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ABSTRA CT OF THE DISSER T A TION

Higher Order In tegral Stark-T yp e Conjectures

b y

Caleb J. Emmons

Do ctor of Philosoph y in Mathematics
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Professor Cristian P op escu, Chair

The Stark conjectures attempt to capture the leading terms at s = 0 of the S -

incomplete Artin L -functions attac hed to an ab elian extension of n um b er �elds as

the image under a regulator map of an ev aluator built out of S -units. W e in tro duce

a new conjecture of P op escu, whic h extends Rubin's higher order of v anishing

Stark-t yp e conjecture b y remo ving the h yp othesis that S con tains splitting primes.

W e pro v e that the ev aluator attac hed to an extension K =k can b e written as a

linear com bination of ev aluators arising in sub extensions whic h do ha v e splitting

primes, linking the original conjecture of Rubin with its extension. This allo ws a

cohomological pro of of the extended conjecture when the original is kno wn for the

sub extensions and S has \enough" �nite unramifying primes. W e study extensions

of exp onen t 2 where w e pro v e Rubin's conjecture under the h yp othesis that an

auxiliary smo othing set T is su�cien tly large, and ac hiev e new partial results

to w ards the conjecture in general for these extensions. The consequences of a

ix



Stark-t yp e conjecture of Burns are studied, leading to w eak er su�cien t inequalities

for extensions of prime exp onen t.

In the app endix, w e pro v e a series of equiv alences for when a cyclic Kummer

extension of K is cen tral extension o v er k , whic h is an analogue of Coates' condition

for ac hieving an ab elian extension.

x



Chapter 1

In tro duction and history

1.1 In tro duction for non-n um b er theorists

T o b egin, w e w ork through a v ery sp eci�c example to in tro duce the reader to

the 
a v or of all the ob jects w e will b e concerned with in the remainder of the

dissertation. Although I ma y use tec hnical language o ccasionally , ev en the non-

mathematical reader should b e able to get an idea of the material. The most basic

ob jects in n um b er theory are probably the ring

1

of in tegers

Z = f :::; � 2 ; � 1 ; 0 ; 1 ; 2 ; 3 ; 4 ; ::: g

and the �eld

2

of rational n um b ers (fractions)

Q =

n

c

d

�

�

�

c; d 2 Z ; d 6= 0

o

:

Num b er theory studies not only these ob jects (e.g. factoring in tegers in to

1

A ring is basically a set of ob jects together with op erations +, - and � .

2

A �eld is basically a set of ob jects together with op erations +, -, � and � .

1
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primes), but also asks what happ ens when w e add in elemen ts whic h w ere not

there b efore. F or example, one can learn a lot of n um b er theory and geometry b y

studying the Gaussian in tegers

Z [

p

� 1 ] = f a + b

p

� 1 j a; b 2 Z g

i.e., the ring w e get b y adding the new n um b er \

p

� 1" to Z .

One b eautiful asp ect of Stark-t yp e conjectures is that they can use magical-

lo oking sums to learn ab out arithmetic in certain rings. F or example w e will see

that the sums

1

1

�

1

3

+

1

5

�

1

7

+

1

9

�

1

11

+

1

13

�

1

15

+

1

17

� : : : =

�

4

; (1.1)

1

1

�

1

5

�

1

7

+

1

11

+

1

13

�

1

17

�

1

19

+

1

23

+

1

25

� : : : =

ln(2 +

p

3)

p

3

; (1.2)

and

1

1

+

1

3

+

1

7

+

1

9

�

1

11

�

1

13

�

1

17

�

1

19

+

1

21

+ : : : =

�

p

5

(1.3)

can actually giv e us information ab out factorization in Z [

p

� 1], Z [

p

3] and Z [

p

� 5],

resp ectiv ely .

Let d b e a squarefree

3

in teger, suc h that 4 divides ( d � 3). Consider the �eld

w e get b y adding

p

d to Q :

Q (

p

d ) = f � + �

p

d j � ; � 2 Q g :

3

Squarefree means that d is not divisible b y n

2

for an y n > 1. F or suc h a n um b er it is not

hard to see that

p

d is not in Q .
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The ring of in tegers of this �eld is

Z [

p

d ] = f a + b

p

d j a; b 2 Z g :

It is natural to in v estigate the w a ys in whic h this new ring Z [

p

d ] is lik e or unlik e

Z .

T o start with, Z [

p

d ] ma y or ma y not ha v e unique factorization. F or example,

in Z [

p

� 5 ] w e ha v e the follo wing factorizations of 6:

2 � 3 = 6 = (1 +

p

� 5)(1 �

p

� 5) : (1.4)

Y et within the ring, 2 do es not divide either of the n um b ers on the righ t hand

side. Th us \factorization in to prime n um b ers" fails.

4

In order to reco v er unique

factorization, the notion of an ide al w as in tro duced. An ideal A � Z [

p

d ] is an y

subset that is closed under in ternal addition ( a + b 2 A for all a; b 2 A ) and external

m ultiplication ( r � a 2 A for all r 2 Z [

p

d ], a 2 A ). W e call an ideal princip al if

A = ( � ) Z [

p

d ] is generated b y one elemen t. W e call t w o ideals A and B pricip al ly

e quivalent if there exist 
 and � in Z [

p

d ] suc h that ( 
 ) A = ( � ) B . W e then lo ok

at the class group

C l

d

= f ideals of Z [

p

d ] g = (principal equiv alence)

and de�ne the class n um b er h

d

to b e the cardinalit y of the class group. W e ha v e

the follo wing theorem:

Z [

p

d ] has unique factorization ( ) h

d

= 1 : (1.5)

4

The mistak en assumption that certain n um b er rings had the prop ert y of unique factorization

led to incorrect \pro ofs" of F ermat's Last Theorem in the 1800s; FL T w as �nally settled during

the 1990s.
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Another w a y in whic h Z [

p

d ] ma y di�er from Z is that it ma y ha v e in�nitely

man y units. The units (i.e. in v ertible elemen ts) of Z are simply � 1. Ho w ev er, in

Z [

p

3 ] for example, w e ha v e the equation

(2 +

p

3)(2 �

p

3) = 1 ; (1.6)

and th us "

3

= 2 +

p

3 is a unit of Z [

p

3]. (And of course, if w e square, cub e, etc.

b oth sides of equation (1.6), w e learn that an y p o w er of "

3

is also a unit.)

Let U

d

= Z [

p

d ]

�

b e the group of units. The Diric hlet Unit Theorem in this

situation (again 4 j ( d � 3)) sa ys

U

d

=

8

>

>

>

>

<

>

>

>

>

:

f� 1 g if d < � 1

f� 1 ; �

p

� 1 g if d = � 1

f� 1 g � h "

d

i if d > 0 ;

where "

d

is called the fundamental unit for Q (

p

d ) and is a generator of an in�nite

cyclic group.

Our goal w as to study the arithmetic of Z [

p

d ] via in�nite sums. T o this end,

de�ne a function �

d

: Z ! f 0 ; � 1 g in the follo wing manner. Let �

d

(1) = 1. If p is

a prime n um b er, put

�

d

( p ) =

8

>

>

>

>

<

>

>

>

>

:

0 if p j 4 d

1 if p - 4 d; p j ( x

2

� 4 d ) for some x 2 Z

� 1 otherwise :

Then extend �

d

m ultiplicativ ely:

�

d

( mn ) = �

d

( m ) � �

d

( n ) :
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(Later w e will recognize �

d

as the unique non trivial Diric hlet c haracter asso ciated

to our ab elian �eld extension.)

W e de�ne an L -function via

L ( s; �

d

) =

1

X

n =1

�

d

( n )

n

s

=

�

d

(1)

1

s

+

�

d

(2)

2

s

+

�

d

(3)

3

s

+

�

d

(4)

4

s

+

�

d

(5)

5

s

+ : : : ;

where s is a complex v ariable. This series initially con v erges absolutely and uni-

formly on compact subsets of < e ( s ) > 1, but it ma y b e analytically con tin ued to

the whole complex plane. Moreo v er, these sums ev en con v erge at s = 1.

A t this p oin t the en terprising reader can return to the sums (1.1), (1.2), and

(1.3) and w ork out that these are equal to L (1 ; �

� 1

), L (1 ; �

3

) and L (1 ; �

� 5

) re-

sp ectiv ely .

No w w e state an amazing theorem whic h links the v alue of these L -functions

at s = 1 to the class n um b er and the group of units. (This theorem arises from

writing the L -functions as a ratio of zeta functions . W e will pursue this approac h

extensiv ely and in m uc h greater generalit y in Chapter 4.)

Theorem 1.1.1. If d is an inte ger, 4 j ( d � 3) , and �

d

is as ab ove, then

L (1 ; �

d

) =

8

>

>

>

>

<

>

>

>

>

:

�

p

4 j d j

h

d

if d < � 1

�

4

h

� 1

if d = � 1

ln( "

d

)

p

d

h

d

if d > 0 :

A t this p oin t, if w e fo cus on d = � 5, w e can write a computer program that

sums for example the �rst one-h undred-thousand

5

terms of series (1.3), and outputs

5

One can get b ounds on ho w man y terms are needed, etc. W e are not attempting to fo cus on

this asp ect. Here one-h undred-thousand terms is easily su�cien t.
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the v alue

approx = 1 : 40494294620817527863092 2728

and compare this to

Pi = sqrt ( 20 ) = 0 : 70248147310407263931563 7464 3

According to Theorem 1.1.1, the ratio of these t w o n um b ers m ust b e the class

n um b er. That is

h

� 5

= 2 :

And w e could conclude via (1.5) that Z [

p

� 5] do es not ha v e unique factoriza-

tion. Notice that w e could conclude this en tirely n umerically , without recourse to

actually �nding an instance of non-unique factorization suc h as equation (1.4).

Similarly , if w e sum the �rst terms of the series (1.1) it quic kly con v erges to

� = 4 and w e learn that h

� 1

= 1, i.e. that the Gaussian in tegers Z [

p

� 1] do ha v e

unique factorization.

Exercise: Giv en the v alue of the sum (1.2) and that "

3

= 2 +

p

3, use Theo-

rem 1.1.1 to determine h

3

, and hence b y (1.5) whether Z [

p

3] has unique factor-

ization.

This long example has illustrated the connections b et w een v alues of certain L -

functions at s = 1 and quan tities arising from the unit group and the class group

of the asso ciated �eld. This is the concern of the Stark conjectures. In the next

section and those follo wing, w e shall generalize these ideas in the follo wing w a ys:

b y replacing the extension Q (

p

d ) = Q with an arbitrary �nite ab elian extension of
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n um b er �elds K =k , b y mo ving our p oin t of in terest

6

(via the functional equation)

from s = 1 to s = 0, and b y in tro ducing auxiliary sets of primes S and T .

1.2 A brief history of Stark-t yp e conjectures

Leonhard Euler (1707-1783) w as among the �rst to systematically study v alues

of analytically de�ned ob jects. In particular, he in v estigated what is no w called

the R iemann zeta function :

� ( s ) =

1

X

n =1

1

n

s

and deduced its pro duct form ula

� ( s ) =

Y

p prime

1

1 � p

� s

:

F or this reason, the factors in the pro duct are called Euler factors .

Ab out a cen tury later, Johann Lejeune Diric hlet (1805-1859) in tro duced a p e-

rio dic function (a Dirichlet char acter ) in to the n umerator of the zeta function and

called the result an L -function. W e ha v e already seen examples of these in the

previous section and learned that their sp ecial v alues are quite useful for learning

ab out arithmetic.

7

These da ys, L -functions are attac hed not to p erio dic functions of the natural

n um b ers, but rather to c haracters of a Galois group, a view whic h encompasses

6

This mo v e will require us to examine deriv ativ es of the L -functions, but this is not a fun-

damen tal c hange, as w e are really in terested merely in capturing the leading co e�cien t in the

p o w er series expansion ab out the sp eci�ed p oin t.

7

Diric hlet's foremost use of L -functions w as to pro v e his theorem on primes in progression:

for an y relativ ely prime natural n um b ers a and b , the set f ax + b j x a natural n um b er g con tains

in�nitely man y prime n um b ers.



8

the earlier de�nition b y recognizing ( Z =n Z )

�

as the Galois group of the cyclotomic

�eld of n

th

ro ots of unit y o v er Q .

The imp ortance of L -functions is that they pro vide a c haracter-b y-c haracter

factorization of the De dekind zeta function . Named after Ric hard Dedekind (1831-

1916), this function is attac hed to a n um b er �eld K , and can b e giv en b y the Euler

pro duct

�

K

( s ) =

Y

P a prime of K

1

1 � N P

� s

:

(See Section 2.2 for the notations.) If K = Q w e reco v er Riemann zeta.

W e ha v e

�

K

( s ) =

Y

�

L ( s; � ) ; (1.7)

where the pro duct runs o v er all the c haracters attac hed to the Galois group of

K = Q . W e shall re • encoun ter this form ula in greater generalit y .

These zeta and L -functions ha v e functional equations relating their v alues at s

and 1 � s . In the previous section w e studied v alues at s = 1. Ho w ev er, it turns

out one obtains simpler form ulae if one turns atten tion to s = 0. By the functional

equation, these are equiv alen t.

Expanding �

K

( s ) in a p o w er series at s = 0 giv es the analytic class n um b er

form ula

�

K

( s ) =

� h

K

R

K

w

K

s

d

+ O ( s

d +1

) : (1.8)

The leading term of the zeta function enco des the class n um b er ( h

K

), the n um b er

of ro ots of unit y in K ( w

K

) and a regulator ( R

K

) arising from the unit group of

K . Also app earing is d , the Z -rank of the unit group.
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Harold Stark w as p erhaps the �rst to susp ect that a natural rational factoriza-

tion of the regulator o ccurred in terms of the unit group. In a series of pap ers in

the 1970s and early 1980s Stark prom ulgated the Stark conjectures. These pro vide

a framew ork to in v estigate the natural question of ho w the leading term of �

K

( s )

factors in to the leading terms of the L -functions at s = 0. W rite the p o w er series

of eac h L -function at s = 0 as

L ( s; � ) = c ( � ) s

r ( � )

+ O ( s

r ( � )+1

) :

By com bining equations (1.7) and (1.8) w e kno w

d =

X

�

r ( � ) (1.9)

and

� h

K

R

K

w

K

=

Y

�

c ( � ) : (1.10)

One main question is whether w e can realize eac h c ( � ) as arising from a � -piece

of R

K

times some rational n um b er.

F urthermore, if this question is answ ered in the a�rmativ e, what then can

w e sa y ab out the rational n um b er? In a certain v ery sp eci�c case, Stark ga v e

an inte gr al conjecture whic h b ounds the denominators of these n um b ers. This

conjecture allo ws one to construct so-called Stark units out of the v alues of the

�rst deriv ativ es of the L -functions at s = 0. These Stark units are v ery useful and

m ysterious ob jects in n um b er theory . In some cases taking ro ots of Stark units

leads to a solution of Hilb ert's 12th Problem|explicit class �eld theory via sp ecial

functions. Hilb ert had in mind the w ell kno wn theory of exp onen tional function

exp ( x ) o v er Q and the j -function coming from the theory of complex m ultiplication
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o v er imaginary quadratic �elds. Stark suggests that at times w e ma y use c haracter

com binations of exp ( L

0

( s; � )) as our sp ecial function.

Let us place ourselv es in the setting of Stark's orginal in tegral conjecture. F or

the precise de�nitions of all the terms to follo w, consult the follo wing c hapter. Let

K =k b e an ab elian extension of n um b er �elds, with Galois group G . Let

b

G denote

the dual group of G . W e in tro duce a �nite set of primes S of the base �eld k ,

whic h con tains all of the in�nite and ramifying primes. F or the purp oses of this

discussion w e shall assume the cardinalit y of S is at least 3. This set S mo di�es the

L -functions, class groups, and unit groups as describ ed later. W e let w

K

denote

the n um b er of ro ots of unit y in K .

CONJECTURE ( The First Order Abelian St ark Conjecture ):

Supp ose further that S c ontains at le ast one prime v

0

which splits c ompletely in

K =k . Fix a prime w

0

of K which divides v

0

. Then Stark pr e dicts that ther e is a

unique element " 2 K with the fol lowing pr op erties:

(i) ( " evaluates derivatives of the L -functions) for e ach � in

b

G ,

L

0

S

(0 ; � ) =

� 1

w

K

X

� 2 G

� ( � ) log j "

�

j

w

0

;

(ii) ( " is an S -unit)

j " j

w

= 1 for all w not lying ab o v e a prime in S ,

and

(iii) (ab elian c ondition) the extension

K ( "

1 =w

K

) =k
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is ab elian.

Stark pro v ed this conjecture in [Sta80] under the assumption that k = Q or

k = Q (

p

� d ) (i.e. the t w o cases in whic h the solution to Hilb ert's 12th Problem

is already kno wn.) The next ma jor con tribution to the sub ject w as the publica-

tion of John T ate's b o ok L es c onje ctur es de Stark sur les fonctions L d'A rtin en

s=0 [T at84 ], in whic h a represen tation-theoretic approac h to the conjectures w as

highligh ted.

