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1 Rook and Hit numbers and File and Fit numbers

1.1 Preliminaries

Throughout this book, we abbreviate left-hand-side and right-hand-side by LHS and RHS, re-
spectively. We let [n] = {1,...,n}. We let N = {0,1,2,...} denote the natural numbers,
P = {1,2,...} denote the positive integers, Z = {0,+1,42,...} denote the integers, C denote
the complex numbers, and R denote the real numbers. For any statement A, we let xy(A) =1 is
A is true and x(A) = 0 if A is false.

Given a ring R, we let R[z] denote the ring of polynomials in z, i.e. R[x] consists of all
polynomials ag + a1z + - - - + a,z™ where a; € R for all i and the operations on R[x] is the usual
addition and multiplication of polynomials. Let R[[z]] denote the ring of formal power series in
x, i.e. R[[z]] consists of all formal power series f =) -, fnz" where f, € R. If f =5 _ faz"
and g =Y, -, gna" are elements of R[[z]] and ¢ € R, then -

cf = Zcfndjna

n>0
f+g = Z(fn + gn)x" and
n>0
fg = YO frgn-r)"
n>0 k=0

If f=25,50fn2" is an element of R[[x]|, we shall let f|,» = fi denote the operation of taking
the coefficient of 2* of n. If @ = ag, a1,. .. is a sequence of elements from R, then the ordinary
generating function of d@ is just the formal power series OGF;z(x) = >, ~ganz™ and if Q C R,
the exponential generating function of @ is just the formal power series EGFj(z) = Y om0 .

We shall write ﬁ for the formal power series ano z". Finally, we need to define when a
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sequence of formal power series {gm }m>0 converges to a formal power series g in R[[z]]. If
Gm = D >0 Inmx” form >0and g = - gn2", then we write

lim g, =g (1)
m—o00

if and only if for all £ > 0, there is an number Ny > 0 (depending on k) such that for all m > N,
9m,k = k-

1.2 Introduction to Rook Theory

The theory of rook polynomials was introduced by Kaplansky and Riordan [?], and developed
further by Riordan [48]. We refer the reader to Stanley [50, Chap. 2] for a nice exposition of
some of the basics of rook polynomials and permutations with forbidden positions.

A board is a subset of an P x P. We label the rows of P x P from bottom to top with 1,2,3, ...,
and the columns of P x P from left to right with 1,2,3,..., and let (7, ) denote the square in the
i-th row and j-th column. Given by,...,b, € N, we let F(by,...,b,) denote the board consisting
of all the cells {(i,7) : 1 <i<n & 1<j<b}. If a board B is of the form B = F(bi,...,by),
then we say that B is skyline board and if, in addition, b1 < by < --- < b, then we say that
B is a Ferrers board. For example, Figure 1 pictures the skyline board F(2,1,0,3) on the left
and the Ferrers board F'(1,2,2,3) on the right where we have shaded the cells belonging to the
board.

F(21,03) F(1,223)

Figure 1: A skyline board and a Ferrers boards.

Next we introduce the two of the key objects of study of rook theory which are the rook
numbers and file numbers of a board B.

Definition 1. Given a board B C [n] x [n], we let

1. Ni(B) denote the set of all placements of k rooks in B such that no two rooks lie in the
same row or column and

2. Ci(B) denote the set of placements of k rooks in B such that there is at most one rook in
each column.

We shall refer to an element P € N (B) as a placement of k non-attacking rooks in B and
element Q) € Ci, as a file placement of k rooks in B. For k = 1,...,n, we let r(B) = |[Nx(B)]
and fr(B) = |Cx(B)|. By convention, we set 7o(B) = fo(B) = 1. We refer to r,(B) as the k-th
rook number of B and fj(B) as the k-th file number of B.

Another important set of numbers associated with a board B are the hit numbers and the fit
numbers. Let S,, denote the symmetric group, i.e. S, is the set of all 1:1 functions o : [n] — [n]



under composition. Elements of .S, can be thought of as permutations of 1,2,...,n. That is, if

o€ S, and o(i) =o0; fori =1,...,n, then we shall write o in two-line notation as
1 2 3 -+ n
o1 09 O3 -+ Op

We shall also write ¢ in one-line notation as ¢ = o01...0,. We shall also use cycle nota-
tion for permutations. For example, if 0 = 32 4 5 1 7 6 8, then in cycle notation, ¢ =
(1,3,4,5)(2)(6,7)(8). Given a permutation ¢ = oy ...0, € S,, we identify each o € §,, with
the rook placement {(c;,4) :i=1,...,n} on [n] x [n]. We let F,, denote the set of all functions
f:[n] — [n]. We will identify f € F,, with the rook placement {(f(),7) : ¢ = 1,...,n} on
[n] x [n]. For example, if c =23 154 € S, and f is the function given by f(1) =3, f(2) =1,
f(3) =3, f(4) =1, and f(5) = 4, then the rook placement associated with ¢ is given on the left
in Figure 2 and the file placement associated with f is given on the right in Figure 2. We let

Hpn(B) = |{o€8,:]0nNB| =k} and
Fin(B) = [{f €Fn:|fNB| =k}

We shall refer to Hy, ,,(B) as the k-th hit number of B relative to [n] x [n] and Fj ,(B) as
the k-th fit number of B relative to [n] x [n].

5 X 5
4 4 X
3 X 3| X X
2| X X 2
1 X 1 X X
1 2 3 4 5 1 2 3 45

Figure 2: Rook placements associated with permutations and functions.

Kaplansky and Riordan [38] proved the following fundamental relationship between the rook
numbers and the hit numbers of a board B C [n] x [n].

Theorem 1. For any board B C [n] x [n],

n

n

> Hpn(B)a* =) rg(B)(n —k)!(z — 1)F. (2)
k=0 k=0

Proof. Replacing = by x + 1 in equation (2), we see that it is enough to prove

S Hyn(B)(x+1)F =) r(B)(n—k)a. (3)
k=0

k=0

To interpret the LHS of (2), consider the set of objects O obtained by first picking a a rook
placement on [n] X [n] associated with some permutation o € S,, and then for each rook r which
is in o N B, we either circle the rook or not. For each such object O constructed in this way, we
define the weight of O as z°"“(©) where circ(O) is the number of circled rooks in O. If Op is
the set of objects constructed in this way, it is easy to see that

S a0 = Hy (B + 1) @
k=0

0eOp



However, we can also count the LHS of (4) by first picking the number k of circled rooks, then
picking the k circled rooks as a placement P of k non-attacking rooks on B which can be done
in r;(B) ways, and finally extending P to a placement corresponding to a permutation o € S,
by adding n — k non-circled rooks which can done in (n — k)! ways. Thus

n

Z l,circ(O) — Z Tk(B)(n - ]{J)'l‘k (5)

0eOp k=0
which proves (3). O

We can prove the fundamental relation between the file and fit numbers of a board B C
[n] x [n] in the same way.

Theorem 2. For any board B C [n] X [n],

n

S Fia(B)e = 3 fuB)nH e — 1) (6)
k=0

k=0

Proof. Again, replacing = by = + 1 in equation (6), we see that it is enough to prove
n n
D FinB)@+ 1 =3 fu(B)n" """, (7)
k=0 k=0

To interpret the LHS of (7), consider the set of objects @) obtained by first picking a file placement
on [n] x [n] associated with some function f € F,, and then for each rook r which is in f N B,
we either circle the rook or not. For each such object ) constructed in this way, we define the
weight of Q as z¢"(Q) where cire(Q) is the number of circled rooks in Q. If Qp is the set of
objects constructed in this way, it is easy to see that

> aeire9) = zn: Fin(B)(z + 1)F. (8)
k=0

QeQB

However, we can also count the LHS of (8) by first picking the number k of circled rooks, then
picking the k circled rooks as a file placement P of k rooks on B which can be done in f;(B)
ways, and finally extending P to a placement corresponding to a function f € F, by adding
n — k non-circled rooks which can done in n"~* ways. Thus

Z l,circ(O) — ka(B)nn—kxk (9)
k=0

Qelp
which proves (7). O

Next we shall prove two factorization theorems for polynomials associated with the rook
numbers associated to a Ferrer’s board and the file numbers associated with a skyline board.
First we present a result of Goldman, Joichi, and White [21] for polynomials associated with
rook numbers of Ferrers boards. We define the falling factorial polynomial (x) | by (x) o= 1
and (z) [p=2z(z—1)(z—2)---(x — (k—1)) for k € P.



Theorem 3. (Goldman, Joichi, and White [21])
Let B = F(by,...,by) be a Ferrers board. Then

n n

[[@+b—G=1) =) ri(B)(2) L. (10)

=1 k=0

Proof. Since the polynomials are of finite degree, it is enough to prove the (10) holds for all
positive integers x. Given a positive integer x, we let B, be the board which is obtained from
B = F(by,...,b,) by attaching x rows of length n below B. For example, if B = F'(1,2,4,4,6),
then By is pictured in Figure 3. We shall call the line that separates B from the x rows that we
added below B the bar. We shall then refer to the cells that lie in B as the cells that lie above
the bar and the cells that lie in the x rows that were added below B as the cells below the bar.

bar

Figure 3: The board By where B = F'(1,2,4,4,6).

Let N, (B;) denote the set of all placements of n nonattacking rooks in B,. We claim that
(10) is the result of two different ways of counting [N, (B,)|. That is, if we think of counting
the number of ways of placing a rook in each column, reading from left to right, then we clearly
have x + by ways to place the rook in the first column. Next we have x 4+ by — 1 ways to place the
rook in the second column where the —1 comes from the fact that we can not place the rook in
the second column in the same row as the rook in the first column. Here we are using the fact
that b1 < by so that every row in the first column is also a row in the second column. Next we
have x + by — 2 ways to place a rook in the third column where the —2 comes from the fact that
we can not place a rook in the third column in the rows of the rooks in the first two columns.
Continuing on in this way, it is easy to see that

n

‘Nn(Bx)‘ = H(.T +b; — (Z - 1))

i=1

Next, suppose that we first fix a placement P of n — k non-attacking rooks above the bar
in B,. We claim that there are (z) |, ways to extend P to a placement Q € N,(B,) such
that @ N B = P. That is, we want to count the number of ways to extend P to a placement
Q € N, (B;) by placing an additional k rooks below the bar. If we look at the leftmost available
column in which to place a rook below the bar, then there will be x possible cells in which to
place it. As we move to the right, the next available column in which to place a rook below the



bar will have z — 1 cells left to place the rook below the bar in that column. Continuing on in
this way, we see that number of such Q is z(x — 1) -+ (z — (k — 1)) = (x) |g. Thus we see that

n

NaBo)l = > > (@) =Y (2) L Nak(B)|
k=0 PEN,,_4(B) k=0

= ) (@) Lk rnr(B)

k=0

as desired. 0
We have a similar result for file numbers, see Miceli-Remmel [?].

Theorem 4. Let B = F(by,...,b,) be a skyline board. Then

n n

[[@+0)=>" fas(B)a*. (11)
i=1 k=0

Proof. Since the polynomials are of finite degree, it is enough to prove the (11) holds for all
positive integers x.

Let C,(B,) denote the set of all file placements of n rooks in B,. We claim that (11) is the
result of two different ways of counting |C,,(B;)|. That is, if we think of counting the number
of ways of placing a rook in each column, reading from left to right, then we clearly have x + b;
ways to place the rook in the column ¢. Thus

n

Cn(Ba)| = [ (2 + by).

i=1

Next, suppose that we first fix a file placement P of n — k rooks above the bar in B,. We
claim that there are 2* ways to extend P to a placement Q € F,(B,) such that Q N B = P.
That is, we want to count the number of ways to extend P to a placement Q € N, (B;) by
placing an additional k rooks below the bar. Clearly there are x ways to place a rook below the
bar in any of columns that do not have a rook in P in them. Thus we see that

Fa(Bo)l = > Y aF=) a*C,k(B)|
k=0

k=0 PeC,,_1(B)
= Z xkfn—k(B)
k=0

O

We end this section with some basic recursions for rook numbers and file numbers for Ferrers
boards. First assume that B = F(by,...,b,) is a Ferrers board and that B~ = F(by,...,b,_1).
Then for any k > 1, we have that

re(B) =ri(B7) + (b — k + 1)ri—1(B7). (12)

and
fe(B) = fi(B™) + bnfr—1(B™). (13)



That is, it is easy to see that (12) follows by classifying the elements of Ny (B) according to
whether there is a rook in the last column. Clearly if there is no rook in the last column, then
all k£ rooks must be placed in B~ so that there are r(B~) such rook placements. However, if
there is a rook in the last column, then we must place k£ — 1 rooks in B~ which we can do in
rp—1(B~) ways. For each placement of Q € N;_1(B7), we can extend @ to a rook placement
of k non-attacking rooks in B in b, — (kK — 1) ways since we can not place the extra rook
in the last column in any of the rows which contain rooks in ). Thus it follows that there
(b, —k+1)rp_1(B™) elements of Ny (B) which contain a rook in the last column. The recursion
(13) is proved in the same manner.

