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1. INTRODUCTION

In these lecture notes we will generally be concerned with integral — differential
analysis on infinite dimensional spaces equipped with measures related to heat
kernels. As of yet, there is still no general theory within which to work. There
have been attempts at a general structure, for example abstract Wiener—Riemann
manifolds, but it has been hard to put interesting natural examples into this frame
work. So these lectures will be a case study when the infinite dimensional manifold
is either the paths or loops into a finite dimensional manifold and more specifically
a Lie group.

In section 2, we will introduce the notion of the heat kernel measures on finite
dimensional Riemannian manifolds. This notion will simply turn out to be the
usual heat kernel function times the Riemannian volume form.

Section 3 is devoted to a description of the smoothness properties of positive
measures on R? without reference to Lebesgue measure. Although not technically
needed for the rest of these notes, this section motivates some of our later consid-
erations in the infinite dimensional setting.

Date: March 12, 2003 File:notes.tex.

This research was partially supported by NSF Grant and DMS 0202939.
Department of Mathematics, 0112.

University of California, San Diego .

La Jolla, CA 92093-0112 .

I.H.P. Lecture Notes, June 24, July 1, 2002.

1



2 BRUCE K. DRIVER

Sections 4 — 6 are devoted to defining and proving existence of heat kernel mea-
sures associated to an infinite dimensional Hilbert space. The most important of
these sections being Section 6 where classical Wiener measure on the space

W (RY) = {we C([0,1],R?) : w(0) = 0}
is considered as a heat kernel measure. Although the results in these sections are
very classical (see for example Kuo [45] or Bogachev [5]), we still give the proofs in
full detail. Our proofs will emphasizes the interpretation of Wiener measure as an
infinite dimensional heat kernel measure.

Section 7 describes analogous results to those in Section 6 in the case R? is
replaced by a compact Lie group K. Results for the more complicated space of
loops, L(K), on K are also described. The results of Section 7 rely on an analysis
of Wiener measure on the path space of L(K). (Note this is a path space on a path
space, i.e. maps from [0, 1] x [0, T] to K.) Section 8 briefly outlines the results needed
for Section 7 in the simpler setting where £ (K) is replaced by a finite dimensional
Riemannian manifold M.

Appendix 9 gives some motivations for these notes. Some readers may want to
start here.

Acknowledgments: The author thanks the I'Institut Henri Poincaré for the
opportunity to present the lectures which gave rise to these notes. The author
is also greatly indebted to P. Auscher, G. Besson, T. Coulhon and A. Grigoryan
who made possible the trimester programme on “Heat kernels, random walks and
analysis to manifolds and graphs” held at IHP in Paris.

2. FINITE DIMENSIONAL HEAT KERNEL MEASURES

Notation 2.1. Suppose (M?, g) is a smooth d — dimensional manifold with Rie-
mannian metric g. Let C*(M) denote the collection of k — times continuously dif-
ferentiable functions f : M — R. As usual C¥(M) will denote those f € C*(M)
with compact support. Similarly, let BC*(M) denote those f € C*(M) such that
f, Vf, ...,V¥f are all bounded, where V denotes the Levi-Civita covariant deriva-
tive of g. As usual A will be used to denote the Riemannian Laplacian associated
to g. In local coordinates,

1 9 L Of
Af=u(vn =3 o (Vi 5% )
m,zzl\/gax ox’

where g = Z?jzl gijdz’ @ dzd, (g") is the matrix inverse of (g;;) and /g =
det (gij) -

Notation 2.2. If u is a probability measure on a measure space (2, F) and f €
L' (p) = L*(Q, F, p) , we will often write p(f) for the integral, [, fdpu.

Definition 2.3. Let (M, g) be a Riemannian manifold o € M be a fixed base point.
A sequence {v;},. of positive measures is called a heat kernel sequence based
at o € M if:
(1) (M) <1forallt>O0.
(2) For all f € BC*(M) the function ¢t — v,(f) := [, fdv; is continuously
differentiable,
d

(2.1) Su(f) = (AP and Tmu(f) = (o)
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Remark 2.4. If vy exists as in Definition 2.3, then necessarily v (M) = 1 for all ¢.
This follows simply from the definition with f = 1.

Proposition 2.5. Suppose M = R? with the standard flat metric, so that A =

d 2 . ) »
it 86_955' For each point o € R, there is exactly one sequence of positive measures

{vi}iso with vy (RY) < 1 such that Eq. (2.1) holds for all f € C° (RY) . Moreover
this sequence is given by

(2.2) ve(dz) = pe(o, z)dm(x)

—d/2 3 |z—y|?

where p(x,y) = (2nt) is the heat kernel and m is Lebesque measure

on R<.

Proof. Uniqueness. By assumption v; satisfies

(2.3) ve(f) = f(o) —I—/O %VT(Af)dT for all f e C (Rd) .

Now suppose f € C? (R?) and ¢ € C2°(R?) such that [,,(z)dz = 1. Letting
P (z) := n%p(nz), we have 1, x f € C°(R?) and

Yo x [ — fand i x Af — Af

boundedly as n — co. Therefore passing to the limit, n — oo, in the equation,

t
(W= 1) = 1)+ [ G (ux Afar,

shows Eq. (2.3) holds for all f € C2 (R?).

Now suppose f € C? (R?) such that f,Vf and Af are bounded and let ¢ €
C(B(0,1),10,1]) such that ¢ = 1 in a neighborhood of 0 and set ¢, (z) := ¢(z/n).
Then f,, = ¢, f is in C?>(R?) and hence for large n,

t
w(60f) = 10)+ [ Goe(A0nf +2V6, - VS +6,80)dr

~ f(o) +/0 %VT(% (D), |+ % (Ve), - VI + dulAf)dr.

Using the dominated convergence theorem to pass to the limit in this equation

allows us to conclude Eq. (2.3) holds for all f € C? (Rd) such that f,Vf and Af

are bounded, i.e. {v;} ¢>0 1s automatically heat kernel sequence based at o € R
For f € C*(RY) and T > 0 and ¢ € [0,T), the function

Fia) = 1022 () = o (@)1= [ prostan)fw)dy
satisfies

B+ [VE[+[AR] < M= sup[|f(2)] + [VF(z)| + Af@)]]

Claim: The function 14 (F) is C! for s,t € (0,T) and

0 1
%Vt(Fs) = *§I/t(AFS).
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Indeed, we have

(e (Fs) — vr(Fo)| < [i(Fs — Fo)| + [ (Fy) — vr (Fo)|

1 t
_ yt(FS—F(,)|+‘§/ vy (AF, )dr

1
(2.4) < [ (Es = o)l + 5 1A fllo [t = 7] = 0 as (0,7) — (s,1)
which shows v4(F;) is continuous. Since
F, - F, 1 y 1 1 y
= — / AF.dr = —= / Pr_,.Afdr,
s—o 2(s—0) J, 2s—0 J,
%l is bounded for s near o and
F, —F, 1 1
s 7 ——Pr_,Af=—-ZAF,as s — 0.
s—0 2 2

Thus, by the dominated convergence theorem,
Vt(F's)fyt(Fa) o (FsFa
o) Oy, (22

S§—0 S§—0

1
) = 5t (AF,) as s — 0.

This shows that %Vt(ﬂ,.) exists and %I/t(Fs) = f%yt(AE;). Since AFy = Pp_ Af
and Af € C°(M), it follows from Eq. (2.4) with f replaced by Af that
1 0

(S,t) — %l/t(Fs) = —iyt(AFs> = —al/t(Fs)

is continuous proving the claim.
By the chain rule,

0 1 1
ayt(Ft) = §l/t(AFt) - §I/t(AFt) =0

and therefore,
(2.5) vr—e(Pef) = ve(Pr—.f) for all € > 0.
Letting (5) := sup {|£(y) — f(2)] : |y — 2| < 6}, we have

PA@) = 1@ = | [ e 10) - Sl

<[ plenliw) - sl
(1, — f(x)|d
o pEalsw) - )y

(2.6) <p(6) +2|fll.. / pe(,y)dy = $(8) + 2| fll. O(e),

ly—z|>5
from which it follows lime o [|[Pef = fllo < #(6) — 0 as § | 0. In particular this
implies
vr—e(Pef) —vr—e(f)| S |[Pef — fllow = 0asel0
and hence

(2.7) lgf{)l”TfJPef) :leifrolnyJf) = vr(f).
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1 T
Ve (— AP, fdt)
2 T—e¢

1 T
Ve —/ PtAfdt
2 T—e
so that

(2.8) 16%1 ve(Pr—.f) = 16%1 ve(Prf) = Prf(o) = /M pr(0,y)f(y)dy.

Moreover,

|V6(PTf) - Ve(PTfef)‘ =

< —€¢||Af]l, — 0ase] 0.

DN | =

The second equality in Eq. (2.8) requires a bit of explanation. By assumption
lim o ve(g9) = g(o) for all g € C°(R?). Let § > 0 and Bs be the ball of radius
§ centered at o € R? Choosing g € C(Bs, [0,1]) such that g(o) = 1 implies
lime o ve(R? \ Bs) = 0. From this it follows that limeove(g) = ¢(0) for all g €
BC (RY).

Combining Egs. (2.5) — (2.8) shows vr(f) = [papr(o,y)f(y)dy for all f e
C°(R%). Since C2°(R?) is dense in L' (vr+pr (0, y)dy) and the latter space contains
all bounded measurable functions, it follows that

dvr(y) = pr(o,y)dy,

i.e. Eq. (2.2) must hold.

Existence. This completes the proof, since it is now a simple matter to verify
that v; defined as in Eq. (2.2) is a heat kernel sequence based at o € R?. This fact
will also follow from Theorem 2.6 below. m

Recall (see for example Strichartz [56], Dodziuk [16] and Davies [14]) that if
(M,g) is a complete Riemannian manifold, then A = A, acting on C°(M) is
essentially self-adjoint, i.e. the closure A of A is an unbounded self-adjoint operator
on L*(M,dV). (Here dV = ,/gdz'...dz™ is being used to denote the Riemann
volume measure on M.) Moreover the semi-group P; := B2
kernel, p;(z,y), such that

has a smooth integral

pe(x,y) >0 for all x,y € M

/ pe(z,y)dV (y) <1 for all x € M and
M

Puf(@) = (¢26) (@) = [ pla)f)av(y) for all £ € I2(00).