The splitting prime v

0

forces the non trivial L -functions to v anish with order at

least one. In some cases the �rst deriv ativ e of the L -function captures the leading

term of its p o w er series expansion at s = 0, but at other times is do es not. It is

a natural question, therefore, to ask for a similar in tegral-t yp e conjecture in the

cases of higher order of v anishing. Karl Rubin made suc h a conjecture when he

published [Rub96 ] in 1996. Rubin supp oses that S con tains r � 1 primes whic h

split completely in K =k and then predicts that the r

th

deriv ativ es of the L -functions

are captured under a regulator of an elemen t in a sublattice of the r

th

exterior p o w er

(o v er Z [ G ]) of the ( S; T ) � mo di�ed unit group U

K ;S;T

. (See c hapter 3). W e shall

call this the standard (Rubin) conjecture and denote it b y B ( K =k ; S; T ; r ). There

is extensiv e supp ort for Rubin's conjecture. Consult [P op04].

Rubin's conjecture uses an auxiliary smo othing set of primes T . (Suc h a set w as

�rst in tro duced b y Gross [Gro88 ].) By v arying T one recaptures the condition ( iii )

of Stark's original in tegral conjecture. The connection is made via a theorem w e

describ e in App endix A. It is condition ( iii ) that at times implies a solution to

Hilb ert's 12th problem via Stark units. Stark originally form ulated this condition
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merely b y asking that K ( "

1 =w

K

) =K =k b e a cen tral extension. F or a discussion and

a pro of of what is required to ac hiev e a cen tral extension, also see App endix A.

Y et there remains the question of in tegralit y when some of the v anishing at

s = 0 is pro duced b y non-split primes. Discussions b et w een Da vid Dummit and

Stark led Stark to form ulate The Extende d First Or der A b elian Stark Question in

2001. This question predicted a form ula similar to, but more complicated than, ( i )

in cases when there w as not necessarily a split prime in S but all L -functions

v anished with order at least one at s = 0. Stefan Eric kson in v estigated and pro v ed

certain cases of this question in his dissertation [Eri05 ].

The next step w as to create a conjecture whic h merged the Extended First Or-

der Question with Rubin's higher order in tegral conjecture. Cristian P op escu put

forw ard a suggestion in 2003 (a forthcoming article b y P op escu in tro ducing this

new conjecture is slated to b e submitted for publication this y ear [P op06 ]). This

extende d conjecture is outlined in Chapter 3, where w e denote it b y

e

B ( K =k ; S; T ).

(There are a sligh t v arian ts to B and

e

B also in tro duced and referred to as conjec-

tures C and

e

C .)

W e shall examine this extended conjecture in detail. Our main goals will b e

to (1) examine its functorialit y under c hange of �elds, and sets S and T , (2) pro v e

that the extended conjecture follo ws from kno wing the standard conjecture under

certain circumstances (and vice v ersa that the standard follo ws from the extended)

and (3) pro v e the extended conjecture outrigh t when p ossible.



Chapter 2

The ob jects of study

In this c hapter, w e carefully de�ne all notations and ob jects w e will b e studying

throughout this dissertation. The reader who is already familiar with the higher

order in tegral Stark conjecture of Rubin ma y wish to skim Sections 2.3 and 2.7

b efore pro ceeding directly to Chapter 3. Man y results of this c hapter are of a

tec hnical nature and ma y b e skipp ed up on a �rst reading and referred bac k to as

necessary .

2.1 Basic notations

F or a �nite set S , jS j or o ccasionally # S will denote the cardinalit y of S . F or

an y rational n um b er q and prime l w e factor q = l

m

� t with t relativ ely prime to l

and set ord

l

( q ) = m .

If A is a group and l is a prime n um b er, rk

l

( A ) is de�ned to b e ord

l

j A= A

l

j , if

this n um b er is �nite. Of course in�nite groups can and often do ha v e �nite l -ranks

13
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(for example if they are ab elian and �nitely generated). It is also imp ortan t to

recognize that if A is a �nite group, ord

l

j A j is alw a ys at least rk

l

( A ), and ma y b e

strictly greater. F or example, ord

2

j Z = 32 Z j = 5 while rk

2

( Z = 32 Z ) = 1.

If H is a subgroup of A , then ( A : H ) denotes the index of H in A . If M =k is

an extension of �elds, [ M : k ] is the dimension of M as a k -v ector space.

If G is another group, and A has a G -action, i.e., A is a mo dule o v er the ring

Z [ G ], then for a 2 A and � 2 Z [ G ] w e shall write the action as either � � a or a

�

,

primarily dep ending on whether w e w ere originally considering A as an additiv e

or m ultiplicativ e group. (A t times w e ev en mix the t w o notations.) F or an y ring

D � C w e abbreviate D A := D 


Z

A . (Almost alw a ys D = Q or D = C .) The

notation

b

H

i

( G; A ) denotes the i

th

T ate cohomology group of G with co e�cien ts in

A (c.f. [Cas67 ]).

2.2 Field extensions and factorization of primes

Throughout this dissertation, w e will usually tak e K =k to b e a �nite ab elian Ga-

lois extension of n um b er �elds. A numb er �eld is a �nite extension of the rational

n um b ers Q . T o sa y K =k is Galois means that Aut

k

( K ), the set of automorphisms

of K whic h �x k , has cardinalit y equal to [ K : k ]. W e call G ( K =k ) := Aut

k

( K )

the Galois gr oup , and when K =k is �xed often use simply the letter G to denote

it.

A n um b er �eld k has a canonical ring asso ciated to it, called the ring of inte gers

of k , and denoted O

k

. This ring is de�ned to b e the collection of elemen ts of k

whic h are the ro ot of some monic p olynomial with co e�cien ts in Z . As w as p oin ted
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out in the in tro duction, studying the arithmetic of O

k

is one of the main goals of

n um b er theory .

Primes , or plac es , of a n um b er �eld k come in t w o 
a v ors. The �rst t yp e, called

�nite or non-A r chime de an primes, can b e iden ti�ed simply with non-zero prime

ideals of the ring of in tegers O

k

. The second t yp e of prime is called in�nite or

A r chime de an . An in�nite prime v corresp onds to an em b edding �

v

: k , ! C . If

�

v

( k ) � R w e sa y v is a r e al plac e ; otherwise v is a c omplex plac e . Primes in general

are denoted b y the letters v or w . Finite primes shall o ccasionally b e denoted with

the letters p , P , p , q , etc .

A more holistic view is p ossible; w e could tak e a prime (in�n te or �nite) to b e

de�ned as an equiv alence class of absolute v alues on k . In particular, if v is a prime

of k , then the completion, k

v

, is C , R , or a �nite extension of the p -adic n um b ers

Q

p

, dep ending on whether v is a complex place, a real place, or a place of �nite

residue c haracteristic p , resp ectiv ely . The normalized absolute v alue corresp onding

to a �nite place p of k is

j � j

p

= ( N p )

� ord

p

( � )

;

where N p = jO

k

= p j is the cardinalit y of the residue �eld, and ord

p

is the natural

extension to ideals of the ord function from the previous section. When v is a real

in�nite place, j � j

v

is the usual R -absolute v alue of the corresp onding v -em b edding

of � . If v is complex, then j � j

v

= j �

v

( � ) j

2

is the square of the usual C -absolute

v alue of the v -em b edding of � .

W e are concerned with the b eha vior of primes in extensions K =k . If p is a �nite
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prime of k , then p O

K

is an ideal of O

K

whic h w e ma y factor

p O

K

= P

e

1

1

P

e

2

2

: : : P

e

g

g

in to primes of K . W e sa y that P

i

divides p , and write P

i

j p . F urthermore w e ha v e

the inertial de gr e e , whic h is the natural n um b er f

i

= f

P

i

j p

suc h that

N

K =k

P

i

= p

f

i

;

where N

K =k

denotes the norm map. It is not to o di�cult to sho w that

e

1

f

1

+ e

2

f

2

+ : : : + e

g

f

g

= [ K : k ] : (2.1)

If v is an in�nite prime of k and w is an in�nite prime of K , then w e sa y w

divides v if

�

w

j

k

= �

v

:

As ab o v e w e write w j v . If w is complex and v is real, then w e sa y v has c omplexi�e d

in K . F or a discussion of whether this corresp onds to rami�cation, see Section 2.6.

When K =k is Galois, e

1

= e

2

= : : : = e

g

, and w e shall denote this quan tit y

b y e = e

p

( K =k ) and call it the r ami�c ation index of p in K =k , and f

1

= f

2

=

: : : = f

g

whic h w e shall denote b y f = f

p

( K =k ) (and call it the inertial degree).

F orm ula (2.1) reduces to ef g = j G j . If g = j G j , w e sa y p splits c ompletely in K =k

and call p a splitting prime . When e > 1 w e sa y that p r ami�es in K =k . Only

�nitely man y primes (namely those dividing the discriminan t ideal d

K =k

) ramify in

an y �nite extension K =k .

Supp ose from no w on that K =k is Galois, with Galois group G . Let p b e a

�nite prime of k , and P a prime of K dividing p . The group G acts transitiv ely
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on the set of primes dividing p . W e de�ne the de c omp osition gr oup of P to b e the

stabilizer of P under this action:

G

P

= f � 2 G j P

�

= P g :

Because G acts transitiv ely , the decomp ostion group has cardinalit y ef .

W e ma y consider the residue �elds F

q

= O

k

= p and F

q

f = O

K

= P . These are

�nite �elds of order N p = q and N P = q

f

, resp ectiv ely . Eac h � 2 G

P

induces an

automorphism on O

K

= P via � + P 7! �

�

+ P . Suc h an induced automorphism

�xes O

k

= p (considered in the natural w a y as a sub�eld of O

K

= P ). One disco v ers

that all suc h automorphisms are ac hiev ed, and w e get an exact sequence:

0 � ! I

P

� ! G

P

'

� ! G ( F

q

f = F

q

) � ! 0 : (2.2)

The k ernel I

P

is called the inertial gr oup . The �nal Galois group G ( F

q

f
= F

q

) in

the exact sequence (2.2) is cyclic of order f with a canonical generator, called the

F rob enius, F : a 7! a

q

. It follo ws that the cardinalit y of I

P

is e .

Hence when p is unrami�ed, I

P

is trivial and ' in (2.2) is an isomorphism.

Therefore w e ma y pull bac k

�

P

= '

� 1

( F )

to arriv e at the F rob enius automorphism �

P

, whic h generates the decomp osition

group. Equiv alen tly , the F rob enius automorphism is the automorphism �

P

suc h

that

x

�

P

� x

N p

(mo d P )

for all x 2 O

K

. When sp ecifying the �elds is necessary w e shall either use the

notation �

P

( K =k ) or

�

K =k

P

�

.
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The next lemma lists the functorialit y prop erties of F rob enius automorphisms

under c hange of �eld and c hange of top prime.

Lemma 2.2.1. (i) If � is any automorphism in G ,

�

K =k

P

�

�

= �

� 1

�

K =k

P

�

� .

(ii) If M is a �eld interme diate to K and k , with prime } lying b elow P then

�

M =k

}

�

=

�

K =k

P

�

�

�

�

M

and

�

K = M

P

�

=

�

K =k

P

�

f

} j p

.

As a corollary of Lemma 2.2.1 (i) , if G is ab elian, then the F rob enius dep ends

not on P but merely on p . Hence in this situation (whic h is the situation in the

sequel), w e write �

p

instead of �

P

. Note that p splits completely in K =k if and

only if p is unrami�ed and �

p

= 1.

The unit group of k consists of the in v ertible elemen ts in O

k

, U

k

= O

�

k

. If S is

a �nite set of places of k , w e let O

k ;S

denote the ring O

k

lo calized at S , and the

S -unit group b e U

k ;S

= O

�

k ;S

.

2.3 Group rings, r -co v erings, and regulators

If G is a �nite ab elian group, all represen tations of G are 1-dimensional (equal

to their c haracters). The set of c haracters of G forms a group under m ultiplication

b

G = f � : G � ! C

�

j � is a group homomorphism g :

The trivial char acter is the c haracter that tak es ev ery group elemen t to 1 2 C

�

;

w e denote the trivial c haracter b y 1

G

.

W e ma y form the group rings Z [ G ] and C [ G ]. By standard represen tation
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theory , the second ring decomp oses

C [ G ] =

M

� 2

b

G

C e

�

; (2.3)

where

e

�

:=

1

j G j

X

� 2 G

� ( �

� 1

) � :

Lemma 2.3.1. The e

�

's have the fol lowing pr op erties:

(i) They ar e idemp otents: e

2

�

= e

�

.

(ii) They ar e ortho gonal: if � 6=  , e

�

e

 

= 0 .

(iii) They act as � -evaluators: if � 2 G , � � e

�

= � ( � ) e

�

:

This lemma pro v es the decomp osition of C [ G ]. Moreo v er, it follo ws that if M is

an y C [ G ]-mo dule, then M also decomp oses as a C [ G ]-mo dule in to � -comp onen ts:

M =

M

� 2

b

G

( e

�

M ) :

On the comp onen t ( e

�

M ), eac h � 2 G acts simply as m ultiplication b y � ( � ).

De�nition 2.3.2. L et S b e a set of primes of k and � 2

b

G , � not the trivial

char acter. We put

r

S

( � ) := # f v 2 S : � j

G

v

= 1

G

v

g :

F or the trivial char acter, 1

G

, we set

r

S

( 1

G

) := jS j � 1 :

If G is the Galois gr oup of K =k , we c al l

r

S

( K =k ) := min

� 2

b

G

r

S

( � )
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the minimal or der of vanishing for S with r esp e ct to K =k .

Final ly, for any inte ger j we de�ne (

b

G )

j; S

= f � 2

b

G : r

S

( � ) = j g .

Remarks :

(1) If � 2

b

G is not the trivial c haracter, there are exactly r

S

( � ) primes in S whic h

split completely in the extension K

k er �

=k . Indeed a prime v splits completely in

an y sub extension M of K con taining k if and only if G

v

� G ( K = M ).

(2) The reason for the terminology `minimal order of v anishing' is that if S con tains

all the in�nite and rami�ed primes, then r

S

( � ) is nothing more than the order of

v anishing at s = 0 of the S -incomplete L -function L

S

( s; � ). See [T at84, Prop osition

3.4] for details.

De�nition 2.3.3. If G is any subset of

b

G , we say that a set S is an r -co v er for G

if r

S

( � ) � r for al l � 2 G .

Lemma 2.3.4. If S

1

; S

2

� S ar e r -c overs for (

b

G )

r ;S

, then S

1

\ S

2

is as wel l.

Pr o of. Supp ose S

1

and S

2

are r -co v ers for (

b

G )

r ;S

. T ak e � 2 (

b

G )

r ;S

, � not the trivial

c haracter. Then there m ust b e exactly r distinct primes v

1

; :::; v

r

in S with the

prop ert y that � j

G

v

= 1

G

v

. These primes m ust b e in S

1

and S

2

b y the de�nition of

r -co v er. Hence they are in S

1

\ S

2

. Therefore r

S

1

\ S

2

( � ) = r .

On the other hand, if � 2 (

b

G )

r ;S

is the trivial c haracter, then it follo ws that

j S j = r + 1. In this situation, for S

1

and S

2

to b e r -co v ers for (

b

G )

r ;S

they also m ust

con tain at least r + 1 primes, so m ust in fact b e S .

Corollary 2.3.5. L et r = r

S

( K =k ) . The set

S

min

=

\

S

0

;
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wher e the interse ction is over al l S

0

� S that ar e r -c overs for (

b

G )

r ;S

, is the minimal

r -c over for (

b

G )

r ;S

.

De�nition 2.3.6. L et S b e a set of plac es of k , and K a �nite extension of k .

De�ne

S

K

= f w j w is a prime of K which divides v for some v 2 S g :

Let Y

S

b e the free ab elian group on S

K

. There is a natural homomorphism,

called the augmen tation map,

Y

S

aug

� ! Z � ! 0

sending an elemen t

P

w 2 S

K

n

w

� w to

P

w 2 S

K

n

w

. W e de�ne X

S

to b e the k ernel of

aug .

W e de�ne, for an y Q [ G ]-mo dule M ,

( M )

r ;S

= f m 2 M : e

�

� m = 0 in C M for all � 2

b

G suc h that r ( � ) 6= r g :

(Often w e will extend scalars of an y Z [ G ]-mo dules to at least Q [ G ].) W e consider

( � )

r ;S

as a functor from the category of Q [ G ]-mo dules to itself. If w e ha v e a Q [ G ]-

mo dule homomorphism M

1

�

� ! M

2

, then w e put ( � )

r ;S

:= � j

( M

1

)

r ;S

. Note that

this is w ell-de�ned; if m 2 ( M

1

)

r ;S

then � ( m ) 2 ( M

2

)

r ;S

:

It will b e useful to in tro duce more group-ring idemp oten ts. In particular, for

an y natural n um b er j w e ma y form the idemp oten t

e

j

=

X

� 2

b

G

r

S

( � )= j

e

�

:
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Lemma 2.3.7. Each e

j

is an element of Q [ G ] .

