Properties of
Artin IL=Funections

Copy from Lang, Algebraic Number Theory

1) L(u,L,Y/X) = z(u,X)
= |hara zeta function of X
(our analogue of the Dedekind zeta
function, also Selber g zeta function)

2)
z(u,Y)= C) L(u,r,Y/X)"

rG
product over all irred. repsof G,
d,=degreer
3) You can prove z (u,X)* dividesz(u,Y)™
directly and you don't need to assume
Y/X Galois.

Thusthe analog of the Dedekind
conjecture for zetas of algebraic number
fieldsisproved easily for graph zetas.




I1hara Theorem
for L-Functions

L(u,r Y/ X)™*
=1- u®)" " det(l1 - A" u+Q'u?)

r=rank fundamental group of X = |E|-|V|+1
r = representation of G = Gal(Y/X),d =d, =degreer

Definitions. nd” nd matrices A7, Q7, I/, n=|X]
nxn matrix A(g), gl Gal(Y/X),
hasentry for a,bl X given by

(A(9))ap =#{ edgesin Y from (a,e) to (b,g) }
Her e e=identity of G.
. lo) 00
A, =4 AQ)AT(g)
gl G
Q = diagonal matrix, jth diagonal entry
= (; = (degree of jth vertex in X)-1,
Q' =QAly, 1”7 = 1,¢= identity matrix.

Proof can befound in Stark and Terras, Advancesin
Math., Vol. 154 (2000)



NOTES FOR REGULAR GRAPHS mostly

+Another proof uses Selberg trace formula on treeto
provelhara stheorem. For caseof trivial
representation, see A.T., Fourier Analysison Finite
Groups & Applics,; for general case, see and Venkov
& Nikitin, St. Petersberg Math. J., 5 (1994)

(1)
&l o

4-82—; (0)=(-D™2(r- Dk(X) , where k(X)=the number

of spanning treesof X, thecomplexity

+| hara zeta has functional equations relating value at
uand 1/(qu), g=degree-1

+Riemann Hypothesis, for case of trivial
representation (poles), means graph is Ramanujan
I.e., non-trivial spectrum of adjacency matrix is
contained in the spectrum for the univer sal covering
tree which istheinterval (-20g, 2Qq) [see L ubotzky,
Phillips & Sarnak, Combinatorica, 8 (1988)]

+RH istruefor most graphsbut it can be false

+Hashimoto [Adv. Stud. Pure Math., 15 (1989)]
proveslharaz for certain graphsisessentially thez
function of a Shimura curve over afinitefield



The Prime Number Theorem
g S s G S s S S g g S g

L et px(m) denote the number of prime path
equivalence classes[C] in X wherethelength of C
Ism. Assume X isfinite connected (q+1)-regular.
Since 1/g isthe absolute value of the closest
pole(s) of z(u,X) to 0, then

px(M)~ g"/m asm® ¥.

L L S O S O O R L 9 S
The proof comes from the method of generating
functions (See Wilf, generatingfunctionology) and
thefact that (asin Stark & Terras, Advancesin
Math, 121 & 154):

¥
udilogz(u,X) =g n, (mu"
u

m=1

Here ny(m) isthe number of closed pathsC in X
of length m without backtracking or tails.

L R s S R S S R R R L S
Note: When X isnot regular, we could define g to
bethereciprocal of the absolute value of the
closest pole(s) of zetato O.



EXAMPLE 1. Y=cube, X=tetrahedron
IX|=4, |Y|=8, r=3, G={eqg}

representationsof Garelandr: r(e)=1, r(g)=-1
17 =14, Q'=2ly,

A(e)yy = #{ length 1 pathsu’tov in Y}
A(Quv= #{ length 1 pathsu’tov”in Y}

#H 1 0 05 #® 0 1 15
A - 91 0 1 1. A(g):gooooj
0 1 0 0+ ¢L 0 0 1=
801003 €1 0 1 0}

A’ = A = adjacency matrix of X

a0 1 -1 -10

91 0 1 1°

. =Ae)- A o
(e)- A(g) = g11 0 -1+

€11 -1 05



Zetq and L-Functions of Cube & Tetrahedron
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% z(uY) =L(ur,Y/X) z(u,X)?
3% L(u, r,Y/X)! = (1-u?) (1+u) (1+2u) (1-u+2u?)?
# z(u,X)™" = (1-u%)?(1-u)(1-2u) (1+u+2u?)?