1.3 Some special cases of rook and file numbers

In this section, we shall look at some special cases of rook and file numbers. For example,
consider the staircase board St,, = (0,1,...,n — 1). Note that in this case, (10) and becomes

n

2" = ru_k(Sta)(@) Lk - (14)

k=1

Now the Stirling numbers of the second kind S, ;. are defined by

2" =" Spr(r) L (15)
=1

from which it immediately follows that
Sn,k = rn,k(Stn). (16)

Now the usual combinatorial interpretation of S, j is that .S, 5 is the number of set partitions
of {1,...,n} into k parts. Thus it follows that the number of placements of n — k non-attacking
rooks in St, is equal to the number of set partitions of {1,...,n} into k parts. There is a
simple bijection ©,, which takes the set SP,, ; of set partitions of {1,...,n} into k parts onto
Nn—i(Sty). That is, suppose that we are given a set partition P = (C1,...,Ck) € SPuk
where min(C;) < min(Cy) < --- < min(Cy). Then for each i, we add no rooks to ©(P) if

|Ci| = 1 and we add rooks in positions (c},cb), (ch, c3),..., (i _y, ¢, ) if |Cs| = s; where s; > 2
and C; = {c} < --- < c.}. For example, if P = ({1,3,8},{2},{4,7,8},{5,9}, then the rook
placement Og(P) has rooks in positions (1, 3), (3,8), (4,7), (7,8), and (5,9). We picture Og(P)
in Figure 4. The inverse map in this case is also easy to describe. That is, given a rook placement
Q € N,_i(Sty), label the cells which are just to left of St,, in row ¢ with i as pictured in Figure
4. Then ©,1(Q) is the set partition determined by placing i and j in the same part if there is
a rook in cell (4,j) which lies at the intersection of the row labeled i and the column labeled j
in Q.
Note that in this case (12) becomes

Stk = Tnr1-k(Stnp1) = rpy1-1(Sta) + (0 — (0 — k))rn—r(Sty)
= Sn,k—l + kSn,k (17)

which is the usual recursion for the Stirling numbers of the second kind.



ST
7| x
6 X
5
4 X
3 X
2
1] |x
Figure 4: ©9(P).
For B = St,, (11) becomes
n
e+ 1) (@+n—1)=Y for(Sty)a*. (18)
k=1

Then replacing = by —z and multiplying both sides by (—1)", we obtain that

n

(@) Ln=Y (=1)""* frp(Stn)z". (19)

k=1

Now the Stirling numbers of the first kind s,, ;. are defined by

() In= Z Sn,kxk- (20)
k=1

from which it immediately follows that

s = (=1)"F frk(Sta). (21)

Now ¢, 1 = (—1)"%s, is called a signless Stirling number of first kind. This implies that
fnfk(Stn) = Cn,k-

The usual combinatorial interpretation of ¢, . is that ¢, ; is the number permutations of S,
with k-cycles. Thus it follows that the number of file placements of n — k rooks in St, is equal
to the number of permutations of n into k cycles. There is a simple bijection A,, which takes
the set PERM,, ;, of permutations of S, into k cycles onto C,_;(St,). That is, suppose that we
are given a permutation o = (C1,...,Cy) € PERM,, ;. We assume that the cycles of ¢ which
are arranged so that the minimal elements of each cycle C; is at the left and the cycles are
arranged by increasing minimal elements. Then for i = 1,...,n we let 6 be the permutation
of S; that results by erasing all the elements ¢+ 1, ..., n in the cycle structure of . For example,



if o = (1,7,3) (2.4) (5,9,8) (6), then

oV = (1),

0(2) = (1) (2)’

0(3) = (1’3) (2)7

oW = (1,3) (2,9),

o® = (1,3) (2,4) (5),

o = (1,3) (2,4) (5) (6),

o = (1,7,3) (2,4) (5) (6),

o® = (1,7,3) (2,4) (5,8) (6), and
o9 = (1,7,3) (2,4) (5,9,8) (6)

This given, we define A, (o) to be the file placement f € C,,_j(St,) such that
1. There is no rook in column i if 7 is in a 1-cycle in ¢® and
2. there is a rook in row j of column 7 if 7 immediately follows j in the cycle structure of ().

For example, we picture Ag(o) in Figure 5

BE X

Figure 5: Ag(c) where o = (1,7,3) (2,4) (5,9,8) (6).
Note that in this case (13) becomes

Cnttk = Jor1-k(Stas1) = foy1-k(Sta) + nfn_r(St,)
= Cpk-1+NCnk (22)

which is the usual recursion for the ¢, ;’s.

Because the Stirling numbers of the first and second kind are the connections coefficients
between the basis {z : n > 0} and {z |,: n > 0}, it immediately follows that the infinite
matrices ||Sy k||nk>0 and ||sp k||n k>0 are inverses of each other.

In fact, we can give a direct combinatorial proof the matrices ||s,, || and ||S), k|| are inverses
of each other. Our argument is a simplified version of a more general argument due to Remmel
and Wachs [47].

That is, if we start with our combinatorial interpretations of s, ; and S, x in terms of rook
placements, then we can give a combinatorial proof of the following for all 0 < r < n.

Z Sn,ksk,r = X(’I” = TL) (23)
k=r

9



Note that if » = n, then (23) reduces down to
1 = SnunsSnn- (24)

But (24) holds since both N;,_,,(St,) and C,,—y,(St,) consist solely of the empty placement £ so
that automatically (24) holds.
Now suppose that n > r. Then

> Sukskr

k=r

= Z ‘ank(‘gtn)|(_1)kir|ckfr(5tk)‘
k=r

- > sgn(Q)

(7)7Q)€UZ:T ank(Stn)Xckfr(Stk)

where sgn(Q) = (—1)no- of rooks in @ "Tpen consider the elements

(P, Q) c LnJ Nn,k(Stn) X Ck,T(Stk).

k=r

We can partition these elements into three classes.
Class I. There is a rook of P in the last column of St%,.

Class II. There is no rook of P in the last column of S%,, but there is a rook of @ in the
last column of St;.

Class III. There is no rook of P in the last column of St, and there is no rook of Q in the
last column of Sty.

Next we define a sign-reversing bijection f from Class I to Class II. Suppose that we are given
an element (P, Q) € N,_x(St,) x Cr_.(Str) in Class I. We will say that a rook r in P attacks
all the cells in its row of St, that lie strictly to the right of r. Thus since there are a total of
n—k—1rooks in P to the left of the last column of St,,, there are exactly k = (n—1)—(n—k—1)
cells of the last column of St,, that are not attacked by some rook of P in its row which lies
strictly to the left of the last column of St,. Then define f((P, Q)) = (P’, Q') where

(i) P’ is the result of taking the placement P and removing the rook in the last column of St,
and

(ii) Q' is the result of adding an extra column of height k to the right of the placement Q and
placing a rook fi in that column which is in row ¢ if the rook 7, in P in the last column
of St,, was in the t-th cell, reading from bottom to top, which was not attacked by a rook
in P to the left of ry,.

10



See Figure 6 for an example of this map when n = 6, k = 3 and r = 2. Clearly sgn(Q) =
(—1DF T = —sgn(Q') = (=1)*7"*! 5o that f is a sign preserving bijection which for each
r < k < n maps the elements of N}, _¢(St,) x Cx_-(Str) in Class I to the elements N,,_j_1(St,) x
Cii1-r(Stry1) in Class II. Moreover f~1 is easily defined. That is, if (P’, Q') € N, _1_1(St,) x
Cht1—r(Stg41) is in Class IT and the rook in the last column of Q' is in row ¢, then f~1(P’, Q")) =
(P, Q) where Q is results from Q' by removing the last column of Sty and P results from P’
by adding a rook in the last column of St,, in the ¢-th cell from the bottom which is not attacked
by any rook in P’. Thus f shows that

n

> > sgn(Q) =

k=r (P,Q)ENn—k(Stn)xck—r(Stk)

Z Z sgn(Q).

k=r (P,Q)eClass III

P.Q= X

f(P.Q=

| o x

Figure 6: An example of the map f from Class I to Class II.

Note if 7 = 0, then there are no elements in Class III since every element of (P,Q) €
Ny (St,) X Crp_o(Str) has a rook of Q in the last column of St;. Thus if 7 = 0, then f shows
that Y SpkSko = 0. Finally if r > 1, then there is a bijection g which maps Class III onto

P Np1w(Stn1) ¥ Cr—(r—1)(Stx). That is, if (P, Q) is in Class III, then g((P,Q)) =
(P”, Q") where P” is obtained from P by removing its last column and Q" is obtained from Q
by removing its last column. See Figure 7 for an example.

Thus if 7 > 1, then our bijections f and g show that

n n—1
D Spkskr= Y SntkSkr-1=x(r—1=n-1) (25)
k=r k=r—1

where the last equality follows by induction. Thus we have proved that

n
Z Sn,ksk,r = X(’I” = TL)
k=r

as desired.

11



PQ=

9(P.Q)=

X X

Figure 7: An example of the map g.

The fact that the infinite matrices ||Sy k||n k>0 and ||Sy k||n k>0 are inverses of each other is
really just a consequence of the form of the recursions for the S, ;’s and s, ;’s. Since we will
see similar recursions of this form latter on when we discuss g-analogues and p, g-analogues of
our results, we will pause briefly to show that this fact is direct consequence of a more general
theorem. The following theorem is simplified version of a result of Milne [46].

Theorem 5. (Milne [46])
Let R be a ring and xg,x1,... be any sequence of elements from R. Define an infinite lower
triangular matriz || Ay, k|| k>0 where Ay, g are defined by the following recursions:

A0,0 = 1, An7k:02f’l7,<k‘ ork <0
AnJ’,ng = An,kfl + xkAn,k for0<k<n-+1.

Then the entries of A~ = B = || By, k||nk>0 are defined by the following recursions:

B070 = 1, ankZOan<k‘ ork <0
Boiir = Bpg—1—TpnBpy for 0 <k<n+1

Proof. We must show that for all n, k > 0,

Z B Ak = x(n=10). (26)
]

To this end, we shall consider two generating functions.

Ak(t) = ZAnJgtn and

n>k
n

Ba(t) = Y Buth.
k=0

Note that by definition By(z) = 1. Now it is easy to prove by induction that A, o = «j. That
is, Agp=1= m8 and if A, o = z{}, then

1
Ani10=An 1+ 20An0 =0+ z02y = 2§

12



Thus

Hence, for k& > 1,

But then we have that for all £ > 1.

1
Ao(t) = 3 aptn = .
O(t) Z J:Ot 1-— xot
n>0
> At
n>k
D (Ap—rp-1 + TpAn_1p)t"
n>k
t Z An_l,k_ltn_l + xt Z An_thn_l
n>k n>k
tAkfl(t) + l‘ktAk(t).
A(t) = A ()

Iterating (28) and using (27), we see that

Similarly for n > 1,

Bn(t)

Hence, for all n > 1,

Iterating (30) and using the fact that By(t) = 1, we see that for all n > 1,

But then for n > 1,

Ag(t)

n

tk
(1 —zot)(1 —xqt) -+ (1 — xpt)

En: By it"
k=0

> (Bu-1k-1 = Zn-1Bp_1)t"

k=0

n n
k-1 k
t E Bn 1 gat" " —xp E B 1kt
k=0 k=0

tBy 1(t) — n 1B 1 (t) = (t — 2 1) B1(0).

Bn(t) = (t — .I‘n_l)Bn_l(t).

Ba(t) = (t — o)t — x1) -+ (t — 2.

= (t—xo)(t —a1) - (t — Tpn1)|p
= (G w0 m) (G )l

t
=

1

—((L = 2ot)(1 —21t) - (1 = 2p—11)) |-+
1-— l‘ot)(l - l‘lt) A (1 - $n,1t))|tn—k.

13

(27)

(28)



We are now in a position to prove (26). That is, when n = 0,

> BoArk = BoogAo = x(k =0)
¢

by our initial conditions in the definitions of B,, ;, and A, ;. For n > 1,

Z By, oAy =
¢

k
Z (1 —zot) - (1 — 2p_1t)) |yn—t <(1 — zot) .t. -(1- ﬂb‘kt))tl -

14

tk

(2= @ot)--- (1= 2nat) ((1 “ol) (1 m)) - (32)

But it is easy to see that (32) is equal to

(1 —tapgr) (1 =tz 1)t|m = 0if n > k,
tk
1 —txyg

le =1if n =k, and

e
(1 —txy) - (1 —txg)

Thus (32) is equal to x(n = k) as desired. O

Note that since choosing 3, = k in Theorem 5 gives that A,, = Sy, , we have the following
corollary as a consequence of the (29).