Pr o of. This is ob vious if there are no � 2

b

G with r

S

( � ) = j . Otherwise this follo ws

from the fact that if � is an automorphism of C , then r

S

( � � � ) = r

S

( � ). (Because

� and � � � ha v e the same k ernel. Indeed for an y t w o c haracters � and  in

b

G ,

there exists a C -automorphism � with  = � � � if and only if k er  = k er � .)

Hence w e ma y group our c haracters b y their k ernels, and notice that if w e tak e

(for some  ), H = k er  , then

X

� 2

b

G

k er( � )= H

e

�

=

1

j G j

 

�( n )

X

� 2 H

� + T r

Q ( �

n

) = Q

( �

n

)

X

� = 2 H

�

!

2 Q [ G ] :

where w e let n =

j G j

j H j

, �( � ) is Euler's totien t function, �

n

is a primitiv e n th

ro ot of unit y and T r denotes the trace. (Notice that �( n ) is nothing more than

T r

Q ( �

n

) = Q

(1).)

Remark : If w e thro w in more of the e

�

's w e arriv e at an ev en nicer form ula: F or

any subgroup H � G ,

X

� 2

b

G

H � k er �

e

�

=

1

j H j

N

H

; (2.4)

where

N

H

=

X

h 2 H

h 2 Z [ G ] (2.5)

is the algebr aic norm attac hed to the subgroup H . This can b e pro v ed b y applying

eac h  2

b

G to b oth sides of the equation. If H � k er  w e get 1 = 1, and otherwise,

0 = 0. By the direct sum decomp osition of C [ G ], equation (2.3), w e are done.



23

Lemma 2.3.8. The functor ( � )

r ;S

fr om the c ate gory of Q [ G ] -mo dules to itself has

the fol lowing pr op erties

(i) It is exact.

(ii) It c ommutes with taking exterior pr o duct over Q [ G ] .

Pr o of. (i) Supp ose 0 � ! A

�

� ! B

�

� ! C � ! 0 is a short exact sequence of

Q [ G ]-mo dules. Being merely a restriction, ( � )

r ;S

is still injectiv e. If c 2 ( C )

r ;S

, Let

b 2 B b e suc h that � ( b ) = c . Put b

0

=

P

r ( � )= r

e

�

� b = e

r

� b . Then b

0

2 ( B )

r ;S

, and

� ( b

0

) = e

r

� c =

X

� 2

b

G

e

�

� c = c:

Hence ( � )

r ;S

is on to ( C )

r ;S

.

Exactness in the middle is an equally easy exercise.

(ii) Let M b e a Q [ G ]-mo dule, and n a p ositiv e in teger. W e wish to pro v e that

�

V

n

Q [ G ]

M

�

r ;S

=

V

n

Q [ G ]

( M )

r ;S

: The inclusion ( � ) is immediate. On the other hand,

if m = m

1

^ : : : ^ m

n

2

�

V

n

Q [ G ]

M

�

r ;S

, then

m = e

r

� m = e

n

r

� m = ( e

r

� m

1

) ^ : : : ^ ( e

r

� m

n

) 2

n

^

Q [ G ]

( M )

r ;S

:

The pro of concludes b y the linearit y of m ultiplication b y e

r

.

Lemma 2.3.9. If j S j > r + 1 , ( C

V

r

X

S

)

r ;S

= ( C

V

r

Y

S

)

r ;S

:

Pr o of. T ensoring the exact sequence 0 � ! X

S

� ! Y

S

� ! Z � ! 0 with the 
at

Z -mo dule C yields an exact sequence 0 � ! C X

S

� ! C Y

S

� ! C e

1

� ! 0, where

w e write C e

1

to emphasize the trivial G -action. No w apply the functor ( � )

r ;S

,

noting that the functor annilihates C e

1

if and only if j S j > r + 1. No w use b oth

(i) and (ii) of Lemma 2.3.8.
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F or eac h v 2 S , arbitrarily �x a single w 2 S

K

with w j v . W e de�ne a regulator

map

C U

K ;S

R

S

� ! C X

S

via R

S

( u ) =

P

v 2 S

l

w

( u ) � w , where

l

w

( u ) =

1

j G

v

j

X

� 2 G

log j u

�

� 1

j

w

� � :

Prop osition 2.3.10. The map R

S

is a C [ G ] -isomorphism.

Pr o of. That the map is a C [ G ]-homomorphism is easily c hec k ed. Supp ose u 2 U

K ;S

and R

S

( u ) = 0. Then u has trivial v aluation at ev ery single prime of K , and hence

is a ro ot of unit y . But the image of suc h an elemen t in C U

K ;S

is trivial. It follo ws

that as a map of C -v ec tor spaces, R

S

is injectiv e. Since C U

K ;S

and C X

S

ha v e the

same dimension o v er C (see Lemma 2.5.1 in the follo wing unit group section), the

prop osition follo ws.

F rom this isomorphism w e get an isomorphism of exterior algebras

C

V

r

U

K ;S

V

r

R

S //
C

V

r

X

S

:

Recall that for an y set S = f v

1

; :::; v

j S j

g ; of places of the base �eld k w e ha v e

arbitrarily �xed a prime w

i

of K dividing v

i

. W e also �x an arbitrary order on S ,

so that if w e pic k a subset I = f v

i

1

; :::; v

i

r

g of S with exactly r elemen ts, w e ma y

put w

I

= w

i

1

^ ::: ^ w

i

r

and there is no am biguit y ab out the sign. If S

0

� S has

more than r elemen ts w e put

w

S

0

=

X

w

I

;
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where the summation runs o v er all subsets I of S

0

of cardinalit y exactly r . (Eac h

distinct subset giv es rise to only one summand; w e alw a ys order the subscripts in

increasing order.) W e in tro duce the notation P ( S ) for the p o w er set of S , and

P

r

( S ) for the set of all subsets of S of cardinalit y exactly r . Th us w e could write

w

S

0

=

P

I 2P

r

( S )

w

I

.

Prop osition 2.3.11. Assume S is an r -c over for

b

G . Then S

0

� S is an r -c over

for (

b

G )

r ;S

if and only if ( C

V

r

Y

S

)

r ;S

is a fr e e ( C [ G ])

r ;S

-mo dule of r ank 1 and b asis

w

S

0

.

Pr o of. F or this pro of w e refer the reader to [P op06].

Let �

S

min

b e the map that sends an elemen t � � w

S

min

in ( C

V

r

Y

S

)

r ;S

to � 2 C [ G ].

This map is w ell de�ned b y the previous prop osition. In the follo wing sequence

(with our standing assumption that j S j > r + 1), eac h map is an isomorphism of

C [ G ]-mo dules

 

C

r

^

U

K ;S

!

r ;S

V

r

R

S

� !

 

C

r

^

X

S

!

r ;S

� !

 

C

r

^

Y

S

!

r ;S

�

S

min

� ! C [ G ]

r ;S

:

W e call the comp osite of these maps the S

min

-regulator attac hed to the extension

K =k , and denote it R

K =k ;S

. A t times, in the in terest of succinct t yp ograph y , w e

ma y suppress either or b oth of the subscripts.

Th us far, the regulators w e ha v e b een discussing do not resem ble the stan-

dard regulators of algebraic n um b er theory , namely determinan ts of logarithms.

Ho w ev er, w e mak e that connection next. F or the �eld extension K =k , with primes

w

1

; : : : ; w

r

w e de�ne y et another regulator map. Let W = w

1

^ : : : ^ w

r

2

V

r

Z [ G ]

Y

K

,
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and for u

1

; : : : ; u

r

2 U

K ;S

put

R

W

( u

1

^ : : : ^ u

r

) = det

1 � i;j � r

�

l

w

j

( u

i

)

�

2 C [ G ] ;

and then extend this map to all of C

V

r

Z [ G ]

U

K ;S

via linearit y . These are the regula-

tors that will b e used when stating the so-called standar d conjectures in the next

c hapter. It is not surprising, p erhaps, that they ha v e a link with the regulator

R

K =k ;S

whic h w e ha v e already de�ned. F or the pro of of the next theorem, see

[P op06].

Theorem 2.3.12.

R

K =k

= R

w

S

min

=

X

I 2P

r

( S

min

)

R

w

I

:

Supp ose H is a subgroup of G . Put M = K

H

, and � = G=H = G ( M =k ).

There is a natural pro jection � = �

K = M

: G ! �, whic h ma y b e extended to a

map C [ G ] ! C [�]. By abuse of notation w e use � to denote b oth.

Prop osition 2.3.13. F or any z 2 C

V

r

U

K ;S

,

�

K = M

R

K =k

( z ) = R

M =k

( N

( r )

M =K

z ) :

Pr o of. By the linearit y of all op erators considered, it su�ces to assume z is a

simple tensor, z = u

1

^ : : : ^ u

r

. Let v

1

; :::; v

r

b e an y r primes of k , and �x w

i

jq

i

j v

i

primes of K = M =k , resp ectiv ely .

Recalling the w a y w e normalize our absolute v alues, and that for decomp osition
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groups, j H

q

j = j G

v

j = 1 = j �

v

j , w e ha v e

� l

w

( u ) =

1

j G

v

j

X

� 2 G

log j u

�

� 1

j

w

� � H

=

1

j G

v

j

X

� H rep.

G=H

 

X

h 2 H

log j u

h

� 1

�

� 1

j

w

!

� � H

=

1

j G

v

j

X

� H rep.

G=H

log j N

K = M

( u

�

� 1

) j

w

� � H

=

1

j G

v

j

X

� H rep.

G=H

log j ( N

K = M

u )

�

� 1

H

j

j H

q

j

q

� � H

= l

q

( N

K = M

u )

for an y u 2 U

K ;S

.

Let q = q

1

^ : : : ^ q

r

and W = w

1

^ : : : ^ w

r

. Then

� R

W

( z ) = � det

1 � i;j � r

( l

w

i

( u

j

)) = det

1 � i;j � r

( l

q

i

( N

K = M

u

j

)) = R

q

( N

( r )

K = M

z ) :

Hence, w e are done b y Theorem 2.3.12.

Finally w e need to construct a map that is a one-sided in v erse of �

K = M

. W e

de�ne

	

K = M

: C [�] � ! C [ G ]

P

� H 2 �

n

� H

� � H 7� !

1

j H j

P

� 2 G

n

� H

� �

Lemma 2.3.14. The map 	

K = M

has the fol lowing pr op erties:

(i) �

K = M

� 	

K = M

= id

C [�]

(ii) 	

K = M

� �

K = M

= ( multiplic ation by

1

j H j

N

H

in C [ G ] )

(iii) F or � 2

b

� any char acter, 	

K = M

( e

�

) = e

� � �

K= M

.
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Pr o of. These are all straigh t-forw ard computations. As an example, w e p erform

the computation for (iii) :

	( e

�

) = 	

 

1

j � j

X

� H 2 �

� (( � H )

� 1

) � H

!

=

1

j � jj H j

X

� 2 G

� ( �

� 1

H ) � �

=

1

j G j

X

� 2 G

( � � � )( �

� 1

) � �

= e

� � �

:

2.4 Artin L -functions

Let S b e a �nite set of primes of k . As a standing assumption, S con tains

all the Arc himedean primes, and those ramifying in K =k . De�ne, originally for

< e ( s ) > 1, a so-called G -equiv arian t ( S; T )-mo di�ed L -function

�

K =k ;S;T

( s ) : C ! C [ G ]

b y

�

K =k ;S;T

( s ) =

Y

v = 2 S

(1 � �

� 1

v

N v

� s

)

� 1

Y

v 2 T

(1 � �

� 1

v

N v

1 � s

) (2.6)

The pro duct con v erges absolutely and uniformly on compact subsets of < e ( s ) > 1.

The function giv en b y the pro duct ma y b e uniquely analytically con tin ued to a

en tire function on C n f 1 g with a simple p ole at s = 1, thereb y de�ning �. The

individual term (1 � �

� 1

v

N v

� s

)

� 1

is called the Euler factor asso ciated to v . The

terms app earing righ tmost are called the smo othing factors asso ciated to T .
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There is an alternate w a y to write �

K =k ;S;T

( s ):

�

K =k ;S;T

( s ) =

X

� 2

b

G

L

K =k ;S;T

( s; �

� 1

) e

�

; (2.7)

where L

K =k ;S;T

( s; � ) is the ( S; T )-mo di�ed Artin L -function attac hed to � . Sp ecif-

ically the L -functions are giv en b y the form ula:

L

S;T

( s; � ) =

Y

v = 2 S

(1 � � ( �

v

) N v

� s

)

� 1

Y

v 2 T

(1 � � ( �

v

) N v

1 � s

) :

Because w e are assuming K =k is ab elian, all represen tations are 1-dimensional

and w e do not need to consider the determinan t of the action as is done in gen-

eral (see [Neu99, VI I x 12]). F urther, b ecause S con tains all in�nite and ramifying

primes, w e a v oid de�ning Euler factors for these \bad" primes.

If one m ultiplies out the Euler factors, one obtains (for simplicit y taking T = ; )

L

S

( s; � ) =

X

� ( �

a

)

( N a )

s

;

where the sum is o v er all (in tegral) ideals a of k relativ ely prime to S . The

automorphism �

a

is de�ned b y

�

a

= �

p

1

�

p

2

: : : �

p

t

where a = p

1

p

2

: : : p

t

is the prime factorization of a .

When G is ab elian, these functions ma y b e extended to analytic functions of

the en tire complex plane for � 6= 1 and L

K =k ;S;T

( s; 1 ) = �

k ;S;T

( s ) is analytically

con tin ued to the whole plane except for a simple p ole at s = 1.

As in the previous section, w e tak e H � G a subgroup and put M = K

H

, and

� = G=H = G ( M =k ). W e denote the natural pro jection C [ G ] ! C [�] b y � . In
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this situation, Artin L -functions satisfy some w ell-kno wn functorialit y prop erties,

whic h are summarized in the next prop osition.

Prop osition 2.4.1. (i) (In
ation) If  : G ( M =k ) ! C

�

is any char acter, then

 � � is a char acter of G ( K =k ) and

L

K =k

( s;  � � ) = L

M =k

( s;  ) :

(ii) (R estriction) If e� : G ( K = M ) ! C

�

is a char acter of G ( K = M ) , then

L

K = M

( s; e� ) =

Y

� 2

\

G ( K =k )

� j

G ( K= M )

= e�

L

K =k

( s; � ) :

Pr o of. The pro of is based on lo oking one-at-a-time at eac h Euler factor coming

from a prime in the base �eld. See for example [Neu99 , Prop osition VI I.10.4].

Remarks : (1) Notice that in part (ii) if w e tak e M = K , and e� to b e (b y

necessit y) the trivial c haracter, then w e reco v er the imp ortan t form ula

�

K

( s ) =

Y

� 2

b

G

L

K =k

( s; � ) :

(2) Also, b ecause of these prop erties, w e could suppress the notation of whic h

�elds w e are w orking with from the L -functions, ho w ev er w e will mainly only do

this when the �elds are �xed.

(3) All stated prop erties also hold for S - and ( S; T )-mo di�ed L -functions.

Let us push the idea in Remark (1) a bit further and pro v e an am using lemma

whic h relates the total splitting of the primes of S in K =k to their splitting in eac h

cyclic sub extension of K =k .
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Lemma 2.4.2. F or any set of primes S of the b ase �eld k , we have the fol lowing

e quality

X

� 2

b

G

� 6= 1

G

r

S

( � ) =

X

v 2S

( g

v

� 1) ; (2.8)

wher e g

v

=

j G j

j G

v

j

is the numb er of primes of K lying ab ove v .

Pr o of. By Remark (1) ab o v e, w e ma y conclude (b y dividing the zeta function of k

across) that

ord

s =0

( �

K ; S

( s )) � ord

s =0

( �

k ; S

( s )) =

X

� 2

b

G

� 6= 1

G

ord

s =0

( L

K =k ; S

( s; � )) :

The righ t hand side is exactly

P

� 2

b

G

� 6= 1

G

r

S

( � ), while the left hand side is ( jS

K

j �

1) � ( jS j � 1). But jS

K

j =

P

v 2S

g

v

.

2.5 Unit groups

A t the heart of the theory lies the ( S; T )-mo di�ed unit group U

K ;S;T

, de�ned

b y

U

K ;S;T

=

�

u 2 K

�

: j u j

w

= 1 ( 8 w 62 S

K

) ; u � 1 (mo d P ) ( 8 P 2 T

K

)

	

:

In this section, w e collect sev eral (sligh tly disjoin ted) lemmas that will help us

when w orking with these groups. Let us describ e their structure as Z - and Z [ G ]-

mo dules. The �rst is not far to seek; the follo wing lemma describ es the Z -structure

completely .
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Lemma 2.5.1. As ab elian gr oups, U

K ;S

�

=

�

K

� Z

j S

K

j� 1

, and U

K ;S;T

�

=

�

K ;T

�

Z

j S

K

j� 1

wher e �

K

(r esp e ctively �

K ;T

) is the gr oup of r o ots of unity of K (r esp e ctively

r o ots of unity of K c ongruent to 1 mo dulo every prime in T

K

).