3% rootsof z(u,X) arel,1,1, Y r rr
wherer=(-1+0-7)/4 and |r|=1/C2

% Thepoleof z(u,X) closest to 0 governsthe prime number
theorem discussed a few pages back. It is1/g=1/2. The
coefficients of the following generating function arethe numbers
of closed paths without backtracking or tails of the indicated
length

udilogz (u, X) =24u®+24u* +96u°® +168u’ +168u°® +528u° +1200u° +1848u™* + O(U*?)
u

Sothereare 8 primesof length 3in X, for example.



Thisexampleisanalogousto example 2in part 1.
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G=S;, H={(1),(23)} fixes Y. d”=(a,(1)), d“=(a,(13)), d”=(a,(132),
d9=(a,(23)),89=(a,(123)),a%=(a(23))
Here we use the standard cycle notation for elements of the symmetric group.



In basegraph X
from preceding
Page

# ClassC1 path in X (list vertices)
14312412431
f=1, g=3 3 lifts to Y3
1'4'312471"2"4 3’1
1747371"2"41'2"4"3"1"
14'3'1'2'4'1'2’4'3”'1™
Frobenius trivial P density 1/6

3 classesof primes | .<l.\4. 3
1 ‘/

& Class C2 path in X (list vertices) 1241
2 lifts to Y3

1’2’4’1 f=1
1727412471 f=2
Frobenius order 2 b density 1/2

+ Class C3 path in X (list vertices)
12431

f=3 1liftto Ys
1'2'4'31''247°371°2743'1’
Frobenius order 3 b density 1/3



Ihara lela BuCHons,
A z(u,X)'=(1-u?)(1-u) (1+u”) (1+u+2u?) (1-u*-2u°)

A z(u,Y3)'=z(u,X)* (1-u?)?(1-u-u+2u)
" (1-u+2uP-uP+2u?) (L+u+uP+2u?)
" (1+u+2u+ul+2u?)

A z(U,Ye)'=z(u,Y3) ™" (1-u?)°(1+u) (1+u?)(1-u+2u®)
" (1-ut+2u’) (1-u-ut+2u?) (1-ut2ut-uP+2u?)
" (A+u+ut+2u?) (L+u+2ut+ui+2u?)

It follows that, as in the number theory anal og,
z(u,X)*z(u,Ye) = 2(U,Y2) z(U,Y 3)°

Here Y, is an intermediate quadratic extension between

Yesand X. See Stark and Terras, Adv. in Math., 154

(2000), Figure 13, for adiscussion.

Thepolesof z(u,X) areu=1,1,-1, +i,(-1+07i)/4,w,w,1/q
Where w,1/q areroots of the cubic. The closest poleto Ois
1/q. And g isapproximately 1.5214. So the prime number
theorem gives a considerably smaller main term, g™/m, for
thisgraph X than for K4, where g=2.



Multiece Arin Lrunctions

Orient the edges of the graph. Multiedge matrix W
hasab entry w(a,b)=wy, in C, if theedgesaand b look like

a b
o @@

Otherwisesat wy=0 Definefor closed path C=a;a;...4as,
Ne(C)=w(as,a;)W(aq,a2)...W(as.1,as)

Lw,r Yix) =0 3- aé”_XEN (©°
28 €D p

wherethe product isover primes[C] of X and [D] isany
primeof Y over [C]

Properties

» L e (W,1,Y/X)=zg(W,X), the edge zeta function

> Le(W,r)?'=det(1-W,), where W, isa 2|E|x2|E| block

matrix with ij block given by (w; r (Frob(g))

» Induction property

» Factorization of edge zeta asa product of edge L -
functions

» gpecialize all wij=u and get the Artin-lharavertex L
function
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EXAMPLE.

X=Dumbbell Graph
and Fission of an

Edge O f

a-1w, 0O O 0 0 ¢
$0 -1 w 0 0 w
¢0 O w-1 0 w 0=
z(W, X) = ot o
; S0 w, 0 wo-10 07
Cw, 0 O w, -1 0°*°
é 0 0 0 0 w w-I

Hereb and earethevertical edges.
Specialize all variableswith b and eto be 0 and get zeta function of

subgraph with vertical edgeremoved - Fision
Thisgivesthe graph with just 2 disconnected loops.
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Exeampls 3, DUmbhel]

(3)
Y=Cube °
o o
o o
54 ( 4)1 ¢ 1
C c c" a’
y { S §
0
® ®

a

X=Dumbbsedll /D
* | 52

Gal(Y/X) = {s1,5S,53S4 » Z/AZ
|dentification sends s to J - 1(mod 4)
The representations are 1-dimensional: p,(b)=i*"".
Galois group el ements associated to edges ab,c are
Frob(a) = s,, Frob(b) = s;, Frob(c) = s..




