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Abstract

We prove Cheng—Yau type inequalities for positive harmonic functions on Riemannian manifolds by
using methods of Stochastic Analysis. Rather than evaluating an exact Bismut formula for the differential
of a harmonic function, our method relies on a Bismut type inequality which is derived by an elementary
integration by parts argument from an underlying submartingale. It is the monotonicity inherited in this
submartingale which allows us to establish the pointwise estimates.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

The effect of curvature on the behavior of harmonic functions on a Riemannian manifold M
is a classical problem. A quantitative measurement of this behavior is encoded most directly
in terms of gradient estimates and Harnack inequalities involving constants depending only on
a lower bound of the Ricci curvature on M, the dimension of M, and the radius of the ball on
which the harmonic function is defined. Such estimates in global form, i.e., for positive harmonic
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functions on Riemannian manifolds, are due to Yau [13]; local versions have been established by
Cheng and Yau [3].

The classical proof of gradient estimates for a harmonic function u relies on two ingredients.
The first ingredient is a comparison theorem for the Laplacian of the Riemannian distance
function, which allows one to bound the mean curvature of geodesic spheres from above in terms
of a lower bound on the Ricci curvature. The second ingredient is Bochner’s formula which is
used to give a lower bound on A|grad u|? in terms of the lower bound on the Ricci curvature.
The gradient estimate itself then relies on a clever use of the maximum principle; see [9].

From a probabilistic point of view, it seems tempting to work with Bismut type representation
formulas for the differential of a harmonic function. Theorem 1.1 below is taken from [11],
[12] and gives a typical gradient formula; for related and more general results the reader may
consult [4]. See [10] for additional background on Bismut formulas.

Notation 1. Throughout this paper, M is an n-dimensional Riemannian manifold with (-, -), V,
div = V., grad, A = V-grad, and Ric denoting (respectively) the Riemannian metric, the Levi-
Civita covariant derivative, the divergence operator, the gradient operator, the Laplacian, and the
Ricci tensor on M. For v € T,,M, let |v| := (v, v)l/z, and for x, y € M, letd (x, y) denote the
Riemannian distance between x and y.

For a relatively compact open subset, D C M, let 3D denote the boundary of D and for
x € D let

rp (x) =d(x,0D) = inf d(x,y)
yeaD
be the distance of x to dD. (By convention, if the boundary 9D is empty we set rp (x) = 00.)

Let K = K (D) > 0 be the smallest non-negative constant such that Ric (v, v) > —K [v]? for all
veTD CTM andletk = k(D) > 0 be defined by the equation K = (n — 1) k2.

Theorem 1.1 (Stochastic Representation of the Gradient). Let M be a complete Riemannian
manifold, D C M be a relatively compact open domain, and u: D — R be a bounded harmonic
function. Then, for any v € TyM and x € D,

(du)yv =—FE I:M(XT)/t <9s ém st):I ) (1.1)
0

where:

(1) X is a Brownian motion on M, starting at x, and
t=inf{t >0: X, & D}

its time of first exit from D; the stochastic integral is taken with respect to the Brownian
motion B in TyM, related to X by the Stratonovich equation dB; = //fleX,, where
[ TxM — Tx, M denotes the stochastic parallel transport along X.

(2) The process O takes values in the group of linear automorphisms of Ty M and is defined by
the pathwise covariant ordinary differential equation

1
d6, =~ Ricy,(6))dr. 6 =idry.

where Ricy, = //;1 o Ricg(t o [, (a linear transformation of TyM), and (Ricgu, w) =
Ric, (u, w) foranyu,w € T,M, z € M.
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(3) Finally, £; may be any adapted finite energy process taking values in Ty M such that €y = v,
£: =0and

T _ 12
</ ek |£t|2dt) e L'*  for some ¢ > 0,
0

where K = K (D) is as in Notation 1.

By making a clever choice for ¢;, it is possible to estimate the right hand side of Eq. (1.1) so as
to obtain sharp estimates of the form

lgradu| (x) < C (rp (x),n, K) sup [u (x) |,
xeD
where C (r, n, K) is a certain function of r > 0. See [12, Cor. 5.1] for details.

For positive harmonic functions however, one would like to estimate |grad u|(x) in terms of
u(x) only. Such estimates provide elliptic counterparts to the famous parabolic Li—Yau estimates
for solutions of the heat equation; see [6]. It is an intriguing problem how to gain such estimates
in probabilistic terms from Bismut type formulas.

In this paper we deal with pointwise estimates of gradu(x) in terms of u(x) for positive
harmonic functions #. We show that such estimates may indeed be derived by stochastic analysis
methods involving certain basic submartingales. In particular, we give a stochastic proof of the
following gradient estimate due to Cheng and Yau [3]. In addition, our approach provides an
explicit value for the constant c(n) appearing in (1.2); see (4.11) and (4.12).

Theorem 1.2. Let M be a complete Riemannian manifold of dimensionn > 2 and let D C M be
a relatively compact domain. Let u: D — 10, oo[ be a strictly positive harmonic function. Then

lgradu(x)| < c(n) (k + ;) ~u(x), (1.2)

rp(x)

where k = k (D) and rp (x) are as in Notation 1.