Pr o of. The �rst is the w ell-kno wn Diric hlet Theorem for S -units (see e.g. [Gra03 ]

or [Neu99]). F or the second, supp ose that u

1

; : : : ; u

n

( n = j S

K

j � 1) is a basis for

U

K ;S

=�

K

. Then b y F ermat's Little Theorem, if w e raise eac h u

i

to a high enough

p o w er � , w e will ha v e u

�

i

� 1 (mo d M

T

) where M

T

is the pro duct of all the primes

in T

K

. Hence the Z -rank of U

K ;S;T

is at least that of U

K ;S

, but as the former is

con tained in the latter, the ranks m ust b e equal. The reduction from �

K

to �

K ;T

is immediate.

The structure of U

K ;S;T

(or U

K ;S

) as a Z [ G ]-mo dule is not w ell understo o d.

Indeed, coming to understand this structure is one of the k ey hop es of pursuing

Stark-t yp e conjectures.

When w e deal with ( S; T )-mo di�ed ob jects in the conjectures that are to follo w,

w e will b e making the requiremen t that U

K ;S;T

is Z -torsion free, or equiv alen tly ,

that �

K ;T

= f 1 g . This is not at all hard to ac hiev e, as evidenced b y the follo wing

lemma.

Lemma 2.5.2. The c ondition that U

K ;S;T

is Z -torsion-fr e e is satis�e d if T c ontains

at le ast one prime p that do es not divide w

K

O

K

(wher e w

K

denotes the numb er of

r o ots of unity in K ).

Pr o of. Consider the function f ( x ) = x

w

K

� 1, whic h is a (reducible) de�ning

equation for the ro ots of unit y in O

K

. Let P b e a prime of K lying ab o v e p . The
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fact that f

0

( x ) = w

K

x

w

K

� 1

is trivial (mo d P ) only at x � 0 (mo d P ) tells us that

the ro ots of f are distinct (mo d P ). Hence for � 2 �

K

,

� 6= 1 ) � 6� 1 (mo d P ) ) � =2 U

K ;S;T

:

In the coming sections, when w e de�ne certain lattices inside C

V

r

U

K ;S

w e will

b e w orking not only with the unit groups, but also with their Z [ G ]-duals. As usual

w e need to understand their b eha vior under c hange of �eld.

Lemma 2.5.3. F or any Z [ G ] -mo dule M ther e is an isomorphism of ab elian gr oups

Hom

Z

( M ; Z )

�

=

Hom

Z [ G ]

( M ; Z [ G ]) :

Pr o of. An isomorphism is giv en b y the map ' 7� ! ( m 7!

P

� 2 G

' ( m

�

) � �

� 1

), with

in v erse map � 7� ! ( m 7! (co e�cien t of id

G

in � ( m ))). See [Rub96].

De�nition 2.5.4. We fol low [Pop04 , Se ction 4], in de�ning a map

N

�

K = M

: Hom

Z [ G ]

( U

K ;S;T

; Z [ G ]) ! Hom

Z [ �]

( U

M ;S;T

; Z [�])

via

( N

�

K = M

' )( u ) =

1

[ K : M ]

�

K = M

� ' � �

K = M

( u ) : (2.9)

Lemma 2.5.5. If

b

H

1

( G ( K = M ) ; �

K ;T

) = 1 , then the map N

�

K = M

is surje ctive.

Pr o of. The sequence 1 ! U

M ;S;T

! U

K ;S;T

! U

K ;S;T

=U

M ;S;T

! 1 leads to a long

exact sequence

1 ! Hom

Z

( U

K ;S;T

=U

M ;S;T

; Z ) ! Hom

Z

( U

K ;S;T

; Z ) ! Hom

Z

( U

M ;S;T

; Z )

�

!

Ext

1

Z

( U

K ;S;T

=U

M ;S;T

; Z ) ! Ext

1

Z

( U

K ;S;T

; Z ) ! Ext

1

Z

( U

M ;S;T

; Z ) ! 1 :
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The �nal term is 1 b ecause, for an y ab elian group A , Ext

i

Z

( A; Z ) is trivial if

i � 2 (see [DF91 , Section 17.1]). F urther, #Ext

1

Z

( A; Z ) is equal to the order of the

torsion subgroup of A , if it is �nite.

Let us sho w, b y coun ting cardinalities, that the long exact sequence ab o v e

splits in to t w o short exact sequences at � . Pic k a u in the torsion subgroup Z of

U

K ;S;T

=U

M ;S;T

, so that u

n

2 U

M ;S;T

for some n � 1. Consider the map H ! �

K ;T

,

� 7! u

� � 1

. Let's justify that �

K ;T

is indeed the target of this map. F or eac h

h 2 H := G ( K = M ), w e then ha v e ( u

h � 1

)

n

= ( u

n

)

h � 1

= 1, so that u

h � 1

= �

h

is

some n

th

ro ot of unit y in U

K ;S;T

. One c hec ks that this map is a 1-co cycle. (Indeed,

u

� � � 1

= u

� � � � + � � 1

= u

� � 1

u

� ( � � 1)

.) Th us, b y mo dding out cob oundaries, this map

induces one

1 ! k er ' ! Z

'

!

b

H

1

( H ; �

K ;T

) ;

where k er ' = �

K ;T

U

M ;S;T

=U

M ;S;T

�

=

�

K ;T

=�

M ;T

. By assumption, the cohomology

group

b

H

1

( H ; �

K ;T

) is trivial, and hence Z

�

=

k er ' . W e conclude that # Z =

w

K;T

w

M ;T

and hence b y lo oking at cardinalities,

1 ! Ext

1

Z

( U

K ;S;T

=U

M ;S;T

; Z ) ! Ext

1

Z

( U

K ;S;T

; Z ) ! Ext

1

Z

( U

M ;S;T

; Z ) ! 1

is exact, so that

1 ! Hom

Z

( U

K ;S;T

=U

M ;S;T

; Z ) ! Hom

Z

( U

K ;S;T

; Z )

res

K= M

! Hom

Z

( U

M ;S;T

; Z ) ! 1

is an exact sequence.

Next, one c hec ks that the diagram
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Hom

Z

( U

K ;S;T

; Z )

res

K= M //

�

=

��

Hom

Z

( U

M ;S;T

; Z )

�

=

��
Hom

Z [ G ]

( U

K ;S;T

; Z [ G ])

N

�

K= M //
Hom

Z [�]

( U

M ;S;T

; Z [�])

is comm utativ e. W e ha v e just seen that the top map in the ab o v e comm utativ e

diagram is surjectiv e. Since the v ertical maps are isomorphisms (b y Lemma 2.5.3),

it follo ws that the b ottom map is also surjectiv e.

Note of course that if, as w e often assume, �

K ;T

= f 1 g then

b

H

1

( H ; �

K ;T

) is

ob viously trivial.

It will b e imp ortan t to kno w ho w the map N

�

in teracts with the natural pro-

jection and elemen ts of the dual group of U

K ;S;T

. The answ er lies in the follo wing

Lemma 2.5.6. If z 2 Q

V

r

Z [ G ]

U

K ;S;T

and �

1

; : : : ; �

r

2 U

�

K ;S;T

, we have

�

K = M

( �

1

^ : : : ^ �

r

)( z ) = (( N

�

K = M

�

1

) ^ : : : ^ ( N

�

K = M

�

r

))( N

( r )

K = M

z ) :

Pr o of. By linearit y , it su�ces to assume z = u

1

^ : : : ^ u

r

. Then

�

K = M

( �

1

^ : : : ^ �

r

)( u

1

^ : : : ^ u

r

) = �

K = M

det( �

i

( u

j

))

= det ( �

K = M

�

i

( u

j

))

= det

�

�

K = M

N

K = M

[ K : M ]

�

i

( u

j

)

�

= det

�

1

[ K : M ]

�

K = M

�

i

( N

K = M

u

j

)

�

= det

�

( N

�

K = M

�

i

)( N

K = M

u

j

)

�

= (( N

�

K = M

�

1

) ^ : : : ^ ( N

�

K = M

�

r

))( N

( r )

K = M

z )

as desired.
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Finally w e round out this section b y pro ving that the ev aluators w e will b e

examining in the rest of this dissertation are supp orted only at certain primes.

Lemma 2.5.7. Supp ose that S c ontains exactly r primes that split c ompletely in

the extension K =k and u 2 ( U

K ;S

)

r ;S

. Then j u j

w

= 1 for al l primes w not dividing

the split primes in S .

Pr o of. Fix suc h a w and call v the prime b elo w it in k . If v =2 S then j u j

w

= 1 b y

the de�nition of U

K ;S

. So supp ose v 2 S , in whic h case w e are assuming v do es

not split completely in K =k , so the decomp osition group G

v

is non trivial.

W e w ork with the elemen t � = j G j e

r

2 Z [ G ]. As u 2 ( U

K ;S

)

r ;S

, e

r

� u = u in

C U

K ;S

, whic h means that u

�

= � � u

j G j

for some ro ot of unit y � . By applying the

absolute v alues,

j u j

j G j

w

=

Y

� 2 G

�

�

�

u

P

� 2

b

G

r ;S

� ( �

� 1

) �

�

�

�

w

=

Y

� 2 G

�

�

�

u

P

� 2

b

G

r ;S

� ( � )

�

�

�

w

�

=

Y

� 2 G=G

v

�

�

�

u

P

� 2

b

G

r ;S

� ( � )

P

� 2 G

v

� ( � )

�

�

�

w

�

= 1 :

The last equalit y holds b ecause in general

P

� 2 G

v

� ( � ) is either j G

v

j or 0 based on

whether G

v

� k er � or not|ho w ev er � 2

b

G

r ;S

means that for primes in S , only

the r split ones ha v e G

v

� k er � .

Since j u j

w

is a nonnegativ e real n um b er, j u j

w

= 1.
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2.6 Class �eld theory

Class �eld theory has in timate connections with Stark's conjectures, whic h is

apparen t from the h

K

�guring so prominen tly in the seminal form ula

�

K

( s ) = �

h

K

R

K

w

K

s

d

+ O ( s

d +1

) :

In the higher order conjectures, the b eha viors of the primes in S m ust b e kno wn.

Do they ramify in K =k ? Ho w man y of them split in eac h sub extension? This is

one of the t w o uses w e will ha v e for class �eld theory: it go v erns these b eha viors.

When w e turn to studying extensions of exp onen t t w o (Chapter 4), w e need to

understand the 2-rank of certain ideal class groups. In this section w e in tro duce

these groups and b egin to discuss relationships b et w een their ranks.

Throughout this section w e will follo w the notational con v en tions found in Gras

[Gra03 ]. W e �x a n um b er �eld k and tak e S and T to b e a �nite disjoin t sets of

places of k . Let I

k

denote the group of fractional ideals of k , and P l

0

denote the set

of �nite places of k . Similarly P l

1

; P l

r

1

; and P l

c

1

denote the in�nite places, and

the real and complex subsets of them, resp ectiv ely . Finally , for a rational prime

n um b er p 2 Z , P l

p

denotes the primes of k that divide p . F or an y set of places T

w e denote T

0

= T \ P l

0

. W e can form the ideal

M

T

=

Y

p 2T

0

p :

W e consider subgroups of fractional ideals|�rst those relativ ely prime to T :

I

k ; T

= f a 2 I

k

j ( a ; M

T

) = 1 g :
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No w for an y ideal M and an y subset � � P l

r

1

, w e form the principal ra y class

P

k ; M ; �

= f ( a ) 2 I

k ; supp( M )

j a 2 k

�

; a � 1 (mo d M ) ; �

v

( a ) > 0 8 v 2 � g :

De�nition 2.6.1. Given a �nite sets S of plac es of k , and an ide al M with

supp ( M ) \ S = ; , we de�ne the S -r ay class gr oup mo dulo M to b e the quotient

C l

k ;S; M

= I

k ; supp ( M )

=P

k ; M ;S

r

1

h S

0

i :

The class groups of in terest to us generally ha v e a tame mo dulus with supp ort

equal to T , so w e giv e these a sp ecial name:

De�nition 2.6.2. The ( S; T ) -mo di�e d class gr oup of k is

A

k ;S;T

= C l

k ;S; M

T

:

If T is the empty set, we often abbr eviate A

k ;S

:= A

k ;S; ;

.

The fundamen tal theorems of class �eld theory (applied to these circumstances)

no w com bine to giv e:

Theorem 2.6.3. Ther e exists a �eld H

k ;S;T

which is a �nite Galois extension of k ,

c ouple d with a gr oup isomorphism, c al le d the A rtin map, A

k ;S;T

�

=

� ! G ( H

k ;S;T

=k ) .

Mor e over H

k ;S;T

is the maximal ab elian extension of k , which is unr ami�e d outside

T , at most tamely r ami�e d in T , and in which al l primes in S split c ompletely.

Remark : Unlik e man y other sources, w e follo w Gras [Gra03 ] and Neukirc h [Neu99]

(in particular, see the discussion after Prop osition I I I.3.13 in Neukirc h) in calling

a complexifying in�nite prime \inert" as opp osed to \ramifying." One then places
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an y in�nite prime one do es not w an t \to ramify", i.e., one wishes to split, in to S .

Th us b y not including an y in�nite primes in S one gets a narr ow class �eld, and

b y including all of them one gets an or dinary class �eld.

De�nition 2.6.4. The c ar dinality of A

k ;S;T

, or e quivalently of G ( H

k ;S;T

=k ) , is

denote d h

k ;S;T

; we r efer to it as the ( S; T ) -mo di�e d class numb er.

As men tioned b efore, in Chapter 4 w e study m ultiquadratic extensions, and

the prime 2 is of utmost imp ortance. Therefore w e giv e primes that divide 2, i.e.,

those in P l

2

, a sp ecial name, and call them dyadic primes.

Theorem 2.6.5. Supp ose S c ontains the set of A r chime de an plac es P l

1

, and that

T c ontains no dyadic primes and is disjoint fr om S . Then

rk

2

( C l

k ;S; M

T

) � rk

2

( C l

k ;T ; M

�

) = j T j � j S j ;

wher e

M

�

=

Y

p 2 S

0

n S

2

p

Y

p 2 S

2

p

2 e

p

( k = Q )+1

Y

p 2 P l

2

n S

2

p

2 e

p

( k = Q )

:

Pr o of. If w e apply [Gra03 , Theorem I.4.6(ii)] to this situation, w e obtain

rk

2

( C l

k ;S;T

) � rk

2

( C l

k ;T ; M

�

) = j T j � j S j ;

where C l

k ;S;T

= lim

 �

C l

k ;S; N

with the pro jectiv e limit tak en o v er all N with supp ort

in T . It remains to sho w rk

2

( C l

k ;S;T

) = rk

2

( C l

k ;S; M

T

), whic h is ac hiev ed b y the

follo wing argumen t. Let N =

Q

p 2 T

p

n

p

b e an y ideal with n

p

> 0 for all p 2 T (i.e.

M

T

j N ). According to Corollary I.4.5.4 in [Gra03 ],

0 � rk

2

( C l

k ;S; N

) � rk

2

( C l

k ;S; M

T

) �

X

p 2 T

rk

2

(( U

p

)

2

U

(1)

p

= ( U

p

)

2

U

( n

p

)

p

) ;
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where U

p

is the group of lo cal units in the completion k

p

, and U

( i )

p

is the subgroup

of lo cal units congruen t to 1 mo dulo �

i

p

for a uniformizer �

p

. But

( U

p

)

2

U

(1)

p

= ( U

p

)

2

U

( n

p

)

p

�

=

U

(1)

p

= (( U

p

)

2

U

( n

p

)

p

\ U

(1)

p

) :

But the group on the righ t is a quotien t of U

(1)

p

=U

( n

p

)

p

, whic h has cardinalit y

( N p )

n

p

� 1

. Since p is non-dy adic, this cardinalit y is o dd, so the 2-rank is zero.

Next w e turn to studying so-called governing �elds as explicated in [Gra03 ]. F or

the momen t M denotes an y �eld in termediate b et w een K and k , and � = G ( M =k ).

De�nition 2.6.6. L et

Y

S

M

= f x 2 M

�

j ( x ) = a

2

a

S

0

; a 2 I

M

; a

S

0

2 h S

M ; 0

ig ;

and

Q

M

= M (

q

Y

S

M

) :

The �eld Q

M

is c al le d the S � governing �eld asso ciate d to M .

Note that Y

S

M

is a Z [�]-mo dule, so b y Lemma A.1.3 (found in App endix A),

the extension Q

M

=k is Galois.

F or eac h w 2 T

M

, let

�

Q

M

= M

w

�

denote the F rob enius of w in G ( Q

M

= M ).