Theorem 2.6. Let (M,g) be a complete Riemannian manifold with Ricci tensor
bounded from below (i.e. Ric > —Cyg for some C > 0) and o € M be a fized
point. Then there exists a unique heat kernel sequence {v;},- based at o € M. The
measure vy s given by

(2.9) vi(dx) = pi(o, z)dV (z)
and satisfy

(2.10) vi(f) == /M Fdvy = (efM f) (0) for all f € C=(M).
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Proof. Uniqueness. Suppose v, exists as described above. For f € C?(M)
and T > 0 let F, := e(T=98/2f Then 9,F, = %e(T_t)A/zAf is a bounded function
depending continuously on t € [0,7] and € M. Essentially the same argument as
used in the proof of Proposition 2.5, shows if {v;},., exits it must be given by Eq.
(2.9). In doing this one should replace R? by M and |y — z| by d(z,y) everywhere
in the argument. The only other point is to note that the standard Gaussian heat
kernel bounds along with volume growth estimates may be used in Eq. (2.6) to
again conclude

|Pef(z) = f(@)] < 9(5) + 2] fll Ole)-
Existence. According to Dodziuk [16]', the kernel p;(z,y) may be written as
the increasing limit of heat kernels p?’“ (z,y) with Dirichlet boundary conditions for

relatively compact open subsets 0, C M with smooth boundary such that € T M.
Now for f € C?(M) we then have, letting Q = ) and ¢ = p*,

d 1

G [ =3 [ su@nrmi

_ _% /Q VyQt(itay) . Vf(y)dy + % /39 n(y) . qut(:v,y)f(y)dy

where o is the surface measure and n is the outward pointing unit normal on OS2
(the boundary of ). Integrating the previous equation on ¢ gives

/Qk i (2, 9) f(y)dy = f(x) + 1 /t dr /Qk P (z,y) - Af(y)dy
vy [ [tV s ast

and letting k£ — oo in this equation implies

[ et = 1@+ [ dr [ petew - Ay im Bl)

where

/ dr /B W) Vyp (@) f@)doty).

We will now finish the proof by showing limy_.~ Rx(f) = 0.
Since pi* (x,y) > 0 and vanishes for y € 9Q, n(y) - V,pi¥* (z,y) < 0 and hence

()] < —5 1l / dr / V5% (2, y)do ()

= 1/l 3 / i [ Ay
= fll /dT/ 5707 (@, y)dy = |1l { —/Qkp?’“(fc,y)dy]-

IDodziuk also proves, under the condition that (M, g) is complete and the Ricci curvature is
bounded from below, that bounded solutions to the heat equation are uniquely determined by
their initial values at ¢ = 0.
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Letting £ — oo in this expression then shows

Jim 181 < 1 1= [ o]

Thus limy o |Rk(f)| = 0, since the lower bound on the Ricci curvature is sufficient
to show [, p¢(z,y)dy = 1, see for example Theorem 5.2.6 in Davies [14]. m

3. DESCRIBING SMOOTH MEASURES ON R? WITHOUT REFERENCE TO LEBESGUE
MEASURE

One of the main goals in these lectures is to give some examples of heat kernel
sequences for infinite dimensional manifolds. Once we produce such a heat kernel
sequence we will want to show the resulting measures {v;},., are “smooth.” How-
ever, in the infinite dimensional examples below there is no reasonable notion of
Lebesgue measure or the Riemann volume measure. Hence it will not be possible
to measure the smoothness of v; in terms of the smoothness of its density with re-
spect to the Riemann volume measure. In this section, we will explain an intrinsic
criteria for a finite measure on R¢ to be smooth. This criteria will later be used as
a definition in the infinite dimensional settings below.

Notation 3.1. For a measure p on R, let L~ (1) := Ni<pcoo LP(1).

Definition 3.2. A Radon measure p on RY is said to be smooth if for all multi
-indices o = (ay,...,aq) € Ng (N={1,2...} and Ny = NU{0}) there exists
functions g, € C*(R%) N L~ (u) such that,

(3.1) /Rd (=D)* fdu = /Rd fgadp for all f € C°(RY),

where D% := Hle (62")% :

Theorem 3.3. A measure yu on R is smooth iff there exists p € C(R%, (0, 0))
such that du = pdm where m is Lebesgue measure on RY.

Proof. Let us begin by showing there are coefficients ¢, (3) € N (in fact ¢, (8) =

ﬁlﬁ)') for 0 < B < a such that for f € C°(R?) and h € C>®(RY),
(32) [0 s ndu= 3 ca(®) [ D% g pde
R p<a R

The proof of Eq. (3.2) will be by induction on |a| = @1 + - - - + a4. Equation (3.1)
with o = e; and f being replaced by fh implies

/ —0,f - hdps = / £ @b+ gih) du
which proves Eq. (3.2) for |o| = 1.

Equation (3.1) with f being replaced by —0;f along with the previous identity
shows

= /d —0if - gadp = /d £+ [0ige + g190] dps.
R R

This equation being true for all f € C° (Rd) implies 0;ga + 9190 = Jate;, [t — a.€
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Now suppose Eq. (3.2) holds for all |o| < n with n > 1. Then

DY fohdu= [ (—D) (0 f) - hdn= 5" cu 0, /\Dh - o
LDt hdn = [ (D) o) = Y ea 5) [ (<00)D g s

B<a R
=) cal / 0 [D°h - ga—p] + D°h - giga—p) du
B<a
= Z Ca ( / F(DPYh - go_p+ D°h-[Diga—p + giga—p]) dp
B<a
/ Z Ca ( DB+€ih'9a*B +D6h'9a+e¢*5) dp
Rd B<La

which finishes the induction argument.
For ¢ € C°(RY) let ly(f) := [ga @fdp, then ls is a distribution on R? with
compact support. The Fourier transform of [, is given by

o) = [ e ota)duta).

By Eq. (3.2),

kg (k) = /Rd ke g (z)dp(z) = /Rd (%Dm>a e () da(x)
/Rd 2 cald ("’ m)ﬂ(ﬁ(x) *Ja—p(@)dp(x)

B<La

N .
from which we learn sup, (1 + |k\2> ’l¢(k’)’ < oo for all N. Hence [, may be
represented by a smooth function (still denoted by 1), i.e

/ q&fdu:/ lyfdm for all f € C°(RY).
R4 R4

Now choose ¢ € C2°(R%,[0,1]) such that ¢ = 1 on B(0,1) and let ¢,,(z) = ¢(x/m).
Then one easily sees that Iy, =1y, on B(0,n) for all m > n. Thus we may define
p(z) =1lg, (x) for all z € B(0,n). Then p is a smooth function such that du = pdm.
Since p > 0 it follows that p > 0, so it only remains to prove that p is positive. By

Eq. (3.1),

fD“pdm / )" fpdm = / )" fdp = / fgadu = / fgapdm
and hence D%p = gqp. Let G = (g1, 92, ..,g4) and fix a point zo € R? such that
p(x) > 0. Then for any y € R?,

d Vp(zo+ty) -y plwo +ty)G(ao +ty) -y
ai Pt ) p(zo + ty) p(xo + ty)

which is valid for all ¢ such that p(z¢ + ty) > 0. In particular this is valid for all ¢
near zero. Integrating Eq. (3.3) on ¢ implies

(3.3) = G(zo+ty)-y

p(o -+ ty) = plzo) exp ( / " Glao+79)- W) .
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From this equation it follows that p(z¢ + ty) > 0 for all ¢, that is p(xz) > 0 for all
and then taking zp = 0 and ¢ = 1 that

o) > p(0) exp (— ol | o) dr) .
| |

Corollary 3.4. All smooth measures on R are mutually absolutely continuous
relative to each other.

Corollary 3.5. If i is a smooth measure on R? and ¢ : R¢ — R? is a diffeomor-
phism, then ¢ is a smooth measure as well. In fact if du = pdm, then

(3.4) d(gup) =po o |(671)'
Proof. Let f € C.(R?), then
[ saouu= [ rosdu= [ r@@ipws

So making the change of variables, y = ¢(x) so that 2 = ¢~ (y), dz =
’(qﬁ’l)/ (y)’ dy and hence

dm.

[ 1aon= [ f@to @) |67 0] dy

which proves Eq. (3.4). =m
These finite dimensional results in Corollaries 3.4 and 3.5 are in stark contrast to

what happens in infinite dimensional settings as we shall see below in Proposition
5.5 and Exercise 6.1. Also see Remark 6.22.

4. INFINITE DIMENSIONAL CONSIDERATIONS

Let (H,(-,-)) be a separable Hilbert space, |h| := \/(h,h) be the associate
Hilbertian norm and S C H be an orthonormal basis for H. As usual, for
[ €C?*(H), let

Apf(@) =te(D*f(2) = > (9i]) (@)
hes
provided D? f(z) is trace class. Here 9y f(z) := 4|y f(x + th), Df(z)h := Oy f(z)
and D?f(z)(h, k) := (On0k f) (x).
Example 4.1. Suppose P : H — H is a finite rank orthogonal projection and
F € C*(PH) and f(z) := F(Pxz) for all x € H. Then

nf(x) = (OpnF) (Px),
D?f(z)(h,k) = D*F(Px) (Ph, Pk)

and

Auf(z) = (ApuF)(z)
where App represents the usual finite dimensional Laplacian acting on C?(PH).
Notation 4.2. A function of the form f(x) = F(Pz) with F € C*(PH) and
P : H — H is a finite rank orthogonal projection will be called a C* — cylinder
function. The collection of C* — cylinder functions will be denoted by FC*(H).
Also let FC*(H) (FBC*(H)) denote those f = F o P € FC*(H) such that
F e Ck(H) (F € BC*(H)).
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Proposition 4.3. There does not exist a heat kernel sequence based at 0 € H.
More explicitly there is no collection {Vt}t>0 of positive measures on H such that

(1) ve(H) <1 forallt >0 and
(2) For all f € FBC?*(H) the function t — vy(f) := [, fdvy is continuously
differentiable and

d

G = gr(Bnuf) and T (f) = 1(0).

The following basic Gaussian integration lemma will be needed for the proof of
Proposition 4.3.

