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Doob’s stopping theorem. If {Z;,t =0,...,T} is a P*-martingale, then for any stopping
time 7, E* [Z,] = Z).
Proof. We have
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Note that for 0 <t <T'—1, 1f—pp = Loy —1roi1y. Also, 17y = 17>7y. By substituting
and rearranging,
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Note that 1,54 is F;_; measurable. Therefore,

E* [150(Zi — Zi)| = EF [E* 150 (Zs — Zia) | Foa] ]
=E" 1>y E* [Z, — Zio1 | Fod]]
=E" [1ion (B [Z | Fioa] = Zi1)]
=E [1{r>t} (Zt—l - Zt—l)]
=0.