Lemma 2.6.7. If T 6= ; and T c ontains no dyadic primes, then ther e exists a

T -total ly r ami�e d S -split r elative quadr atic extension of M if and only if

Y

w 2 T

M

�

Q

M

= M

w

�

= 1 :

Pr o of. This lemma is merely the sp eci�cation to p = 2 of [Gra03 , Corollary

V.2.4.2].
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2.7 Ev aluators and lattices

When Stark examined the �rst deriv ativ es of the L -functions, he exp ected their

v alues to arise from a regulator map applied to an elemen t "

K =k

in U

K ;S

. When

r = r

S

( K =k ) > 1, w e w an t to examine the higher deriv ativ es of the L -functions,

and it b ecomes natural to ask not that the v alues come from a single unit, but

rather from an r

th

exterior pro duct of U

K ;S

. W e ma y need denominators, and

indeed w e shall �rst de�ne the ev aluator

"

K =k ;S;T

2 C

r

^

Z [ G ]

U

K ;S;T

:

More tec hnically , the ev aluator will b e in the minimal order of v anishing ( � )

j;S

submo dule of the exterior pro duct. Indeed

Lemma 2.7.1. If j denotes the numb er of primes which split c ompletely in K =k

then

1

j !

�

( j )

K =k ;S;T

(0) 2 ( C [ G ])

j;S

: (2.10)

Pr o of. By di�eren tiating equation (2.7) j times, substituting s = 0 and dividing b y

j !, w e see that the e

�

-comp onen t of

1

j !

�

( j )

K =k ;S;T

(0) is

1

j !

L

( j )

K =k ;S;T

(0 ; �

� 1

). F or ev ery

c haracter � 2

b

G , r

S

( � ) � j , b ecause of the j splitting primes and the remarks

follo wing De�nition 2.3.2. On the other hand, if r

S

( � ) > j w e ha v e r

S

( �

� 1

) > j

and therefore these L -functions v anishing to order higher than j at s = 0, so its

j

th

deriv ativ e ev aluates to 0. Therefore this elemen t of C [ G ] is only supp orted on

e

�

-comp onen ts with r

S

( � ) = j .

The ev aluators w e �x wil l dep end on our c hoice of primes w sitting ab o v e

primes v 2 S that w e use to de�ne the regulators. Ho w ev er, this dep endence is



42

w ell-understo o d and do es not a�ect the truth of the conjectures. F or details, see

Remark 2 in Section 2.1 of [P op04 ]. Also note that w e will b e using the notation

f

( r )

( s ) to denote the usual r

th

deriv ativ e of f ( s ), as opp osed to the r

th

deriv ativ e

divided b y r ! as is done in some of the literature on Stark-t yp e conjectures.

De�nition 2.7.2. ( The st and ard R ubin-St ark ev alua tor ) L et S

+

denote

the primes in S that split c ompletely in K =k . L et j b e a nonne gative inte ger.

(i) If j = j S

+

j we put W = w

S

+

in the sense of Se ction 2.3, and de�ne

"

K =k ;S;T ;j

= R

� 1

W

�

1

j !

�

( j )

K =k ;S;T

(0)

�

|the inverse image under the isomorphism

 

C

j

^

U

K ;S;T

!

j;S

R

W

� ! ( C [ G ])

j;S

of the sp e cial value of the j -th derivative of the e quivariant L -function.

(ii) If j < j S

+

j we put "

K =k ;S;T ;j

= 0 .

(iii) If j � j S j � 1 or j > j S

+

j we do not de�ne "

K =k ;S;T ;j

. (This c ase wil l b e avoide d

in the se quel.)

These epsilons are called the standard Rubin-Stark ev aluators for the data K =k ,

S , and T . They are the elemen ts that app ear in the standard conjectures, whic h

w e will meet in the next c hapter. Note that although "

K ;S;T ;j

is an elemen t of

the ( j; S )-submo dule of the exterior pro duct, w e often regard it as an elemen t of

C

V

r

Z [ G ]

U

K ;S;T

itself.

De�nition 2.7.3. ( The extended R ubin-St ark ev alua tor ) On the other

hand, we intr o duc e for this dissertation a mor e gener al evaluator, �

K =k ;S;T

, as fol-
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lows:

�

K =k ;S;T

= R

� 1

K =k ;S

�

1

r !

�

( r )

K =k ;S;T

(0)

�

;

wher e r = min

� 2

b

G

r

S

( � ) is the minimal or der of vanishing.

As de�ned, these ev aluators alw a ys exist. The conjectures w e form ulate will

therefore not stipulate their existence, but rather predict where exactly they lie.

A priori , they are elemen ts of a C -v ector space. W e will �rst conjecture them to

lie in a rational (\ Q ") comp onen t of it, and then in an in tegral (\ Z ") lattice inside

that comp onen t.

Finally w e turn to de�ning lattices inside of exterior pro ducts. Let D b e a

comm utativ e ring and M b e an y D -mo dule. Let M

�

:= Hom

D

( M ; D ) b e the

dual in the category of D -mo dules. As describ ed b y Rubin (in [Rub96, Section

1.2]), for an y 0 � j � r , there is a canonical map

j

^

D

M

�

! Hom

D

 

r

^

D

M ;

r � j

^

D

M

!

:

This is ac hiev ed b y iterating the map that a single � de�nes from

V

r

M to

V

r � 1

M :

m

1

^ : : : ^ m

r

7!

r

X

i =1

( � 1)

i +1

� ( m

i

) m

1

^ : : : ^ m

i � 1

^ m

i +1

^ : : : ^ m

r

:

When j = r , the induced map is ( �

1

^ : : : ^ �

r

)( m

1

^ : : : ^ m

r

) = det( �

i

( m

j

)).

In order to de�ne a lattice w e are going to implemen t these ideas with D = Z [ G ],

M = U

K ;S;T

and j = r or j = r � 1.

W e de�ne the Rubin-conjectured lattice �

K =k ;S;T ;r

to b e

8

<

:

� 2

0

@

Q

r

^

Z [ G ]

U

K ;S;T

1

A

r ;S

�

�

�

�

�

�

�

1

^ : : : ^ �

r � 1

( � ) 2 U

K ;S;T

; 8 �

1

; : : : ; �

r � 1

2 U

�

K ;S;T

9

=

;

:



44

Equiv alen tly , w e could require, as Rubin do es, the condition that

�

1

^ : : : ^ �

r

( � ) 2 Z [ G ]

for all �

1

; :::; �

r

2 U

�

K ;S;T

: Ho w ev er, the �rst de�nition is an imp ortan t w a y of

lo oking at the Rubin-conjectured lattice, as w e also de�ne a sligh tly larger lattice,

called the P op escu-conjectured lattice, �

0

K =k ;S;T ;r

via

8

<

:

� 2

0

@

Q

r

^

Z [ G ]

U

K ;S;T

1

A

r ;S

�

�

�

�

�

�

�

1

^ : : : ^ �

r � 1

( � ) 2 U

K ;S;T

; 8 �

1

; : : : ; �

r � 1

2 U

�

K ;S

9

=

;

:

As usual, w e will suppress man y of the subscripts when then are not relev an t. If

no T is indicated, then T = ; .

Lemma 2.7.4. (i) C �

S;T

= C �

0

S;T

=

�

C

V

r

Z [ G ]

U

K ;S

�

r ;S

Pr o of. This is immediate, as all the unit groups considered are of �nite index in

U

K ;S

, and all are supp orted on the same � -eigenspaces.



Chapter 3

The conjectures

As in the previous c hapter, K =k is an ab elian extension of n um b er �elds.

De�nition 3.0.5. We c al l a set S appropriate for the extension K =k if it is a

non-empty �nite set of plac es of k which

(i) c ontains al l in�nite plac es of k , and

(ii) c ontains al l plac es r amifying in K =k .

F urther we c al l a p air of sets ( S; T ) appropriate for the extension K =k if S is

appr opriate for K =k , T and S ar e disjoint, and U

K ;S;T

is Z -torsion-fr e e.

W e remind the reader that the last condition is not at all hard to satisfy; recall

Lemma 2.5.2.

The philosoph y of the conjectures w e shall b e in v estigating is summarized in the

45



46

follo wing diagram. W e ha v e t w o ob jects, whic h are isomorphic as C [ G ] -mo dules:

0

@

C

r

^

Z [ G ]

U

K ;S;T

1

A

r ;S

�

=

� ! ( C [ G ])

r ;S

�

K =k ;S;T

!

1

r !

�

( r )

S;T

(0) :

On the righ t-hand side w e ha v e a natural analytically-de�ned ob ject �

S;T

( s ). W e

pull a sp ecial v alue of this ob ject bac k through the regulator map to arriv e at an

ob ject whic h is of an arithmetic 
a v or, the Rubin-Stark ev aluator �

S;T

. One then

asks that this ev aluator ha v e go o d arithmetic prop erties, whic h w e force b y asking

it to b e in some Z [ G ]-sublattice. The same idea is used for b oth the standar d and

the extende d conjectures, the main di�erence is that (as w e sa w in the previous

c hapter) the regulator has a simpler description under the presence of enough

splitting primes.

3.1 Statemen ts of the conjectures

There are �v e conjectures w e will men tion. The �rst is Stark's Main Conjecture

for minimal order of v anishing; follo wing the literature w e call this conjecture A .

Next is the standard Rubin conjecture, B and the standard P op escu conjecture,

C . Finally comes the extende d conjecture

e

B with Rubin's lattice, and that with

P op escu's lattice,

e

C . Consult the in tro ductory c hapter for the history of these

conjectures.

CONJECTURE A ( K =k ; S; r ) ( St ark's ra tionality conjecture ):

Supp ose S is appr opriate for K =k . Then "

K =k ;S;r

, which a priori is only an element
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of C �

S

, is actual ly an element of Q �

S

.

CONJECTURE B ( K =k ; S; T ; r ) ( The st and ard R ubin conjecture ):

Supp ose ( S; T ) is appr opriate for K =k , S c ontains at le ast r primes which split

c ompletely in K =k and j S j � r + 1 . Then

"

K =k ;S;T ;r

2 �

S;T

:

CONJECTURE C ( K =k ; S; r ): ( The st and ard Popescu conjecture ):

Supp ose S is appr opriate for K =k , S c ontains at le ast r primes which split c om-

pletely in K =k and j S j � r + 1 . Then for al l sets T such that ( S; T ) is appr opriate,

"

K =k ;S;T ;r

2 �

0

S;T

:

CONJECTURE

e

B ( K =k ; S; T ) ( The extended conjecture, R ubin's la t-

tice ):

L et r = min

� 2

b

G

r

S

( � ) . Supp ose ( S; T ) is appr opriate for K =k , j S j � r + 2 , and

S 6= S

min

. Then

�

K =k ;S;T

2 �

S;T

:

CONJECTURE

e

C ( K =k ; S ) ( The extended conjecture, Popescu's la t-

tice ):

L et r = min

� 2

b

G

r

S

( � ) . Supp ose S is appr opriate for K =k , j S j � r + 2 , and S 6=

S

min

. Then for al l sets T such that ( S; T ) is appr opriate,

�

K =k ;S;T

2 �

0

S;T

:

Throughout this dissertation w e usually fo cus on the relationship b et w een B

and

e

B , and con ten t ourselv es to mak e passing reference to

e

C , primarily when it
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di�ers from

e

B . The phrase extende d c onje ctur e refers to

e

B . Man y results pro v en

for

e

B can b e directly exp orted to

e

C .

One ma y w onder ab out the sligh tly arti�cial-seeming h yp othesis in

e

B and

e

C

that j S j � r + 2. In the previous c hapter, w e used this con v en tion to mak e sure

that the trivial c haracter v anished to order greater than r and to thereb y de�ne

the regulator R . In truth, the restriction on the size of S need not b e there at the

price of in tro ducing a more complicated regulator. Ho w ev er, w e do not really gain

an ything from its remo v al. This is sho wn b y the follo wing

Lemma 3.1.1. If S is an r -c over for

b

G and j S j = r + 1 , then S c ontains at le ast

r primes that split c ompletely in K =k .

Pr o of. W e b egin with the form ula from Lemma 2.4.2, and the fact that r � r

S

( � )

for all � to get

r ( j G j � 1) �

X

v 2 S

( g

v

� 1) :

No w supp ose, for the sak e of con tradiction, that S con tained t w o primes v

1

; v

2

whic h did not split completely in K =k . That is to sa y g

v

1

; g

v

2

< j G j (where g

v

represen ts the n um b er of primes of K dividing v ), and hence (as g

v

divides j G j ),

g

v

i

� 1

j G j� 1

<

1

2

for i = 1 ; 2. Then w e ha v e

r �

X

v 2 S

g

v

� 1

j G j � 1

<

1

2

+

1

2

+ ( r � 1) = r ;

a con tradiction. Therefore suc h v

1

and v

2

do not exist, and at least r primes of S

split in K =k .

This lemma sa ys that if j S j = r + 1 w e satisfy the h yp othesis of the standard
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Rubin conjecture, and so need not do an y extra w ork to sp ecify an extended

conjecture in this case.

On the other hand, the condition S 6= S

min

is completely non trivial. Indeed

there are computational examples of n um b er �eld extensions K =k and sets S and

T suc h that all h yp otheses of

e

B ( K =k ; S; T ) are satis�ed except S 6= S

min

, but

�

K =k ;S;T

62 �

S;T

. These examples, due to Dummit and Ha y es, o ccur ev en in the

�rst order case, r

S

( K =k ) = 1 (see [Eri05 , Section 4.2] for an exp osition). W e shall

discuss this situation further in Section 5.4.

When considering

e

B ( K =k ; S; T ) as distinct from B ( K =k ; S; T ; r ), one assumes

K =k to b e a non-cyclic extension. The is b ecause of the

Lemma 3.1.2. If K =k is cyclic, then

e

B ( K =k ; S; T ) is e quivalent to B ( K =k ; S; T ; r )

wher e r = r

S

( K =k ) .

Pr o of. Supp ose K =k is cyclic. W e m ust sho w that if S is an r -co v er for K =k then

S con tains at least r primes whic h split completely . So supp ose S is an r -co v er for

K =k . Let � b e a faithful c haracter (whic h exists b ecause G is cyclic). W e kno w at

least r primes split in K

k er �

=k . But K

k er �

= K . The next section will sho w that

�

K =k ;S;T

= "

K =k ;S;T ;r

in this situation.

Corollary 3.1.3. F or any numb er �eld k , the c onje ctur e

e

B ( k =k ; S; T ) is true.

Pr o of. Since B ( k =k ; S; T ; r ) is kno wn, this is immediate, as k =k is cylic!
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3.2 Relationships b et w een ev aluators

One relationship for the standard ev aluators is detailed in the follo wing prop o-

sition.

Prop osition 3.2.1. F or any tower of extensions K = M =k , appr opriate sets ( S; T )

and inte ger j ,

"

M =k ;S;T ;j

= N

( r )

K = M

"

K =k ;S;T ;j

:

This result, though a simple consequence of the b eha viour of the regulator maps

under c hange of �elds, is imp ortan t in the construction of Euler systems from the

conjectures. F or details, see [Rub96] or [P op04 ]. It will also pro v e in v aluable when

pro ving relationships among the extended ev aluators.

W e can link the standard ev aluators and the extended ev aluators. Supp ose

S is an r -co v er for the extension K =k (and that j S j > r + 1). The idea is that

although there ma y not b e r primes that split in the full extension K =k , if one

pic ks a c haracter � 2

b

G then there are at least r primes that split in a certain

canonical sub extension asso ciated to � . Sp eci�cally:

De�nition 3.2.2. F or any � 2

b

G , let

K

�

:= K

k er �

;

G

�

:= k er �

and

�

�

:= G=G

�

�

=

G ( K

�

=k ) :
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W e put r = min

� 2

b

G

r

S

( � ). In the (cyclic) extension K

�

=k there are exactly r

S

( � ) �

r primes of S that split completely (see the remark after De�nition 2.3.2). If there

are strictly more than r , the Rubin-Stark ev aluator "

�

= "

K

�

=k ;S;T ;r

is trivial,

otherwise it is a non trivial elemen t of C

V

r

Z [ �

�

]

U

K

�

;S;T

.

Theorem 3.2.3. Supp ose j S j > r + 1 . L et

�

K =k

=

X

� 2

b

G

1

j G

�

j

r

e

�

"

�

: (3.1)

Then �

K =k

is the extended R ubin-Stark evaluator for the extension K =k .

Pr o of. W e need to sho w that R

K =k ;S

( �

K =k

) =

1

r !

�

( r )

K =k ;S;T

(0). W e do this one c har-

acter at a time.

Indeed,

R

K =k ;S

( �

K =k

) e

�

=

X

I 2P

r

( S

min

)

R

w

I

( �

K =k

) e

�

(Theorem 2.3.12)

=

X

I 2P

r

( S

min

)

1

j G

�

j

r

R

w

I

( "

K

�

=k ;S;T ;r

) e

�

(Linearit y of regulator)

No w if � 2

b

G is suc h that r

S

( � ) > r then

"

K

�

=k ;S;T ;r

= 0 =

1

r !

�

( r )

K =k ;S;T

(0) e

�

:

So hereafter supp ose that r

S

( � ) = r . In the summation ab o v e, there are t w o cases.