Corollary 1. For all k > 0,

tk
1" =
2_ Snk 1 —a)(1—22) (1 ka) (33)
n>k
Exercises
(1) Let Fi(x) = >, 5 SpZr. Use the recursion satisfied by the S, ;’s to show
d
7 (Fi(2)) = Fi1 () + kFy (). (34)

show that (34) plus the initial condition that Sk, = 1 completely determines Fj(x) if we know
Fj_1(z). Then use this fact to prove by induction that

File) = ("~ 1P (3)

(2) Let G(z) = >, > an%? Use the recursion satisfied by the ¢, ’s to show

2 (Gul) = Gur(w) + 2Gi(a). (36)

14



show that (36) plus the initial condition that ¢ = 1 completely determines Gy (z) if we know
Gj—1(z). Then use this fact to prove by induction that

Gk(x):%<ln<1ix>>k. (37)

(3) Let By, = > 1y Sn denote the number of set partitions of {1,...,n}. The B, are called
the Bell numbers.

(a) Show that the Bell numbers satisfy the recursion

Boi1 = En: (Z) By. (38)

(b) Show that > -, Bnfr = e L

Another interesting board is the board £, which is the Ferrers board which consists of n
columns of height n — 1. We shall call £,, the Laguerre board and let L,, = rp_;(Ly,). In that
case, (10) becomes

(@) Tn=">_ Lax(z) Lk (39)
k=1

where we let (z) To=1 and (z) T,=2(z +1)---(x+n—1) for n > 1. Thus the L, ’s are the
connection coefficients between rising factorial basis the falling factorial basis of the polynomial
ring Q[z]. The L, j, are called the Lah numbers after Ivo Lah [?]. It is easy to count the number
of placements P of n — k non-attacking rooks in £,,. That is, we can pick the £k — 1 rows that do
not contain a rook in P in (Zj) ways. Thenlet 1 < Ry < ...R,_x <n — 1 be the rows which
will contain rooks in P. It is clear that we have n ways to pick where a rook goes in Ry, n — 1
ways to pick where the rook in goes in Ra, etc.. Thus

L= b (3 21) =5 (321 ) (40)

Exercises
(4) Show that the Lah numbers L,, j satisfy the following recursions:

Lptip=Lyg—1+ (E+n)Lpy (41)

The standard combinatorial interpretation of the Lah numbers is that L, ; is the number of
ways to place n labeled balls in k£ unlabeled tubes. Let 7, ;. be the set of placements of n balls
labeled 1,...,n in k unlabeled tubes. It is easy to describe a bijection F' : 7y, — N, (Ly).
That is, suppose that we start with an element @ € 7, ;. We order the tubes by increasing

15
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Figure 8: A placement of 7 labeled balls in 3 unlabeled tubes.

Ol
I

bottom elements and let @) be the configuration that results by removing the bottom balls in
each tube as indicated in Figure 8.

Then let s1, S92, ..., s, be the number of balls in the tubes of Q reading from left to right. If
51 = 0 so that the first tube of Q is empty, then bottom row of F(Q) will be empty. Otherwise
if il,... ,i;l are the elements in the first tube of @, reading from bottom to top, then we place
a rook in row t in column i; for t = 1,...,s; and then we ensure that row s; + 1 is empty.
Thus if there are s; balls in the first tube of @, then we will have determined the placement
or non-placement of rooks in the first s; + 1 rows of F(Q). In general, the first j tubes of Q
will determine the placement or non-placement of rooks in rows 1,...,s1 +---+s; +j. Then if
sj+1 = 0, we ensure that row 14514 ---+s; +j is empty in F(Q). Otherwise, if i{“, .. ,ig:}l
are the elements in the j + 1-st tube of @, reading from bottom to top, then we place a rook
in row t + s1 4 -+ + s + j in column ig“ fort=1,...,5541. If j +1 < k we ensure that row
S$j+1+ 1481+ ---+s; + 7 is empty and go on to tube j + 2. However if j + 1 = k, then we
simply stop. For example,the image under F' of the @ pictured in Figure 8 is given in Figure 9.

X

FQ) =

X

Figure 9: F(Q).

1.4 Rook equivalence for Ferrers boards

Given two rook boards By and Bsy, we say that By and Bg are rook equivalent if ri(By) = r(B2)
for all £ > 1. In this section, we shall prove a number of results about the rook equivalence for
Ferrers boards.

16



If F(by,...,b,) is a Ferrers board, we let S(by,...,b,) be the multiset {b1,bo — 1,...,b, —
(n—1)}. For example, if §(0,0,1,1,2,2) = {0, —1,—1,—2,—2, —3}. Then we have the following
characterization of rook equivalence for Ferrers boards due to Foata and Schiitzenberger [14].

Theorem 6. Let By = F(aq,...,a,) and By = F(by,...,b,) be two Ferrers boards contained
in [n] x [n]. Then By and By are rook equivalent if and only if S(ai,...,a,) and S(b1,...,by)
are equal as multisets.

Proof. By Theorem 3,

n

(@+ai—(i-1) = > rak(B)(@) lx and

k=0

(@+bi—(i—=1) = > rar(Ba)(@) Lk
k=0

=fRr=F

@
Il
—

Thus if S(ay,...,a,) = S(b1,...,b,), then we have

n n

To—k(BU)(@) k=" rnk(B2)(@) Lk

k=0 k=0

which clearly implies that r,_;(B1) = rn—r(B2) for all k = 0,...,n since {(z) |x: £ > 0} is a
basis for Q[z]. Similarly, if the By and and Bs are rook equivalent, then

n n
[[@+a-G-1)=]]@+b-G-1)
=1 i=1
which implies S(ay,...,ay,) and S(by, ..., b,) are equal as multisets. O
We say that F'(by,...,by,) is a strictly increasing Ferrers board if the non-zero columns of B

are strictly increasing from left to right, i.e. if there is a & > 0 such that b; = 0 for ¢ < k and
0 < bp < bgy1 < -+ <by. Then Foata and Schiitzenberger || proved the following.

Theorem 7. (Foata-Schiitzenberger [])
For any Ferrers board Bi, there is a unique increasing Ferrers board By which is rook equivalent
to Bl .

Proof. For any Ferrer board B of size n, add enough 0 columns to the left of B so that B =
F(by,...,bpt1). For example, if B = F(2,2,3), then |B| = 7 and we let B = F(0,0,0,0,0,2,2,3).
In such a situation, we claim that b;—(i—1) < O0foralli =1,...,n+1. Thatis, by = 0 since B has
at most n non-zero columns. Note that for any pair of positive integers z and y, xy > x+y— 1.
Thus if b; > 4, then B would have at least i(n+1—(i—1)) = i(n+2—14) > n+ 1 squares. Thus
b;<i—1foralli=2,...,n+1.

Now suppose that By = F(ai,...,ant1) where |B| = n. Then by our remarks above
S(ay,...,ap4+1) consists only of numbers which are less that 0. Moreover since B is a Fer-
rers board, then b;y1 —i > b; — (i — 1) — 1 so that we can only decrease by a maximum of
1 in going form b; — (i — 1) to bj+1 — ¢. Now suppose that —k is the minimum element in

S(ay,...,ap+1). Then it must be the case that 0,—1,—2,...,—k are also in S(ai,...,an+1).
Thus we can rearrange elements of S(aq,...,a,+1) to obtain a sequence
(517"'75n+1) = (07_17_27"'7_'I€ < Sk+2 <---< Sn+1-
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But then if b; = s; + (i — 1) it is easy to see that b; = 0 for i < k+ 1 and bgyo < -+ < bpi1
so that F'(by,...,b,t1) is an increasing Ferrers board with S(bi,...,by41) = S(a1,...,an41),
Hence, Bj is rook equivalent to By by Theorem 6. For example, if B = F(0,0,0,0,0,2,2,3),

5(0,0,0,0,0,2,2,3) = {0,-1,—-2,-3, -4, -3, -4, -4}

so we would consider the rearrangement (si,...,ss) = (0,—1,—2,—-3,—4,—4,—4,—3). Then
(bla SR b8) = (0>07 0,0,0,1, 274)

For uniqueness, suppose that By = F'(by,...,b,4+1) is increasing board with |Bs| = n and
k > 0 is such that b; = 0 for ¢ < k+ 1 and 0 < bgqo < --- < byg1. Then it is easy to see
that sequence (b1,bo — 1,...,b,41 —n) is of the form (0 —1 —2... —k < 5519 < -+ < Spy1)
so that there is only one increasing Ferrers board By = F'(by,...,by41) with S(aq,...,an41) =
S(b1, ... bpt1). O

Goldman, Joichi, and White [21] proved the following formula for the number of Ferrers
boards which are rook equivalent to a given Ferrers board. As in the proof the Theorem 7,
we can write any Ferrers board B of size n in the form B = F(by,...,b,41) by adding an
appropriate number of 0’s to the sequence for B.

Theorem 8. Suppose that B is a Ferrers board of sizen and B = F(by,...,byy1) where |B| = n.
Suppose that S(b1,...,bp+1) s a rearrangement of 0% (—1)* ... (—k)*. Then the number of
Ferrers boards which are rook equivalent to B equals

apg+a; —1 a1 +as —1 ap—1 +ap—1
ai az ag .

Proof. By Theorem 6, if B* = (bj,...,b}, ) is rook equivalent to B, then S(bj,...,by ) =
(di,...,dp+1) must be a rearrangement of 0% (—1)% ... (—k)% that starts with 0 and satisfies
d; — d;+1 > —1. Thus we need only count the number of such sequences (dy,...,d,+1). Now
if we consider the 0’s and the —1’s in such a sequence it is easy to see that the —1’s must be
placed in spaces following the 0’s. Since there are ag — 1 such spaces, there are (ao+aal1—1) ways
to place the —1’s in such spaces. That is any rearrangement of 0% ~1(—1)% determines such an
arrangement. Similarly, having placed the 0’s and —1’s, then the —2’s must be in the spaces
following the —1’s. Since there are a; — 1 such spaces, there are (alJra‘f*l) ways to place the
—2’s in such spaces. Continuing on in this way yield the desired formula. U

1.5 Applications to Permutation Enumeration

In this section, we shall give several applications of the simple rook theory theorems proved in
the previous section to permutation enumeration. The basic idea is that we think of a board
B C [n] x [n] as a set of “forbidden positions” for permutations. Thus Hy(B) is the number of
permutations which avoid these forbidden positions.

Example 1: Derangements
Given a permutation ¢ = o01...0, € S,, we say that 7 is fixed point of o if 0; = 7. We

let ID,, denote the set of permutations with no fixed points. A permutation o € I, is called a
derangement and we let D,, = |D,| denote the number of derangements in S,.
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Now consider the diagonal board Diag, = {(i,i) : i = 1,...,n} C [n] x [n]. Then clearly,
Hy n(Diagy,) = Dy, and, more generally, Hy, ,(Diagy,) is the number of permutations with exactly
k fixed points. It is easy to see that ry(Dgyn) = (1) so that by Riordan and Kaplansky’s theorem,
Theorem 1, we have that

> (D)ot =3 () tn = Rt - 1 (12)
k=0 k=0

Taking the coefficients of 2 on both sides of (42), we see that

(Do) = S0+ (7) (1) 6 - o (13)

s=k

Thus, in particular,

or, equivalently,

(44)
s=0

Multiplying both sides of (44) by " and summing, we find that the exponential generating
function of derangements is given by

m " n —1)s
I N

n>0 n>0  s=0
- X8 e
s!
s>0 n>0
e—t
o1t

D, —-1)®
o Z(S!)

Multiplying both sides of the above equation by n! yields the following recursion.

D, =nD,_1+ (—1)" for all n > 1. (45)



Applying (45) twice we get the following recursion

D, = nD,_1+-1"
= (n—1)Dp_1+Dp—q+—-1"
= (n—=1)Dp1+(n—1)D, o+ (—1)" 14 1"
= (n—1)Dp—1+ (n—1)D,,_o for all n > 2. (46)

We note (45) has a simple combinatorial proof. That is, we simple simply partition the set
of derangements ¢ € D, into two classes depending on whether n lies in a 2-cycle in o or n
lies in a k-cycle in o where k > 3. If n is in a two cycle (7,n) in o, then we can remove this
two cycle and the remaining cycle structured can be renumbered to give the cycle structure
of a derangment in D,,_s. Since we have n — 1 choices for i, it is easy to see that there are
(n —1)Dy_2 o € D, where n lies in a 2-cycle in 0. Next suppose that n lies in a k-cycle in
o € D where k£ > 3. Write the cycles of o so that the smallest element in each cycle in on
the left and we order the cycles by increasing smallest elements. For example, suppose that
o= (1,4,6,5)(2,11,8,3)(6,9,10). We can remove n from o to obtain the cycle structure of a
permutation 7 € ,,_1. In our example, 7 = (1,4,6,5)(2,8,3)(6,9,10). It is then easy to see
that if we insert n after element in the cycle structure of 7, we will obtain n — 1 permutations
& € D, such that n lies in a k-cycle in & € D where k£ > 3 and where removing n from & gives 7.
Thus the number of o € I, such that n lies in a k-cycle in o where k > 3 is equal to (n—1)D,,_1.