Lemma 4.4. For all o >0 and g € C,

(4.1) /ef‘mzeﬁmdx: T eab®
R «

More generally if V C H is a finite dimensional subspace, m := dim(V'), o > 0 and
u,v € V, then

(4.2) / e—alul? ) +ivw) gy, — (E)m/geﬁwm)z
\ (0%
where dy denotes Lebesque measure on' V. and (u+iv)? := |u|® — |v]* + 2i(u,v). We
also have, for any u €'V,
m/2 ]
43 —alul® (4, )% dy = (3) — Juf?.
(13) e wnay = (2)" g

and any p € [1,00),

o m/2/ _ 2 F(M) _2
4.4 - e~ 1y dy = 2 _~q7 7,
(4.4) ) 1 e)

Proof. The proof of this lemma is standard. We leave the proof of Eq. (4.1) to
the reader and note that Eq. (4.2) follows from Eq. (4.1) using Fubini’s theorem
after introducing an orthonormal basis on V. Equation (4.3) may be proved by
differentiating Eq. (4.2) in A to find

d2
14 \4

B d2| (W)m/Q 2_2‘u|2_(71')m/2 1 ff?
a0 \G c \a 2

Passing to polar coordinates, the left side of Eq. (4.4) satisfies

(7 [ ety (@ e

m s
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where o (S™7!) is the surface area of the unit sphere in R™. Letting r = y/u/a in
the last integral then shows

(07 m/2 2 @] /2 o0 p+m—1 1

= —aly| D _ m—1 et 5 1/2

(77) /Ve Iy’ dy =0 (S )(W) / “U(ufa) Tz 2a(u/a) du
Sm 1

et
o

p+m 1

K\J|"\‘X

1
e “du

Sm 1
27Tm/2
o(sm) _

p+nz _

M|‘§

ptm
Comparing this equation with p = 0 and Eq. (4.2) with v = v = 0, we find
m—1
1= %F(%) which put back into Eq. (4.5) proves Eq. (4.4). m
Proof. Suppose {v:},., were such a heat kernel sequence based at 0 € H. Let

P : H — H be a finite rank orthogonal projection and v/ denote the measure on

PH defined by
/ Fav} ::/ F o Pdu;
PH H

for all FF : PH — PH which are bounded and measurable. The hypothesis on
vy now guarantees that {l/t is a heat kernel sequence based at 0 € PH and
therefore by Proposition 2.5,

| \dm(PE)/2
) = (5 e Il gy

I\3|‘d
—

Fiso

where dy denotes Lebesgue measure on PH. By Eq. (4.2) of Lemma 4.4, for any
a >0,

dim(PH)/2 dim(PH)/2 dim(PH)/2
/ e—alul® vl (y) = x il = 1 :

Let P, : H — H be a sequence of increasing finite rank orthogonal projections such
that P, — I strongly as n — oo, then by the dominated convergence theorem,

/ e*al"’”‘le/t(x) = lim e*‘)“P"Ildet(ac) = lim e*"“ylrzdl/tP”H(y)
H

n—oo H n—oo Pn H

1 dim (P, H)/2
oo 2t + 1

Since e=@l=I” is a positive function on H, it follows that v; must be the zero measure
for all ¢, which clearly violates the initial condition: limy o 24(f) = f(0). m

Remark 4.5. Another way to “understand” Proposition 4.3 is that if v, were to
exist as a measure on H it should be given by the formula

1
(4.6) “vi(de) = 7672%‘1%de($),”
t
where mpy is “infinite dimensional Lebesgue measure,” and

o aim(my/2 [ 0 if t<1/2m
Ze 1= (2mt) _{ co if t>1/2m
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Clearly the expression in Eq. (4.6) has severe problems owing to the definition of Z;.
Moreover, it is well known that there is no reasonable notion of Lebesgue measure
on an infinite dimensional Hilbert space as you are asked to show in Exercise 4.1
below.

Exercise 4.1. Suppose H is an infinite dimensional Hilbert space and m is a
countably additive measure on By which is invariant under translations and
satisfies, m(B(0,¢)) > 0 for all € > 0. Show m(V) = oo for all non-empty open
subsets V' C H. Hint: Show B(0,¢€) contains a infinite number of disjoint balls of
radius 0 = ¢/+/2.

L. Gross, in [38] and [39], describes how to characterize those “completions” of
H to a Banach space W such that the heat kernel measures may be constructed
on X. Rather than work in the full generality of Gross’ abstract Wiener spaces,
the discussion below will be restricted to two important special cases. The first is
when H = ¢? and W is a certain Hilbertian extension of £2 and the second is in the
context of “classical Wiener space.”

5. HEAT KERNEL MEASURE ASSOCIATED TO #2

When H = (2] the expression in Eq. (4.6) may be informally re-written as

t oo 2 b dx S ¢ 2 dx S
vi(dx :eiaznzll‘n noo_ e 2%n n = d{L',n’
((do) T2 H( =) I i)

n=1

where p;(dz) := \/%e*%ﬁd:t.

Fact 5.1. Recall that Kolmogorov’s existence theorem implies the existence of in-
finite products of probability measures. (See almost any graduate text book in
probability theory.)

As a consequence, there exists a unique probability measure v; on RN such that

N
(5.1) /R Flay,...on)dv(z) = /RN F(or,...,on) [ pilon)don

holds for all F : RV — R which are bounded and measurable and for all N € N.
From Proposition 4.3, we expect that ¢2 C RY is a set of v, — measure 0, i.e.
v¢(¢?) = 0. This is verified in the following theorem.

Theorem 5.2. For a = (a1, as,...) € (0,00)N, define

o0
X, =0(a)={zeR": Zaix? =: ||z||, < oo},
i=1

then for any t > 0,

1 ’Lf Z a; < 00

(5.2) vi(Xe) = it

0 if > a;=o0.
i=1

In particular v,(£?) = 0.



HEAT KERNELS MEASURES AND INFINITE DIMENSIONAL ANALYSIS. 13
Proof. The method of proof will be very similar to that of Proposition 4.3. Let

q(z) =32 a;2? and for N € N let gy (x) = > ¥ a;2?. For any € > 0, using the
monotone convergence theorem,

/ efeq/Qdut:/ lim e “%/2dy, = lim e N2y,
RY R

N N—oo N—o0 RN
N N
-5 ai}
S A (T
R i=1
N N &
g2 Saitg;
= lim H e" 2% py(dz) = lim H
N—o00 /R -t 2t

(53) 1l == lﬂ“ + teay)

Taking logarithms of Eq. (5.3) and then letting € | 0 implies

_ 1 > € if ZOO a; = 00
_ €q/2 _ = ‘ 10 0o 1 i
(5.4) log (/RN e dut) 5 ;ln(l + tea;) = { 0 it S5 <o
and hence

hm e—eq/Qth — O lf Z;Oil a; = 00

€l0 Jrn 1 if Y37 a; < oo.

Since e~¢/2 < 1 and lim, o e~/ = 1x,, this result along with the dominated
convergence theorem proves Eq. (5.2). m

For the rest of this section, fix a linear subspace W C RN such that £2 C W and
v (W) =1for all t > 0. (For example W = X, with >°, a; < c0.)

Notation 5.3. A function f: W — R of the form f(z) = F(x1,...,2,) for some
F € Ck(R") will be called a cylinder function on W and the collection of such
functions will be denoted by FC*(W). As before, if F € C¥(R"™) of BC*(R"™), we
will say f € FCF¥(W) or f € FBC*(W) respectively.

Proposition 5.4. The measure {v;},-, form a heat kernel sequence based at 0 € W
in the sense that

(1) (W) =1 for allt >0 and

(2) for all f € FBC*(W) the function t — v,(f) is continuously differentiable,

d

Zulf) = 3u(Bnf) and mwi(f) = 1(0)

where
Apf(z) = Z 92 f(z) = (ArnF) (21,...,20)
n=1

and {en}.~_, is the standard orthonormal basis for €%, i.e. €,(i) = Op;.

Moreover, {vi},- is the unique heat kernel sequence on W satisfying items 1.
and 2. above.
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Proof. The fact the v; satisfies items 1. and 2. above is a simple exercise left
to the reader. For uniqueness, suppose {Vt}t>0 is a heat kernel sequence based at
0 € W and n € N, let v{* be the measure on R" such that

- fze, ... xn)dv) (x / fz1, ... zp)dre(x)
for all bounded measurable functions f : R™ — R. Then one easily verifies {1} },.
is a heat kernel sequence based at 0 € R™ and hence by Proposition 2.5,
vyt (x) = (27rt)_"/26_2%‘x|ﬂ€" dm(z)
which is equivalent to Eq. (5.1). =
Proposition 5.5. If s,t > 0 and s #t then vy L vs.
Proof. For each t > 0, let

N
. 1 9
Wy = {xew.l\}g}mﬁ;lxi_t}'

Then the strong law of large numbers® asserts v4(W;) = 1 for all ¢ > 0 and this
proves the theorem since W; "W, =) for all s A¢. m
If a € ¢? and a; = 0 for i > n for some n, then

/W( 2)? duy(a / (Za%@) () =t al?.

=1
This simple computation along with a standard limiting argument leads to the
following result.

Lemma 5.6. For a € (? and for N < oo, let al¥ = a; if i < N and 0 if i > N.
Then impy o0 ay -z exits in LQ(Vt). By abuse of notation we will use a-x to denote
this limit (even though the answer may depend on t). The limit a - x still satisfies

/ (a- ) dup(z) = t a2
w

r _L 2
/ ey (x) = e 2lallz,
w

The next proposition points out that even though v, is not supported on £2,
its quasi-invariance (and hence differentiability properties) are still intimately con-
nected with £2.

and

Proposition 5.7 (Cameron-Martin Type Theorem). For a € W, let v := v(-—a),
1.€.

(5.5) /f x)dvg (x /f )y (dz — a) /f a)dv (z) .

Then vl == 14(- — a) < 14 iff a € 2 and if a € (* then
dvi (x)
dve(z)

ta :vf—|a|2

(5.6)

=€

2Also see Exercise 6.1 which essentially sketches a proof of the law of large numbers in this
context.



HEAT KERNELS MEASURES AND INFINITE DIMENSIONAL ANALYSIS. 15

Proof. At an informal level, we have

1 2
a —57|z—al
dl/t (.CC) _ ¢ _ e%a-x—z%\a\z

dI/t(l’) e*%\zﬁ

which clearly only makes sense if a € 2.
For a rigorous proof, suppose first a,b € £2. Then

/ eib'def(z) - / eib'(w+a)d1/t(x) — ¢8It Fiba
W w

while

g 1o 112 tp=l, 2 1 12 A B2,
/ ezbmetaac 3z lal dl/t(m):e2(t a+ib)* — 57 |al —e 10| +ib-a
w

and this suffices to prove Eq. (5.6).

