir €j
i, j=1

wherein we have used Lemma A.5.

5. Property 4 may be extended to all a € .</(E) to read dea= RE A a,
where R® A is the linear operator on A(T*M)® E determined by
RE A (a®b)=a A REb for ae A(T*M) and b e .«/%E). Alternatively,

dya=3 ) C.C.R(e;e)a (A7)
i j=1

where now R is the curvature tensor for the induced connection on
A(T*M)® E.

Remark A.6. If E=M xR is the trivial vector bundle so that RE=0
and hence d% =0, then dy is precisely the exterior differential d on differen-
tial forms on M.

Relative to the Riemannian structures on £ and TM, the co-differential
operator d¥: .o/P(E) — .«/?~'(E) is characterized as the adjoint of dy via

JM (dya(x), b(x))AI’(T*M)@)E vol(dx)
= JM(a(x), dEb(X)) 40 1(7errye 5 VOI(dx) (A8)

for ae.o/?~Y(E) of compact support and b e.«/?(E). By Lemma 2.16 and
the fact that C¥=4,,

déa=-> A4,V,a for aeo/?(E) (A9)
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see [21], p. 8. Since d3 is a zero order operator, see Eq. (A.7), it follows
that d&?is the zero order operator:

d&?h=1 Z R%(e;, e; AelAe]b
l,]=
= Z RE(e,, e;) A, A, b (A.10)
1<i<j<n
because
(R® A a, b)=§ (C,C,R"(e,;, ¢;) a, b)

(RE(eis ej) a, AejAe,-b)

3 i (a, RE(e;, e;) A, A.b)

i =1

~.

1
2

=3 Y (a, R"(e; e) A, A,D).
j=

There are now different Laplacians on E-valued differential forms, e.g.,
—(dyd&+d¥dy) and —(dy+d¥)*= —Di, (A.11)

where y is the Clifford multiplication defined by y,=C,—A,. The
Laplacians 4 and

A=A—dy—d?=4— Y RE(e,e)A A, +C,C,)  (Al2)

1<i<j<n

do not coincide on o7 *(E), except in the case of flat bundles. Both 4 and
A" are elliptic, negative, and essentially self-adjoint on complete manifolds.
The operator 4 is the most popular choice since it has the advantage of
being homogeneous, i.e. 4: .o&/?(E) — o/?(E). For our purposes however, A’
seems to be more natural.

ProposiTION A.7 (Weitzenbock’s Formula).  The relation between A and
O is A=0 — R, where

A=— Y C,A,R(e,e). (A.13)

i, j=1
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Alternatively, # may be described by requiring
P n X
(@a) Uys ey = Z Z (_1) (R(Uk, ej) a)(eja Uy e ﬁka ety Up)
k=1 j=1
Jorallae o/P(E), vy, ..,v,eT .M, xeMandp>1and #a=0ifae A °E).
Similarly (using Eq. (A.12)), A'=0 — X', where

A=A+ Y RE(e,e)(A,A,+C,C,) (A.14)

1<i<j<n
Proof. By the definition of 4,
A4=CVAV+AVCV
=C,V, AV+A4,V,CV
=C,AV,V+A4,CV,V
=C,A,V2g.+A, ,C V2

¢V ei®ej ej ej®el
=C, Ae]Vi@e] +(9;— CeAy) V§]®e,
=0+ CoA, (V. ng@m)

=0+ C,A,R(e; ¢)),

where we are summing on repeated indices. This proves 4= — % where
2 is given as in Eq. (A.13). For vy, .., v, e T, M,

—(Ra)(vy, ..., v,)
=((es, ) A A R(e;, €)) a)(vy, ..., Up)
i )+ (es, 0)(Ag R(es, €)) @) (01, oy gy s V)
:
z Y (R(v, €)) a)(€j, Uy ey Oy ooy U)

which proves Eq. (A.14). |

Remark A.8. Because 4, A’, and [0 are symmetric operators on com-
pactly supported smooth sections, it follows that # and %' are fiberwise
symmetric operators as well. In particular it follows that

A=R*=— Y (R(e,e))* AXCE
i j=1

= Y R(ee) Code=— Y. Rlej,e) Cod..  (A15)

i j=1 Lj=1
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The derivative formulas that appear in the body of this article often
involve the operator £ rather than Z.