If I do es not consist of exactly the r primes that split in K

�

=k then let v

1

2 I

b e one suc h prime with the decomp osition group D = (�

�

)

v

1

6= f 1 g , and v

2

; :::; v

r

b e the other primes in I , and �x primes of K

�

, q

i

j v

i

. W e are going to sho w that

the piece of the regulator corresp onding to I is zero, b y a standard metho d when
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dealing with c haracters. W e pro vide the details so one can see ho w the v arious

ob jects are link ed at the lev els of the di�eren t �elds. By the de�nition of �

�

, there

is a c haracter e� 2

c

�

�

with trivial k ernel in �

�

suc h that � = e� � � . Then

R

q

( "

�

) e

e�

= R

q

1

^ ::: ^q

r

( "

�

) e

e�

=

1

j �

�

j

X


 2 �

�

e� ( 


� 1

) R

q




1

^ ::: ^q

r

( "

�

)

=

1

j �

�

j

X


 2 �

�

=D

 

X

� 2 D

e� ( � )

!

R

q




1

^ ::: ^q

r

( "

�

)

= 0 :

The last equalit y holds b ecause e� has trivial k ernel, while D is non trivial. Ho w ev er

R

w

I

( "

�

) e

�

= 	

K =K

�

( R

q

( "

�

) e

e�

) = 0

where 	 is the map whose prop erties w ere outlined in Lemma 2.3.14.

It follo ws that only the set I consisting of the primes splitting in K

�

=k surviv es,

and

R

K =k ;S

( �

K =k

) e

�

=

1

j G

�

j

r

R

w

�

1

^ ::: ^ w

�

r

( "

�

) e

�

; (3.2)

where W = w

�

1

^ : : : ^ w

�

r

consists of arbitrarily c hosen primes of K ab o v e the r

primes of k that split in K

�

=k .

Ho w ev er, according to the pro of of Prop osition 2.3.13, if � is the natural pro-

jection,

�

K =K

�

R

w

�

1

^ ::: ^ w

�

r

( "

�

) = R

q

�

1

^ ::: ^q

�

r

( N

( r )

K =K

�

"

�

) = j G

�

j

r

R

q

�

1

^ ::: ^q

�

r

( "

�

) : (3.3)
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(Here q

�

i

is the prime of M that lies b elo w w

�

i

.) W e need the map 	 = 	

K =K

�

whose prop erties w ere in tro duced in Lemma 2.3.14. W e compute|

R

K =k ;S

( �

K =k

) e

�

=

1

j G

�

j

r

R

W

( "

�

) e

�

=

1

j G

�

j

r

	 � � ( R

W

( "

�

)) e

�

=

1

j G

�

j

r

	( j G

�

j

r

R

q

�

1

^ ::: ^q

�

r

( "

�

)) e

�

= 	

�

1

r !

�

( r )

K

�

=k

(0)

�

e

�

=

1

r !

0

@

X

 2

b

�

L

( r )

K

�

=k ;S;T

(0 ;  

� 1

) e

 � �

1

A

e

�

=

1

r !

L

( r )

K =k ;S;T

(0 ; �

� 1

) e

�

=

1

r !

�

( r )

K =k ;S;T

(0) e

�

The �rst equalit y is equation (3.2), the second holds b ecause R

W

( "

�

) is �xed b y

G

�

, the third is equation (3.3), the fourth is the ev aluation prop ert y of "

�

, the

�fth is the de�nition of �

K

�

=k

and Lemma 2.3.14 (iii) , the sixth is the In
ation

Prop ert y of Artin L -functions com bined with the fact that e

�

is an idemp oten t,

and the sev en th is the de�nition of �

K =k

.

Since w e ha v e sho wn the t w o v alues w e wish are equal on ev ery e

�

-comp onen t

of C [ G ], they m ust b e equal.

Remark : Throughout this dissertation, w e are using the fact that, for M = K

H

w e ha v e an em b edding of C [ G ]-mo dules

C

r

^

Z [�]

U

M ;S;T

, ! C

r

^

Z [ G ]

U

K ;S;T
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to consider the mo dule on the left as a submo dule of that on the righ t and are

suppressing an y cum b ersome notation that migh t b e used suc h as ^

r

�

K = M

.

The meat of form ula (3.1) is that it allo ws us to realize the ev aluator for the

full extension K =k as a C [ G ]-linear com bination of ev aluators coming from cyclic

sub extensions:

K

G

�

1

		
		
		
		
		
		
		
		
		
		
		
	

LLLLLLLLLLLLLL
LLLLLLLLL

<
<

<
<

<
<

<
<

<
<

<
<

<
<

<
<

<
<

<
<

<
<

<
<

K

k er �

2

cyclic

: : :

�
�

�
�

�
�

�
�

�

�
�

�
�

�
�

�
�

�

�
�

�
�

�
�

�
�

� K

k er �

n

uuu
uuu

uuu
uuu

uuu
uuu

uuu
uuu

u

K

k er �

1

�

�

1 NNNNNNNNNNNN

k

Note that not all of the �elds are distinct b ecause for eac h subgroup H � G

with G=H cyclic of order c , there are exactly �( c ) c haracters with k er � = H where

�( c ) denotes Euler's totien t function.

The ab o v e description of �

K =k

is certainly v ery useful and do es ha v e the ad-

v an tage of allo wing us to reduce all calculations of Stark ev aluators to the lev el of

cyclic extensions of the base �eld k . The spirit of the Stark Conjectures, ho w ev er,

is to w ork at least \o v er Q " whenev er p ossible; i.e., w e w ould prefer to build �

K =k

out of a Q [ G ]-linear com bination of ev aluators arising in sub extensions. The fact

that w e are really w orking \o v er Q " is apparen t after considering the pro of of

Lemma 2.3.7, and that "

�

dep ends not on � but on k er � . The follo wing theorem
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will giv e another form ula for �

K =k

ev en more in the spirit of w orking \o v er Q ."

Recall P

r

( S

min

) consists of those subsets of S

min

of cardinalit y exactly r . F or

eac h I 2 P

r

( S

min

), w e set up the follo wing notation.

De�nition 3.2.4. First

D

I

= h G

v

j v 2 I i ;

is the sub gr oup of G gener ate d by the de c omp osition gr oups of the primes in I . Put

M

I

= K

D

I

:

Let "

I

b e the Rubin-Stark ev aluator corresp onding to the standard Rubin con-

jecture B ( M

I

=k ; S; T ; r ). (Notice that "

I

ma y b e zero if y et more primes of S split

in M

I

=k ; and M

I

is the largest sub extension of K =k in whic h all the primes in I

split completely .)

Theorem 3.2.5. The extende d R ubin-Stark evaluator for K =k is

�

K =k

=

X

I 2P

r

( S

min

)

1

j D

I

j

r

"

I

Pr o of. F or an y I , w e compute

1

j D

I

j

r

"

I

=

1

j D

I

j

r

N

D

I

j D

I

j

"

I

=

1

j D

I

j

r

X

� 2

b

G

D

I

� k er �

e

�

"

I

=

1

j D

I

j

r

X

� 2

b

G

D

I

� k er �

e

�

N

( r )

M

I

=K

�

(k er � : D

I

)

r

"

I

=

X

� 2

b

G

D

I

� k er �

1

j k er � j

r

e

�

"

�
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where the �rst equalit y holds b ecause elemen ts of D

I

�x "

I

, the second is equation

(2.4), the third holds b ecause � ( N

M

I

=K

�

) = (k er � : D

I

) for those � whic h con tain

D

I

in their k ernel, and the last is Prop osition 3.2.1.

Therefore

X

I 2P

r

( S

min

)

1

j D

I

j

r

"

I

=

X

� 2

b

G

n

�

j k er � j

r

e

�

"

�

where

n

�

= # f I 2 P

r

( S

min

) j D

I

� k er � g

= # f I 2 P

r

( S

min

) and for all v 2 I ; v splits in K

�

g

8

<

:

= 1 if � is relev an t ;

> 1 otherwise :

Ho w ev er, when n

�

> 1 w e ha v e more than r primes whic h split in K

�

=k and "

�

= 0

b y de�nition. The pro of concludes b y Theorem 3.2.3.

3.3 V arying S and T in the conjectures

Supp ose w e kno w

e

B ( K =k ; S; T ) is true and w e wish to increase the set T to

some T

0

� T . What can b e said?

The �rst thing to notice is that for either the standard or extended conjecture,

�

K =k ;S;T [f v g

= (1 � �

� 1

v

N v ) � �

K =k ;S;T

whic h follo ws from di�eren tiating the equation

�

K =k ;S;T [f v g

( s ) = (1 � �

� 1

v

N v

1 � s

) � �

K =k ;S;T

( s ) :
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r times, dividing b y r !, and ev aluating at s = 0. F or this reason w e in tro duce the

notation (for an y �nite set of unrami�ed places T )

�

T

=

Y

v 2T

(1 � �

� 1

v

N v ) :

The follo wing prop osition is pro v en for conjecture B instead of

e

B in [P op02,

Prop osition 5.3.1]. Ho w ev er, as the statemen t really only concerns the lattices �

T

and �

T

0

and the fact that �

S;T

0

= �

T

0

n T

� �

S;T

, the iden tical pro of also w orks for the

extended conjecture.

Prop osition 3.3.1. If T � T

0

, then

e

B ( K =k ; S; T ) )

e

B ( K =k ; S; T

0

) .

This is all that can b e said of functorialit y in T , as the opp osite implication is

curren tly not kno wn and indeed will lik ely nev er b e pro v en directly but will only

follo w from already kno wing the truth of

e

B ( K =k ; S; T ). (The �

T

's, though in v ert-

ible in Q [ G ], pic k up large denominators up on in v ersion, anathema to kno wing

that the new epsilon lies in an y giv en lattice.)

The situation of functorialit y of

e

B in S is m uc h more subtle than that of

functorialit y in T . Indeed it is ev en more subtle than the functorialit y of the

standard conjecture B in S . In the standard conjecture, one breaks the situation

in to four cases: adding/subtracting a totally split/non-totally split prime from S .

Ho w ev er, up on considering the extended conjecture, one sees that the cases are

really ab out whether the minimal order of v anishing r decreases, sta ys the same,

or increases.

First w e review the functorialit y in S of the standard conjectures. The easiest

case is when one is adding a prime to S whic h do es not split completely in the
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extension K =k .

Prop osition 3.3.2. If v =2 S [ T is a prime of k that do es not split c ompletely in

K =k , then B ( K =k ; S; T ; r ) ) B ( K =k ; S [ f v g ; T ; r ) and

"

K =k ;S [f v g ;T ;r

= (1 � �

� 1

v

) "

K =k ;S;T ;r

:

Pr o of. The second fact is all w e need to pro v e, as the �rst will then follo w imme-

diately . But the second is a consequence of the equation

�

K =k ;S [f v g ;T

( s ) = (1 � �

� 1

v

N v

� s

)�

K =k ;S;T

( s ) :

As ab o v e, one di�eren tiates r times, divides b y r !, and ev aluates at s = 0 (using

the fact that �

( j )

K =k ;S;T

(0) = 0 for j < r ). Of course the F rob enius �

v

exists b ecause

S ma y b e assumed to b e appropriate and therefore con tains all the unrami�ed

primes.

On the other hand, when remo ving a prime from S that do es not split com-

pletely to get S

0

= S n f v

0

g , the truth of the conjecture with S do es not imply the

truth of the conjecture with S

0

. (Of course if v

0

is an in�nite or ramifying prime

the h yp otheses of the conjecture are not ev en satis�ed an ymore.)

What ab out splitting primes? It turns out one can alw a ys r emove a split prime

and the truth of the conjecture will sta y the same.

Prop osition 3.3.3. If r > 0 and v

1

2 S is a prime that splits c ompletely in K =k

then

B ( K =k ; S; T ; r ) = ) B ( K =k ; S n f v

1

g ; T ; r � 1) :
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The follo wing giv es a partial answ er to the question of adding a split prime.

The condition that the ev aluator b e in a certain Fitting ideal times �

S;T

is stronger

than B ( K =k ; S; T ; r ), whic h only requires that the ev aluator b e in �

S;T

itself.

Prop osition 3.3.4. If v =2 S [ T is a prime that splits c ompletely in K =k , and

"

K =k ;S;T ;r

2 Fitt

Z [ G ]

( h [ v ]

K ;S;T

i )�

S;T

then B ( K =k ; S [ f v g ; T ; r + 1) is true.

Pr o of. See [Rub96, Theorem 5.3(iii)].

There are extra complications when it comes to the extended conjecture

e

B . The

di�cult y is that if one adds a prime S

0

= S [ f v g , the minimal order of v anishing

ma y increase ev en if v do es not split completely . In this case the leading terms of

more L -functions ma y en ter the picture, as the follo wing example illustrates.

Example 3.3.5. L et K = Q ( �

8

) = Q (

p

� 1 ;

p

2) and k = Q . Supp ose S =

f1 ; 2 ; 3 ; 17 g . If the char acter gr oup

b

G c onsists of �

0

; �

1

; �

2

; �

3

with �xe d �elds

Q ; Q (

p

� 1) ; Q (

p

2) and Q (

p

� 2 ) r esp e ctively, then the or ders of vanishing ar e

r

S

( �

0

) = 3

r

S

( �

1

) = 1

r

S

( �

2

) = 2

r

S

( �

3

) = 2 :

But if we put S

0

= S [ f p g wher e p is any r ational prime c ongruent to 5 (mo d 8) ,

then p wil l split in Q (

p

� 1) = Q (and Q = Q ) but r emain inert in the other two �xe d
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�elds. The new or ders of vanishing would b e

r

S

0

( �

0

) = 4

r

S

0

( �

1

) = 2

r

S

0

( �

2

) = 2

r

S

0

( �

3

) = 2 ;

and henc e the minimal or der of vanishing jumps fr om r

S

( K =k ) = 1 to r

S

0

( K =k ) =

2 . Mor e over, while �

(1)

S

(0) enc o des information only ab out the L -function attache d

to �

1

, �

(2)

S

0

(0) enc o des information ab out the thr e e L -functions attache d to the

nontrivial char acters �

1

; �

2

and �

3

. Henc e we c annot expr ess �

K =k ;S

0

mer ely in

terms of �

K =k ;S

.

The author is curren tly w orking on a theory in whic h the leading terms of all

L -functions (not just those of minimal order of v anishing) are enco ded in to an

ev aluator. Up on adding a prime in to S , this new ev aluator b eha v es in a w ell-

understo o d manner, whic h giv es hop e for pro ving an analogue of Prop osition 3.3.4

in this situation.

3.4 Main in v estigation of this dissertation

The extended conjectures seem p erhaps more natural in that the v anishing of

the L -functions is not forced b y adding split primes, but rather just arises \lik e a

mist o� the o cean." The standard conjectures do not predict an ything non trivial



61

with man y arbitrarily c hosen exten tions K =k and sets S . What will often happ en is

that S will con tain some n um b er j of split primes, while all the L -functions v anish

to order greater than j due to the other primes in S . The extended conjectures,

ho w ev er, are alw a ys non trivial.

It is natural to ask what the link b et w een the standard and extended conjectures

is. Are they \equiv alen t" in some sense? And if so, in what sense precisely?

Already w e ha v e seen some links b et w een the ev aluator �

K =k

that arises in the

extended conjecture and standard ev aluators that arise in certain sub extensions of

K =k (c.f. Theorems 3.2.3 and 3.2.5).

In this section w e will presen t a theorem, whic h partially answ ers the questions.

Theorem 3.4.1. If

e

B ( K =k ; S; T ) is true and r is the asso ciate d minimal or der

of vanishing, then for any �eld M such that K � M � k the standar d c onje ctur e

B ( M =k ; S; T ; r ) is true.

Pr o of. Fix suc h an M and put H = G ( K = M ). If less than r primes split in

M =k then B ( M =k ; S; T ; r ) is v acuously true: the h yp otheses are not satis�ed. If

j S j = r + 1, conjectures

e

B ( K =k ; S; T ) and B ( K =k ; S; T ; r ) are equiv alen t b y Lemma

3.1.1, and the theorem follo ws from the natural b eha vior of conjecture B under

c hange of top �eld. So w e ma y assume j S j � r + 2. If more than r primes of S

split completely in M =k then B ( M =k ; S; T ; r ) is trivially true with "

M =k ;S;T ;r

= 0,

since j S j � r + 2. So assume that exactly r primes of S split completely in M =k .
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Let �

K =k

b e the extended Rubin-Stark ev aluator for K =k . W e calculate

N

( r )

H

�

K =k

= N

( r )

H

X

� 2

b

G

1

j k er � j

r

e

�

"

�

=

X

� 2

b

G

H � k er �

j H j

r

j k er � j

r

e

�

N

( r )

M =K

�

"

M =k

=

N

H

j H j

"

M =k

= "

M =k

:

The �rst equalit y is Theorem 3.2.3, the second is the fact that in the group ring

C [ G ],

N

H

e

�

=

8

<

:

j H j e

�

if H � k er �

0 otherwise

and "

�

= N

( r )

M =K

�

"

M =k

(see Prop osition 3.2.1), the third is equation (2.4), and �nally

the fourth is simply that ev ery elemen t of H acts trivially on "

M =k

.