Suppose that a € W \ £2 and let |p| denotes the total variation norm of a
measure u. We will make use of the fact if || — || = 2 then that v L v. (The
converse is true as well but is not needed here.) Indeed if ||vf — 14| = 2 and PU P¢
is the Jordan decomposition of v — v, then

2= v —will = (v =) (P) = (v — 1) (P°) < v (P) + 1(PF) <2

with equality iff vf*(P) = 1 and v4(P¢) = 1. Therefore v¢ L v;.
We now compute |2 — 14|| formally. For this let z := e2e¢*~arlel” then

i =l = /
w

> / |z — 1|%dv; = / (22 — 22 4 1)dv; = 2(1 — / zdvy).
w w W

1 1 2 t 2 1 2 1 2
/ zdvy :/ ezt amlal gy, — exlal"—glal” — o—slal
w w

from which it follows that

2
(5.7) v — v > 2(1 — e~ 3lel),

1 1 2
e7 @31l —l’dV:/ |z = 1] |z + 1]dn
w

Now

This proof is of course not rigorous. However the idea is right and in fact the same
type of computations show
v — || = sup {(v§ — 1) (f) : f bounded and measurable}
>sup{(vf — ) (f) : f(z) = F(21,...,zn) bounded and measurable}

“J.

Letting N — oo in this estimate shows that Eq. (5.7) is indeed valid and in
particular if a ¢ ¢? we have |8 — || =2. m

et @gla™P _q dve(z) > 2(1 — 6_8_1t|“N‘2).

Corollary 5.8 (A Cameron type integration by parts formula). For hy,. .., h, € >
and f,g € FCX(W),

Vi (Ony - On, ) -9) =ve (f- O, -, 9)
where 0f = —0), + t= My, and Oy, (k- ) is to be interpreted as k - h.
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Proof. (Sketch.) From Eq. (5.5) and (

/ fx+ sh)g(z + sh)dv, (x / f(@)g(x)eth = Si‘_ilh‘Qth(x).

Differentiating this equation in s and evaluating at s = 0 shows

| s + f@ong@) di ) = [ 3 (h-0) f@lgl@idno)
w

w

ie. 0p = —0h + t~'My,.,. The analytic details are left to the reader or see, for
example, [22]. =

6. CLASSICAL WIENER MEASURE

Notation 6.1 (Path Spaces). Given a pointed Riemannian manifold (M, g, 0), let

(6.1) W (M)={oceC(0,1] = M)|o(0) =o0}.
For those o € W(M) which are absolutely continuous, let
1
(6.2) En(0) = / o’ (5| ds
0

denote the energy of o. The space of finite energy paths H (M) is given by
(6.3) H(M) := {0 € W(M)|o is absolutely continuous and Ejs(c) < co} .

Notation 6.2. If M is an inner product space we will always take o =0 € M and g
to be the Riemannian metric associated to the inner product on M. The supremum
norm,

ol = Jnax, lw(s)],

makes the Wiener space W (M) into a Banach space. The Cameron — Martin
space H(M) becomes a Hilbert space when equipped with the inner product

(h,k) = (h, k) grary == /01 (R (s),k'(s)), ds for all h,k € H(M).

The associated Hilbertian norm A — +/(h,h) on H(M) will be denoted by |h].

Definition 6.3. A function f : W(M) — C is a C*¥ — cylinder function (f €
FCF(W)) provided there exists a partition

(6.4) T:={0=s<s$1 < <s,=1}
of [0, 1] and a smooth function F' € C¥(M™) such that
(6.5) flo) =F(o(s1),...,0(sn)) = F(olxr).

As usual we will say f € FC¥(W(M)) or f € FBCK(W(M)) if F € C*(M™) or
F € BC*(M™) respectively.

For the rest of this section we are going to take M = R?. (The case where M is
a more general manifold will be considered in Sections 7 and 8 below.)

Definition 6.4 (Differential Operators). For f € C?(W(R%)) and h € H(RY)
let O f(w) = 2|of(w + th) and gradf(w) € H(RY) for the unique element in
H(R?) such that 0),f(w) = (gradf(w),h) for all h € H(RY). We also let S be an
orthonormal basis for H (R™) and define Ay gayf := 3,5 05 f whenever the sums
converge.
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See Proposition 6.11 below for an explicit description of gradf and Apgga)f
when f is a cylinder function. The existence (and the hard) part of the following
theorem is due to N. Wiener [58].

Theorem 6.5 (Wiener 1923). There ezits a unique heat kernel sequence® {vi},-
based at 0 € W = W(R?) satisfying
(1) (W) =1 forallt >0 and
(2) for all f € FBC?*(W), the function t — vy(f) is continuously differentiable,
d 1

EVtOC) = §Vt(AH(Rd)f) and lgfglft(f) = f(0).

Remark 6.6. The existence proof in subsection 6.3 below will show that v; is con-
centrated on o — Holder continuous paths for any a < 1/2. It is also well known
that vy — lives on the set of nowhere differentiable paths. It is not our aim here to
study the sample path properties of v; in any detail. The reader interested in such
matters is referred to the very nice survey article of Y. Peres’ [54].

Before going into the proof of Theorem 6.5 we need to pause to develop the
differential calculus on H(R?). The uniqueness assertion will be proved in subsection
6.2 and the existence assertion will be proved in subsection 6.3 below.

6.1. Differential Calculus on H. In what follows, for notational simplicity, we
will often state and/or prove results in the special case, d = 1 in which case we
write W = W(R!) and H = H(R'). The reader is invited to fill in the details for
d > 1 which are omitted.

Proposition 6.7. Let G(s,t) = min(s,t) = s At. Then G is the reproducing
kernel for H, i.e. (G(s,-),h) = h(s) for all s € [0,1] and h € H.

Proof. For h € H,

¢ 1
h(t) :/0 h'(s)ds :/0 Ls<¢h'(s)ds = (G(s,-), h)

where
0G(s,t)/0s = 1e<t
and therefore G(s,t) = [ Ly<;dr = sAt. m

Remark 6.8. G(s,t) is the Green’s function for —d?/ds? with Dirichlet boundary
conditions at 0 and Neumann boundary conditions at 1.

Corollary 6.9 (A simple Sobolev embedding Theorem). The inclusion map i :
H — W s continuous and in fact

|Pllw < Bl for all h € H.
Proof. By Proposition 6.7, for s € [0, 1],
() = [(G(s,-)s )| < (1G5 )l 1oll g -
This proves the Proposition since
I1G(s, )17 = /1 (Ligs)*dt =5 < 1.
. 0

3Wiener did not state the theorem this way, but the results are equivalent.
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Corollary 6.10. Let S C H be any Orthonormal basis for H. Then

> " h(s)h(t) = G(s,1).

hes

Proof. The proof is simply Parsavel’s equality along with the reproducing kernel
properties of G,

Z h(s)h(t) = Z(G(Sv ), W)(G(t, ), h) = (G(s,0),G(t, ") = G(s,1).
hes hesS

Proposition 6.11. Suppose that f € FC*(W), then

n

(6.6) gradf(w) = 0;F(w(s1),...,w(sn))G(si, )

i=1
and

n

(6.7) Apf(w) = Z G(si,55)0;0;F(w(s1),...,w(sp)) =t ArF(w|x).

ij=1
If f is expressed as
(6.8) flw) =F(01w,...,0nw)

where d;w = w(s;) —w(s;—1) fori=1,2,...,n, then (with §; := s; — 8$;_1)

n

(6.9) Apfw)=> 8 (07F) (61w, ..., 6,w).

i=1
Proof. By definition,

n

onf(w) = Z h(8;)0iF(w(s1),...,w(sn)) = Z OiF(w(s1),...,w(sn)) (G(s4,-), h)

i=1
and
Apflw) = Z 0if(w) = Z Z h(si)h(s;)0;0;F(w(s1),...,w(sn))
hes heS i j=1
= Z G(Sl, sj)c‘?i@jF(w(sl), . ,w(sn))

which proves Eqgs. (6.6) and (6.7). Similarly, if f is given as in Eq. (6.8), then

n

8hf(w) = Z (h(Sl) — h(Sl_l)) &F((Slw, ey 6nw)

=1

gradf(w) =Y O;F (81w, ..., 6,w) (G(si,-) = Glsi,-)
i=1
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and
Apfw) =Y 0hfw) =YY" (h(si) = h(si-1)) (h(s;) — h(sj-1)) Bid; F (1w, .. ., 6,w)
hesS heSi,j=1
= Z (Sl AN S5 — Si AN Sj—1 — Si—1 AN Sj + 81 A ijl) é)iajF(élw, ceey 5nCLJ)
i,7=1
= G07F(01w,. .., 00w).
i=1
]

Remark 6.12. The operators A, are all elliptic. Indeed, if £ = (&)i—; € R™ then

n n n 2
D Glsis)&ti = > (Gsi,), Glsi, )&& = ||D Glsi)&|| =0
i=1 ij=1 i=1

with equality iff h(s) = Y7 | G(s;, s)&; is zero. This would imply

0="n(s le<g§zfors¢ﬂ

=1

from which it easily follows that £ = 0.
Proposition 6.13. Let m be a partition of [0,1] as in Eq. (6.4), F € C*(R"™), then

n
(6.10) etAﬂ/QF(O) = / F(z1,...,2n) [Hpt(Si—s¢1)(xi—lv ) | dxy -+ - day,

i=1
where p is the heat kernel on R? as in Proposition 2.5 and Ay is defined in Eq.
(6.7).
Proof. If F(xy,...,2,) = G(x1,29 —x1 ..., Ty — Tp_1) then

n

(611) AWF(.Tl, e ,:I?n) = Z (Si - 51’—1) (836*) (.731,.’132 —T1.-.yTp — -Tn—l)-

i=1
This may be deduced from Proposition 6.11 or proved directly as follows. By the
chain rule

81'F(.731, e ,xn) = [(81 — 8i+1) G] (.731,.’132 —T1.-.y3Tp — -Tn—l)

where by convention 0,41 = 0. Hence, with x = (z1,...,2,) and y = (21,22 —
Tl.eoy Ty — Tp_1)

z) = Z 8i A 85 [(0; — 0i41) (0 — 0j11) G] (y)

=23 5[0 — 0i11) (9 — 0;41) Gl () + Z 5i [0 = 0:11)° G| ()

i<j

= QZSZ 8 81+1 Z+1G + 231 |: a az+1 G] (y)
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where we have used a telescoping series to compute the sum on j. Elementary
algebra now shows

ArF(x Zsz [0 = 0i1) (0 + 0:21) Gl (v) = D1 [(0F — 0214) G] ()
which is equivalent to Eq. (6.11) after re-indexing the second term in the last sum.
A consequence of Eq. (6.11) is

(emw/zm (0) = (eéz;;1<si—s~1>8?(;) (0)

k

= / G(y17~--7yn)Hp(sifsi,1)t(yi)dy1 dyn
(RD)™ i=1
k
= / F(yi,y1 +y2,-- -, 7n) Hp(s,ifsi,l)t(yi)dyl < dyy.
(RD)™ i=1
Making the change of variable y = (21,29 — x1...,2Z, — Zp_1) in the previous

integral gives

k
(etA"/2F> (0) = / . G(ll'l, L2 = X1, Tn — xn—l) Hp(si—si,l)t(xi - mi—l)d‘rl e day,
(RE)™ i=1

:/d F($1a$2*ml---axn7$n—1)Hp(si—si,1)t($i7xi—1)d$1"'dxn
(Ra)™ i=1

as desired. m

6.2. Properties of {1}, . In this section we will develop some of the basic prop-
erties of the heat kernel sequence {v;},., in Theorem 6.5.