Our method of proof is inspired by the stochastic approach to gradient estimates used in [12]
for harmonic functions, and in [1] for harmonic maps, where one represents, as described, the
differential by a Bismut type mean value formula which may then be evaluated in explicit terms.
However in this paper, we do not use the mean value formula directly. Roughly speaking, Bismut
type formulas are derived from certain underlying martingales by taking expectation. We sharpen
this approach by constructing analogous submartingales (see Theorem 3.1) which after taking
expectation provide Bismut type inequalities (see Eq. (3.6)). From these probabilistic inequalities
we are able to establish the pointwise estimates; see Theorem 3.2 and Corollary 3.5. Finally, as
in [12], explicit constants depend on a reasonable choice of a finite energy process which is used
for integration by parts on path space; see Theorems 4.1-4.3.

2. Some elementary geometric calculations

Let M be a (not necessarily complete) Riemannian manifold of dimension » > 2, and
u:M — R be a harmonic function. For x € M let ¢(x) = |gradu|(x). For x € M with

e(x) # 0, let n(x) = ¢(x) 'grad u(x).
If f: M — R is a smooth function, then we have the well-known formula

Ograd f = grad Af + Ric’grad f, 2.1
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where [ = traceV? denotes the rough Laplacian on I'(T M), and where by definition,
(Ric*X, Y) =Ric(X,Y), X.,Y e I(TM).
Eq. (2.1) applied to u gives
Ograd u = Ric*grad u. (2.2)

In the following lemma we calculate grad ¢ and Ag in terms of n.

Lemma 2.1. Let u: M — R be a harmonic function, ¢ = |gradu|, and n = (grad u) /¢ where it
is defined. Then on M, where ¢ does not vanish,

A = g[Ric(n, n) + |Vnl3 g 1, (2.3)

grad logg = Vun — (divi)n, 2.4
and

lgrad log¢|* < (n — 1) [Vnl3g . 2.5)

Proof. (i) We start by proving Eq. (2.3). To this end, fix x € M such that ¢(x) # 0 and choose
an orthonormal frame (e;)1<;<n at x such that (Ve;)(x) = 0 for all 7, j. Then, we have at x,

O(en) = (Ap)n+2(V,, gradu, n) V,n + ¢ On. (2.6)

Since (n,n) = 1, we have 0 = v(n,n) = 2(Vyn, n) for any v € T, M. Thus, taking scalar
product with n makes the second term of the right hand side of (2.6) vanish and yields

Agp = (O(pn),n) — e (On, n).
It is easily seen that
(On,n) = ~|Vnlis .

so that with Eq. (2.2) the claimed equality for A¢g follows.
(i1) To establish (2.4), note that Au = 0 can be written as

0 = div (¢n) = dep (n) + @div n.
Letn® = (n,.) = (p’] (gradu, ) = <p’1du. Then on one hand,

ndn’® = (n(—¢2dg A du) = —p2(de (n) du — du (n) dg)
—¢*(—pdivndu — p[n|*dp)

=divn{(n,-) + (grad log g, -),
while on the other hand,
tndn® = (Van, ) — (V,n) = (Van, ) .

Comparing these last two equations proves Eq. (2.4).
(iii) Finally, to establish (2.5), note first that, as a consequence of (2.4),

lgrad log ¢|? = (divn)? + |Van|2.
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Next, fix x € M such that ¢(x) # 0 and choose an orthonormal frame (el’. )1<i<n at x such that
/
e, =n. Then

2

n—1

|grad log ¢|* = <Z(Ve}ﬂ, e&)) + | Van|?
j=1

IA

n—1
(n—=1) ) (Ven €})? +Ve,el’
=t
n
<(=DY IVenl? =@ —1)|Valdg. O
=1

3. Gradient estimates for positive harmonic functions

The following theorem gives the submartingale property which will be crucial for our
estimates; see Bakry [2] for related analytic results.

Theorem 3.1. Let M be a (not necessarily complete) Riemannian manifold of dimension
Let X be a Brownian motion on M and let u: M — R be a harmonic function. For any o
the process

IV =
|

Y, = |grad u* (X,) exp {—% /Ot Ric(n, n)(Xr)dr} G.1)
is a local submartingale, where by convention, Ric(n, n)(x) = 0 at points x where grad u(x)
vanishes.
Proof. First assume that grad u# does not vanish on M. Then, making use of Eq. (2.3), we have
A = agp® ' Ap + ala — 1)¢* ?|grad p|*
= ap®(Ric(n, n) + IVHIIZ{_S_ + (o — 1)|grad loggolz). (3.2)

Since our assumption on « is equivalenttoo — 1 > —1/(n — 1), it now follows from the estimate
in Eq. (2.5) that

|Vn|ﬁs' + (o — 1)|grad logrpl2 > |Vn|ﬂs' — |grad log<p|2 > 0.

n—1
Combining this estimate with Eq. (3.2) shows
Ap® > ap®Ric(n, n). (3.3)

An application of 1t6’s lemma now implies Y; = N; + A; where

t
dN; = exp {—%/ Ric(n, n)(X,) dr} (//[_lgrad(p“(Xt), dB;),
0

and

N
dA, = - < Y (X)) — aRic(n, n)(X,)) Y, dt.
2\ %

(Here /, is stochastic parallel translation along X and B is the T, M-valued Brownian motion
introduced in Theorem 1.1.) By the inequality (3.3), dA; > O and therefore, Y; is a local
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submartingale, which completes the proof under the assumption that ¢ never vanishes on M.
This assumption however is easily removed by letting Ric(n, n)(x) = 0 in (3.1) at points x
where gradu(x) = 0.