LEMMA A.9. The transpose R* of Rel(End(A(T*M)Q®E)) in
Eq. (A.13) is formally given by the same formula as R,

%tr: - Z CeiAe]-R(eia ej) = - Z R(e e.) CEI'A

A

(A.16)

e’
i, j=1 i, j=1

but now acting on A(TM)Q E*. In particular when E=M xR (so
AT*MYQE=A(T*M)), if ve TM = A'TM < ATM, then

Rv= Y R(e; e;)e;(v,e;)=Rico. (A17)

i, j=1

Proof. Since R is the curvature tensor induced by the covariant
derivatives on E and TM, it follows that R(v, w)*" [(A(TM)® E*)=
—R(v, w) | (A(T*M)® E). Hence starting with Eq.(A.13) and using
Lemma A.2 we find,

n

E@tr:_ Z R(G e)trAtrctr

i “j
i, j=1

Z € J Aei: - Z R(ej’ ez) Ce'Aei'

An analogous computation starting with Eq. (A.15) shows

.@:_ZCAR(UJ)I

i, j=1
PROPOSITION A.10. Let ae o/%E)=1I(E) and ve TM, then

[O,V],a=Vgi,a+(V-R¥),a—2 ) R(v,e)V,a, (A.18)
iz

where Rico=3"_, R™(v, e;) e; and (V-R*),=X"_, (V,R")(e;, v).

Proof. We start with the relation,

Ady — dyd = dy(dEdy + dyd ) — (dEdy + dyd) dy
—d2ds—dsd:=R A dE—dER A .
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Applying this relation to a € .o(E) gives
(O—-2)Va—VUOa=A4dya—dyda= —d¥R A a)

= Z A,V . (Ra)= Z (Vo Ra+ RV, a)

i=1 =

Il
I M=

{(VeR)(e;, ) a+ R(e;, ) V,a}

i=1

=(V-R)a—R-Va,

where Z is defined in Proposition A.7 above. Adding this equation to the
formula for #Va,

(#Va)(v) = —

IINeE

(R(v, ;) Va)(e;)

1

= - Z RE(U7 ei) Veia—‘f_ Z VR(v,e;)e,-a

i=1 i=1

—R~V(l+VRiC,,a,

completes the proof. ||

APPENDIX B: SEMIGROUP RESULTS

B.1. Some Spectral Theory for Vector-Valued Schriodinger Operators

Let M be a Riemannian manifold and z: £— M a Riemannian vector
bundle over M, endowed with a Riemannian connection. Recall that I(E)
denotes the smooth sections, I'.(E) the compactly supported smooth sec-
tions, and L>-I'(E) the smooth square-integrable sections of E. Finally,
L*(E) is the Hilbert space of square-integrable sections of E with the inner
product

(a, D) 2g) = fM (a(x), b(x)) g, vol(dx). (B.1)

LemMma B.1. The operator O =tr V? is non-positive and formally self-
adjoint. More precisely,

(Oa, b) r2zy= —(Va, Vb) prm e k) (B.2)

for a, be I'(E) with a or b of compact support.
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Proof. Let m be the identity multiplication map from E to E:=
T*M ® E. Then D,,=VE, m*S=S(v) for Se I'(E)=I(Hom(TM, E)) and
O =D,,D,, and hence by Lemma 2.16,

(Oa, b)Lz(E) =(D,+D,,a, b)LZ(E)

= —(D,a, Dmb)LZ(T*M®E)

= —(Va, Vb)LZ(T*M®E)- |

B.1.1. Self-adjoint extensions and elliptic regularity. Let L=0—2R
where # € I'(End E) is assumed to be symmetric, i.e. %, is a symmetric
linear transformation of E for each x € M. Suppose that (O — %) | ['.(E)
1s bounded above, i.e.,

(O—-2Z)a,a),:

Ao(R) :=sup { (@a),

:Oyéach(E)}<oo. (B.3)

In this situation, there is a canonical self-adjoint extension of [0 — %, the
so-called Friedrichs extension, cf. [45]. We briefly sketch the construction:
Defining &(a, b) := — (Va, Vb) ;2 — (Ra, b) ;2 for a, be (&) :=T'(E), then
for any ¢ > 1y(2),

q(a,b) = —&(a, b)+c(a, b) 2 (B.4)

in a positive quadratic form on Z(&). On completing Z(&) in the g-norm
to Z(&) and extending & by continuity to a closed quadratic form & on
(&), we get

&la, b)=((0—R)" a,b), (B.S5)

for some self-adjoint operator (1 —2) * with form domain (&) = L*(E). The
operator (O —2) " is called the Friedrichs extensions of (O — %) | I .(E).

Remark B.2. If the manifold M is complete, then (O —2)|I.(E) is
essentially self-adjoint and (O —2)" =(0—-2)~ where (O—2)"
denotes the closure of (0 — %) |I'(E). See for example Strichartz [51]
and Davies [11].