Proposition 6.14 (Uniqueness of Heat Kernel Measures on W). Suppose {vt},-
is a heat kernel sequence based at 0 € W = W (R?) as in Theorem 6.5 and f €
BFC?*(W) is a cylinder function as in Eq. (6.5) then

n
Hpt(sifsi,l)(xi—lv xz) dwl e dmn

i=1

(6.12) ve(f) :/(Rd)n F(zy,...,2,)

In particular if {v;},- exists then it is uniquely determined by Eq. (6.12).

Proof. The proof follows in the same manner as the proof of uniqueness in
Proposmon 5.4 and maklng use of Proposition 6.13. =

Let E(x fo |2/ (s)|? ds be the energy of a path z € H(R?), then (as in Remark
4.5) we have 1nformally

1
(6.13) “ve(dx) = A ~2 B@) dmpg(x).”

t
Proposition 6.17 below makes this formula precise.

Notation 6.15. To each partition 7 of [0, 1] let
H.(RY :={we HRY) :w"(s)=0if s ¢ 7}

and for w € W (R?) let w, € Hr(R?) denote the unique element of H.(R?) such
that wr(s) = w(s) for all s € 7.
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Lemma 6.16. The mapping h € H (RY) — h, € H.(R?) C H(R?) is orthogonal
projection onto H,(R?).

Proof. Since it is clear that h, = h for h € H; (Rd), we need only prove
(hr, k) = (h,ky) for all h, k € H( 4) . If 7 is a partition as in Eq. (6.4), then

-1
o= N Rlsivn) = h(si)

= S+l TS (si,8i+1]
and hence
n—l S . S )
i
hﬂ') k Z ;++1 (k(sl-l-l) — k(81>)
=0 T

which is clearly symmetric in A and k. m

Proposition 6.17. Suppose {I/t}t>0 is a heat kernel sequence based at 0 € W =
W(R?), 7 is a partition of [0,1] and f is a cylinder function written as f(w) =
F(wy) with wy as in Notation 6.15. Let m, denote a Lebesgue measure on H,(R?)
(i.e. any non-trivial translation invariant measure on H.(R?)) then

(6.14) /W(Rd) F(w)di () = %(t) /H - e~ H O (h)

where Z(t) is a normalization constant chosen so that
7, 1
(6.15) dvl (h) = 70° ~2 B0 g ()

is a probability measure.

Proof. First notice that the measure v/ is independent of the possible choices of
m, since translation invariant measures are unique up to a multiplicative constant
and this ambiguity of the constant is cancelled by the normalization constant Z, (t).
For each x € (Rd)n let h, denote the unique element of H(R?) such that h,(s;) = ;
for i = 1,2,...n. The mapping = € (Rd)" — h, € H,(R%) is a vector space
isomorphism with the property that (with 6; := s; — s;—1 and d;z 1= x; — ;1)

and hence

i=1 o B o (27td;)

1)
D=

———— e
s (2mta) ™
So if we now fix m, by requiring m, to be the push forward of Lebesgue measure
on (Rd)n under the map x — h, we have shown

/ fw)dy(w) = / F(zy,...,2,) Hpt(si,sifl)(mi_l, x;)dxy -+ - dy,

(&)™ i=1

- 1
- F) ] ———= - e 22" dm ().
/HW(W) W1l G (h)
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Corollary 6.18. Let f be a bounded and continuous function on W (Rd) relative
to the sup-norm topology, then

| @) = i F(RYv (h).
W (R4) |7 =0 J i1, (R4)

Proof. For each partition 7 and w € W(R?) let w, € H,(R?) be as in Notation
6.15. Then by uniform continuity, w,(s) — w(s) uniformly in s as |7| — 0 and so
by the dominated convergence theorem,

| @) = lin F(wn)dvi(w) = lim F(Ryavy (h)
W (R4) I7|—=0 Jw (rd) I7|=0 J i, (Rd)

wherein we have used Proposition 6.17 for the second equality. =

Exercise 6.1. Use the following outline to show vy L v, if s # ¢. To simplify
notation assume d = 1. For n € Nlet 7, := {k27" : k=0,1,2...,2"} and define

Gu(w) = |w ((k+1)27") —w (k277)|* — 27

and .
Suw) =Y w(k+1)-27") —w (k-27")|"
k=0

(1) Show (&) = 0, v (Ex&;) = 0 if k # j and v, (€2) = 3- 272742,
(2) Use 1. to conclude for any € > 0,

Vi (1Sn — 1] > €) < 672/ 1S (w) — 12 dig(w) = 3- 277122,
w

(3) Use 2. to conclude for any € > 0 that

oo
Z L8, (w)—t|>e < o0 for vy — a.e. w.

n=1

(4) Use 3. to conclude that v(W;) = 1 where

2" —1
W, = {w EW(®): lim » |w((k+1)27") ~w (k2| = }

k=0
(5) Observe that W, N W, = if s # t.
Proposition 6.19 (Ito integral). Suppose h € H(R?), 7 is a partition of [0,1] as
in Eq. (6.4) and forw € W (Rd) let wy € Hy (Rd) be as in Notation 6.15. Then

for each t > 0, the limit of the function, w — (h,wx), exist in L*(v;) as |7| — 0.
By abuse of notation we will write this L*(v;) limit as

1
L*(vy) — lim (h,wy) =: (h,w) —/0 R (s) - dw(s).

|| —0

(Warning: As in Lemma 5.6, the limit will in general depend on t > 0.) Further-
more, for all h € H (Rd) and bounded measurable functions F : R — R,

(6.16) /de) F ((h,w)) dvg(w) = V% /RF (\/ﬂh\ x) e 24y,
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Proof. Before starting the proof let us notice that

1 n—1 ) _ s
(617)  (hywe) = / h'(S)-w;(s)ds:Z[M

i=0
For h € UrH, (R?) (the union being over all partitions of [0, 1]) with

| lotssin) = ot

Si+1 — Si

6.18 B(s)=Y a;jle, s.,1(s) for ae. s
( i 1,+1]

let

Z a; - [w(siy1) —w(si)]-

The reader is invited to check that nh( ) is well defined independent of how A’ is
written in the form given in Eq. (6.18). Making use of Propositions 6.13 and 6.14,
we have for a,b € RY,

/ a-[w(siy1) —w(s:)]b- [w(sjr1) —w(sy)] dve(w) = tdija-b(si41 — Si) -
W(RY)

and therefore

/W(]Rd)[ ( )] th _t2|al Sl+1_5)—t‘h|

This shows that the map
h € UrHy (RY) — ny, € L2(vy)

is a bounded linear map and hence extends uniquely to H (Rd) = U, H; (R?). If
h € H (R?) is chosen so that h, € Hy (R?) with hx(s) = h(s) for all s € m, then
Eq. (6.17) shows np_(w) = (h,wy). So to finish the proof it suffices to prove, for
all h€ H, hy — hin H as 7| — 0.

When k € C* ([0, 1],Rd) NH (Rd) , kI — k' uniformly and therefore k, — k in
H as || — 0. For general h € H (R?) and k € C* ([0,1],R?) N H (RY) we have

lim sup |h—he| <lim sup (|h—Fk|+|k—k:|+|(k—h).])

|7r|—o00 || —o0
(6.19) <|h—Fk|+lim sup |[(k—h)_ |<2]|h—Kk|
|| —o00
wherein the last equality we have used Lemma 6.16 to conclude |(k — h) | < |h —k].

Letting k — h in Eq. (6.19) completes the proof of existence of the Lz(ut) — limit.

Since probability measures on R are uniquely characterized by their Fourier
transform, it suffices to to prove Eq. (6.16) in the case that F(z) = €% for
some A € R. Now choose a sequence of partitions =, such that |mr,| — 0 and
limy, 00 (hywy,) = (h,w) for 14 — a.e. w. Then using Lemma 4.4 and Corollary
6.18,

/ e duy (w) = lim eMrwm) duy (w) = lim eMBE) gy ()
(R) e Jw (R "0 S Hey, (RT)

2 212 1 ; 2
— lim e 37 lhmal e NI _/ez/\(\/ﬂh\ac)e—:c /24g.

n—oo 2 R

Items 2. and 3. of the following theorem may be found in [7, 8, 9]. =
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Theorem 6.20 (Cameron — Martin Theorem and Integration by Parts Formula).
For h € W (R?), let v} := vy (- — h), i.e.

/ f(@)dv} (w) = / F(@)n (dwo — ) = / f(w + B)dvy (w).
W (Rd) W (Rd) W (Rd)

(1) Ifh e W (RY) \ H (RY) then v} L v,.

(2) Ifhe H (Rd) then I/th <L v and

dvl () R Lt Lo
a, (w)=¢e = exp t/o h(s)-dw(s)f2t\h| .

(3) Forallh e H (R, 9; = (=0 + 1(h,w)), i.c.

1
[ o) g@in) = [ 1) (<0n-+ () ) sl
W (R4) W (Rd) t
In particular vy is a smooth measure.