Example 2. Counting permutations by the number of k-excedances or the number of k-drops.

Given a permutation 0 = oy1...0, € S, and k > 1, we let

Des(o) ={i:0; > 0i11} des(o) = |Des(o)|
Desi(o) ={i:0; — 0541 =k} desg(o) = |Desg(o)|
Exc(o) ={i:i < o;} exc(o) = |Exc(o)|

Excg(o) ={i:0; —i =k} exc (o) = |Exci(o)]

Elements of Des(o) are called the descents of o and pairs (o, 041) with ¢ € Des(o) are called
descent pairs of o. Similarly, elements of Exc(o) are called the excedances of o and pairs (¢, 0;)
with i € Exc(o) are called excedance pairs of o. For k > 1, we shall call the elements of Desy (o)
k-decents and the pairs (o;,0;41) with i € Desy(0) k-descent pairs of o. Similarly, elements of
Excg (o) are called the k-excedances of o and pairs (i, 0;) with i € Excy (o) are called k-excedance
pairs of o.

Foata’s First Fundamental Transformation

There is a fundamental bijection, called Foata’s First Transformation [15], which is a bijec-
tion ® : S,, — S, which shows that distributions of descents and excedances in over S,, are
equal. For a permutation o = 07 ...0,, we say that o; is a left-to-right mazimum (minimum)
if 0j > 0y (0j < 0y) for all i < j. Foata’s transformation can most easily be explained with

1 2345 6 78
an example. Let w = 61437258 = 61437258
excedances pairs (1,6), (3,4), and (5,7). The first step in Foata’s transformation is to write w
in cycle form: (162)(34)(57)(8). Next, write each cycle with largest element last, and order the
cycles by increasing largest element: (34)(216)(57)(8). Finally, to compute ®(w), reverse each

). This permutation has three
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cycle and erase the parentheses: ®(w) = 43612758. In this example the descents of ®(w) are
43,61, and 75. In general, it is not hard to see that (4, j) is a descent pair of ®(w) if and only if
(7,1) is an excedance of w. To go backwards, given o = 43612758, cut before each left-to-right
maxima: 43|612|75|8, then reverse each block to get the cycles of ®~1(a): (34)(216)(57)(8).
Thus for each k > 1, (4,7) is a k-descent pair of ®(w) if and only if (j,4) is a k-excedance pair
of w.

Thus Foata’s first fundamental transformation shows for all k,n > 1,

Z xdesk(a) — Z xeXCk(U). (47)

O'ESn O'ESn

Note that Excy (o) makes sense when k = 0 because in that case, Excg(o) is just the set of
fixed points of ¢. Thus for any k£ > 0, we define

n—k
Pmk(l‘) = Z xexck(a) = Z Pn7k75$8. (4.8)
s=0

O’GSn

By convention, we also define P9 = 1. Note for example, P, o0 is the number derangements.

Rakotondrajao [49] was the first to study the numbers P, ; ;. In fact, Rakotondrajao called
elements of Excy(o) k-successions. He proved a number of basic recursions for the numbers
P, ks as well as gave explicit expressions for some simple generating functions involving the
P, s Later Liese and Remmel [41] studied g-analogues of the P, s, gave the alternative
interpretation of P, j s in terms of k-descents, and showed that the polynomial P, j(z) is just
a special case of a hit polynomial. That is, let By, ;, be the board contained in [n] x [n] which
consists of the diagonal connecting (1,1 + k) and (n — k,n). For example, the board By is
pictured in figure 10.

P N Wb~ 01O N

1 2 3 45 6 7

Figure 10: The board By s.

It is then easy to see that the number of o € S, with s k-excedances is the s-th hit number
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of By i, i.e. Pyrs= Hs(Bpp). it is also clear that r4(B, 1) = (”gk) Thus by Theorem 1,
n
Pn,k(x) = Z Pn,k,sxs
s=0

- zn: hs,n(Bn,k)Q:S
s=0

n

= Z Ts(Bn,k)(n — 8)'(1; _ 1)8
s=0

=S <”;’“) (n— 8)l(z — 1)°. (49)

s=0

Taking the coefficient of 2° on both sides, we have the following theorem due to Rakotondrajao
[49].

Theorem 9. Forn>1,0<k<n, and s > 0,

Puso = 10 (D) (") (50

t=s

Now Rakotondrajao [49] and Liese and Remmel [41] proved that (50) implies a number of
simple relations among the coefficients P, ;. ;. For example, the following hold.

1. Forn>2,0<k<mn,and s > 1,

Pn,k,s = (n —S5— 1)Pn71,k,s + (8 + 1)Pn71,k,s+1 + Pnfl,k,sfl' (51)

2. Forn>1,0<k<n,and s >0,

n—=k
Pn,k,s = ( s >Pn—s,k,0~ (52)
3. Forn>2and 0 <k <n,
Poro=n—-1)P, 1,0+ (n—1-Fk)P,_2po. (53)
4. Forn>2and 0 < k < n,
Poro=kPy1k—10+ (n—Fk)P,_11o0- (54)

5. Forn > 1 and 0 < k < n,

O (n—k
Puro =k () ( L T)Pnk,kr,o. (55)
r=0
6. Forn>2and 0 <k < n,
Poko=Por+11+ kPr_1k0- (56)
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7. Forn >2and 0 < k < n,
Poro=Por—10+ Po-1k-10- (57)

8 Forn>1and 0 <k <n,

k
k
Poko=) (T> Dyt (58)

r=0

Here Rakotondrajao [49] prove (51), (52), and (53) and Liese and Remmel [41] proved (54),
(55), (56) and (58). Note (57) is just the usual recursion for the number of derangements. Liese
and Remmel [41] showed that these recursions have simple combinatorial proofs when we think
of P, 1 s as counting Hy(By, ). We will give a couple of examples of such proofs and leave the
proofs of the rest of recursions as exercises.

Theorem 10. Forn>2,0<k<n, and s > 1,
Pn,k,s = (n - S = 1)Pn—1,k,s + (5 + 1)Pn—1,k,s+1 + Pn—l,k,s—1~ (59)

Proof. We shall consider two different ways to insert n + 1 into a permutation 0 = o01...0,-1 €
Sn—1. In our first type of insertion process, when we insert n into the i-th position, we obtain
the permutation

I}(O’) =01...04—1 M 0j4+1...0pn-10;

if1<n-—1and
INo)y=01...00_1n

if # = n. Thus in our first insertion process, when we insert n into the i-th position for i <n, n
replaces ¢; and bumps o; to the end. Our second insertion process is more standard. That is,
when we insert n into the i-th position, we obtain the permutation

IZ-Q(O'):O'l...O'Z'_l nao;...0p-1

if 1 <mn and

IELH(J) =01...0p-1 1

if ¢ = n. Thus in our second insertion process, when we insert n into the i-th position for i < n,
n is inserted immediately in front of o;.

Given our first insertion process, it is easy to see that insertion of n can cause one extra
k-excedance if we insert n into position n — k, we can decrease the excedances by 1 if we insert
n into position 7 where o; — ¢ = k, and we leave the number of k-excedances fixed otherwise.
Thus it easily follows that

Pn,k,s = (n — 8= 1)Pn—1,k,s + (5 + 1)Pn—1,k,s+1 + Pn—l,k,s—l

foralln>2, k>0, and s > 1.

Similarly we can use the second insertion process to do the same thing where we interpret
P, 1 s as the number of permutations with s k-descents when k > 1. That is, we can create an
extra k-descent if we insert n immediately in front of n — k, we can lose a k-descent if we insert
n immediately in front of o;41 where 0; — 0441 = k, and we keep the number of k-descents fixed
otherwise.

O
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Theorem 11. Forn>1,0<k <n, and s > 0,

n—=k
P’n,k,s = ( s >Pn—s,k,0' (60)

Proof. The easiest way to give a combinatorial proof of this theorem is to think of the rook board
By, . Since P, counts the number of permutations of S, having s k-excedances, it follows
that P, s is the number of placements of n non-attacking rooks in [n] x [n] that intersect B,, j
in exactly s squares. If we then remove the rows and columns of those rooks which hit the
diagonal connecting (1,1 + k) and (n — k,n), it easy to see that we will reduce ourselves to a

permutation that is counted by P, x 0. This process is pictured in Figure 11. O
7 X
6
5 X 5 X
4 —_— 4 X
3 X 3 X
21X 21X
1 X 1 X
1 2 3 4 5 6 7 1 2 3 4 5

Figure 11: Removing rooks that lie in B,, .

Theorem 12. Forn > 2 and 0 < k < n,
an’]@o = (n — 1)Pn—1,k,0 + (n —-1- k)an—Zk,O' (61)

Proof. Think of reversing the first insertion process described in Theorem 10. That is, given a
permutation o = oy ...0, € Sp, we let

0=01...04—10p Oj41...0n_1

if o, = n for i < n and let

Q
1
Q
=

.. Op—1

if 0,, = n. There are now two cases.

Case 1 ¢ had no k-excedances.

Note ¢ will have no k-excedances if either o, = n or 0; = n with i < n and o, # i + k. Vice
versa, given a 7 € 5,1 with no k-excedances, we can use the first insertion process and insert n
into 7 in every position except n — k to obtain a permutation in S, with no k-excedances. Thus
there are a (n — 1)P,_1 ;0 permutations in case 1.

Case 2 7 has 1 k-excedance.

This happens only if there is an i < n — 1 — k such that o; = n and o, = i + k. However in
this case, we let & denote the permutation of S,,_o which results by removing the ¢-column and
i + k-th row from the rook placement that corresponds to ¢ in B,,_; 5 as we did in the proof of
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Theorem 11. It is easy to see that ¢ has no k-excedances. Vice versa, it is easy to see that we
can start with any permutation 7 € S,,_» that has no k-excedances and ¢ < n—1—k and obtain
a permutation 7 € S,_1 so that its corresponding rook placement has a rook in column ¢ and
row ¢ + k and reduces to the rook placement corresponding to 7 when we remove the i-th and
i + k-th row. Then we can obtain a ¢ € S,, with no k-excedances by inserting n into position
i in 7 and moving i + k to the end. Thus there are (n — 1 — k)P,_2 1 o permutations in Case
2. O

We note that Theorem 12 is a nice generalization of the basic theorem for the number of
derangements. That is, P, 00 = D, where D, is the number of derangements of S,, and (61)
reduces to

D,=(n—-1)Dy_1+ (n—1)D,,_o. (62)

In fact, a moments thought will convince one that our proof reduces to the usual proof of this
recursion in this case. That is, the permutations in Case 2 are the derangements where n in in
2-cycle and the permutations in Case 1 are derangements when n is not in a 2-cycle.

Theorem 13. Forn > 2 and 0 < k < n,
Poro=kPy 110+ (n—Fk)P,_110- (63)

Proof. This recursion is simply the result of classifying the rook placements corresponding to
permutations o € S,, with no k-excedances by the position of the rook in row 1. That is, there
are two cases.

Case 1. The rook in the bottom row lies in column 7 where i < n — k.

In this case, we consider the rook placement that results by removing column ¢ and row i + k.
This will result in a placement of n — 2 non-attacking rooks such no rook lies in B,,_; ;. We
need to add a rook in bottom row and we do this so that the resulting rook placement is non-
attacking. This will leave us with a rook placement of n — 1 rooks in [n — 1] x [n — 1] that does
not intersect B,_1 ;. Hence there are (n — k)P,_1 ;0 such placements. This type of reduction
is pictured at the top of Figure 12.