In the following we are going to deal with the L? semigroup

P,a=e"B=P"2q  gqelXE), (B.6)

defined by the spectral theorem. First, we note some consequences from
standard elliptic theory.
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Remark B.3 (Elliptic regularity). For a e L*E) the following properties
hold:

(i) Ifaeker(d—%)" then ae L*-I(E).

(i) The map (¢, x)+— P,a(x) is smooth on ]0, o[ x M, for ae
L*I(E) even on [0, co[ x M. In addition, there exists a kernel (¢, x, y) >
p(t, x, y)e Hom(E, E,) which is smooth on ]0, co[ x M x M, such that

Poaix)=[ plt.x. y) aly) vol(dy) (B.7)

for the C* version of P,a, see [11].

B.1.2. Semigroup domination and Feynman—Kac identities. Given p:
M — R continuous and a measurable function f on M, let

Prf) =€ | exp (=4 [ PN &5 ) A0 Ly | (BS)

when the right-hand side is well-defined.
Consider again L= —% where # e [(End E) is assumed to be sym-
metric, and let

A(x) =min{(R,v,v):veE,, |v|=1}. (B.9)

By uniform continuity, £ is a continuous function on M. If (Q,) is defined
by

d

1 . .
%Qtz _5 Qt%//t Wlth Q():ldEx9 (B.IO)

then

|Q,|op<exp<—;f0’ «%(Xs(x))ds) (B.11)

which can be seen, for instance, by representing the solution to (B.10) in
terms of a product integral ([ 13], p. 28) or by Gronwall’s inequality.

THEOREM B.4. Let 001 — R be as above where # € I'(End E) is a sym-
metric field of endomorphisms. Suppose that (O —R) | (E) is bounded
from above. For ae LX(E) let

P,a=eHB-%"q (B.12)
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be the C*® version of the L* semigroup. Then the formula

Poa(x)=E[Q,//7 ' a(X(x) 1 <] (B.13)
holds for all ae L*(E) with PZ |a| (x) < 0.

Proof. Since P,a has an integral kernel, using a monotone class argu-
ment, it is sufficient to check (B.13) for ae L*(E)n I (E). Further, note
that any (connected) manifold M can be exhausted by a sequence of
relatively compact open domains D, with smooth boundary. For instance,
let (¢,),en be a partition of unity such that 0 <¢, e C(M). Consider
¢,:=>"%_, »,. Choosing numbers ¢, N0 such that {¢,=¢,} are smooth
submanifolds of M (which is possible by Sard’s theorem), then

D= {4, > e} » M

gives a smooth exhaustion of M, since ¢, ~ 1 pointwise. Finally, by fixing
a point x, in M and defining D, as the component of D), containing x,, we
get a sequence of connected sets D,, with the desired properties.

Now, fix an exhausting sequence D, ~M as above, and let L, denote
the Friedrichs extensions of (O —%)|[I(E/D,). Then, by monotone
convergence of the corresponding quadratic forms, see eg [36],
Theorem VIII-3.11, we get

PPWa:=e™?q—P,a  in L2 (B.14)
We use the following two properties of P{™ a:

1. the map (¢, x)— P{a(x) is smooth (in particular bounded) on
[0, T]xD,,

2. the semigroup P{a vanishes on dD,,.

Recall that for each >0,
N =0, //71 PP a(X (x)) (B.15)

is a local martingale with lifetime ¢ A 7,(x) where 7,(x) denotes the first
exit time of X(x) from D,. Since N in Eq.(B.15) is bounded, we may
conclude E[N{"1=E[N{ _ 1. But note that

t A ty(x)

HE[N(tnA) ‘rn(x)] = E[Ngn) 1 {t<rn(x)}] + [E[Nfr:()x)l{tZTn(x)}]

=E[N 1 <0y 1=ELQ// 7 a(X (%)) 1y <0y ]
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and

|Qt//t_1a(Xt(x)) 1{t<rn(x)} | <exp ( _%JOI R(X(x)) d3> lal (X,(x)) 1{t<¢(x)}-

By assumption, the right-hand side is in L', thus by dominated con-
vergence,

PMa(x)=E[NT) 1= ELQ,//7 alX (%) L <roy ]
which combined with (B.14) gives the claim. ||

Note that the above proof shows in particular semigroup domination,
see Theorem 4.3 of Donnelly and Li [ 14]:

|P.al (x) <P |a] (x), (B.16)

see [3,50] for a general account on this. Before discussing this point, let
us specialize Theorem B.4 to a Feynman—Kac identity on functions. The
following Corollary is well-known at least in the case p =0, e.g. [ 12].

