Power Series and ODEs (5.1 & 5.2)

Example 1. Consider y ' =ry, y(0) = ¢, wherer and c are constants.

Plug y(x) = Zanx”. Then ao = ¢. Now differentiate.

Yoo = Y na,x" = (m+1)a,,x"
n=1 m=0

Here we set m = n-1.

Sothe ODE y ' =ry implies r'z a, X" = Z(m+1)am+1xm

m=0

Since two power series are only equal if the corresponding coefficients are equal, we see that
I‘Gm = (m+1)am+1 .

Thus we obtain the recurrence relation: Gm+1 = Pap /(m+1).

The initial condition gave us ap = c. Then the recurrence relation says that

a=rS a=r&_pl g _pR_p:3t
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This leads to the formula for the mth coefficient a =c r"
=C—
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(The proof of this formula requires mathematical induction. See Math. 109.)

Thus the power series is:

y(x) = Z (r'x)n ce™.

This should be no surprise,as y ' = ry, y(0) = ¢ was the 1°" ode we solved.

Example 2. y“-y=0.
Now there are 2 fundamental solutions and we should be able to find them using power series.

y(x)= ianx“. y '(x)= iannx"'l.

n=1

y')= D an(h-1x"*=>"a_,(m+2)(m+Ix".
n=2 m=0

For the last equality, we set n-2=m.



So the ODE implies Zanxn = zan+2(n+2)(n+1)xn.

n=0
This yields the recurrence relation a, = (n + 2)(“ + 1)0n+2 and
a
C‘n+2 = y .
(n+2)(n+1)
In particular, a, = G_O — a2 — aO
, =

] a, = -
2 ' 4.3 4.3.2

So ag=y(0) determines the even coefficients a,, and a;=y '(0) determines the odd coefficients
Aazn+1.
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We find that (12

Similarly we find the odd coefficients and

Q. = a Q- = as = a
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This leads to 2m+1 (2m N 1)' .

2n+1

It follows that y(x) = aoz J(2n)l + 012 “(2n+ 1)

You may recognize that the first power series is that for cosh x and the second is that for sinhx.
Thus our solution is a linear combination of hyperbolic cosine and sine:

y(x) = ap cosh x + a; sinh x.
Example 3. Power Series Centered at Other Points that the Origin.  Consider
xy” +y'+xy =0 with center at 1.
(This is #8 in Section5.2.)

So we plug

y(x)=>a,(x-1). y'(x):i;nan<x-1>“.



y'(x) = 2n(n -1a (x-1)"2.

Before plugging into the ODE, xy” +y '+ xy = 0, recall that x =1 + (x-1).

From xy” +y '+ xy = 0, we get

O:xin(n—l)an(x—l)”'2+i na, (x-1)" +x2aﬁ x-1)"
n=2 n=1

=(1+(x—1))in(n-1)an(x-l)"'z+ 3 nan(x-l)"'l+(1+(x-1))ian(x-1)"

oo

Zn(n Da, (x-1)" +Zn(n 1)a, (x-1)"

oo

+ 1nan(x—1)"'1 +Z:’(;an(x—1)"+Zan(x—1)"+1

oo

=3 (m+2)(m+ D, (x-1)7+ e, (-1 + S, (-1 + S, (x-1)'

At the beginning we find one of our series is missing the constant term.

a +a
The coefficient of (x-1)° is 2a, +a; +a, =0 which implies that a, = —%
The coefficient of (x-1) is 6a; +4a,+q,+a,=0
This says that a,=- 4aq, +6C‘1 +t 3

For general m
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To find the fundamental solutions, we 15" assume ao=1 and a;=0 to get y; and then assume a;=0
and ap=1 to get y..

Case 1: ap=1 and a;=0
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y =1 (=1 (x=1) ~ S (x=1)" +

Case 2: ao=0 and a;=1

oo Gte 1 - -2+1 1
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y=(x-1) 2(x 1) +6(x 1) 6(x 1)* +