Case 2. The rook in the bottom row lies in column ¢ where ¢ > n — k.
In this case, removing row 1 and column ¢ will result in a rook placement that does not intersect
By, _1 1. Thus there are kP, ;_1 0 such rook placements. This type of reduction is pictured
at the bottom of Figure 12

O

Theorem 14. Forn >1 and 0 < k < n,

"k (n—k
Pn,k,O = k! Z <7“> <k‘ . ’I”) Pn—k‘,k—r,0~ (64)

r=0

Proof. P, 1o the number of placements of n non-attacking rooks on the n x n grid that never
hit B,, . Consider the lightly shaded cells in the lower right hand corner of the board shown
in Figure 13. There can be anywhere from 0 to k rooks placed in this square area. Suppose
that we choose to place r rooks in this area. First we choose the r rows which will contain the
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7 X
6| |X 6 X
5 X 5| |Xx
4 X —= 4 X
3 X 3 X
2| X 2| X
1 X 1 X
1 2 3 456 7 1 2 3 45 6
7
6 X 6
5 5
4 4
3 >3
2 2
1 X 1
1 2 3 45 6 7 1 2 3 4 5 6

Figure 12: Reducing rook placements corresponding to P, 1o by the position of the rook the
first row.

rooks in this area in (’;) ways. Since there must be k rooks in the last k£ columns, there must be
k — r rooks in the rectangular region above the lightly shaded cells and we can choose the k —r
rows which will contain these rooks in (Z:Zf) Having picked the k£ rows that contain the rooks
in the last k columns, there are k! ways to place the rooks in the last k columns. Thus there
k'(f) (Z:ff) ways to pick a placement P of k non-attacking rooks in the last k& columns so that
r rooks fall in the lightly shaded area. Finally, we must count the number of ways to extend
such a placement P to a placement @ of n non-attacking rooks in [n] x [n] so that no rook lies
in By, . If one thinks of removing the rows and columns of the rooks in P, it is easy to see that
we are left with the board B,,_j . so that are P,_ ;_,o ways to pick ). Summing over all
possible values of r yields the result. U

Rakotondrajao [49] also derived the following generating functions for the P, j s.

Theorem 15.
n Llet(z—1)

- iad

n>0 s=0

(n — k)lklet@=1)
(1 —¢)ktt
formula for P, j s that we previously demonstrated in (50). Using the fact that (1 — )~ =

stnfk i

Proof. We need only show that the coefficient of x n is in fact equal to the
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1 2 3 4 5 6 7 8

Figure 13: The board, Bg 3, with some lightly shaded cells.

k
Z <m;— )tm, we find that

m>0

n — k)lklet@—1 x — 1)™mm m-+k
( (121t)’f+1 = e | 3 m)' 2 < Z )tm

m>0 ’ m>0

(85 () (3 (71

m>0""" ;=0
Now taking the coefficient of "% gives

oS () )

=0 7=0

Finally, we take the coefficient of x° and arrive at

P = i (SR

- (e
- S ()(1)

which matches formula (50). O

Notice that (65) is a generalization of the well known generating function for derangements.

Namely that
stn et(m— 1)

)B)IUNTEEE) 3 )

n>0 s=0 ! n>0 s=0

27



where Dg(n) is the number of permutations on n elements having exactly s fixed points.
We can now generalize this generating function even further and consider

stn k
Pt,2) = Y03 Pus o (66)
k>0n>0 s=0 k!
Theorem 16.
etlz—1)
Pz, t = —
(r,t,2) = 1 (67)

Proof. Simply multiplying both sides of (65) by z* and summing over all k > 0 gives this
result. O

Notice again that when z = 0, this reduces to the generating function for derangements.
Example 3: (X,Y)-descents.

Given subsets X,Y C N and a permutation o € S, let

D€8X7y(0') = {Z 10 > 0441 &oeX& Oi+1 € Y}, and
desxy(oc) = |Desxy(o)l.
If i € Desx y (o), then we call the pair (0;,0;41) an (X,Y)-descent.
For example, if X = {2,3,5},Y = {1,3,4}, and o = 54213, then Desx y (o) = {1,3} and

desxy (o) =2.
For fixed n we define the polynomial

PX Y( ) ZPXY s . Z l,desx’y(a). (68)

s>0 oESy

Thus the coefficient Pf 2¥ is the number of o € S, with exactly s (X, Y )-descents.

Kitaev and Remmel [39, 40] were the first to consider the distribution of desx y (o) for certain
X and Y when the studied descents according to the equivalence class mod k of either the top
or bottom of a descent pair. For any set X C {1,2,3,...}, they defined

— — —

o Desx(o) ={i:0; > 041 & 0; € X} and desx (o) = |Desx(o)|, and
— — —

o Desx(o) ={i:0; > 0441 & 0541 € X} and desx (o) = |Desx (o).

It is easy to see that b—esx(a) = Desx n(o) and D—e;sx(a) = Desy x(0). In [39], Kitaev and
Remmel studied polynomials such as

R,(z) = ZRk,nl‘k = Z x‘EfE("), and

k>0 0€Sh
Qn(z) = D Quaat:= ) 2=,
kZO UESn
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where E is the set of positive even integers. In these cases, they found surprisingly simple
formulas for the coefficients. For example, they showed that

Ron s = (Z)Z(n!)? (69)

Kitaev and Remmel originally proved (69) by recursion. However, in this example, we will
show how we can derive such a formula from a rook theory point of view following ideas of Hall
and Remmel [36]. That is, it is not difficult to use Foata first fundamental transformation as
described in example 2 to reduce the problem of computing Pf S’Y to that a computing a hit
number for a given board.

Given set X,Y,Z CPand 0 =01...0, € Sy, let

D€SX,Y72(U) = {2 10, > 041,05 € X’Ui-i-l S Yv, & 0; — 041 € S} and (70)
desxy,z(0) = |Desxyz(o)l- (71)

Let O denote the set of odd numbers in IP. Now suppose we want to compute

Z plesx v.z(o)

O’GSn

where X = E, Y = 0, and and Z = {1,3} . For n = 8, the board Bg consists of the squares
(7,7) € [8] x [8] such that i € E,j € O, and i — j = 1 or 3. We have pictured this board as the
shaded squares in Figure 14. Now consider the placement, shown in Figure 15, of eight non-

P N WA~ 00O N

1 2 3 45 6 7 8

Figure 14: The board Bg.

attacking rooks (marked by X’s) on the 8 x 8 board so that two rooks lie on Bg . This placement
1 23 45 6 7 8
4 1 576 2 38
BY corresponding to the excedances le and 2 .Then Foata’s first fundamental transformation
maps w to the permutation o = ®(w) = 74126538 with exactly two X,Y, Z-descents: 41 and 65.

Thus

corresponds to the permutation w = ( >, with the rooks placed on

8
Z pdesx y,z(0) _ ZHk;,s(Bg)'
k=0

oESg

Now consider the the case where X = E and Y = N so that desx y (o) = desg(c). Using
Foata’s first fundamental transformation, it is easy to see that a descent o; > ;41 where o; € E
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P N W A~ OO0 N

X
1 2 3 45 6 7 8

X

Figure 15: A placement of rooks on the 8 x 8 board.

corresponds to an excedance pair (o;41,0;) in ®1(0) where o; is even. Thus in this case, we
should study hit polynomials for the board BEN which consists of squares of the form (i,2k)
where ¢ < 2k. For example, the board BgE N corresponding to even descents of permutations
o € Sg is shown in Figure 16.

P N WA 00O N

1 2 3 45 6 7 8

Figure 16: The board BgE’N.

Now it is easy to see that permuting the rows of a board does not change the hit numbers.
Similarly, permuting the columns of rook board does not change the hit numbers. Thus the
board BéE’N has the same hit numbers as the Ferrers board is shown in Figure 17.

Thus, in general, B;EAN has the same hit numbers as F(0,1,1,2,2,...,n — 1,n — 1,n) rel-
ative to [2n] x [2n] and B;E,ﬁl has the same hit numbers as F(0,0,1,1,2,2,...,n — 1,n —
1,n)F(0,0,1,1,2,2,...,n— 1,n — 1,n) relative to [2n + 1] x [2n + 1]. However it is easy to see
from Theorem 6 that F'(0,0,1,1,2,2,...,n—1,n—1,n) is rook equivalent to f(0™, n"). That is,
it is easy to see that §(0,0,1,1,2,2,...,n—1,n — 1,n) and §(0™,n") are both rearrangements
of 02(=1)2---(—n)2. Similarly, it is easy to check that F(0,0,1,1,2,2,...,n—1,n—1,n) is rook
equivalent of F'(0"*! n™). It thus follows that

Pyl = Hoon(F(0",n™)) and (72)
E,N n n
Pyries = Hsoni(F(O",n")). (73)
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P N W A~ OO0 N

1 2 3 45 6 7 8

Figure 17: The Ferrers board B corresponding to BéE’N.

But it is easy to see that

2
H, on(F(0",n™)) = (n!)? (Z) . (74)
That is, suppose that we want to place s rooks in B = F(0™,n"). There are (Z) ways to pick
the s rows in which to place those rooks in B and (’;) ways to pick the s columns in which to
place those rooks in B. Once we have picked the rows and columns for the s rooks in B, there
are s! ways to place those rooks. Thus there are (2)28! ways to place s rooks in B. Next we
n — s columns empty columns in the last n columns of [2n]| x [2n]. Such rooks must lie in rows
n+1,...,2n so that there there n(n —1)...(n — (n — s) + 1 ways to place such rooks. Finally
having chosen a placement of n rooks in the last n columns, there will be n! ways to place the
rooks in the first n columns. Thus

Hyon(F(0", n™)) = <”>23!(n) Lpes ! = (n!)2<z>2.

S

Similarly, suppose that we want to place s rooks in B’ = F(0"*! n™). Then as before, there
are (2)25! ways to place s rooks in B’. Next we n — s columns empty columns in the last n
columns of [2n + 1] x [2n + 1]. Such rooks must lie in rows n+1,...,2n + 1 so that there there
m+1n...n+1—-(n—s)+1=(n+1) |,_s ways to place such rooks. Finally having chosen
a placement of n rooks in the last n columns, there will be (n + 1)! ways to place the rooks in
the first m + 1 columns. Thus

2 2
Hy o (F(0™FY, n)) = (Z) sl(n+1) [n_s (n+ 1)l = Flﬁ(” + 1)) <Z> .

It should be clear from the two examples above that it is easy to compute the hit numbers
for rectangular boards. Thus it is natural to ask whether there are other sets X such that
the board corresponding to X-descents is rook equivalent to a rectangular board. In fact, Hall
and Remmel [36] showed that S of the form X = {u + 2,u + 4,u +6,...,u + 2m}) covers all
possibilities. For example, consider the 2 x 3 rectangular board B shown in Figure 18. We place
this board in the lower right corner of an 8 x 8 board, as shown in Figure 19.

Note that for any set X the board associated to X-descents has distinct rows, since the
row corresponding to ¢ € X has length ¢ — 1. Rearranging the elements of s(B) in weakly
decreasing order gives the unique board B’ with distinct rows that is rook-equivalent to B. In
our example, we compute s(B) = (0, —1, -2, -3, -4, —3,—4,—5). Thus B is rook-equivalent to

31



+H

Figure 18: The 2 x 3 board B.

P N Wb 00O N

1 2 3 45 6 7 8

Figure 19: The board B placed in an 8 x 8 board.

the board B’ with structure vector s(B’) = (0,—1,—2,—-3,—3,—4,—4,—5) and height vector
h(B’") = (0,0,0,0,1,1,2,2). B’ is the board shown in Figure 20. Finally, to get the board

P N W A~ 00O N

1 2 3 45 6 7 8

Figure 20: The board B’ rook-equivalent to B.

for X-descents, we take the mirror image, and shift the rows upwards so that a row of length
i — 1 is in position ¢, as shown in Figure 21. Thus in our example, X = {3,5}. In general,
Hall and Remmel observed that if one starts with a rectangular a x b board (a < b), then the
corresponding set is X = {u+2,u+4,u+6,...,u+ 2m}, where m = a and u = b — a. For
n =2m+u+ v, we get

PY, = <Z)<i>s!-<Z:Z>(b—s)!-(n—b)!
_ <T:)<m:u>s!-<Z;—I_;Zi2)(m+u—s)!-(m+v)!
_ <m><m+“+”>(m+u)1(m+v)l.

S v+ S8

In many cases, one can use the fact that each Ferrers board is rook equivalent to a unique
increasing Ferrers board to show that the problem counting (X, Y )-descents can be reduced the
problem of counting X’-descents for an appropriate X’. That is, Hall and Remmel proved the
following.
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1 2 3 45 6 7 8

Figure 21: The board Bg.

Proposition 1. Given subsets X, Y C N, let B be the Ferrers board corresponding to the
potential descent pairs (i,7), where i € X, and j € Y,. Let B’ be the unique Ferrers board rook-
equivalent to B that has distinct rows. Let X' C [n]| be the unique subset whose corresponding
board (once empty rows and columns are deleted, and taking the mirror image) is B'. Then

XY _ pX’
P’n,é _Pn,s'

Proof. By the previous discussion, we have Pf Y =H sn(B) and Pfs/ = H,,(B’). But B and
B’ are rook-equivalent, and thus H, ,,(B) = H, ,,(B’) for all s. O

For example, suppose that X = {2,3,5,7,8},Y = {1,2,4,5,6}, and n = 8, so that the
potential descent pairs are 21,31,32,51,52,54,71,72,74,75,76,81,82,84,85, and 86. Then
ngs’y = HS78(B§(’Y), where ngy is the board shown on the left in Figure 22. This board
is clearly hit-equivalent to the Ferrers board F(0,0,0,2,2,3,4,5) shown on the right in Figure
22. It is easy to check that the unique increasing Ferrers board B’ which rook equivalent to
F(0,0,0,2,2,3,4,5) is £'(0,0,0,1,2,3,4,6) which is shown on the left in Figure 23. It is easy to
see that B’ is hit-equivalent to the board for X’ = {2,3,4,5, 7} which is shown on the right in
Figure 23. Thus Pg," = P for all s.