No w tak e '

1

; : : : ; '

r

2 U

�

M ;S;T

. Pic k �

1

; : : : ; �

r

2 U

�

K ;S;T

suc h that N

�

K = M

�

i

= '

i

(w e can do this b y Lemma 2.5.5 b ecause w e are w orking under the h yp othesis that

�

K ;T

= f 1 g ).

W e compute (using Lemma 2.5.6),

( '

1

^ : : : ^ '

r

)( "

M =k

) = ( '

1

^ : : : ^ '

r

)( N

( r )

K = M

�

K =k

)

= �

K = M

�

( �

1

^ : : : ^ �

r

)( �

K =k

)

�

2 �

K = M

Z [ G ] = Z [�]
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Note w e can also pro v e the ab o v e theorem for P op escu's lattice �

0

S;T

only with

the trivialit y of

b

H

1

( G ( K = M ) ; �

K ;T

) (whic h w e used in applying Lemma 2.5.5).

Corollary 3.4.2. If S

min

c ontains only primes which split c ompletely, then

e

B is

e quivalent to B .

Pr o of. Simply tak e M = K in the previous Theorem.

W e wish to also pro v e results in the other direction: when do es kno wing the

truth of the standard conjectures imply the truth of the extended conjectures?

One main reason w e wish for suc h an implication is that the standard conjectures

are kno wn in man y cases, and th us w e ma y pro v e the extended conjecture in this

manner. Ho w ev er, at this time w e cannot pro v e suc h an implication in general.

Sev eral sp ecial cases are tak en care of in the course of the remaining c hapters.

(See in particular Theorem 5.1.1.) Of course, w e ha v e almost done enough w ork

to pro v e the next t w o prop ositions, whic h are w eak con v erses.

Prop osition 3.4.3. L et r = r

S

( K =k ) b e the minimal or der of vanishing. If

B ( M

I

=k ; S; T ; r ) is true for al l I 2 P

r

( S

min

) , then

�

K =k ;S;T

2

1

j G j

�

S;T

;

i.e.,

e

B ( K =k ; S; T ) is true up to factor of j G j = [ K : k ] .

Pr o of. Let � = �

1

^ : : : ^ �

r

2

V

r

Z [ G ]

U

�

K ;S;T

. Note that Lemma 2.5.6 com bined with
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the fact that "

M =k

is �xed b y H = G ( K = M ) yield

�

�

1

[ K : M ]

r

"

M =k

�

=

1

[ K : M ]

r

	

K = M

�

K = M

� ( "

M =k

)

=

1

[ K : M ]

r

	

K = M

(( N

�

K = M

)

( r )

� )( N

( r )

K = M

"

K = M

)

= 	

K = M

(( N

�

K = M

)

( r )

� )( "

K = M

)

2 	

K = M

Z [�] �

1

[ K : M ]

Z [ G ] :

No w w e apply this computation rep eatedly with M = M

I

for eac h I 2 P

r

( S

min

)

to the form ula Theorem 3.2.5 to obtain the result. (Noting of course that j D

I

j =

[ K : M

I

], b oth of whic h divide j G j .)

Prop osition 3.4.4. L et r = r

S

( K =k ) b e the minimal or der of vanishing. If

B ( K

k er �

=k ; S; T ; r ) is true for al l � 2

b

G

r ;S

, then

�

K =k ;S;T

2

1

j G j

�

S;T

;

i.e.,

e

B ( K =k ; S; T ) is true up to factor of j G j = [ K : k ] .

Pr o of. The pro of is iden tical to that of the previous Prop osition; one simply ex-

amines the pieces of �

K =k

coming from K

k er �

and uses Theorem 3.2.3 instead of

Theorem 3.2.5.

Finally w e notice that the conjecture

e

B also acts naturally under c hange of top

�eld:

Prop osition 3.4.5. If M is a �eld interme diate b etwe en K and k and the minimal

or der of vanishing r emains c onstant r

S

( M =k ) = r

S

( K =k ) , then

N

( r )

K = M

( �

K =k

) = �

M =k

:
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Pr o of. Fix H � G as the Galois group of K = M . Let  b e a c haracter of � =

G ( M =k ) = G=H . Note that under the iden ti�cation Z [�]

�

=

Z [ G ]

H

= N

H

Z [ G ],

e

 

=

X

e

�

; (3.4)

where the summation runs o v er all � 2

b

G for whic h H � k er � and e� =  . (Here

e� denotes the map induced b y � after w e mo d out its domain b y H .)

Then

N

( r )

K = M

�

K =k

=

 

j H j

r

X

H � k er �

e

�

!

�

K =k

=

X

H � k er �

�

j H j

j k er � j

�

r

e

�

"

K

�

=k

=

X

 2

b

�

0

B

B

@

X

H � k er �

e� =  

e

�

1

C

C

A

1

j k er  j

r

"

M

 

=k

=

X

 2

b

�

1

j k er  j

r

e

 

"

M

 

=k

= �

M =k

:

(W e ha v e used the fact that if e� =  , then j k er  j =

j k er � j

j H j

and K

�

= M

 

.) The

h yp othesis that r

S

( K =k ) = r

S

( M =k ) w as used in that "

M

 

=k

denotes "

M

 

=k ;S;T ;r

and w e are raising the co e�cien ts to the correct p o w er to apply Theorem 3.2.3

and ac hiev e �

M =k

in the last equalit y .

Corollary 3.4.6. If r

S

( M =k ) = r

S

( K =k ) , then

e

B ( K =k ; S; T ) = )

e

B ( M =k ; S; T ) :

Pr o of. This result follo ws directly from the previous prop osition, applying the

computation at found at end of the pro of of Theorem 3.4.1.



Chapter 4

Multiquadratic extensions

Since w e are not able to pro v e the equiv alence of the standard and extended

conjectures in the most general case, w e attac k sub cases. One k ey case in whic h

P op escu's and Rubin's conjectures, C ( K =k ; S; r ) and B ( K =k ; S; T ; r ), are kno wn is

when K =k is a relativ e quadratic extension, i.e. an extension of relativ e degree t w o.

This is due to w ork of Stark, T ate, and Rubin (see in particular [T at84 ] Th � eor � eme

IV.5.4 and [Rub96] Theorem 3.5). There has b een w ork on extending this result

to arbitrary m ultiquadratic extensions in [DST03, San04]. The m ultiquadratic

extende d conjecture in the case r = 1 w as tac kled in [Eri05 ].

De�nition 4.0.7. By a m ultiquadratic extension of r ank m we me an an (ab elian)

Galois extension of numb er �elds K =k such that G = G ( K =k )

�

=

( Z = 2 Z )

m

.

In this c hapter w e mirror m uc h of Sands [San04] w ork to w ard pro ving P op escu's

conjecture C in m ultiquadratic extensions, w orking instead with T -mo di�ed units,

class groups, etc., and trying to get a handle on Rubin's conjecture B and the

66
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extended conjecture

e

B .

W e note that G can b e though t of as an m -dimensional v ector space o v er the

�nite �eld F

2

= Z = 2 Z : In termediate �elds are in one-to-one corresp ondence with

subspaces of G . In termediate relativ e quadratic extensions M =k are in one-to-one

corresp ondence with ( m � 1)-dimensional subspaces G

M

:= G ( K = M ) � G . These

subspaces o ccur naturally as the k ernels of the c haracter group of

b

G of G . So for

this group w e ha v e a nice canonical isomorphism b et w een

b

G and G that simply

sends � 2

b

G to the nonzero elemen t of (k er � )

?

.

Let M b e suc h an in termediate relativ e quadratic extension of k . W e shall

denote the Galois group G ( M =k ) as �

M

= f 1 ; �

M

g , and omit the subscripts if M is

�xed. Recall A

M ;S;T

is the ( S; T )-mo di�ed ideal class group: the quotien t of the set

of fractional ideals of M that are prime to S

M

and T

M

b y the subgroup consisting

of principal ideals that ha v e a generator that is prime to S

M

and congruen t to 1

mo dulo all primes in T

M

(and similarly for A

k ;S;T

). There is a w ell-de�ned map

A

k ;S;T

�

! A

M ;S;T

induced b y lifting an ideal in k to M . (Of course � dep ends on

M , but w e suppress this from the notation, as the �eld M is usually apparen t.)

Throughout this c hapter, w e �x r := r

S

( K =k ) as the minimal order of v anishing

for K =k .

De�nition 4.0.8. We c al l a quadr atic extension M =k relev an t if M is c ontaine d

in K and exactly r primes of S split in M =k .

W e w ork under our standing assumption that j S j > r + 1, in whic h case these

quadratic extensions are the only ones for whic h "

M =k ;S;T

6= 0.

The main to ol w e will use in this c hapter is the follo wing theorem.



68

Theorem 4.0.9. Supp ose K =k is a multiquadr atic extension of r ank m and for

every r elevant quadr atic extension M =k the fol lowing ine quality is satis�e d

j S j � r + ord

2

j A

M ;S;T

=�A

k ;S;T

j � m + 1 : (4.1)

Then the extende d c onje ctur e,

e

B ( K =k ; S; T ) , is true.

W e will pro v e this theorem later in the c hapter.

The group A

M ;S;T

=�A

k ;S;T

can b e un wieldly to w ork with, so w e note that

Lemma 4.0.10. When M =k is r elevant,

ord

2

j A

M ;S;T

=�A

k ;S;T

j � rk

2

( A

k ;S;T

) :

Pr o of. W e consider the map induced b y the norm,

A

M ;S;T

=�A

k ;S;T

N

� ! A

k ;S;T

= A

2

k ;S;T

[ a ]

M ;S;T

�A

k ;S;T

7� ! [ N

M =k

a ]

k ;S;T

A

2

k ;S;T

:

The map is w ell-de�ned, as the norm acts b y squaring on ideals of k . Since j S j �

r + 2, in a relev an t quadratic extension M =k , S m ust con tain at least one prime

that do es not split completely in M =k . Th us M \ H

k ;S

= k where H

k ;S

denotes

the S -Hilb ert class �eld of k . Therefore b y class �eld theory , the norm map on the

S -class group is surjectiv e.

By com bining Lemma 4.0.10 with Theorem 4.0.9, w e obtain the sligh tly w eak er

Corollary 4.0.11. (Main Theorem f or Mul tiquadra tic Extensions) Sup-

p ose K =k is a multiquadr atic extension of r ank m and for every r elevant quadr atic
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M =k the fol lowing ine quality is satis�e d

j S j � r + rk

2

( A

k ;S;T

) � m + 1 : (4.2)

Then the extende d c onje ctur e,

e

B ( K =k ; S; T ) , is true.

Note that since

e

B implies B (c.f. Theorem 3.4.1), w e ma y also apply Corollary

4.0.11 to conclude the truth of B .

Example 4.0.12. L et K =k b e any multiquadr atic extension of numb er �elds of

r ank m , and ( S; T ) b e appr opriate for the extension. Fix a p articular char acter of

minimal or der of vanishing �

1

2

b

G

r ;S

. Put a = rk

2

( A

k ;S;T

) and

b = r + m + 1 � j S j � a:

By applying Cor ol lary 4.0.11 we se e that if b � 0 then

e

B ( K =k ; S; T ) is true. So

assume that b � 1 . L et

E = f v

j S j +1

; : : : ; v

j S j + a + b

g

b e a set of a + b primes disjoint fr om S and T and such that

�

1

( �

v

) 6= 1 (4.3)

for al l v 2 E . Such a set may b e chosen by the Tcheb otar ev Density The or em

[Neu99, The or em VII.13.4]. L et S

0

= S [ E .

I claim that

e

B ( K =k ; S

0

; T ) is true. First of al l, ( S

0

; T ) is cle arly appr opriate for

K =k . Next, b e c ause of (4.3), no prime in E splits in K

�

1

=k and henc e r

S

0

( �

1

) =

r

S

( �

1

) = r .
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Sinc e j S

0

j = j S j + a + b and rk

2

( A

k ;S

0

;T

) � 0 , it fol lows that

j S

0

j � r + rk

2

( A

k ;S

0

;T

) � j S j + a + b � r

= m + 1 :

Henc e we may apply Cor ol lary 4.0.11 to c onclude the truth of

e

B ( K =k ; S

0

; T ) .

4.1 Finding an explicit form ula for "

M =k

The �rst step to w ard pro ving the theorem is to giv e an explicit form ula for

the ev aluators arising in the relev an t quadratic extensions. Let us remark brie
y

that under our h yp otheses on T , U

M ;S;T

=U

k ;S;T

is Z -torsion-free. Indeed, supp ose

u 2 U

M ;S;T

satis�es u

b

2 U

k ;S;T

for some natural n um b er b . Then ( u

�

M

� 1

)

b

=

( u

b

)

�

M

� 1

= 1 implies u

�

M

� 1

is a b

th

ro ot of unit y in U

M ;S;T

, and hence is equal to

1. Therefore u is �xed b y �

M

and so u 2 U

k ;S;T

.

Theorem 4.1.1. Supp ose M =k is a r elevant quadr atic extension with Galois gr oup

� = f 1 ; � g . L et u

1

; :::; u

r

c onstitute a Z -b asis for U

M ;S;T

=U

k ;S;T

. Then the R ubin-

Stark evaluator is

"

M =k

= 2

j S j� r � 2

h

M ;S;T

h

k ;S;T

(1 � � ) � u

1

^ : : : ^ u

r

;

wher e h

M ;S;T

= j A

M ;S;T

j :

Pr o of. See the pro of of Theorem 3.5 in [Rub96].

W e w an t to increase the co e�cien t in fron t of the exterior pro duct of units as

m uc h as p ossible. W e use a metho d emplo y ed b y Sands in [San04]. T o this end,
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w e rewrite (1 � � ) = 2

1 � r

(1 � � )

r

, so that

"

M =k

= 2

j S j� r � 2

h

M ;S;T

h

k ;S;T

2

1 � r

u

1 � �

1

^ : : : ^ u

1 � �

r

:

Let U

�

M ;S;T

denote the set of units u 2 U

M ;S;T

suc h that N

M =k

u = 0 (remem b er

w e are writing the unit groups additiv ely!). The Z -rank of U

�

M ;S;T

is r , as it is the

k ernel of a map from U

M ;S;T

( Z -rank j S j + r � 1) on to a subgroup of U

k ;S;T

whic h

con tains U

2

k ;S;T

( Z -rank j S j � 1). Therefore w e can c ho ose z

1

; : : : ; z

r

a Z -basis for

U

�

M ;S;T

.

As u

1 � �

1

; : : : ; u

1 � �

r

is a Z -basis for U

1 � �

M ;S;T

, w e ha v e

u

1 � �

1

^ : : : ^ u

1 � �

r

= ( U

�

M ;S;T

: U

1 � �

M ;S;T

) � z

1

^ : : : ^ z

r

:

W e will understand the unit group index ab o v e in terms of group cohomology .

4.2 Some cohomological lemmas

Next w e pro v e a

Lemma 4.2.1. F or any r elative quadr atic extension M =k of numb er �elds, and

any �nite disjoint sets S and T of primes in k such that S c ontains al l the primes

which r amify in M =k we have the fol lowing exact se quenc e.

0 � !

b

H

1

(� ; U

M ;S;T

) � ! A

k ;S;T

�

� ! A

M ;S;T

� ! A

M ;S;T

=�A

k ;S;T

� ! 0 :

Pr o of. The follo wing pro of is a T -mo di�ed v ersion of a result found in [T at84].

Let M

�

T

denote the elemen ts of M

�

that are congruen t to 1 mo dulo all primes

in T

M

, and P

M ;S;T

denote the set of principal fractional ideals of M whic h are rela-

tiv ely prime to S and ha v e a generator that is in M

�

T

. W e mak e similar de�nitions
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for k

�

T

and P

k ;S;T

. It is readily v eri�ed that the follo wing sequences are exact

0 � ! U

k ;S;T

� ! k

�

T

� ! P

k ;S;T

� ! 0 (4.4)

0 � ! U

M ;S;T

� ! M

�

T

� ! P

M ;S;T

� ! 0 : (4.5)

Applying the \�xed b y �" functor to (4.5) yields another exact sequence

0 � ! U

k ;S;T

� ! k

�

T

� ! P

�

M ;S;T

� !

b

H

1

(� ; U

M ;S;T

) � !

b

H

1

(� ; M

�

T

) : (4.6)

Lemma 4.2.3 will sho w that

b

H

1

(� ; M

�

T

) = 0 (i.e., that w e ha v e a T -mo di�ed

Hilb ert Theorem 90). Assuming that for no w, an application of the Snak e Lemma

to sequences (4.4) and (4.6) yields

b

H

1

(� ; U

M ;S;T

)

�

=

Cok er ( P

k ;S;T

, ! P

�

M ;S;T

) :

Next w e consider the exact sequences

0 � ! P

k ;S;T

� ! I

k ;S [ T

� ! A

k ;S;T

� ! 0 ; (4.7)

0 � ! P

M ;S;T

� ! I

M ;S [ T

� ! A

M ;S;T

� ! 0 ; (4.8)

where for example I

k ;S [ T

denotes the group of fractional ideals of k that are rela-

tiv ely prime to S and T .