Indeed, let [0, ¢[ be the maximal interval on which our Brownian motion X is defined. Fixing
& > 0, we consider the partition

O=m=<o1<t1<0p<1p=<---
of [0, ¢[ defined by
op=inflt >7,_1:Y, <¢/2} and v =inf{t >0;:Y, >¢e}, i>1.

Now consider Y7 := Y; v ¢ which is seen to be a local submartingale on each of the sub-
intervals of our partition. Indeed, on [0}, 7;[ the process is constant, Y¢ = ¢, while on [7;_1, o[
it is a local submartingale, since there Y itself is a local submartingale by 1t6’s formula, as shown
above, using the fact that X|[t;_1, o;[ takes its values in {x € M:gradu(x) # 0}. Now since
each Y is a local submartingale, Y; = lim, o Y/’ itself is a local submartingale. O

Remark 2. In (3.1) we adopted the convention that Ric(n, n)(x) = 0 at points x where grad u(x)
vanishes. It should be noted that any other convention also gives a local submartingale as well.

Remark 3. In Appendix we provide a generalization of Eq. (3.3), along with a unified proof of
the submartingale property of Y; in (3.1). The argument there directly takes care of the possible
vanishing of the gradient of u and does not require the case distinction made in the proof of
Theorem 3.1.

Theorem 3.2. Let M be a Riemannian manifold of dimension n > 2 and let u: M — R be
a harmonic function. Further let o € [%, 2[l with > 0, and p > 1, g > 1 such that

p~ V4 ¢ = 1. For x € M, let X be a Brownian motion on M starting at x, and denote by T
the time of first exit of X from some relatively compact neighbourhood D of x. Further assume
that p is a bounded stopping time with p < 1 and that {; is a real-valued decreasing, adapted
process with C' paths such that £y = 1, £ o =0. Then

lgradu|(x) < Li(«, p) - L(e, p) (G4

where

o ap/2V/er
Il(a,p):IE|:</ |gradu|2(Xs)ds> } and
0
p —a [ _ (@-a)q/2) /4
L, p) =E </ exp{—/ Ric(n,n)(xr)dr}|2S|2/(2—“>ds) )
0 2—ajy

Proof. Let Y; be the process defined in Eq. (3.1). Under our assumptions I?l = Y is abounded
non-negative local submartingale which according to Doob and Meyer may be decomposed as
Yt = Yo + Nt + At where No = Ao = 0; N is the local martingale part, and A is the drift part.
We further assert that Y; is a L2- -submartingale in the sense that

) ~ A N
[Nooll, = E[(N, N)oo] <00 and [Axll, < o0. (3.5)
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To verify the estimates in (3.5), let (7,),>0 be an increasing _sequence of stopping times

converging almost surely to +00, such that each stopped process Y =Y¥Tisa submartingale.
Writing N" = NTn, A" = ATr | we have by It6’s formula

t t
(87 A7), = (2 = g =2 [ Frar < =2 [ 5 as;

where R is an upper bound for Y. (Here we already used the fact that Y > 0 and that A is non-
decreasing.) Taking expectation yields E[(N", N")oo] < R2, from which the first estimate in
(3.5) follows by monotone convergence. To bound the L2- -norm of the total variation of A, since
A is non- decreasing, it suffices to bound ||Aoo||2 But since Y = lim; oo Yt exists almost
surely, it follows that

Asslly < 1¥oo — Yolls + INsolly < R + [[Neoll, < 00.

Let
t .
Sl = YIZZ _/ YSES ds.
0
Since Sy = Yy = ¢%(x) and dS; = ¢, dY;,
t
S = 97 (x) + / 0,7,
0
is a local submartingale. Moreover, since £ is bounded and
l A
SP/\t = q)a (x) + / Ly dYs,
0
it is clear that S, ; is also a L?-submartingale. In particular we have

9*(x) =S <E[S,]=-E [/p Ysésds} =E[/p Ys|és|ds]
0 0

Combining this inequality with the definition of Y in Eq. (3.1) implies

o(x) <E [/p 0% (X;) exp {—% /s Ric(n, n)(X,) dr} 14| ds} . (3.6)
0 0

Assuming @ < 2, an application of Holder’s inequality shows

P a/2
w(X)SE[(/ ¢2<Xs>ds)
0
p « [ . @-a)/2 1/
x (/ exp{——/ Ric(n,n)(X,)dr} |€S|2/(2"‘)ds> } . 37
0 2—alo