COROLLARY B.5. Let M be a Riemannian manifold, A,, its Laplace—
Beltrami operator, and A%,:=A4,,—p where p: M — R is continuous.
Suppose that A%, | C*(M) is bounded from above, i.e.,

A4, @,

Then P’ |f|(x)<oco for any fe LA (M) and x+ P?f(x) is continuous for
t>0. Let A%, be the Friedrichs extension of A%, | CX(M). Then,

:0#g0€Cj°(M)}<oo. (B.17)

e Mul2f — pr f (B.18)

for the L? semigroup given by the spectral theorem.

Proof. Take the trivial bundle £E=M xR, then I'(E)=C*®(M) and
Of =4,,f Theorem B.4 gives the claim at least for smooth p, a restriction
which can easily be removed. ||

THEOREM B.6 (Semigroup Domination). For a field # € I'(End E) of
symmetric endomorphisms, let L” = 0 — R and A% = A,,— R. Then

Ao(R) < Ao(Z). (B.19)
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In particular, if AZ | C*(M) is bounded from above, then L” | I'(E) is also
bounded from above, and moreover the following estimate holds:

|P,a| < PZ |al. (B.20)

Proof. We may assume that Ay(Z#)<oo. If Ay(#)< oo, then the
Friedrichs extension L# of L# | I'(E) is well-defined, and by Eq. (B.16),

22
a, e a
M2 — sup {( )}

ae I (E)\{0} (aa a)
a%p
< sup {(|a|ae M |a|)}< A #)/2.
ae I (E)\{0} (|(l|, |a|)

To see that 1y(Z) < oo implies 1o(Z#) < o0, we note that the above argu-
ment can be applied first to give Ao(Z | D,)<Ao(Z) for each D, of a
sequence of smoothly bounded, relatively compact open domains D, » M.
From this the claim follows obviously. |

B.2. A4 Commutativity Result

In this subsection, we investigate conditions under which a Dirac type
operator D commutes with the L? semigroup generated by the Friedrichs
extension of D2 In particular, we shall recover the fact that d and d* com-
mute with ¢’/ when M is complete. The precise statement is given in
Remark B.9 below. Similar discussions may be found in Briining and Lesch
[7], Xue-Mei Li [40, 41] and in Bueler [8].

THEOREM B.7.  Let D be a closable densely defined operator on a Hilbert
space H. Then D*D and DD* are densely defined, self-adjoint and > 0.
Furthermore

D*e~PP* | g(D*)=e~"P*PD*  and
De~*P| g(D)=e""PP*D. (B.21)

Proof (By “Nelson’s trick”, as in [57], Section 5.2). The operator

0 D*
Q':<D_ 0>

on H® H is self-adjoint (see [57], Lemma 5.3). Thus, by the spectral

theorem,
D*D 0
2 _
Q _< 0 D_D*>
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is densely defined, self-adjoint and non-negative and hence are its com-
ponents D*D respectively DD*. By the spectral theorem, Qe '’ | 2(Q) =
e~'2’Q. It makes no difference applying the spectral theorem to Q2 as a
whole or to its components. Hence

0 D*e=™PP\ (0 D*\(e=™P 0
De="P"P 0 ) \D 0 0 eP?
(e 0 0 D*
L0 e AD 0

0 e~ D*Dp*
“\e—PP*p 0 1

Remark B.8. In Theorem B.7, the operator D*D is the Friedrichs
extension of D?, e.g. Reed-Simon [45]. In particular, if D is essentially self-
adjoint, i.e. D= D*, then D commutes (on the domain of D) with the semi-
group generated by the Friedrichs extension of — D2

Remark B9. Let E=AT*M and D=d+J on compactly supported
smooth sections of E, where d and ¢ denote the exterior differential and its
formal adjoint, both restricted to smooth sections of compact support.
Under the assumption that M is complete, D =d+ ¢ and all its powers are
known to be essentially self-adjoint on I',(E) = L*(E), see [9], also [51],
Theorem 2.4. An immediate consequence is

+0=d+6=0*+d* (B.22)

Hence, the Hodge-de Rham Laplacian L = —D? is essentially self-adjoint
on I'(E) < L*E). Thus, on a complete manifold,

dP,=P,d on the domain on d, and

d*P,=P,d* on the domain of d*,

where P, is the semigroup generated by L =L = —D*D = — DD*. Indeed,
this follows from Theorem B.7, together with Eq. (B.22), by taking into
account that P,, d, d* are homogeneous respectively of degree 0, 1, —1.

Remark B.10. For non-complete manifolds M there are in general
several different self-adjoint extensions of —D?*= —(d+6)?| I (E), see
[10, 31, 32] for details.
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