Proof. We will not give the proof of item 1. here which is similar to the
proof of the corresponding result in Proposition 5.7. For item 2., first suppose
f € BC(W (RY)), h € Hy (R?) for some partition 7 of [0,1] and let m, be a
sequence of partitions containing 7 such that |m,| | 0. Since H, (R?) C Hy, (RY),
by Corollary 6.18 and the translation invariance of finite dimensional Lebesgue
measure,

/ fw+ )duy (w) = Jim £k + By (k)
W (R4) n— 00 H,, (RY)
1 ,
= Jim fk+h)m—=e 3B dm, (k
"0 S He (B ( )an<t) ()
1 ,
= lim k e"mEE) gm (K
n— oo Hﬂ—n(Rd) f( )Zﬂ_"(t) n( )
= lim F(k)e 3 2B+ g 1y

"0 ) He, (RY)
/ Flw)e 2] gy, ()
W (R4)

For general h € H (R?), the previous result proves

(6.20) /W(Rd) flw+ hy)dyg (w) :/ Fw)etPre)=ailh= gy, () |

W (R4)

By the dominated convergence theorem,

(6.21) lim Fw+ ha)dv (w) = / Flw+ h)du ()
[7| =0 Jw (rd) W(RY)

while for any p > 1,

e |
W (R4)

_ / 2 (hw)— & [l
W (Rd)

o [-2hw)+1n1?] _ e—%[—2(hw,w)+\h,|2]‘pdyt ()

1 — Fa—hw)=F[Iha = 1n]|" g ()
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Hence by the Cauchy Schwarz inequality and Eq. (6.16), €2 < AB, where

2p 2p |32 1 2p 2p (112 2
A= e W)= g, = —— [ e Vilhle=RIhF a2, « o
/W(Rd) ¢ () Vo Jr
and
Bw=;/ 1 — B & P10 g (1)
W (Rd)
1 BVAlha—hle— (a0 P] 7 —2?/2
= — 1 —erViin=hI® dz.
V2 /R’

The dominated convergence theorem now shows lim||_o Br = 0 and hence ¢, — 0
so that

(6.22)
lim f(w)e%(h”’“)fi‘h”lgdlft (w) = / f(aJ)e%(h’w)*i‘hlgdut (w).
[71=0 Jw (Rd) W (R4)
Combining Egs. (6.20) — (6.22) shows
(6.23) / flw+ Rh)dv (w) = / f(w)e%(h’”)_%lhlzdl/t (w)
W(R4) W (R4)

forallh e H (Rd) and f € BC (W (Rd)) . By general measure theoretic arguments
it now follows that Eq. (6.23) holds for all bounded measurable functions f on
W (R%) and this proves item 2. Lastly item 3. is proved similarly to the proof of
Corollary 5.8. =

Notation 6.21. It is customary to call the measure p := v; — Wiener measure
on W (Rd) .

Remark 6.22. From Proposition 6.17, it is easily shown that dv; is the measure on
W (Rd) determined by

/ F(@)din(w) = / F (Vi) dp(w)
W (R®) W (R%)

and this equation clearly shows that

lim 4 (f) = lim F(Vtw)dp(w) = £(0)

tl0 t|0 W (R4)

for all f € BC(W (R%)). It is also interesting to note that we can deduce from
Theorem 6.20 that dyvy(f) = v(3Anf). Indeed let f € FBC*W (RY)) be a
cylinder function and S be an orthonormal basis for H (Rd) , then

ol f) = /W(Rd) - \/(Vf(\f v hZS L e, 50 TV 0 )

=S [ g D Vi) = Y [ ) (Vi)

hES hes

= Vt(iAHf)-



26 BRUCE K. DRIVER

6.3. Construction of {14},., on W (R%). Our construction of v will be based
on the ideas in Proposition 6.17 and Corollary 6.18.

Notation 6.23. For each n € Ny let
= {k27": k=0,1,2...,2"}

and let Vy := Hy, (RY) = {h € HR?) : B =0} and for n > 1 let V,, denote the
orthogonal complement of H,, ,(R%) in H,, (R9).

h 0.25T
0.27

0.157

0.057

o 0.25 0.5 0.75 1

FI1cGURE 1. This function is a typical element of V3. It is the func-
tion hs as described in Lemma 6.24 below with n = 3.

Lemma 6.24. Using the notation above:
(1) Suppose 7 is a partition of [0,1] then h € H.(RY)L iff h|, = 0.
(2) Forn>1,V, ={he€ Hr,(R?) : h|r,_, =0}.
(3) H (RY) = @52V, with the sum being the Hilbert space orthogonal direct
sum.
(4) Givenn > 1 and 0 < k < 2" L let hy € V, (R) be the unique “tent”
function (see Figure 1) such that

n+1

1., _nt1
hk|[O,kQ—n,+1]U[(k+l)2—n+171] =0 and hi((k + 5)2 +1) =272,

Then {hkej 0<k<2tlj=1,..., d} is an orthonormal basis for V, (Rd) .

Proof. Items 1. and 2. Suppose h € H.(R%)L s € 7 and a € R Let
k(t) = G(s,t)a, then k € H,(RY) and hence 0 = (h,k) = h(s) - a from which it
follows h|, = 0. Any easy computation using the fundamental theorem of calculus
shows that if h|, = 0 and k € H,(R%), then (h, k) = 0.

Item 3. If m # n, V,, and V,,, are orthogonal subspaces and H, (Rd) =®r_oVk
by construction. If h € H (R?) and h LV, for all n, then h L H,, (R?) for all n.
So by item 1., h(s) = 0 on all dyadic rationals in [0, 1]. Since the later set is dense
in [0,1] and A is continuous, h = 0 and this completes the proof of item 3.

Item 4. is a simple verification left to the reader. m
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Lemma 6.25. Let {v}'},. denote the heat kernel sequence on V,, =V, (R) at 0
and for q € [1,00) let

(6.24)  Clq) = (% /R |x|qe_%‘”2dx>l/q -2 [w—%r <&21>} R

Then for any p,p € [1,00),

l/p 1 1
(6.25) ([ mhiavp) ™ < copprza-mt-3),

V’Vl

Moreover for o € (0,1) let

|||, = sup {% :t,5 € [0,1] with t # 5}

then we have
1/p ) )
(6.26) ([ ihizarm) < cpprzeon-essm)

Proof. Let {hy : k < 2"7'} be as in Lemma 6.24 and set & (k) := (hk, h). Then
h =73 con1& (h)hy for all h € V,,. Since the sets {hy, # 0}2:01 are disjoint and
_n+1

il = 27", it follows that |||, = 2~ "2 M, (h) where
M, (h) :=max {|& (h)] : k < 2" '},

For any ¢ > 1,
1/q 1/‘1
( / Mz(h)dV?(h)) < ( [ (h)lqu?(h)>
Vn Vi p<on—1
11 e\ 1/20(n—1)/
6.27 = (2" —— zlfe 2% dy =C(qg)t/<2\""= /1
(627 (2= [ ) -cw

where C(q) is defined in Eq. (6.24). (The second equality in Eq. (6.24)is a conse-
quence of the integrand being even and the change of variables u = 22 /2.)
Therefore for any p,p > 1,

1/p 1/pp it 1/pp
(/ Ihl’;odvt”(h)) <(/ ||h|£§du;l<h>) <o (/ Mﬁp(h)dV?(h))
V'Vl ‘/71, Vn

< Clpp)t"/?2%5 27" < C(pp)t /22752 %
which proves Eq. (6.25).

Since Hth =2 "5 /2 = 2" h = Y kean—1 &k (h) hy, and {hy} have

essentially disjoint supports, it follows that Hh” = 2% M, (h). By the mean

value theorem,

hl| |t —s|

o)~ hie _ [ . )
(629 T M, (h) |t — s
From Eq. (6.28), if |t — s| < 9~ (n=1),

[h(t) = h(s)]

T S2T M2 = gy (2
— S
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and if |t — s| > 2~ (=),

_nt1
) b _ 20l 2 M)
|t _ S‘a 92—a(n—1) 2—a(n—1)

= M, (h)2~=D(E-2),

The previous two equations imply
Bl < M, (h)2~ (D),

Therefore for any p > 1 (working as above)

1/p 1/pp
</ |h||§dut”(h)) <9-(=) (/ MP? (h)dv?( h)>
Vi

< 27 VGE) O (pp)tt /2o
which proves Eq. (6.26). m

6.3.1. Existence proof of {vi},~, in Theorem 6.5. Again for simplicity of notation
we carry out the proof when d = 1. Let Q := [[>° V,,, P, == [[7_ v (see Fact
5.1) and for n € N let S,, :  — V,, be the natural projection onto V;,. Then by
construction, {S }o2 o are all mutually independent and (S,), P, = v;* for each
ne€N.Ifa < 3 and p € [1,00) we may choose p € [1,00) such that %—a—p—lp > 0.
Then by Lemma 6.25,

n— 1\ L1
< Z HHS ” HLP(Pt > pp t1/2 ZQ ( 1)(2 pp) < 0.
Lr(Py) n=0 n=0

This shows: 1) > [|S,]|, < oo for P, — a.e. and hence S : Z Sy, exists in
n=0

n=0

o)
C% ([0,1]) off a P, — null set and 2) S := Y S, converges in LP(Q, P, C%< ([0, 1]))
n=0
for all p € [1,00).
Thus the measure v; := S, P; is a probability measure on W which is supported
on C%“ ([0, 1]) for any o < 1/2 and satisfies

/W |wl|? dy(w) < oo for all p € [1,00).
It now only remains to show {7}, is the desired heat kernel sequence. To this

end, suppose that f € FC?(W) with f(w) = F(wy) for some partition 7 of [0, 1].
For each n, let p, : W — H,_ (R) be defined by p,(w) = w,, as defined in Notation

6.15. and set
:/ fopndyy :/ fOpn(\/Zw)dyl(w).
w w

Then one shows using Proposition 6.14 and the semigroup p; * ps = py+s that
9u(®) = 90 = [ favi = (f) and
w
. 1 1 1
gn(t) =5 Ap (fopn)dvy — Apgfdvy = svi(Anf)
2 Jw 2 Jw 2

uniformly for ¢ in compact subsets of (0, 00). Hence g is differentiable and <41, (f) =
1 (Apf) as desired.
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7. PATH AND LoOP GROUP EXTENSIONS

In this section we will discuss the analogues of the results in Section 6 when
W (R?) is replaced by the path W(K) or the loop space £(K) on a compact Lie
group K. Our description of the results in this section will be rather brief com-
pared to the previous sections. This is because to understand these heat kernel
measures on W (K) and £(K) one must understand “Wiener measure” on the path
space of W(K) and L(K) respectively. Section 8, describes these type of results
in the simpler setting where W (K) and L(K) are replaced by a finite dimensional
Riemannian manifold M.

Notation 7.1. Let K be a connected compact Lie group, ¢ := T, K be the Lie
algebra of K, (-,-), be an Adg-invariant inner product on £ and let g := g¢ denote
the unique bi-invariant Riemannian metric on K which agrees with (-,-), on € :=
T.K. To simplify notation later we will assume that K is a matrix group in which
case £ may also be viewed as a matrix Lie algebra. (Since K is compact, this is no
restriction, see for example Theorem 4.1 on p. 136 in [6].) Elements A € ¢ will be
identified with the unique left invariant vector field on K agreeing with A at the
identity in K, i.e. if f € C*°(K) then

Af(z) = lof e,

Example 7.2. As an example, let K = SO(3) be the group of 3 x 3 real orthogonal
matrices with determinant 1. The Lie algebra of K is & = so(3), the set of 3 x 3 real
skew symmetric matrices, and the inner product (A4, B)g := —tr(AB) is an example
of an Ady — invariant inner product on €.