P N WA OO N

1 2 3 45 6 7 8

Figure 22: The board BéX’Y.

Hall and Remmel [36] were able to find general formulas for P,f 2. In fact, they gave direct
combinatorial proofs of a pair of formulas for Pf,ff S’Y. Their proofs did not use rook theory
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1 2 3 45 6 7 8

Figure 23: The board B’, rook-equivalent to Bgf Y

methods, but we state them for completeness. First of all, for any set A C N, let

A, = AnN|n], and
AY = (A%, =[n] — A.

Then we have

Theorem 17.
S
Xe 1
PXY |Xc|'Z( 1)sr<| n| +T> <n+ > H (1—|—T—|—06X,n,a:+ﬁyﬂy$)’ (75)
r=0 " s=r IGX'n
Theorem 18.
Pnl 7o | XC|+r n+1
PXY = xg Y (_1)|xnsr< § )( ) IT (+ Bxne — Brna)s  (76)
r=0 " |Xn| 5T re€Xn
where for any set A and any j,1 < j <n, we define
aan; = |[AN{j+1j+2,....n}={z:j<zx<n&x¢ A}, and
Ban; = [A°N{L,2,...,j—-1}={z:1<z<j& xd¢ A}

Example 1. Suppose X ={2,3,4,6,7,9},Y = {1,4,8}, andn = 6. Thus Xg = {2,3,4,6}, X§ =
{1,5},Ys = {1,4},Y¢ = {2,3,5,6}, and we have the following table of values of ax 6.z, 0yv6.x
and Bx6,-

T 2131416
axee |1]1]1]0
Broa |0 1|23
Bxee | L] 1]1]2

Equation (75) gives
2
P = 2‘2 (+T>(2ir>(2+r)(3+r)(4+r)(4+r)
= 2(1'21'2-3'4'4—3-7'3-4-5'5—%6‘1'4'5‘6'6)
= 2(2016 — 6300 + 4320)
= T2.
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while (76) gives

2
Py = 2!2(—1)2r<2—:r><2ir>(1-i—?“)(o—i-r)(—l-i-r)(—l-i-r)
r=0
= 2(1-21-1-0-(-1)-(-1)=3-7-2-1-0-0+6-1-3-2-1-1)
= 2(0 -0+ 36)
= 72

Example 4. Eulerian numbers and Simon Newcomb’s problem.

Another way to identify rook placements with permutations is to start with a permutation
in one-line notation, then create another permutation 3(7) by viewing each left-to-right minima
of m as the last element in a cycle of B(w). For example, if 7 = 361295784, then (B(w) =
(361)(2)(95784). In this example P(3(m)) consists of rooks on

{(3,6),(6,1),(1,3),(2,2),(9,5), (5,7),(7,8), (8,4), (4,9)}. (77)

Note that the number of permutations with k£ cycles is hence equal to the number of permutations
with k left-to-right minima. Now for the rook placement P(3(7)), a rook on (i,j) can be
interpreted as meaning j immediately follows ¢ in some cycle of 3, and if ¢ > 7, this will happen
iff 7 contains the descent ---ij---. If we let St, denote the “staircase board” consisting of
squares (i,7),1 < j < i < n, then rooks on B, in P(f(m)) correspond to descents in w. Hence
we have

Hin(Sta) = Apa(n), (78)

where A;(n) is the jth “Eulerian number”, i.e. the number of permutations in S,, with j — 1
descents.

Identity (78) has a nice generalization to multiset permutations. Given v € NP define a map
¢ from S, to the set of multiset permutations M (vq,vo,...,v,) of {1¥1---p*} by starting with
m € S, and replacing the smallest v1 numbers by 1’s, the next vy smallest numbers by 2’s, etc.
For example, if 7 = 361295784 and v = (3,5,1), then {(7) = 121132222. Note that with this v,
rooks on squares (2,1),(3,1),(3,2) no longer correspond to descents, and neither do rooks on
(5,4),(6,4),(6,5),...,(8,7).

Let Ni(v) denote the number of multiset permutations of elements of M (v) with k — 1
descents. The Ni(v) are named after British astronomer Simon Newcomb who, while playing a
card game called patience, posed the following problem: if we deal the cards of a 52 card-deck
out one at a time, starting a new pile whenever the face value of the card is less than that of the
previous card, in how many ways can we end up with exactly k piles? MacMahon noted this is
equivalent to asking for a formula for Nj(13,13,13,13), and studied the more general question
of finding a formula for Ny (v) [42]. Riordan [48] noted that since  is a 1 to [, v;! map, if we let
G, denote the Ferrers board whose first v; columns are of height 0, next vo of height v{, next
vz of height vy 4 v, ..., and last v, of height v{ +...v,_1, it follows that

Hyon(Gy) = [ ] vi! Nies (v). (79)

1
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Example 5: Probleme des ménages.

The probleme des ménages is a typical arrangement problem. In this case, the problem is
that we start our with n husbands and wives (Hy, Wh),... (Hy, W;,) that we want to sit around
a circular table in such a way that (i) husbands and wives alternate and (ii) no husband sits
next to his wife. The question is to find the number A,, of seating arrangements that satisfy
conditions (i) and (ii) up to circular rearrangements?

We solve this problem is several steps. First we seat the wives around the table in some
order Vi, ..., V,. Clearly there are (n — 1)! ways to do this up to circular rearrangements. For
example, if n = 8, we have a seating arrangement as pictured in Figure 24. We let P; be the
place just to the right of V;. Now if G; is the husband of V; for ¢ = 1,...,n, then our goal is to
find the number of ways to place G1,...,G, into the place P, ..., P, so that G; is not in either

Py or P, and, for i = 2,...,n, G; is not in either P;_; or F;. Clearly, we can think of assignment
of the husbands to the places a permutation o = oy ...0, € S, such that o1 € {1,n} and, for
i=2,...,n,0; ¢{i—1,i}. The number of such permutations is the hit number Hy, (C),) where

C), is board contained in [n] x [n] where
Cn,={(1,n),(1, )} U{(i—-1),(,17):i=2,...n}.

For example, the board Cg is pictured in Figure 25 on the left where the shaded squares corre-
spond to the board Cg. Thus we know A,, = (n — 1)!Hp ,(Cy).

Figure 24: First step of the seating arrangement.

We can then use Theorem 1 to conclude that

n

Hon(Cn) =Y ri(Co)(=1)F(n = k)L, (80)
k=0
Hence, we can obtain a formula for A,, if we can find a formula of r;(C,,) for k =0,...,n.

If one adds put a vertex in each of the squares of C,, and connect consecutive vertices by
an edge, one obtain a cycle Cy,. For example, in Figure 25, we see the cycle that corresponds
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Figure 25: The board Cs.

to the board Cg is cycle Cig. It is then easy to see that r4(C),) is just the number of ways of
picking s vertices in the cycle Co, so that no two elements are connected by an edge. We then
have the following lemma that can be found in Stanley’s book [50].

Lemma 19. Let C,, denote the graph of an n-cycle. Let f(n,s) be the number of ways a picking

s vertices from Cy, such that no two are connected by an edge. Then f(n,s) = = (";S)

Proof. First, let g(n,s) be the number of ways a picking s vertices from C,, such that no two are
connected by an edge and then circling one of the remaining n — s vertices. Clearly, g(n,s) =
(n—s)f(n,s). Thus we need only show that g(n,s) = n(",®). Imagine that the vertices of Cy
are labeled consecutive with 1,2,...,n as we traverse the circle in clockwise fashion.

To construct a configuration counted by g(n,s), we first pick the circled point in n ways.
Then we place n — s — 1 unlabeled points around the circle. These will correspond to the points
that are not chosen when we label the points. For example, suppose that n = 9 and s = 3 and
we choose the circled point to be 4. Thenn —s —1=9 -3 —1 = 5 so that we would have the
configuration pictured in Figure 26.

Figure 26: Placing the circled point plus n — s — 1 other points.

At this point, we have n — s spaces between consecutive vertices that we have placed on the
circle so we choose s of them in ("gs) ways. Once we have chosen the s points, then we know
how to label the points on the circle. For example, if we continue with our example above, then

in Figure 27 we have pictured such a labeling where we indicate the s chosen points with Xs.
O
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Figure 27: Completing a labeling.

Thus it follows that
" on <2n —k

Ap = (n—1)!Hypn(Cn) = (n— 1)1 m—k
k=0

1.6 Rook numbers and Weyl Algebra

The Weyl Algebra is the algebra generated by two operators D and U subject to the relation
DU = UD + 1. The simplest example of such an algebra to consider the polynomial ring Q[x]
where we let D be the differentiation operator %, U be the multiplication by z operator, and [
be the identity operator on Q[z]. Then

DU(z") = D(z"™) = (n+1)z" and
(UD+I)(z"™) = UD(@")+ I(z") = Uz ) + 2" = na" + 2" = (n + 1)z".

For any alphabet A, we let A* denote the set of all words w = w;y ...w, such that w; € A
and we let A™ denote the set of all words in A* of length n. For any word w € A*, we let |w)|
denote the length of w. We let € denote the empty word and declare |e| = 0.

The problem that we want to consider is to start out with a word w € {D,U}* and find an
expressions for the so-called normal form of w. That is, we want to find coefficients ¢; ; so that

w = Zci,jUiDj. (81)
i
We claim that the ¢; ;’s are just rook numbers of a certain Ferrers board B, associated
with w. That is, we create a path P(w) consisting of north and east steps of length 1 from
w by having each D correspond to a north step and each U correspond to east step. Then
B, will be the Ferrers board whose left boundary corresponds the path P(W). For example,
w = DDUDUDU, then P(W) and B,, are pictured in Figure 28.
Note that it is easy to see that if u = U/wD*, then B, = B,,. Then Navon [43] proved the
following Theorem.
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Figure 28: The rook board associated with the word w = DDUDUDU.

Theorem 20. Let w € {D,U}* consists of n D’s and m Us. Then

w= r(By,) U™ FD"F (82)
k=0

Proof. The proof is a consequence of a simple recursion for the rook numbers of Ferrers boards.
That is, suppose that ¢ is outside corner square of a Ferrers board B = F(by,...,b,). Then we
let B/c denote the Ferrers board which results from B by removing cell ¢ and we let B/¢ denote
the Ferrers board which results from B by removing the row and column that contains c. For
example, if B = F(1,3,4,4,5) and c is the cell (3,2), then Figure 29 pictures both B/c and B/¢.
Here we have put dots in cells besides ¢ that we remove when we form B/c.

Bl/c B/T
Figure 29: The boards B/c and B/c.

By classifying the rook placements P € N (B) according to whether P has a rook in cell ¢
or not, it easy to see that for any k > 1,

r(B) = rg(B/c) + rp-1(B/e). (83)

That is, we can clearly partition the rook placements P € Ny (B) into Ny, consisting of those
rook placement that do not have a rook in cell ¢ and Ns, consisting of those rooks that have a
rook in cell ¢. Then it is easy to see that |Ni| = rx(B/c) and |Na| = r;_1(B/¢).

We can then prove (82) by induction on the number of cells in B,,. If B, is empty, then w
must be U™ D™ so that (82) automatically holds in this case since by definition r(B,,) = 1
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Now suppose that w is of the form D*Uwv. Then clearly, the cell ¢ = (1, s) will be a corner
square of B,,. Now

w=U*D'Uv =U*D"Y(UD + 1)v = U*D'" 'UDv + U* D" !v.

But if a = U*D'"'UDwv and b = U*D!" !, then it is easy to see that B, = B, /c and By = B,,/¢.
See Figure 7?7 for an example. But then by induction we have that

w = UD'Uv=U*D"'UDv+ USDt_l

— Zrk Um an k+ZTkaUM1an1k

k=0
n

= > (r(Ba) + re-1(By)) U™ D" H
k=0

— er Um an k

O

In fact, Theorem 20 can be used to show that classical combinatorial numbers such as the
Stirling numbers of the second kind and the Lah numbers appear in normal form expansions in
Weyl Algebra. That is, if w = (UD)"~!, then B,, is the staircase board St,. Thus by Theorem
20

n—1
(UD)nfl — Zrk(Stn)Unflkanflfk
k=0

n
_ Z Sn,kUk_le_l-
k=1

Similarly if w = D"~'U", then B,, is the Laguerre board £,. Thus by Theorem 20

anlUn — Zrk Un 1— an k

= Z Lo U 1D,
k=1

We should also observe that Theorem 20 and the theory of rook equivalences of Ferrers boards
leads to non-trivial polynomial identities in the Weyl Algebra. That is, consider w = DUDU?D
and u = UD*UDU Then B,, = F(1,2,2) and B, = F(2,3). But it easy to see that F(1,2,2)
and F'(2,3) are rook equivalent so that by Theorem 20

2 2
DUDU?D =) rp(F(1,2,2)UFD*F =3 "r(F(2,3))U* *D** = UD*UDU.
k=0 k=0

Exercise: Show that in Weyl algebra, DU?D?U?D = UDUD?*UDU.
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1.7 Recursions for hit and fit numbers of Ferrers boards

In the next few sections, we shall develop some properties of hit and fit numbers of Ferrers boards.
We start by looking at the recursion for rook numbers considered in the previous section. That
is, suppose the c¢ is outside corner square of a Ferrers board B = F(by,...,b,). Recall that B/c
denotes the Ferrers board which results from B by removing cell ¢ and B/¢ denote the Ferrers
board which results from B by removing the row and column that contains ¢. Then we showed
that

T‘k(B) = T‘k(B/C) + ?”k_l(B/E).