One more application of Holder’s inequality to Eq. (3.7) then gives Eq. (3.4). O

To estimate /1 (o, p) we use the following lemma.
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Lemma 3.3. For 8 €]0, 1[, let

1-8 1/B 1-8 1/B
(L) (2"

2

VB

Then for every positive local martingale Z with infinite lifetime and deterministic starting point
Zoy = z, we have

2
E[(Z)%1YP < yp 2,
where (Z) o, = limy100 (Z), and (Z), is the quadratic variation process associated with Z.

Proof. Without loss of generality we may assume that z = 1. Moreover, applying the
Dambis—Dubins—Schwarz Theorem (cf. [7] or [8]), by “enriching” the filtered probability space
if necessary, we may assume there exists a Brownian motion B starting at O such that

Z; =1+ B(z),.

Let T := inf{t > 0, 1 4+ B, = 0}. By the reflection principle,
1

P{B;, < —1} = EP{T <t} forallt >0,
and the scaling property of Brownian motion, we conclude that 7 has the same law as 1/ Blz.
Consequently,

E[TP21V/F = E[|B,|7P1F = yp.
Moreover, we have (Z),, < T a.s., so that

ELZ)5HYP < EB[TPVP = . O
To exploit estimate (3.4) we now choose o € [Z%%’ 1[ifn >3, €]0,1[ifn =2,and p > 1

such that 8 := ap < 1.

Proposition 3.4 (Gradient Estimate; General Form). Let M be a Riemannian manifold of
dimension n > 2 and D C M be a relatively compact domain. For x € D, let X be Brownian
motion starting at x, T be the time of first exit of X from D, and p be a bounded stopping
time such that p < t. Assume that u: M —10, oo[ is a positive harmonic function and let
n = gradu/|grad u| when gradu # 0 and n = 0 otherwise. Further, let o € [ﬁ, 1[N]0, 1[ and
q > 1 be such that B = qu a < 1. Then, for each x € D, the following estimate holds:

|grad log u|(x)
1/aq

p o [ , Q2-a)q/2
<yE (/0 exp{—m/o Ric(n,n)(X,)dr}|£S|2/(2_"‘)ds) (3.9)

where yg is given by (3.8) and the process L, is chosen as in Theorem 3.2.
Proof. Lemma 3.3 applied to Z, := u(X?) gives
1/

o B/2
E [(f wz(Xs)ds> } < ypu(x). (3.10)
0
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Bounding the term /(«, p) in estimate (3.4) by means of (3.10), and dividing by u(x), the
claimed inequality follows from (3.4). O

Corollary 3.5. Keeping the assumptions of Proposition 3.4, if u:M —]0, o0[ is a positive
harmonic function, then

— 1/agq
o K . (2—a)q/2
|grad logu|(x) < yg E |:(/ exp {Z‘X—s} |KS|2/(2*°‘) ds) . (3.11)
0

-«
where Ric > —K = —K (D) as in Notation 1.

4. Explicit constants

In order to estimate the right hand sides in Eqgs. (3.9) and (3.11), we are going to use
the methods developed in [12]; see especially [12, Corollary 5.1]. Throughout this section the
assumptions on « and g from Proposition 3.4 will be preserved.

Fixx € M andlet D C M be arelatively compact open neighbourhood of x in M with smooth
boundary. Let f € C%(D) be a positive function on D which is bounded by 1 and vanishing on
dD and let X; be a Brownian motion on M starting at x € D. Define

N
T(s) = / f72(X,)dr, s<1tp, and
0
p(t) =inf{s > 0:T(s) > t}, “4.1)
where tp is the time of first exit of X from D. Alternatively we may express p as

T-Y) ift <T (tp)
00 ift > T (tp),

p@) = {
from which we see that

p(t) = = fz(Xp(l)) fort < T (tp).

1

T' (p (1))
In particular it follows that p(r) < t for t < T (tp). By [12, Proposition 2.3], the process
X} = X, is adiffusion with generator L’ := % f?A, and infinite lifetime and as a consequence,
T (tp) = oo a.s.

The idea now is to use the fact that 7(¢) 1 oo, as ¢t 1 tp, to construct the required finite
energy process £y meeting the crucial conditions £y = 1 and £, = 0. More precisely, we fix
t > 0 (p(¢) will be our p in Corollary 3.5) and let

o(s) == /O F2X) Lpepn dr = T (0 () A 5) .

Hence ho(s) = ho(p(t)) = T(p(t)) = t for s > p(t). Further let h; € cL(o, 1], R)

be a function with non-positive derivative such that %1 (0) = 1 and h1(¢) = 0, and define
Ly = (hy o ho)(s). Since £; has non-positive derivative, |[{s|ds is a probability measure on
[0, p(0)].