Our main interest here is the path and loop spaces built on K. In this section,
let M = K and 0o = e (e € K is the identity element) in Notation 6.1.

Notation 7.3. For a compact Lie group K let
(7.1) W(K):={ceC(0,1] — K)|o (0) =e},
(7.2) L(K)={ceW(K)|oc(1)=¢}

and e €L (K) C W (K) denote the constant path at e € K. As in Notation 6.1,
H(K) and Hy(K) are the finite energy paths in W(K) and L(K) respectively. In
this case the energy Fx on H(K) is given explicitly by

1 9 1
@3 Bxo)= [ ol @) ds= [ o0 i as
0 0
wherein the last equality is a consequence of the Adx — invariance of (-, -)e.

As usual we will refer to H(¢) equipped with the Hilbertian inner product,

1

(74) () = [ W) () ds,
0

as the Cameron — Martin Hilbert space.

Remark 7.4. Tt is well known that H(K) is a Hilbert Lie group under pointwise
multiplication and that the map

(z,h) € H(K) x H(€) — Lyoh € T (H (K))
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is a trivialization of the tangent bundle of H(K). (We are using L, : H(K) —
H(K) to denote left multiplication by x.) This trivialization induces a left-invariant
Riemannian metric (-,-) on H(K) given explicitly by

(75)  (Lush, Louh) = / (), (5)), ds W € H(K) and h € H(®)
0

See Appendix A in [20] and the references therein for more details.

Definition 7.5 (Differential Operators). For h € H(¥) (h € Ho(t)), let h denote the
left invariant vector field on W (K) (L(K)) such that h(e) = h, i.e. if f € C*(W(K))
(f € CHL(K))) and z € W(K) (x € L(K)) then

biw) = 5| @),

where (ze") (s) = z(s)e!™®) for all s € [0,1]. For those f € C*(W(K)) for which
the following sums converge (for example smooth cylinder functions), let

||g1radf|\2 = Z (ﬁf)Q and A gy f = Ziff

hes hes

and
- N\2 -
lerado I == 3" (Bf)" and Ay f = Y B2F.
heSo heSo
Here S and Sy are orthonormal bases for H (8) and Hy (¢) respectively.

Theorem 7.6 (Heat Kernel Measure). There exists unique heat kernel sequences
{Vi}iso and {v8},o o based at e on W(K) and L(K) respectively, i.e. for all f €
FC*(W(K)),

dun(f) = 3 (B ) and O3 () = 507 (B )
and

li = = limvZ(f).
im4(f) = f(e) im v} (f)
The reader is referred to Malliavin [52], Driver and Lohrenz [21], and Driver and
[18] for the existence of v; and v§.

Theorem 7.7 (Quasi-invariance for heat kernel measure). For each k € Hy(G)

which is null homotopic, Vg is quasi-invariant under the right and left translations
by k.

Proof. See Driver [18, 19] and Fang [32, 33]. The free loop space version of
these results was carried out by Trevor Carson in [10, 11]. The reader should also
see Inahama [43] for generalizations of Theorem 7.8 and Corollary 7.7 to include
“H® — metrics” on L(K) for s >1/2. m

Theorem 7.8 (Heat Kernel Logarithmic Sobolev Theorem, [21]). There is a con-
stant C < oo such that

f? 2
7.6 / f?log — 5 dvy < C’/ grady f|” dvy
( ) £(K) VS (f2) t £(K) H dO H t

for all smooth cylinder functions f : L(K) — R. (Eq. (7.6) when K = RY is Gross’
original Logarithmic Sobolev inequality.)
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Proof. See Driver and Lohrenz [21], Carson [10, 11] and Fang [33]. m

Remark 7.9. Similar results hold for v, and they are much easier to prove.

8. WIENER MEASURE ON W(M) AND ITS PROPERTIES

The proofs of the results in Section 7 rely on properties of “Wiener measure” on
W(L(K)) and W(W(K)) to deduce properties about the heat kernel measures v;
and v§ respectively. This section will describe some of the relevant results needed
in the simpler setting where £(K) (W(K)) is replaced by a finite dimensional
Riemannian manifold M with a fixed base point 0 € M. We will continue to use
the notation and results from Section 2. In particular p;(x,y) denotes the heat
kernel on M as described just before Theorem 2.6. To simplify the exposition, let
us assume M is compact. (Most of the results are valid under the weaker assumption
that M is complete and the Ricci curvature is bounded from below.)

Notation 8.1. Toeach o € H(M)and s € [0,1]let //s(0) : T,M — T, ()M denote
parallel translation along ol 4 relative to the Levi-Civita covariant derivative
V, i.e. //s(o) is the unique solution to the ordinary differential equation

=/ slo) = 0 with /folr) = Td, .

Also let ¢V : H(T,M) — H(M) denote Cartan’s rolling map, defined by
o = ¢V (w) where o is the unique solution to the functional differential equation

(8.1) a'(s) = //s(o)w'(s) with a(0) = o.

Remark 8.2. Suppose M is the boundary of a smooth convex region in R? equipped
with the metric inherited from R®. Then the curve o in (8.1) has the interpretation
of being the curve on M found by rolling M along the curve w in T, M. The reader
is invited to try this by rolling a balloon along a curve, w, drawn on a chalk board.

Theorem 8.3 (Wiener measure). There exists a unique probability measure fiy ()
on W(M) such that for all cylinder functions f € FC(W(M)), as described in
Definition 6.3,

(8.2)
n—1

/ f(o)dpw (o) = / Fz1,. o an) [ Plsipamso @i wivr)das - - day,.
W(M) " i=0

where xg = o and dx denotes the volume measure on M.

Remark 8.4 (Warning). Comparing Eq. (8.2) with Eq. (6.12) with ¢ = 1, the
reader may be lead to think that pyy(ar) is a heat kernel measure on W (M). This
is however not the case for general Riemannian manifolds M. Of course iy (ar) is
intimately connected to the heat Kernel measures v, on M based at o € M by the
formula

(8.3) n(F) = / Fo(#))dpas (o) for all F € C(M).
W (M)
It is this relationship which is exploited to prove the results in Section 7.

It turns out that there is another (often more useful) way to construct the mea-
sure juyy(pr) Which involves solving a “stochastic differential” equation. We will hide
this stochastic differential equation in the formulation given in the next theorem.
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Theorem 8.5 (Eelles & Elworthy stochastic rolling construction of iy (ar)). Let
pw (ray be Wiener measure on W (Rd) as in Notation 6.21 and forw € W (Rd) and
a partition w of [0,1] let wx € Hy (R?) be as defined in Notation 6.15. Then d(w) :=
lim| o ¢(wn) exists for py rey — a.e. w and moreover pyw (ar) = (Z‘;*/.LW(]Rd) =

Hw (Rd) © ¢~ L. In words, pw (ar) @8 the push — forward of Wiener measure pyy (ga)
on W (Rd) by the “stochastic” extension é of Cartan’s rolling map.

Proof. The fact that ¢ has a “stochastic extension” seems to have first been
observed by Eells and Elworthy [23] who used ideas of Gangolli [36]. The relation-
ship of the stochastic development map to stochastic differential equations on the
orthogonal frame bundle O(M) of M is pointed out in Elworthy [24, 25, 26]. The
frame bundle point of view has also been developed by Malliavin, see for example
[50, 49, 51]. For a more detailed history of the stochastic development map, see pp.
156-157 in Elworthy [26]. =

Proposition 8.6 (Stochastic parallel translation). There exists a continuous

process, (o,5) € W (M) x [0,1] — // (0) € End(T,M,TM), such that 773(‘7) €
End (TOM, TU(S)M) for all o and s and

J166)) = vz~ tim, /(6 (),
where the limit is taken in the sense of pyy(ray — measure.

Theorem 8.7 (Cameron-Martin Theorem for M). Let h € H(T,M) and X" be
the pyy(ary — a.e. well defined vector field on W (M) given by

(8.4) XMo) = //s(0)(s) forse0,1].
Then X" admits a flow X" on W (M) and this flow leaves pyy vy quasi-invariant.

This theorem first appeared in Driver [17] when h € H (T,M) N C*([0,1],T, M)
and was soon extended to all h € H (T,M) by E. Hsu [40, 41]. Other proofs may
also be found in [30, 48, 53].

Corollary 8.8 (Integration by Parts for uw(ap). For h € H(T,M) and f €
FCYW(M)) be as in Eq. (6.5), let
d n n n __
(X"f)(0) = Elof(etx (@) =D _(Vif(0), XL (0)g = Y _(Vif) (@), //,,(0)h(5:))g-
i=1 i=1
Then

/ X f dpiyy or) = / £ (@) (@) dpiny ey ()
W (M)

W(RY)
where
h ! / 1. ’
2 (w) ;:/0 (W (5) + Ric7 5 P (5). do(s)
and Ric 5 () = /75(0)*1Rica(5)/75(0) € End(T,M) and Ric is the Ricci tensor
on TM.

Proof. A special case of this type of theorem for f(o) = F(o(s)) for some
F € C*(M) first appeared in Bismut [4]. The result stated here was proved in
[17]. Other proofs of this corollary may be found in [1, 2, 18, 28, 29, 27, 30, 31, 40,
A1, 46, 47, 48, 53]
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Example 8.9. When M = R? then //,(0)v, = v,(s) for allv € R* and o € W(R?).
Thus X!(c) = (h(s))s(s) and etX" (o) = 0 + th and so Theorem 8.7 becomes the
classical Cameron-Martin Theorem, see Theorem 6.20 with ¢ = 1.

8.1. Path Integral Interpretation. In this subsection we will state a couple of
analogues of Proposition 6.17.

Notation 8.10. Given a partition 7 of [0, 1], let
H,(M)={oce€ HM)NC*(I\x):Vo'(s)/ds =0 for s ¢ 7}

be the piecewise geodesics paths in H(M) which change directions only at the
partition points.

It is possible to check that H,(M) is a finite dimensional submanifold of H (M)
which is in fact diffeomorphic to (Rd)n. For ¢ € H, (M), the tangent space
T,H,(M) can be identified with elements X € T,H.(M) satisfying the Jacobi
equations on I \ 7.

Definition 8.11 (The m—Metrics). For each partition 7 of [0, 1] as in Eq. (6.4) let
Gl be the metric on TH, (M) given by

(8.5) GHXY) = (VX (Z—l*), VY(Z*”) (si — 8i_1)

n
i=1

foral XY € T, H, (M) and 0 € H;(M). (We are writing W as a shorthand

for limg s, VZ(S(S) .) Similarly, let G2 be the degenerate metric on H, (M) given by
(8.6) GUX,Y) =D (X(s:),Y(s:)), (s — si-1),
i=1

for all XY € T,H.(M) and 0 € H,(M).