Similarly, suppose that A = F(aq,...,a,) is a skyline board and ¢ = (a;,4) is the top cell of a
non-zero column. Then we let A/¢ denote the skyline board F(ay,...,a;-1,0,a;+1,...,a,) be
the board that results from A by removing all the cells in ¢-th column of A. Again by classifying
the file placements @ € Ci(A) according to whether they have a rook in cell ¢ or not, it is easy
to see that

fe(A) = fi(A/c) + fr-1(A/C). (84)

We can then use these two recursions and Theorems 1 and 2 to develop recursions for the hit
numbers and fit numbers of Ferrers boards. That is, suppose that c is outside corner square of
a Ferrers board B = F(by,...,b,) C [n] x [n]. Then since we remove a row and column from B
to obtain B/¢, it follows that we can view B/¢ as a Ferrers board contained in [n — 1] x [n — 1].
Then we have that

S Hen (B = S n(B)(n— )z — 1)F
k=0 k=0

n

= > (ru(B/c) + rp-1(B/e))(n — k)l(z — 1)F

k=0

= > B/ —k)(z -1 + (2= 1)) rpa(B/e)(n—1— (k—1))(z — 1)F!
k=0

k=1
n n—1
= > rme(Ble)(n—k)l(x -1+ (x—1)) r(B/e)(n—1—k)(x - 1)f
k=0 k=0
n n—1
= Z Hyn(B/c)z* + Z Hypn1(B/e)a".
k=0 k=0
Taking the coefficient of 2* on both sides of (85), we obtain the following theorem.
Theorem 21. Let ¢ be an outside corner square of a Ferrers board B = F(by,...,b,) C [n]x[n].
Then for all k > 0,
Hyn(B) = Hipn(B/c) + Hi—1,n-1(B/¢) — Hpn—1(B/2). (86)

We can also give a combinatorial proof of Theorem 21. That is, fix 0 < k < n. We partition
Ey = {0 € Sy, : |oN B| =k} into two sets: Ej 1 which is equal to the set of all o € E}, such that
there is a rook in ¢ and Ej, o which is equal to the set of all o € Ej, such that there is a no rook in
c. Now if start with o € Ej, 1 and we remove the row and column containing ¢, then it is easy to
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see that we will be reduced to a 7 € S,,_1 such that [TNB/¢| = k—1. Thus |Ej 1| = Hi_1(B/¢)
and Hyn(B) — Hg-1(B/¢) = |Ej |-

Similarly, we can partition F}, = {0 € S,, : |0 N B/c| = k} into two sets: F}, ; which is equal
to the set of all o € F}, such that there is a rook in ¢ and Fj, o which is equal to the set of all
o € Fj, such that there is a no rook in c¢. Again if we start with a ¢ € F}; and remove the row
and column containing ¢, then it is easy to see that we will be reduced to a 7 € S,,_1 such that
|7 N B/é| = k. Thus |Fy 1| = Hy(B/¢) and Hy ,(B/c) — Hp(B/¢) = |Fj0|. But it is easy to see
that Ej, o = F} o so that we must have

Hk,n(B) — kal(B/E) = Hkm(B/C) — Hk(B/E)

which is what we wanted to prove.

Next suppose that A = F(ay,...,a,) C [n] X [n] is a skyline board and ¢ = (a;,7) is the top
cell of a non-zero column. Then clearly A/¢ is another skyline board in [n] x [n]. Then we have
that

Y Fen(B)a* = ) B @ - 1)k
k=0 k=0

n

= S (u(B/e) + frr(B/O)n"F (@ — 1)F

k=0

= > fulB/on" @ - 1)k + e-1) ~ D > fea(B/en T E D (@ — 1)k
k=0 k=1
n n—1
= S B m - -0+ DN gt - 1)
k=0 k=0

= Z Fin(B/c)z® + Z Fyn(B/2)x". (87)
k=0 k=0

Taking the coefficient of 2* on both sides of (87), we obtain the following theorem.

Theorem 22. Let ¢ be cell which is at the top of some column of skyline board A = F(aq,...,a,) C
[n] X [n]. Then for all k > 0,

Fkv ’I?,(A) = Fk,n(A/C) + %kal,nfl(A/E) - %Fk,nfl(A/E) (88)

We can also give a combinatorial proof of Theorem 22. That is, fix 0 < k < n. We partition
Uy ={f €F,:|fNB| =k} into two sets: Uy which is equal to the set of all f € Uy such that
there is a rook in ¢ and U} o which is equal to the set of all f € Ej such that there is a no rook
in ¢. Now suppose c is in column 7. If we start with an f € Fj; and remove the rook and all
the cells of A in column 7, then we will create a file placement P such that Py contains rooks
in each of the columns except i. Clearly |P N (A/¢)| = k — 1. Since the i-th column of A/¢ is
empty, there are n ways to extend P; by adding a rook in column ¢ to obtain a file placement
g € F,, such that |gN (A/¢)] = k — 1. Thus each f € Uy gives rise to n functions counted by
Hy—1,(A/2). 1t follows that Uy = 1 Hy_1,(A/¢) and Fy,(B) — 1 F,_1(B/¢) = |Uyl.

Similarly, we can partition Vi, = {f € F,, : [f N A/c| = k} into two sets: V}, ; which is equal
to the set of all f € V}, such that there is a rook in ¢ and V}, o which is equal to the set of all

42



f € Vi, such that there is a no rook in c¢. Again each f € Fj, ; corresponds to n elements g € I,
such that [g N (A/€)| = k. Thus |Vi1| = 2F,(A/¢) and F,(B/c) — 1 F,(A/¢) = [Viol|. But it
is easy to see that Uy g = V} o so that we must have

Fin(B) ~ ~ Fe1(BJe) = Fiun(BJe) — - Fi(Af2)

which is what we wanted to prove.

1.8 A Formula of Frobenius

In this section, we present another way in which the Eulerian numbers arise in rook theory by
proving a formula that relates the Stirling numbers of the second kind to the generating function
of descents of permutations in S,, which is due to Frobenious, see [18].

To prove this formula, we will consider a new type of board. Let B = F(by,...,b,) be a
Ferrers board. We then let the board By, consist of the board B together with infinitely many
rows of size n attached below B. We again call the line separating B from the extra rows in B,
the bar. We also label the extra row starting from the top with 1,2,.... For example, Figure 30
picture B, where B = F'(2,2,3,4,4).

a b W N

Figure 30: The board B, where B = F'(2,2,3,4,4).

Next let NV, (Bxs) denote the set of all placements of n non-attacking rooks in Bs,. For any
P € N, (Bw), we let maz(P) = k if the lowest rook in P is in row k below the bar and we let
max(P) = 0 if P has no rooks below the bar. We then have the following theorem.

Theorem 23. Let B = F(by,...,b,) be a Ferrers board. Then
1 n
R > e P = N Rk + b - (- 1)) (89)

—x
PeN,(Bso) k>0 =1

n

_ Z Tn_k.(B)k:!xk. (90)

— o)kt
i 1-2)
Proof. We shall consider two different ways to sum the LHS of (89). First, it is easy to see that

LS P 2 SR (P € No(Bao)  man(P) < K} (91)

7 PENL(Bo) k>0
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However [{P € N, (Bx) : maz(P) < k}| is just the number of placements of n non-attacking
rooks in B, where x = k. By Theorem 3,

n

{P € Na(Boo) : max(P) < k} = [ [(k +b; — (i — 1)).

i=1
Thus

ﬁ Z max(P Z ﬁ kE+b — 2 _ 1)) (92)

PeNR(Boo) k>0

On the other hand, we can classify the placements P € N,,(By) by how many rook in P lie
above the bar. That is, suppose that we fix a placement @ of n — k rooks in B where 1 < k < n.
We then wish to compute

S )

t PeN, (B );PNB=Q

We can code such a placement P € N, (By) such that P N B = @Q by a sequence sequence
(p1,-..,pr) € N¥ and permutation o € S;, where p; is the distance from row 1 to highest rook in
P below the bar, po is the distance between the highest rook in P, etc. and o is the permutation
that corresponds to the rook placement of the the rows and columns that contain rooks below
the bar. For example, the rook configuration pictured in Figure 31 would by coded the sequence
(2,0,4,1) and the permutation o = 4 1 2 3. It is easy to see that if P is coded by ((p1,...,pk),0),
then
max(P) =p1+--- +pp+ k.

X
X

X
: P.=?
j : X Po=0 X
5 oo X
6 X
7 Ps=4 X
8
9 X
10 p,=1
11 X

Figure 31: Coding for a rook placement in N, (Bx).
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It follows that

1
Sqo(z) = 11— = Z gmax(P)
T peN,(Bo):PNB=Q

R I et

o€Sp p120 pr>0

k
= 1ixk!1‘kHpri

1=1p;>0

klak
(1 _ x)kJrl'

Since there are clearly r,,(B) rook placements in N, (B ) that have no rooks below the bar, we

have that

1 1 &
— 3 pmax(P) — m(B)+Y > Sol)
¥ PeNa(Boo) v k=1 QEN,_4(B)

n

i (B)k!zF
(1 —z)kt1
k=0

Note that Theorem 23 does not require that b, < n. If we start with B = F(by,...

where b, < n, then we have that

n

Y Hin(B)a* = rn p(B)kl (@ —1)" ",
k=0

k=0
replacing x by 1/x in (93) and then multiplying by z" gives

n

n
> Hin(B)z™F = " i (B)kl2H (1 —2)" .
k=0 k=0

Then dividing (94) by (1 — z)"*! yeilds

> o Hkm(B)x”_k "y _w(B)k!zF
(1 —x)ntl 1—g)ktl ”

n
=
Thus we have the following corollary.

Corollary 2. Let B = F(by,...,by,) be a Ferrers board where b, < n.

n—1
1 Z xmax(P) _ Z Tn,k(B)k'xk
_ _ p)k+1
¥ penn(Ba) - 1=
ZZ:O Hk,n(B)xn_k
(1 —z)ntt
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Now consider the special case where B = St,, then we know that r,_,(St,) = S, and
H,, 1(Sty,) is the number of permutations of S,, with k descents. For any permutation, o =
01+ 0n €Sy, we let the complement of o, o€, be defined by

cf=n+1—01) - (n+1—o0y,).

It is then easy to see that o has k descents if and only if 6¢ has n — 1 — k descents so that
H,, 1;(Sty) is the number of permutations of S,, with n — 1 — k descents. It then follows that

ZH;W (Sty) =Y a9l (96)

oESh

Combining (96) with Corollary 2 we have the following formula of Frobenius.

Theorem 24.
Dges, PO I8 Sppkla? 97
(1 _ x)nJrl o Z (1 _ x)kﬂ' ( )
k=1
Next consider the special case where B = F(by,...,b,) where b = n — 1 for all i. Thus

B = L, is the Laguerre board and 7,_;(Ly) = Ly . Clearly [cNL,| =n —1for all ¢ € Sy, so
that

n—1
ZHn,k(Ln)a:"fl = nlx. (98)
k=0

Hence corollary 2 then yields the following theorem

Theorem 25.

nlx " Lnﬁkk!ack
A -zt 2_: (1= 2)F1 (99)

Next we prove an analogue of Theorem 23 for file placements. Given a skyline board B =
F(by,ldots,by,), let C,(Bos) denote the set of all file placements of n rooks in Bs,. For any
P € C,(Bx), we let maz(P) = k if the lowest rook in P is in row k below the bar and we let
max(P) = 0 if P has no rooks below the bar. We then have the following theorem.