Edge L-Functions for Example 3.

#-1lw, O O 0 0 ¢
g 0 -1 w, 0 0 w_
] i ¢o0 O w-1 0 w O+
Xy ' =LWLY/X)*= E
z(W,X)"=LWLY/X) detgo o 0 ceea o b
Cw, 0 0 w, -1 07
g 0 0 0 0 w w-1
-1 w, O 0 0 0 ¢
g 0 1w 0 0 w -
¢ O 0O w-1 0 W, 0 =
L.(W,p,Y /X)* =cet¢ _ _ 2
c O -w, 0 -iw-1 O 0 .
Cw, 0 0 w -1 07
€0 0 0 0 -iw -iw-1
eW,-1 -w, O 0 0 0 §
0 -1 w 0 0 w
¢ O 0 -w.-1 0 - W, 0O =
LOW,p,, Y/ X)* =det¢ :
c 0 -w 0 w,-1 0 0 :
Cw, 0 0 w, -1 0°:
€0 0 0 0 -w -w-I
eiw,-1 -iw, 0 0 0 0 6
S0 1 w0 0 w:
) ¢ 0 0 -iw-1 O iw, 0 =+
L(W’p?”wx)l:dag 0 iw, O iw-1 0 0 -
Cw, 0 0 w -1 ©0°
€0 0 0 0 iw iw-L

Note that the product of these 6x6 determinantsis the 24x24
determinant whose reciprocal is the multiedge zeta function of Y,
the cube.
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Pt Larunetions

Here we discuss a new kind of L-function with smaller sized matrix
determinants.

Fundamental Group of X can be identified with group
generated by edges left out of a spanning tree

1 -1

e,.€,6 .., e

2r ~ 2r multipath matrix Z hasij entry
z; in Cif §'¢" and z; =0, otherwise.

Imitate the definition of the edge Artin L-functions.

Write a prime path as areduced word in a conjugacy class
C=a---a, where a1 {&”,... €}
and define the path norm

.
N, (C) = z(as,ai)_C_) z(a,ay,,)

where z(e ,q):z_i -

Define the path zeta L -function

LZp.YIX)=6) dat - p X0y ()°
[C] 8 8 9 %)

Product is over prime cycles[C] in X
[D] isany primeof Y over [C]

1
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SPEGIalizing 0

The path L-functions have analogous properties to the
edge L-functions.

s They are reciprocals of polynomials.

3% They provide factorizations of the path zeta functions.
% The most important property isthat of

Specialization to Path L-functions.

» edgesleft out of aspanningtree T of X: €,..€
generate fundamental group of X

> inverseedgesare €.,=€ ,....6, =€
> edgesof thespanningtree T are bty
» with inverse edges U oe-Loq-2

If &€, writethepart of the path between g and e

as the (unique) product t ==t

Cis 1st aproduct of g (generators of the fundamental
group), then a product of actual edges g and ty.
Specialize the multipath matrix Z to Z(W) with
entries

ol
z; = w(g b )w, )0 wlt .t )
n=1

L (ZW), X) = LW, X)

T

15



Example - the Dymbbell
o docgorms )

The specialized path
zetais only 4x4.

Maple computesit

a \d
much fagter than the Q

6X0.

BV, - 1 Wap Wik 0 W Wet 0
Sww., w -1 ww 0 ~
ZE(\N,X)_lzdetg ce ‘ea cc ce 'ed
0 WopoWoe  Wyg = 1 W W :

¢
gwfeWea 0 WieWeg Wi - 15

Fusion of an edgeisnow
easy todoin thepath zeta. ¢

d
To obtain edge zeta of graph f C @
obtained from dumbbell graph,

by fusing edges b and e,

Replace WypWpy With wyy
Replace WyeWey With wy,
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Application of Galois Theory of Graph
Coverings. You can’'t hear the shape of a graph.

Find 2 regular graphs (without loops and multiple
edges) which areisospectral but not isomor phic.

See A.T. & Stark in Adv. in Math., Vol. 154 (2000) for
the details. The method goes back to algebraic
number theorists who found number fields K; which
are non isomor phic but have the same Dedekind zeta.
See Perlis, J. Number Theory, 9 (1977).
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