Theorem 4.1 (Gradient Estimate; Specific Form). Let M be a Riemannian manifold of
dimension n > 2, and D be a relatively compact open domain in M with smooth boundary
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dD. Let f € C?(D) be strictly positive on D and vanish on 3D, and K = K (D) > 0 be chosen
so that Ric > —K as in Notation 1. Further suppose that 0 < « € [%, llandg > 1/ (1 — ).
Then, letting p = q/ (q — 1) be the conjugate exponent of q, for any positive harmonic function
u: M —10, oo and any x € D, we have

r(

2
1
r()
where

Cla,K.q, f) = Sug{Kfz(y) — (FAP)(Y) + (g + Dlgrad £ ().
ye

1—ap

1/ap
) VC(a, K, q, f)

|grad logu|(x) < “4.2)

1
)

Proof. Our assumptions on « imply that poe < 1 and ¢ > 2/ (2 — «). Since the inequality in
Eq. (4.2) is invariant under scaling f by a positive constant, we may assume without loss of
generality that f is bounded above by 1. We want to estimate 7'/%9 where

B (2—a)q/2
p(0) K .
(/ exp {M} i, 2 ds)
0 2 -«

By means of Jensen’s inequality, we get

2—a)gq/2
K . .
s} AN ds)
o

i /pa) {a
exp
0 2-

I =FE

I =E

[ e K . .
<E / exp il qs |Zx|qa/2|€5|ds:|
| /o 2
0] aKq .
=E / exp s |Zs|(q°‘+2)/2ds
| /o 2
i p(t) K . ]
=K / exp 0‘261 s |h1(h()(S))|(qa+2)/2 |h0(s)|(qoz+2)/2 ds:|
0
[ r® aKgq .
=B / exp | —— 5 { [ (ho() 422 f7172(X, ) ds
0
[ aKq ; (qu+2)/2 r—qo (!
=E| | expy—=p) (I %X dr
LJo

(4.3)

t
= /0 |le<r>|<q“+2)/2E[exp{¥ p(r)} f—'I“(Xb] dr.

Let Z, = e*Kar®)/2 f=aq(x 7). Writing Z for equality up to a differential of a local martingale,
we have

dZ;

1
5 Zs(@Kqp'(s) + FAHXD(AFT*)(X]))ds

1
= Ezsqufz(X;) —aq(fAf)(X]) +ag(ag + Dlgrad f1*(X})) ds
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which implies
dZg; <dM; + C1Zsds 4.4

where M is a local martingale and

1
Cr= 5 Sup {aKqf*(x) —aq(fAf)(x) + ag(ag + 1)lgrad f1*(x)}.

xeD

Let D, C D be an increasing sequence of relatively compact open subsets of D such thatx € D,
and UD,, = D.If g, is the time of first exit of X’ from D,,, then M°" is a martingale, E[ZJ"] < o0
for all s, and from Eq. (4.4),

)
E[Z%"] < C) / E[Z"] dt.
0

It now follows by an application of Gronwall’s lemma along with Fatou’s lemma that

E[Z,] < liminfEZ%" < Ze1s = 79 (x)eC1.
n—>oo

Using this estimate in Eq. (4.3) gives

t 1/aq
Jl/eq < (/ f—aq(x) eCls |],'ll(s)|(qa+2)/2 dS)
0

! C 2 (qu+2)/2 Ve 1
15| o d = ——J(,h
</0 el S) fx) ).

—as

leut

O)

Fora > 0,let J (¢t,a) := J (¢, hy) where hi(s) == 1 —
Corollary 3.5 (with p = p (1) <t At < 7) that

for s € [0, t]. It then follows by

1
|grad logu|(x) < yﬁm‘l (t,a) 4.5)

where, by a simple computation,

a4 \et2/Caq) (| _ o(Ci—(ga+Da/2i /¥
J(ta)=|—2—
(t,a) (1 - e“”) (o +2)a/2— C;

Now suppose that a > 2C/(qa + 2). Then
4@ +2)/2 ) 1/aq

infJ (t,a) < lim J(t,a) =
>0 t—00 (g +2)a/2 — C

and the minimum in a > 2C;/(qa + 2) of the latter expression is /2C1/ag = /C(a, K, q, f)
which is attained at a = 2C7 /aq. Consequently we have shown

1nf 1nf](t a) < \/C(a,K—,q,f)

a>01>0

which combined with Eq. (4.5) (recall that 8 = ap and yg is given as in Eq. (3.8)) gives the
estimate in Eq. (4.2). O

Remark 4. Note that C(«, K, g, f) in Theorem 4.1 differs from the constant c1(f)/2 in [12]
only by the coefficient, «g + 1, which in [12] was the number “3”.

Please cite this article as: Marc Arnaudon et al., Gradient estimates for positive harmonic functions by stochastic
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Remark 5. Let M be a complete Riemannian manifold, x € M, R (y) :=d(x,y),Cut(x) C M
denote the cut-locus of x, and for r > 0 let D = B, (x) (the open ball about x of radius r) and
define f: D — R by

FO) (” . ) (4.6)
=cos| ——— ). .
Y 2 R(y)
It is shown in the proof of corollary 5.1 in [12] that
VK =1 2
|gradf|52l and —Af5¥+% on D\ Cut (x) .
r r r

Hence it follows that on D \ Cut (x),
Kf? = (fAf) + (@q + Dlgrad fI* < C(a, ¢, )

where

JEKm =1

r

k(n—1)
r

2
- n+ag+1
Cla,q,r) = T 2 +
72 n+ag+1
= — +
4 r?