Theorem 26. Let B = F(by,...,b,) be a skyline board. Then

D Y TI0k+ ) (100)

x
PECn(Boo) k>0 =1
Eogs,
- +Zf” k(B Z 7;+1 (101)
— j= 1

max

Proof. 1t is easy to see that the sum ﬁ > PECh(Boo) & P) is invariant if we permute the

columns so that there is no loss in generality in assuming the B is a Ferrers board. We shall
consider two different ways to sum the LHS of (89). As in Theorem 23, it is easy to see that

% S g 2 37 GR(C € Ca(Bao) : maz(P) < K} (102)

7 PeCu(Boo) k>0
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However |{P € Cp,(Bs) : maz(P) < k}| is just the number of file placements of n rooks in B,
where x = k. By Theorem 4,

{P € Cn(Bx) : max(P) < k}| = [ [ (% + b:).
=1
Thus

n

L o P) = Sk T + by). (103)
k>0

1—=z ;
PeCn(Boo) i=1
On the other hand, we can classify the file placements P € C,,(Bx) by how many rook in
P lie above the bar. That is, suppose that we fix a placement @@ of n — k rooks in B where
1 <k <n. We then wish to compute

TQ (x) =-— Z xmax(P).
r PeCpn(Bx);PNB=Q

Now if P € C,(Bs) and PN B = @, then there must be k rooks in P which lie below the
bar. However because we are considering file placements, the number of rows which can contain
rooks below the bar can be any j where 1 < 5 < k. So fix j with 1 < 5 < k and consider all
the set of all file placements P € C,(Bw) such that P N B = @ and there are j rooks below
the bar which contain rooks in P. We can code such a placements P by a sequence sequence
(p1,...,p;) € N and a surjective function f from [k] onto j. That is, we p; be the distance
from row 1 to highest row that contain rooks in P below the bar, ps be the distance between
the highest row containing rooks in P below the bar and the second highest row that contains
rooks in P below the bar, etc. in P, etc. The f is the function that corresponds to the file
placement of the the rows and columns that contain rooks below the bar. For example, the
file placement pictured in Figure 32 would by coded the sequence (2,5) and the permutation f
where f(1) = f(4) =2, f(2) = f(3) = 1. If f: [k] — [j] is a surjective function, then clearly
we can code f by the ordered set partition of [k] consisting of (f~1(1),..., f71(j)) so that there
are j!S ; such functions. It is easy to see that if P is coded by ((p1,...,p;), f), then

max(P) =p1+---+pj+J.

It follows that

1 max
To(z) = 1_ 2 Z gmex(P)

= 1 i - Z Z Z Z Ptttk

J=1 f:.[k]-[j] is surjectiver120  p;=0

k J
= s [[ e
j=1

i=1p; >0
k . ;
Z j'SkJ.T]
- (]_ — x)j+l :
Jj=1
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X
X
X
1
2 p1=2
31X X
4 f= X X
5 X | X
6 p,=5
7
8
9 X X
10
11

Figure 32: Coding for a file placement in C,(Bx).

Clearly there are f,,(B) file placements in C,,(Bs) that have no rooks below the bar. Thus

ﬁ Z gmx(P) = fln(_Bx) —l—Z Z To(x)

PeCpn(Bo) k=1 QeN,,_x(B)
n k . ;
_ fa(B) ISk 527
- 1— 2 +;fn—k(3)jz;(l_x)j+1'

O

It is natural to ask whether there is an analogue of Corollary 2 for file placements when
B = F(by,...,by) is a Ferrers board contained [n] x [n]. That is, it follows from Theorem 26
that if f,(B) = 0, then

L 5 e 2 Dbt k(B S 0701~ 2

3 104
-z (1 — z)nt1 (104)
PeCrn(Bso)
Hence one can ask whether the polynomial
n k ‘ ‘
Upn(®) =Y fa-k(B) Y 1Sk a7 (1 — )"~ (105)
k=1 j=1

is a polynomial with non-negative integer coefficients. This is not true in general. For example,
if B = F(0,2), then one can easily calculate that Ug ,(x) = 3z — 2?. However, we can identify
a large set of boards where Fp,(x) € Nlz]. That is, suppose that B = F(by,...,b,) is a

Ferrers board where by = 0 and b;;+1 < b; + 1. Then consider the sequence (aj,...,a,) =
(bpy...yb1)+(0,1,2,...,n—1),1.e. a; =bpp1—;+1—1fori=1,...,n. Since our assumptions
on the sequence (by,...,b,) force that b,y1—; < n — i, we must have a; < n — 1 for all i.

Moreover, it is easy to check that our assumption that b;1; < b; + 1 ensures that a; < a;41 for
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alli=1,...,n—1. Thus A = F(ay,...,a,) is a Ferrers board contained in [n — 1] x [n] and,
hence, r,(A) = 0. Moreover, it is easy to see that []" ,(k+a; — (¢ — 1)) = [[;-,(k + b;). But
then if follows from Theorems 23 and 26 and Corollary 2 that

1 Z xma.x(P) _ 22:0 Hk,n(A)xn_k
N (1 —x)ntl

x
PeNp(Ax)

= > [k +a—(i-1)

k>1 1=1

= Zg;kf[(mbi)

k>1 1=1

_1 max(P)
BT

PeCn(Bso)

>kt fr—k(B) E?:l 318k ol (1 — )™
(1 _ x)nJrl '

Thus Up () = > p_o Hk.n(A)z" " in this case. Thus we have proved the following.

Theorem 27. Suppose that B = F(by,...,b,) is a Ferrers board such that by = 0 and b;41 <
bi+1 for alli. Then if (ay,...,an) = (bn,...,b1)+(0,1,2,...,n—1), F(ay,...,a,) is a Ferrers
board contained in [n — 1] X [n] and

n n k
> Hin(A)a"F =" fai(B) Y 1Sk 27 (1 —2)" . (106)
k=0 k=1 j=1

Consider the special case of Theorem 106 where B = St, = F(0,1,2,...,n — 1). In that
case, A=(n—1,...,n—1) = L,. By (98), we have ZZ;& H, (L£n)z" ! = nlz. Thus in this
case, we have the following analogue of the Frobenius formula for file numbers.

Corollary 3. Let St, = F(0,1,2,...,n—1). Then

1 max(P) _ nle
- Yoo = Tyt (107)
PeCn(Boo)

1.9 Algebraic Identities for Ferrers Boards
If B= B(ecy,...,cp) is a Ferrers board, let

n

PR(z,B) =[]z +ci—i+1). (108)
=1

Recall that by Theorem 3, we have that

d w(@—1)-+(z—k+ )r,_i(B) = PR(z, B). (109)
k=0

We can use this formula to prove the following proposition
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Proposition 2. Let B = B(cy,...,c,) be a Ferrers board. Then

k
_ R\ ki ppgs
k!rn_kw)—jzo(j)( ¥/ PR(j, B) (110)
k
Hon®) =3 (7 ) CF PR B) (1)
§=0

Proof. By (109), the RHS of (110) equals
f:( > 1)k- 32( >s!rns (112)
-3 2 () ()

j>s

1—2
=> slrn- T S)H\Zk . (113)

s>0

= Z S!Tnfsés,ky

s>0

where

Also using (109), the RHS of (111) equals

]z: (Z f;) (~D)FI S (i)s!rn_s (114)

T g o)

j>s
)n-{—l

1—1:
—g srns S+1‘xks

by the binomial theorem. Now use (2). O

A unitary vector is a nonzero vector all of whose coordinates are 0 or 1. For a vector v of
nonnegative integers, let gi(v) denote the number of ways of writing v as a sum of k unitary
vectors. By convention we set go(0) = 0. For example, ¢g2(2,1) = 2 and g3(2,1) = 3 since

(2,1) = (115)



Letting 1™ stand for the vector with n ones, it is easy to see that gi(1™) = k!S(n, k), where
S(n, k) is the Stirling number of the second kind. MacMahon derived a number of identities
for gi(v) in connection with his work on Simon Newcomb’s problem. Here we show how these
numbers can be connected with rook theory. We let n = vy + ... v,.

Theorem 28. For any v,

gk(v) = Wﬁ%ﬁ“) (116)

Proof. By definition we have

Z wazgk(v) = (H(l + ) — DF. (117)

1

Hence

H(1 ) =) <Z> (Ja+z)-1)* (118)

i k>0 i
-y ;) ST

Taking the coefficient of [, ;* on both sides above yields
z z
() -X (;)aw (119
h V; k
% k>0

Next note that PR(z,Gy) =[], vz'(;) Comparing (119) with the B = G, case of (109) we
obtain (116). O

Corollary 4.

> gew)a"F = Z Njp1(v)(z + 1), (120)

k

Proof. This follows from (116), (79), and (2). We also provide a direct combinatorial proof,
which is based on a argument in [?, p. 61] proving a closely related identity. By comparing
coefficients of "% on both sides of (120) we get

wl0) =S N, ) (121)

To prove (121), start with a unitary composition C' into k parts, say
w] +wy+ ... +FwW = 0. (122)
For each vector w; in C, associate a subset S(w;) by letting p € S(w;) iff w; , = 1. For example,

if z =(1,0,0,1,1,0,1), S(2) = {1,4,5,7}. Next form a multiset permutation M (C) with bars
between some elements by listing the elements of S(w;) in decreasing order, followed by a bar
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and then the elements of S(ws), in decreasing order, followed by a bar, ..., followed by the
elements of S(wy), in decreasing order. If C' is the composition

(1,1,0,0,0,0) +(1,0,0,0,0,0) + (0,0,1,0,0,0) + (0,0,0,1,0,0) + (0,0,0,0,0,1)
+(1,1,0,0,1,0) +(0,0,0,1,0,0) + (0,0,0,1,0,0) +(0,1,0,0,0,0)
then M(C') = 21|1|3]4/6/521|4|4|2. Note that if M (C) has j descents, then we have bars at each
of the n — 1 — j non-descents, together with an additional j —n + k bars at descents for a total of
n—1—j+j—n+k=k—1bars. Thus we have a map from unitary compositions with k parts

to multiset permutations with say j descents, with an additional 7 — n + k bars chosen from the
descents, which is counted by the RHS of (121). It is easy to see the map is invertible. U

Theorem 29. For any Ferrers board B,

> nooSkp
> PR(j,B)7 = Zk(ol _Z;nfl”(B). (123)
j=0
Proof.
0o k
(1— 2"y PR(j, B)2 | =) (Z ! 1.> (-1)*7PR(j, B) (124)
j=0 J=0 J
= nfk,n(B)
by (111). O

Letting v = 1™ in (123) we get
Corollary 5.

ZZ:O Zka-l-l(ln) = -
1—znt > A (125)

J=0

Theorem 30. For any Ferrers board B,

. k
3 (”” * )Hk,n<B> — PR(z,B). (126)
k=0 "
Proof. 1t suffices to prove (126) under the assumption that € N. Then the RHS of (126) equals
- > Hojin(B)y
k 7 7
PR(k,B v = @ 12
<kzoy R( ) )) |y < (1 _y)n+1 |y ( 7)

= (Y. Huju(B)Y <i y™" <n :;m)) lye
j m=0
Lo 11)

=" Hyu(B) (x ;: k)

k>0
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By letting B = G, in (126) and using (79) we get
Corollary 6. For any v € NP,
n p
z+k x
N, = .
> ( . > wa(0) =1 <v> (128)
k=0 i=1

Remark 1. When v = 1", (128) is known as Worpitsky’s identity.

1.10 Vector Compositions
For v € NP, let fi(v) denote the number of ways of writing
v=wi+ ...+ wg, (129)

where w; € NP with |w;| = }>; w;; > 0. For example if v = (2,1), in addition to the ways of
decomposing v into unitary vectors as in (115), we have

(27 1) = (2> 1) (130)
=(2,0) + (0,1) = (0,1) + (2,0), (131)

so f1(2,1) = 1, f2(2,1) = 4, and f3(2,1) = 3. MacMahon first defined and studied fx(v),
deriving of (132) and (136) below.

Proposition 3. For any v € NP,

11 <Z +Z B 1> =>. (Z) fi(v), (132)

% k>0
where we define fo(v) = 0pp.
Proof. By definition we have
N 1
ZHinlfk(v) = (H —a) . (133)
Hence
1 » z 1 k
= — 1 134
My =S ()= .
7 k>0 i
z w;
k>0 w i
Taking the coefficient of [, ;" on both sides above yields (132). O

Corollary 7. Let F, be the Ferrers board whose first v1 columns are of height v1 — 1, whose next
vg columns are of height vi +v2—1, ..., and whose last v, columns are of height vi+...4+v, —1,
so PR(z,F,) =[], vi!(”zzﬁ*l). Then

o k‘!’l”n,k(Fy)

fe(v) = W (135)

93



Theorem 31. (MacMahon [42, ]).

() F = Nj(v) (@ + 1) (136)
k J
Exercise 1. Prove (136) combinatorially using an argument similar to the one above proving
(120).
By combining (2), (135) and (136) we obtain

Corollary 8.

1
|Hn—k‘,n(Fv)' (137)

Nk(v) = H/UZ
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