Remark 8.12. Notice that G and G2 are the Riemann sum approximations to the
metrics,

GYX,Y) = /1

(VX (s) VY(s)

1
T,T>gd8 and G°(X,Y) ;:/O (X(5),Y(s)),ds.

If NP is an oriented manifold equipped with a possibly degenerate Riemannian
metric G, let Volg denote the p—form on N determined by

(8.7) Volg(v1,v2,...,0p) == \/det ({G(vi, vj)}ijzl),

where {v1,vs,...,vp,} C T, N is an oriented basis and n € N. We will identify a p-
form on N with the Radon measure induced by the linear functional f € C.(N) —

fN fVOlg.

Definition 8.13 (7 — Volume Forms). Let Volgo and Volg: denote the volume
forms on H, (M) determined by G2 and G in accordance with equation (8.7).

Given the above definitions, there are now two natural finite dimensional “ap-
proximations” to py(ar) in equation (7.4) given in the following definition.
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Definition 8.14 (Approximates to Wiener Measure). For each partition 7 = {0 =
S0 < 81 < 83 <+ < s, =1} of [0,1], let u2 and pl denote measures on H, (M)
defined by
1

pd = ﬁe*%EMVolggr

and
11 —3Emvg]

Hm = Zl e o GL,
where Ey : H(M) — [0, 00) is the energy functional defined in equation (6.2) and
Z9 and Z! are normalization constants given by
(8.8) 70 = H(\/27r (5; — si—1))% and Z} := (2m)9"/2,

i=1

Theorem 8.15 (Path Integral interpretation of pyy(ar)). Suppose that f
W(M) — R is bounded and continuous, then

(8.9) lim f(0)dpit (o) = / F(0)duwn (@)

|7l =0 J 7, (M) W (M)
and

(810)  lim F(0)dpl (o) = / Flo)e b Ia Sealle@Nds g o (o),
[7|=0 S, (M) W(M)

where Scal is the scalar curvature of (M, g).

There is a large literature pertaining to results of the type in Theorem 8.15, see
for example [12, 57, 55, 35, 13, 44, 42, 59]. The version given here is contained in
Andersson and Driver [3].

9. MOTIVATIONS

9.1. Malliavin’s Method. Malliavin’s idea is to embed questions about heat
kernels on finite dimensional manifolds into questions about Wiener measure on
w (Rd) . In the elliptic (i.e. Riemannian geometry) setting, Equation (8.3) along
with Corollary 8.8 may be used as a basis for this method. Malliavin’s idea also ex-
tends to certain hypoelliptic settings as well. Although this is a strong motivation,
I am more motivated by problems related to quantum mechanics and quantum field
theories to be described next.

9.2. Canonical Quantization & Path Integral Quantization. Let ¢(t) € R?
describe the motion of a particle of mass m in the force due to a potential function
V(q). Then q satisfies Newton’s equations of motion,

mi(t) = =VV(q(2)).
The Lagrangian density associated to this equation is L(q,v) := 3m \v|2 - V(q),

the momentum p conjugate to v is given by p = W = mu and the associated

Hamiltonian is given by

H(q,p) =p-v— L(g,v) where p = muv,

_ l 27L 2 _ i 2 _
(9.1) H(q,p) = D 5P +Vi(q) = 5P +V(g) = E(q,v)
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where E(q,v) = +m [u|* + V(q) is the energy of the “state,” (¢, v). To quantize this
system, we should take K = L?(R?, dm) for the quantum Hilbert space and replace
q by Q = M, and p by P = —ihV,. These are the usual “canonical quantization”
rules one learns in a quantum mechanics class. Let us summarize the usual story

in the following table.

CONCEPT CLASSICAL QUANTUM
CONFIGURATION R? No analogue
SPACE

STATE SPACE

T*R? =2 R? x R
(p, q) = Position x Momentum

K = PL*(R9,dm), i.e.
¥ e L*(RY,dm) > ¢l =1
and ¢ ~ e?).

on a state, i.e. f(q,p)

OBSERVABLES Functions f : T*RY — R Self adjoint operators
0 on K
Examples Dh Pr = %aiqk
gk ‘zk = M(II%
H(q,p) = 370" +V(q) H=-3-A+V(q)
DYNAMICS Newtons Equations of Motion | Shrédinger Equation
§(t) = =VV(q(t), ¢(t) € RT | ihgp(t) = Hep(t)
P(t) € K
MEASUREMENTS | Evaluation of an observable (1, 01) — expected value

of # in the state .

The formal “path integral quantization” of the system described by H in Eq.

(9.1) is given by

e TH f(a)s =" L e Jo” @@t £ (4y(T))Du
21 Jw(0)=2
1 .
(9.2) - e~ o Blarw®a)dt f(5 4 o(T))Dw
ZT w(0)=0
where

“Zp ::/ e ‘DT\w(t)PdtDw”
w(0)=0

is the “normalization constant” chosen so that

(9.3)

d/,L(w) “ 2

1 _
—e

7 2 [ lw(®)dtp,,

is a probability “measure”. With this notation Eq. (9.2) states

e T f(a) = / J@ +w(@))e I Vit w)
w(0)=z

which is the Feynman Kac formula. This last formula is in fact rigorous provided
one interprets 1 as Wiener measure with variance m~'/2 on W (R) and some mild
restrictions are put on the potential V.
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The use of “path integrals” in physics including heuristic expressions like those
in equations (9.2) started with Feynman in [34] with very early beginnings being
traced back to Dirac [15]. See Section 6 for the correct interpretation of Eq. (9.3).

9.3. Quantization on Riemannian Manifolds. Now suppose M is a Riemann-

ian manifold with metric g and ¢(t) € M¢ describe the motion of a particle in M

subject to the force due to a potential function V(g). Then ¢ satisfies Newton’s

equations of motion,

Vi(t)
dt

As before, the Lagrangian density associated to this equations is given by

L(g,0) i= 5 lol* = V(a) = 3gu(a)’s? ~ V(a)

where v* = dz*(v) in local coordinates. The corresponding Hamiltonian is given by
the Legendre transform,

(9.4) = —-VV(q(1)).

- dL(q,v -
H(q,p) = piv" — L(q,v), where p; = % = gij (@)’

and p; is the conjugate momentum to v*. So v = gij(x)pj and hence

Hlap) = = Lo =’ = (G000 - V(o))

) 1 . 1 .
— o = (Go = V@) = g’ + V(@

2
1 ij
(9.5) = 59" (@pip; +V(q)-
If q(t) solves Eq. (9.4) and ¢'(t) := 2%(q (t)) and p;(t) := gi;(q(t))¢’ (t) then
j 9H (g, p) . 9H (g, p)
i) = == and pi(t) = —
P (0) = T and 5y (1) = 2L
We now want to quantize H(q,p) by replacing:
1
pz_)PZ:ZC();UZ and(h_’Qz-— xt
where @; is multiplication by ¢;. Working formally from Eq. (9.5) we conclude
1 . 0?

L1y
H = —59"(2) 55—+ V(a)-

This is not a very good answer since it is coordinate dependent. To remedy this,
notice at the classical level we could also write

H(q,p) = fplfg (2)p; + V(q)

which when quantized gives the operator,

- 11 0 - 0 1
H=——=—— U(r)=— +V(q) = —=A My .
Qﬁaxzﬁg()aj+() 5AM + My
The latter expression has the virtue of at least being coordinate independent.
The formal path integral quantization of the above system is given by

N 1 e .
(9.6) e TH f(xq) = Z /(0) e~ Jo Ble@.0M)dt £(5(T)) Do
=xq
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where E(z,v) = 2g(v,v) + V() is the energy. Possible rigorous interpretations of

the right side of Eq. (9.6) and its relationship to e~ 7# when V = 0 are discussed
in Theorem 8.15 above.

9.4. Quantization of infinite dimensional classical systems. Quantization
of infinite dimensional classical systems leads to infinite dimensional Shrodinger
Equations. The simplest of which are standard type heat equations.

9.4.1. Klein-Gordon Equations. A non-linear Klein-Gordon equation is a non-linear
wave equation of the form,

b+ (—A+m?)p+¢> =0
for some function ¢ : R x R* — R. This may be phrased as ¢ = —VV(¢) where

. 1 2 m2 2 1 4
Vo) = [ (5196 + ot + 10t ) s

The quantization of this equation leads one to consider the partial differential equa-
tion in infinitely many variable,

yult, &) = %ALQ(Rd)u(t, 6) — V(d)ult, 6).

The formal path integral quantization of this system is given by

(380200 ) gy = L T (130 2y (000

o) = — T))D.
Zr Loy f(&(T))D

See Glimm and Jaffe [37] and the references therein for more information about
this expression.

9.4.2. Yang — Mills Equations. The Yang — Mills equations are the Euler Lagrange
equations for

I(A) = /R " (F? dtde

where F4 = dA+ AN A and A : R — R ® g is a connection one form and
(-)2 is a non-degenerate quadratic form determined by the Lorhenzian metric on
R and an inner product on g = Lie(G) and G is a compact Lie group. The
corresponding path integral quantization measure is given informally by

(9.7) dp(A) = %e‘% Jaxwa P4 dtday 4.

Because of “gauge invariance” of the problem, this measure is really to be defined
on the non-linear space of connections modulo gauge transformations, M/G. Mak-
ing sense out of Eq. (9.7) is a part of the million dollar Clay Mathematics prize
pertaining to quantization of Yang Mills fields.*

When d = 1 and R? = R! is replace by S* the space M /Gy simply becomes G
itself and the path integral in (9.7) reduces to the one like that in Eq. (9.6) with
M = G and V = 0. See the Driver and Hall [20] for more on this point and the
relation to symplectic reduction.

4More information about this problem may be found at
http://www.claymath.org/Millennium Prize Problems/Yang-Mills Theory/.
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9.5. Loop spaces. The loop spaces L£(K) considered in Section 7 is a model of the
configuration space in “string theory.” The action used in physics is the relativistic
area swept out by the string which leads to considering the so called non-linear o —
models in the path integral formulation. In Section 7 we considered a more tractable
action which leads to reasonable heat equation on £L(K). The heat “kernels” for this
heat equation may be thought of as a replacements for the non-existent Lebesgue
measure on L(K). As such one would eventually like to understand the relationship
between the analysis on £(K) and the topology of L(K), i.e. something like a
Hodge deRham theory and index theory for loop spaces.
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