Here K = (n — 1) k% is as in Notation 1.

+ K

+kn—1).

(Y I S

Now suppose that r €]0, t,[, where ¢, = d (x, Cut (x)) is the distance from x to Cut (x). In
this case D is precompact (because M is complete), d D is smooth, and f € C? (D) with f > 0
on D and f = 0 on dD. Hence by Theorem 4.1, if u is a positive harmonic function defined on
a neighbourhood of D, then for all y € D,

—1 F
lgrad logu|(y) < (cos <ﬂd ;x’ y)>>
p

<l—ap) ap
. (f) JC@ q.n),
3

where «, ¢, and p are as in Theorem 4.1. In particular, taking y = x in this inequality shows

1 1/ap
ol ) A QRp—

N C(a,q,r). 4.7
r(3)
When r > iy, the function d2(x, -) is no longer smooth on B, (x) and the boundary of B, (x)
need not be smooth either. Hence, it is not permissible to apply Theorem 4.1 directly to obtain the

estimate in (4.7). Nevertheless, using the methods in the proof of [12, Corollary 5.1] the estimate
in Eq. (4.7) still holds for arbitrary r > 0.

|grad logu|(x) <

Theorem 4.2. Let «, q, and p be as in Theorem 4.1 and continue with the notation used in
Remark 5. Then for any r > 0 and positive harmonic function u: B, (x) — 10, oo, the estimate
in Eq. (4.7) holds.

Proof. Fix x € M and let R (y) = d (x,y). By Kendall [5, Corollary 1.2], there exists a
continuous adapted increasing process, L;, such that

1
d(R(X;)) ={(grad R (X;), /,dB;) + 3 AR (X;)dt —dL; 4.8)

Please cite this article as: Marc Arnaudon et al., Gradient estimates for positive harmonic functions by stochastic
analysis, Stochastic Processes and their Applications (2006), doi:10.1016/j.spa.2006.07.002.




M. Arnaudon et al. / Stochastic Processes and their Applications 1 (1111) II1-111 13

where /, and B; are as in Theorem 1.1, and grad R (y) and AR (y) are interpreted as being zero
at points y € M where R fails to be smooth. In particular, if g € C? (R), then by Eq. (4.8) and
It6’s formula we have

1
d(g(R(X)) = g (R (X)) <<gradR (X1). /;dBi) + o AR (X;) dt — dL:)

1
T3 g” (R (X)) |grad R (X,) |*dt. (4.9)
Now at points where R is smooth,
A(g(R)=V-(g(R)VR) =g (R) AR + g" (R) |grad R|*.
Hence Eq. (4.9) may be written as
1
d (g(R(X1))) = (grad (g o R) (X:), /,dB:) + 5 Ao R)(Xy) dr — g (R (X)) dL,

with the convention that A(g o R) = 0 and grad (g o R) = 0 at points where R is not smooth.
Let f be defined as in Eq. (4.6), p (s) be as in Eq. (4.1), and X, = X () be as above, then

1
d(g(R(X}))) = 3 FHXDA (g (R)) (Xp5))ds — g/ (R(X))AL (). (4.10)
Let g(7) := (cos(é’—rr))"’“f and, as in the proof of Theorem 4.1, let
Zs = e?Kaqp(s)/2 f*MI(X;) — eothp(S)/Zg(X;).

Then, using Eq. (4.10) and the convention that Af (y) = 0 and grad f (y) = 0 at points y € D
where R is not smooth, we have

1 / — o s !
dZ; = 5 Z(@Kqp'(s) + FEXDALFT ) (X)))ds — e®KPS2 ! (R(X1))AL ()

INB

1
5 Z@Kqf*(X}) —aq (fAf) (X)) + aq (ag + 1) |grad £(X))[P)ds,

where we have used —e"‘qu(’)/zg’(R(X;)) > 0 and L, is increasing in s. With this
observation, the remainder of the proof of Theorem 4.1 starting with Eq. (4.4) goes through
without any further modification. Hence the statement of Theorem 4.1 holds for D = B, (x) and
f =cos(w R/ (2r)). Therefore the argument used to arrive at Eq. (4.7) is still valid provided u is
a positive harmonic function defined on a neighbourhood of B, (x). A simple limiting argument
shows that Eq. (4.7) is still valid even when u is a positive harmonic function defined only on
B, (x). O

Theorem 4.3 (Gradient Estimate). Let M" be a complete Riemannian manifold, n > 2, and let
D C M be a relatively compact domain, k = k (D) > 0 be chosen so that Ric > —(n — 1) k?,
and rp(x) = dist(x, D) as in Notation 1. If u: D —]0, oo[ is a strictly positive harmonic
function, then

|grad u(x)| < c(n) <k+ )u(x) forallx € D.

rp(x)
where

c(2) = %\/g exp {—F’ (%) /F (%) } 4.11)

Please cite this article as: Marc Arnaudon et al., Gradient estimates for positive harmonic functions by stochastic
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and forn > 3,

I (n=3/2)/(n=2)
r <—2(2n—3))

1
r(2)
As already mentioned, Theorem 4.3 is originally due to Cheng and Yau [3]. Our approach
however gives an explicit value for the constant c(n).

