(3/19/08)
Section 1.2

More on finite limits

OVERVIEW: In this section we find limits where the function is not defined at the limiting value of the
variable because it involves a denominator which is zero at that point. This is the most important type of
finite limit in calculus because derivatives are defined as such limits. We will find the limits by rewriting
the formulas for the functions.
Topics:

e Limits of quotients of polynomials that tend to zero

e Rationalizing differences of square roots

Limits of quotients of polynomials that tend to zero
At the beginning of the last section we considered a ball that falls h = 16t feet in ¢ seconds (Figure 1) ,
so that the graph of the distance it falls after ¢ = 0 is the parabola in Figure 2.
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We saw that because the ball falls 16t" — 16 feet in the t — 1 seconds between time 1 to a later
time t, its average velocity in that time interval is
16t% — 16

[Average velocity] = e

feet per second.

By calculating values of the average velocity from times ¢ near 1, we predicted that the average velocity
would approach 32 feet per second as ¢t approaches 1. We can now verify that prediction.

L . 16t% — 16
Example 1 What is the limit of hm1 —_1 t— 17
t— —
SOLUTION We cannot apply Theorem 1 or Theorem 2 in Section 1.1 on limits of quotients of
2
. .. . . . 16t° — .
functions and limits of rational functions because the denominator of —_1 is zero

at t = 1. Instead, we factor the numerator to obtain

16t —16 _ 16(t> —1) _ 16(t+1)(t — 1)

t—1 —  t—1 t—1

14
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Then we cancel the factor ¢t — 1 in the numerator with the denominator to have for

t£1,

2
16t — 16
— =16(t +1).
ro (t+1)
This shows that the average velocity (1), which is not defined at t = 1, equals
16(¢t + 1) for all other values of ¢. Its graph in Figure 3 consists of the line A = 16(t+ 1)
with the point at ¢ = 1 removed. Because y = 16(¢ + 1) is a polynomial, its limit as ¢
tends to 1 is its value at ¢ = 1 and

2
16216
i g = Jm 060+ 1)
- [16(t + 1)} —16(1+1) = 32.
t=1

The limit of the average velocity is 32 feet per second. []
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The limits in the next two examples are also found by factoring and canceling.

2
Example 2 Find the limit lim 23: —4 .
=2 % —x — 2
22— 4
SOLUTION We cannot find the limit directly because y = — is not defined at x = 2. We
5 —x—2
use the factorizations 22 —4 = (z — 2)(z + 1) and 2% — 2 — 2 = (z — 2)(z + 1) to write
for x # —1, 2,
-4 (z—2)(z+2) x+2

?—z—2 (@-2)(z+1) z+1

Then because the rational function y = Tt

2
T is defined at x = 2, its limit as x — 2 is

its value at 2 and we obtain

. 2 —4 . x+2 x4+ 2 242
lim ——— = lim :{ } =
mﬂ2x2_x_2 $*>2$+1 l'-'-l =2

. g

2+1

ol
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2
Example 3 Find the limit of R(z) = W as ¢ — 0.
(x+1)" -1
SOLUTION We cannot find the limit directly because R(z) is not defined at x = 0. Instead, we

expand the squares in the numerator and denominator and factor the results to obtain
for nonzero x close to 0,

(422 -4 (P 44e+4)—4 P+ x(z+4)

(z+1)%>—-1 (@*+22+1)—1 22422z z(@+2)

R(z) =

We can cancel the x’s in the last formula to have for nonzero z close to 0

Since the rational function y = (z +4)/(x + 2) is defined at x = 0, its limit as
tends to 0 is its value at £ = 0 and

lim R(z) = lim z+d = z+4 :%ZZ.D
z—0 z—0 | T+ 2 T+ 2 =0

Rationalizing differences of square roots

Limits of some functions involving square roots can be found by a procedure called RATIONALIZATION
to differences of square roots. In this procedure a difference y/a — v/b of square roots is multiplied and
divided by the sum /@ + v/b to obtain

Vi Vi= WVa-vVh)(Va+vh) _ (Va)’ = (Vb)® _ a-b
Va+ Vb va+ Vb Va+Vb

The examples and exercises in this section that involve the square root function use the fact’ that
for any positive number a,
lim vz = Va.

r—a

x
5 asz — 1.
z© -1
SOLUTION We cannot apply Theorem 1 of Section 1.1 on limits of quotients because the
denominator z2 — 16 of the given expression is zero at x = 1. Instead, we write the
numerator /z — 1 as a difference of square roots, \/z — v/1, and rationalize it by

multiplying and dividing by the sum /= + v/1 of the square roots: for positive = # 1,

Example 4 Find the limit of

Vi-1_Vi-Vi_ (- vD(E+VD)

2?2-1 %1 (22 — 1)(vz + V1)
Va)? - (vV1)? z—1

(@ - DT +VD) (@ -D)(Va+1)

TSee Theorem 2 of Section 1.3.
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Then we factor 2 — 1 in the denominator and cancel one factor with the
numerator to obtain for positive x # 1,

\/5—1: x—1 _ x—1
-1 (@ -1D)Wz+1) (-DE+)z+1)
B 1

e+ D)Wz +1)
The denominator (z + 1)(y/z + 1) on the right of (1) tends to the nonzero number

(14+1)(v/1+1) =2(2) =4 as z — 1 and the numerator is constant. By Theorem 1 of
Section 1.1 on limits of quotients of functions,

(1)

7\/5_1 lim S S
211 a1 @+ )(Va+1)
1
T (GRS

Il
=

Interactive Examples 1.2

Interactive solutions are on the web page http//www.math.ucsd.edu/ ashenk/."
2

1. Predict the limit of y = x as © — 3 by calculating values of the function.

Find the limits in Examples 2 through 6.

2 2
2. im 9 5. lim xixQ
-3 T —3 =2 22 4 3z 42
3 2
4 _
5l St A
z—0 z° 4 2x e—5 \/r — V5
x2 —4
4. lim
z—2 x+ 2

Exercises 1.2

A Answer provided. ©Outline of solution provided. cGraphing calculator or computer required.
CONCEPTS:

16t° — 16
t—1
have the same values for ¢ # 1. How do the graphs of these functions differ?

2. Find the limit lim Y2
z—4 x —4

1. It was shown in the solution of Example 1 that the functions y = and y = 16(t + 1)

2
by making the substitution z = /x instead of rationalizing the

numerator.

In the published text the interactive solutions of these examples will be on an accompanying CD disk which can be run by
any computer browser without using an internet connection.
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BASICS:

In Exercises 3 through 6 predict the limits of the functions as z — 1 by calculating values for x near 1
on a calculator or computer.

3 6
o oz =1 A o —1
3. y_l—:r4 5. y_x2—1
4A y_ac2+x—2 6 Y= 2® —1
) Vo —1 ) V2r +7-3

In Exercises 7 through 10 (a) find the limits and then ©(b) generate the graphs of the functions in the
given windows to illustrate the results.

1-2
70 lim /;( <r<4,0<y<2)
r— xr —
2
—1)%-1
8.0 limo(x ) (—2<2<4,-4<y<3)
r— X
1-2
9.A ) /;( 1<z<4,-05<z<15)
r— xr —
22 -1
10. lim S (-25 <2 <25 -0.5<y < 3)

2 2
1.0 fim &Y 19.  lim 2
2
1 _
120 i 2021 20.  lim (/%)
z—3 12 —A4dx T—2 ;EQ — 4
2
A . (z—1) 2
13.5 lim o 21, lm S T2
—hoat -1 z—-2 23 _ 8
T——2 4 — g . un 2
) z—=2 2% + 32z — 10
. z°—1 2 o
15. lim - 23 A lim % +x—2
z—1 3% 3 2
5 z—=1 x° 4+ 3 —4
0 . - —4 2
. 4 — 2
167l s 234 fim 2Z (@2
=0 9 — (x4 3)
. 1/x) —(1/2
17.A lim w . x> + 3z +2
T—2 22— 4 24. lim ——
) rz——1 r+1
18.A lim w

z—0 T
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EXPLORATION:

Find the limits in Exercises 25 through 33.

4
25.0  Jim & 10 30.A Vo -z
r—2 x—2 =5 /5 +\/x
4, 2 2
. rz +z" -2 -1
26. ilml Q1 31. lim1 xB
- - x—1g° — 1
-1
27.0  lim Y2 2 _
a—1 g2 1 32. =9
r—3 r—3
2 4
N vV -2
28.A  lim Ve 33 1 rt3
z—4 T —4 a1 o —1
29.  lim YEF1-3

(End of Section 1.2)