V3m—1)/2. (4.12)

T
c(n) = B}

Proof. Letr =rp (x).If n =2, let ¢ | 01in Eq. (4.7) to conclude that

1 1 1 723 rmk
dl —expl-r'(z) /(= 2 I e
e "g”'(“fﬁ‘”‘p{ (z)/ <2>}\/4 R

Ifn >3, lete = 2=%, and ¢ = 2. = 2 (n — 1). Then again from Eq. (4.7) we find

l—a ™

3721 w1 )

lgrad log u|(x) < Yap \/(n =1 (T St ;k+k2

where

1 (n=3/2)/(n-2)
1 (I (2(2n—3)>

Vap =\~
1
V2\ 1 (h)
This completes the proof of the theorem in view of the following simple estimate:

372 1 7wk 372 (1 2
TR < (Z4k) . O
4 r2+2r+ - 4 <r+>

Corollary 4.4 (Gradient Estimate on Geodesic Balls). Let M be a complete Riemannian
manifold with Ric > —(n — k%, k > 0. If u is a positive harmonic function on a geodesic
ball B.(x) C M, then

d 2
lgradul _ c(n) (k + —) .
"

By 2 (x) u

In particular, if Ric > 0 then any positive harmonic function u on M is constant.

Corollary 4.5 (Elliptic Harnack Inequality). Let M be a complete Riemannian manifold with
Ric > —(n—1)k>. Suppose that u is a positive harmonic function on a geodesic ball B, (x) C M.
Then

sup u <exp(c(n)(2+kr)) inf u. (4.13)
By /2(x) Bypp(x)

Proof. By the gradient estimate, we have SUPB, (x) lgradu|/u < c(n) (k+2/r). Let x1,x2 €

B,/z(x) be such that supg  (u = u(x;) and iIlfB,/z(x) u = u(xp). Then let o:[0,1] —

/2 (X

Please cite this article as: Marc Arnaudon et al., Gradient estimates for positive harmonic functions by stochastic
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Br/z(x) be a parametrization of the path following a length minimizing geodesic from x; to
x concatenated with a length minimizing geodesic joining x to x;. Then

Udlogu(o(s)) q
,/0 ds g

u(xy) _
u(xz)

IA

1
/ |grad log u|(o (s))|o’ (s) | ds
0

2 1

c(n) (k + —) / lo’ (s) | ds
r 0

c(n) (k + %> - r
r

from which Eq. (4.13) follows. O

IA

IA
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Appendix. Expansion on the submartingale proof

We start by generalizing inequality (3.3).

Lemma A.1. Let ¢ > 0, u: M — R be a harmonic function,
M ={x e M :gradu (x) # 0}, e =/ |gradu|? + 2,

172

and
ng (x) = ¢, 'gradu = (|gradu|* + &?)~?gradu,
with the convention that ng (x) == 0 if x ¢ M'. Then for a € [%, 1],
Agg > agy Ric (ng, ng) (A1)
where (A.1) holds for all x € M if ¢ > 0 and forall x € M' if ¢ = 0.
Proof. Suppose either ¢ > 0 or ¢ = 0 and grad u (x) # 0. We begin by observing that

Ap? = afp‘g"_lAan +a(a—1) (,t)“é‘_2|g,rad(pg|2

A
agy { ;S + (@ — 1) |grad 10g¢sI2}- (A2)

&

Set f; (s) = (62 +)'/2, so that ¢, (x) = f (|gradu (x) |?). Then

£ (s>=%<82+s>—”2 and f!(s)=—%(ez+s)‘3/2

Please cite this article as: Marc Arnaudon et al., Gradient estimates for positive harmonic functions by stochastic
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and forv e TM,
vpe = 2f! (lgrad u|*)(Vygrad u, grad u)

= (pg_l (Vygradu, grad u)
= (Vygradu, ng) = (Vp gradu, v) (A.3)

where in the last equality we have used the fact that V has zero torsion. From this equation it
follows that

grad g, = Vi gradu = Vi, (9elte) = 0e@e - e + @ Vi g, (A4)
and in particular that
grad log ¢, = nglog @, - ne + Vi ng. (A5)
Since
divn, = div ((pg_lgrad u) = _%—2 (grad g, grad u) + <p8_1Au
= — (grad log ¢¢, n) = —n, log ¢,
Eq. (A.5) may be written as
grad log ¢, = Vi, — (divng) n,. (A.6)
From Eq. (A.3) we also have
Vl%@vgog = (V5®vgradu, ng) + (Vygradu, Vyn,)
= (Vigygradu, ne) + (V, (@ene) , Vome)
= (Vigygradu, ng) + vg; - (e, Vyne) + @ (Vyne, Vyn,)
which upon summing on v running through an orthonormal frame shows
Age = (Ogradu, ne) + (ne, Veradg, ) + 96| Vie s,
= (grad Au + Ric#grad u, ng) + (g, Varad g, ) + (pSIVnshz{.s_
= (Ric"Vuu, ne) + (Ne, Viradg, Me) + @ Vitely s
= @e(Ric (ne, ne) + (Ne, Verad loge Me) + Vit i J- (A7)
When ¢ # 0 and grad u (x) = 0, we see from Eq. (A.7) that
Age () = g (x) [Vielfy s, ()
and from Eq. (A.4) that (grad log ¢) (x) = 0. Combining these identities with Eq. (A.2) gives
(AgY) (x) = ag? (x) |Vnelfg. (¥) = ag? (x) Ric (ng, ne) (x) = 0. (A.8)

This shows that Eq. (A.1) is valid for x ¢ M’. To finish the proof it suffices to show that Eq.
(A.1) is valid for all x € M’.
So for the rest of the proof we will assume that x € M’. Since (ng, ng) = 1 on M’,

0=vl=2(Vyng,ng) forallveTyM and xe M. (A9)
Taking ¢ = 01in Eq. (A.7) gives

Ago = @o(Ric (ng, no) + |Vl ) (A.10)

Please cite this article as: Marc Arnaudon et al., Gradient estimates for positive harmonic functions by stochastic
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and from Egs. (A.6) and (A.9) we find

lgrad log ol = [Vigtol® + (div ng)? (A.11)
on M'. Let F, (s) := (s% + £2)%/2 so that Y = F; (po) and by elementary calculus,

Fl(s) = as(s®> + &%) F.(s) and
F/(s) = a(s® + e2)72(e* = (1 — a)s?) Fe(s).

Therefore we find

Ap? = AF:(go) = div (F, (go) grad 9o) = F, (90) Ago + F,' (¢0) Igrad go|*
= ago(pf + &%) Fe (90) Ago + a(eg + 2 726> — (1 — @) ¢) Fe (90) |grad ol
> g {po(pf + &2 Ago — (¢f + &3 7% (1 — @) pylgrad gol*}
2 2
b0 Agg Yo 2
= ag, — (- |grad log ¢o
Etpg+82{<ﬂo @} + &2
2
b0 { Ago 2
> oy —— — (1 —a) |grad log go| }
“os+e2 | go
¢2
= ag® wz—_'(_)sz{Ric (10, n0) + [Vgl3 s — (1 — ) |grad log gol*} (A.12)
0

where in the last equality we have used Eq. (A.10).
Letting {e; ?:1 be an orthonormal frame such that ¢,, = ny shows

S o) = (5 Faroned)
(Bt = (el

i=1 i=1

(divng)?

n—1 n—1
<=1 (Veno.ei) <=1 |Venol
i=1 i=1

and therefore, using Eq. (A.11),
|grad log (p0|2 = |Vnoﬂ0|2 + (divng)?

n—1
< (=1 [Venol* + [Ve,nol* < (n — 1) [Vnolfi .-

i=1
Combining this estimate with Eq. (A.12) shows

2

% .
B¢t z ay? 5 Ric (o, n0)+ (1= (1 =) (0 = 1) Vol ) (A.13)
0

Taking o > % (which is equivalent to 1 — (1 — ) (n — 1) > 0) in Eq. (A.13) implies

%

+ g2

Agd > agf pe Ric (ng, ng) = g Ric (ng, ng) .
0

Combining this estimate with that in Eq. (A.8) proves inequality (A.1). O
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Theorem A.2. We keep the notation and the assumptions of Theorem 3.1. For all « € [%, 1],

t
Y; == |gradu (X;) |* exp {—%/0 Ric (n, n) (Xy) ds}

is a local submartingale, where

. _)lgradu (x) I_lgradu (x) ifgradu(x)#0
@) =mo (1) = {0 if gradu (x) = 0.

Proof. Let ¢ > 0; then by It6’s formula along with Lemma A.1,
1
dog (X;) = ((gradg) (X;), /,dB;) + §(A<p§‘) (X;) dt
o .
= dM; + Ew‘Z (X1) Ric (ng, ng) (X;) dr + p; dt

where M? denotes the local martingale part and p; is a non-negative process. In particular this
implies that

t
d (exp {—% / Ric (1, ;) (X,) ds} ¢e (X»)
0

a 1. . o
= exp —5 A Ric (ng, ng) (X5) ds ¢y dM; + exp —5 A

Soife > 0 and & € [2=2, 1], then

n—1°

t

Ric (ng, ng) (Xy) ds} pf dt.

t
Y, (¢) == (Jgrad u (X;) |2+82)a/26xp{—%/ Ric (g, np) (X5) ds}
0

is a local submartingale. If 7 is the time of first exit of X; from a precompact open subset of M,
Y[ (e) is an honest submartingale. If G is a bounded non-negative .%#;-measurable function, then

E[G (Y[ (¢) — YT (¢))]

INT r
:]E[G (/ exp{—g/ Ric (ng, ng) (X5) ds}pfdr)] > 0.
SAT 2 0

Using the dominated convergence theorem, we may let ¢ | 0 in the above inequality to conclude
EIG (¥ ~ 7)1 2 0

which completes the proof. O
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