Applying the \�xed b y �" functor to (4.8), and using the fact that S con tains

all the rami�ed place of M =k , giv es an exact sequence

0 � ! P

�

M ;S;T

� ! I

k ;S [ T

� ! A

�

M ;S;T

� A

M ;S;T

: (4.9)

Putting this all together giv es the diagram
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0

��

0

��

k er �•_

��
0

//
P

k ;S;T

//

��

I

k ;S [ T

//
A

k ;S;T

//

�

��

0

0

//
P

�

M ;S;T

//

����

I

k ;S [ T

//

��

A

M ;S;T

����
b

H

1

(� ; U

M ;S;T

)

0

A

M ;S;T

=� ( A

k ;S;T

)

:

Another application of the Snak e Lemma giv es k er �

�

=

b

H

1

(� ; U

M ;S;T

), and then the

last exact column is what w e w ere trying to pro v e.

A t this p oin t w e note the

Corollary 4.2.2. Under the hyp otheses of the pr evious lemma,

h

M ;S;T

h

k ;S;T

j

b

H

1

(� ; U

M ;S;T

) j = j A

M ;S;T

=�A

k ;S;T

j :

Remem b er that w e needed to pro v e the follo wing

Lemma 4.2.3. If T do es not c ontain any r ami�e d primes,

b

H

1

(� ; M

�

T

) = 0 :

Pr o of. Let M

�

( T )

denote the an ti-units at T , namely the set of � 2 M

�

suc h that

ord

w

( � ) = 0 for all w 2 T

M

. Put �( T ) =

L

w 2 T

M

M ( w )

�

, where M ( w )

�

denotes

the the in v ertible elemen ts of the residue �eld at w . With these notations, the

follo wing sequence is exact:

0 � ! M

�

T

� ! M

�

( T )

� ! �( T ) � ! 0 : (4.10)
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W rite �( T )

�

=

L

v 2 T

( M ( w )

�




Z [ �

v

]

Z [�]), where a �xed w j v is c hosen arbitrarily

for eac h v 2 T . Applying Shapiro's Lemma (c.f. [Cas67]), allo ws us to compute

b

H

i

(� ; �( T )) =

M

v 2 T

b

H

i

(�

v

; M ( w )

�

) :

By Hilb ert's Theorem 90,

b

H

1

(�

v

; M ( w )

�

) = 0, and since �

v

is cyclic (as v 2 T

is unrami�ed) w e ma y consider the Herbrand Quotien t. But b ecause M ( w )

�

is

�nite, it has trivial Herbrand Quotien t, hence

b

H

i

(�

v

; M ( w )

�

) = 0 for all i . W e

conclude that

b

H

i

(� ; �( T ) ) = 0.

By examining the long exact sequence of T ate cohomology asso ciated to (4.10),

it follo ws that

b

H

i

(� ; M

�

T

)

�

=

b

H

i

(� ; M

�

( T )

) for all i .

Next w e consider the exact sequence

0 � ! M

�

( T )

� ! M

�

L

ord

w

� !

M

w 2 T

M

Z � ! 0

whose long exact cohomology , thanks the Hilb ert's Theorem 90, lo oks lik e

0 � ! k

�

( T )

� ! k

�

�

� !

"

M

w 2 T

M

Z

#

�

� !

b

H

1

(� ; M

�

( T )

) � ! 0

No w the appro ximation theorem com bined with the fact that T do es not con tain

an y rami�ed primes, yields that the map

� =

 

M

w 2 T

M

ord

w

!

�

�

�

�

�

k

�

is surjectiv e, and hence

b

H

1

(� ; M

�

( T )

) = 0, completing the lemma.
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4.3 The pro of of Theorem 4.0.9

Pr o of. Assume the h yp otheses of the theorem. That is, let K =k b e a m ulti-

quadratic extension of rank m with Galois group G , and �x S , T , and r so that

the h yp otheses of the extended conjecture are satis�ed, and further that w e ha v e

the inequalit y 4.1 for all relev an t M =k .

Cho ose �

1

; : : : ; �

r

in Hom

Z [ G ]

( U

K ;S;T

; Z [ G ]) : In order to pro v e the extended

conjecture

~

B ( K =k ; S; T ; r ) it remains to sho w � ( �

K =k

) = ( �

1

^ : : : ^ �

r

)( �

K =k

) is an

elemen t of Z [ G ].

F rom Lemma 2.5.6, w e kno w that if �

M

is the natural pro jection from Z [ G ] to

Z [ G=G

M

] = Z [�

M

] that

�

M

( � ( �

K =k

)) = ( N

� ( r )

K = M

� )( N

( r )

K = M

�

K =k

)

= ' ( "

M =k

)

where ' = '

1

^ : : : ^ '

r

, and eac h '

i

= N

�

K = M

�

i

is some elemen t of U

�

M ;S;T

=

Hom

Z [�

M

]

( U

M ;S;T

; Z [�

M

]) : Let z

1

; :::; z

r

b e a Z -basis for U

�

M ;S;T

as in the earlier

section. Notice that since (1 + �

M

) '

i

( z

j

) = '

i

((1 + �

M

) z

j

) = '

i

(0) = 0,

'

i

( z

j

) 2 Z [�

M

]

�

= (1 � �

M

) Z : (4.11)

Fix n

ij

2 Z suc h that '

i

( z

j

) = (1 � �

M

) n

ij

.
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W e compute

' ( "

M =k

) = '

�

2

j S j� r � 2

h

M ;S;T

h

k ;S;T

2

1 � r

u

1 � �

1

^ : : : ^ u

1 � �

r

�

= 2

j S j� r � 2

h

M ;S;T

h

k ;S;T

( U

�

M ;S;T

: U

1 � �

M ;S;T

)2

1 � r

' ( z

1

^ : : : ^ z

r

)

= 2

j S j� r � 2

h

M ;S;T

h

k ;S;T

j

b

H

� 1

(�

M

; U

M ;S;T

) j � 2

1 � r

det ( '

i

( z

j

))

= 2

j S j� r � 2

h

M ;S;T

h

k ;S;T

j

b

H

1

(�

M

; U

M ;S;T

) j � 2

1 � r

det ((1 � �

M

) n

ij

)

= 2

j S j� r � 2

j A

M ;S;T

=�A

k ;S;T

j � 2

1 � r

(1 � �

M

)

r

det( n

ij

)

= 2

j S j� r � 2

j A

M ;S;T

=�A

k ;S;T

j (1 � �

M

) det( n

ij

)

The �rst equalit y uses our explicit description of "

M =k

, the third the de�nition

of

b

H

� 1

, the fourth the fact that � is cyclic, and the �fth is Lemma 4.2.1.

It is no w eviden t that ' ( "

M =k

) 2 2

j S j� r +ord

2

( j A

M ;S ;T

=�A

k ;S ;T

j ) � 2

Z [�

M

]. Com bining

this with our initial assumption that j S j � r + ord

2

( j A

M ;S;T

=�A

k ;S;T

j ) � m + 1, it

follo ws that ' ( "

M =k

) 2 2

m � 1

Z [�

M

]. Note w e get this conclusion whether M =k is

relev an t or not. Indeed, if M =k is not relev an t, then ' ( "

M =k

) = 0 b ecause "

M =k

= 0.

Hence w e ha v e an elemen t � = � ( �

K =k

) in Q [ G ] suc h that ev ery pro jection of

� in to an order 2 quotien t space lands in 2

m � 1

Z [�

M

], and whose pro jection in to Z

via the augmen tation map is zero (this is true for our � since j S j > r + 1). I claim

that this means � is in Z [ G ].

W e pro v e this �nal claim, whic h completes the pro of of the theorem. W rite

� =

P

� 2 G

q

�

� : W e kno w that for ev ery H � G of index 2 ( H = G

M

for some M ),

�

M

( � ) = (

X

h 2 H

q

h

) H + (

X

h 2 H

q

h�

M

) �

M

H 2 2

m � 1

Z [�

M

] : (4.12)
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In particular for an y �xed � w e see

P

h 2 H

q

h�

2 2

m � 1

Z . W e view G as the v ector

space F

m

2

. Let W b e the set of all subspaces H � G suc h that ( G : H ) = 2. It

is not hard to see using results on v ector spaces o v er �nite �elds that the n um b er

of suc h subspaces is 2

m

� 1. Consider the sum

P

H 2 W

P

h 2 H

q

h�

. W e see that q

�

app ears j W j times, while for ev ery 
 2 G , 
 6= � , q




app ears 2

m � 1

� 1 times. Hence

(2

m

� 1) q

�

+ (2

m � 1

� 1)

P


 6= �

q




2 2

m � 1

Z . But w e ha v e (2

m � 1

� 1)

P

g 2 G

q

g

= 0 :

Subtracting giv es 2

m � 1

q

�

2 2

m � 1

Z . Therefore q

�

2 Z .

4.4 Results to w ards the standard conjecture

F or a �xed base �eld k , w e use the follo wing notations: P l is the set of places of

k ; P l

2

represen ts the dyadic primes, i.e. those that divide 2; P l

0

is the set of �nite

place; P l

r

1

, P l

c

1

is the set of real and complex places of k resp ectiv ely , while �nally

P l

1

= P l

r

1

[ P l

c

1

. F or an y set of places S , w e put S

0

= S \ P l

0

, S

1

= S \ P l

1

,

etc .

Generally w e ha v e a �xed extension K =k in mind, and for an y set of places S ,

w e put S

+

= f v 2 S j v splits completely in K =k g and S

�

= S n S

+

. W e use the

notation for ra y class groups in tro duced in Section 2.6. F or an y ab elian group B

w e put B

(2)

= B =B

2

, whic h is an elemen tary ab elian 2-group.

Prop osition 4.4.1. If K =k is a multiquadr atic extension, T c onsists of a single

prime v

T

which splits c ompletely in K =k , and P l

2

� S

�

, then the standar d R ubin

c onje ctur e B ( K =k ; S; T ; r ) is true up to a factor of 2

2+ j S

+

1

j

.

Pr o of. Break the set S in to t w o pieces S = S

+

[ S

�

consisting of the primes that
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split completely in K =k and those that do not resp ectiv ely . W e ma y assume that

j S

+

j = r , b ecause otherwise the conjecture is trivially true.

Let A = C l

(2)

k ; ; ;S

�

0

[ T

. This group corresp onds to the maximal m ultiquadratic

extension of k that is unrami�ed outside of S

�

0

[ T . Let B

+

b e the subgroup of A

generated b y the decomp osition groups of the primes in S

+

, and similarly B

�

and

B

T

for the primes in S

�

and T . W e �nd that C l

(2)

k ;S

�

;T

�

=

A=B

�

and C l

(2)

k ;T ;S

�

0

�

=

A=B

T

. Moreo v er, rk

2

( C l

k ;S

�

;T

) � rk

2

( C l

k ;S;T

) = rk

2

(

B

+

B

+

\ B

�

) and rk

2

( C l

k ;T ;S

�

0

) �

rk

2

( C l

k ;T [ S

+

;S

�

0

) = rk

2

(

B

+

B

+

\ B

T

). Since the groups on the righ t sides are elemen tary

ab elian, w e conclude

rk

2

( C l

k ;S

�

;T

) � rk

2

( C l

k ;S;T

) � (rk

2

( C l

k ;T ;S

�

0

) � rk

2

( C l

k ;T [ S

+

;S

�

0

)) =

rk

2

( B

+

\ B

T

) � rk

2

( B

+

\ B

�

)

But B

T

is generated b y the decomp osition group of v

T

. Since v

T

is tamely

rami�ed ( v

T

62 P l

2

), its rami�cation index is at most e = 2 and its inertial degree in

the m ultiquadratic extension H

k ; ; ;S

�

[ T

=k is at most f = 2 (b ecause f = j G

v

T

=I

v

T

j

is a cyclic sub-quotien t of G ). Hence the decomp osition group of v

T

has 2-rank at

most 2. W e conclude that rk

2

( B

+

\ B

T

) � 2. Also note that K � H

(2)

k ;T [ S

+

;S

�

0

, so

m := rk

2

( G ( K =k )) � rk

2

( C l

k ;T [ S

+

;S

�

0

) (Here is where w e are using the h yp othesis

that v

T

splits in K =k ). Putting these facts together yields

rk

2

( C l

k ;S

�

;T

) � rk

2

( C l

k ;S;T

) �

�

rk

2

( C l

k ;T ;S

�

0

) � m

�

� 2 ;

or

rk

2

( C l

k ;S

�

;T

) � rk

2

( C l

k ;T ;S

�

0

) � 2 � m + rk

2

( C l

k ;S;T

) :
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No w according to the re
ection form ula (Theorem 2.6.5; here is where w e are

using the h yp othesis that P l

2

� S

�

),

rk

2

( C l

k ;S

�

;T

) � rk

2

( C l

k ;T [ S

r+

1

;S

�

0

) = j T j � j P l

1

j � j S

�

0

j + j S

r+

1

j

= 1 � ( j S j � r ) � j S

c+

1

j :

And b y Corollary I.4.5.4 of [Gra03 ], rk

2

( C l

k ;T [ S

r+

1

;S

�

0

) � rk

2

( C l

k ;T ;S

�

0

) � �j S

r+

1

j .

Therefore

2 � m + rk

2

( C l

k ;S;T

) � 1 � j S j + r � j S

c+

1

j � j S

r+

1

j :

or, with the fact that when T con tains no dy adic primes, rk

2

( C l

k ;S;T

) = rk

2

( A

k ;S;T

),

j S j + rk

2

( A

k ;S;T

) � 1 + r + m � (2 + j S

+

1

j ) :

By examining Corollary 4.0.11, w e see that the pro of is complete.

Corollary 4.4.2. If k is total ly r e al and K is total ly c omplex, then with the hy-

p othesis of the pr evious pr op osition, B ( K =k ; S; T ; r ) is true up to a factor of 2

2

.

Example 4.4.3. If the b ase �eld is k = Q , then under the hyp othesis of the

pr evious pr op osition we have pr oven that B ( K =k ; S; T ; r ) is true up to a factor of

2

2+1

= 8 . However the r e quir ements that P l

2

� S and v

T

split c ompletely ar e not

r e al ly ne c essary in this c ase, and this r esult may b e pr ove d dir e ctly fr om Cor ol lary

4.0.11 via other metho ds.

W e wrap up this section b y pro ving the

Prop osition 4.4.4. Supp ose K =k is a multiquadr atic extension. If j T

+

j � r + 1

and P l

2

� S , then B ( K =k ; S; T ; r ) is true.
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Pr o of. By Theorem 2.6.5,

rk

2

( C l

k ;S;T

+

) � rk

2

( C l

k ;T

+

;S

0

) = j T

+

j � j S j

Also rk

2

( C l

k ;S;T

) � rk

2

( C l

k ;S;T

+

), and, since K � H

k ;T

+

;S

0

, m � rk

2

( C l

k ;T

+

;S

0

).

Putting these inequalities together yields the necessary one to apply Theorem

4.0.9.

Note that the condition that P l

2

� S is often ful�lled naturally b ecause it is

quite common for dy adic primes to ramify in m ultiquadratic extensions (as the

extension is Kummer and the dy adic primes divide the exp onen t.)

4.5 Results to w ards the extended conjecture

In this section w e deriv e further results for the extended conjecture. Of course

all results for the extended conjecture

e

B also imply the corresp onding

results for the standard Rubin conjecture B . (T ak e M = K in Theorem

3.4.1.)

Prop osition 4.5.1. If K =k is a biquadr atic bicyclic extension, i.e. G ( K =k )

�

=

( Z = 2 Z )

2

, and rk

2

( A

M ;S;T

) � 1 for al l r elevant quadr atic extensions M =k , then

e

B ( K =k ; S; T ) is true.

Pr o of. W e are also assuming, as alw a ys, that the L -function attac hed to the trivial

c haracter v anishes to order greater than r , i.e. j S j � r + 2. According to Theorem

4.0.9, w e are done if, for eac h relev an t quadratic extension M =k ,

j S j + ord

2

( j A

M ;S;T

=�A

k ;S;T

j ) � r + m + 1 = r + 3 :
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Hence w e are reduced to the case where there exists a relev an t extension M =k in

whic h ord

2

( j A

M ;S;T

=�A

k ;S;T

j ) = 0 and j S j = r + 2. Let M =k b e suc h a quadratic

extension and � = G ( M =k ).

By Lemma 4.0.10 w e ha v e ord

2

( j A

M ;S;T

=�A

k ;S;T

j ) � rk

2

( A

k ;S;T

); w e conclude

that A

k ;S;T

also has o dd cardinalit y . No w the long exact sequence of �nite groups

(see Lemma 4.2.1),

0 � !

b

H

1

(� ; U

M ;S;T

) � ! A

k ;S;T

�

� ! A

M ;S;T

� ! A

M ;S;T

=�A

k ;S;T

� ! 0

implies that b oth j

b

H

1

(� ; U

M ;S;T

) j and j A

M ;S;T

j are o dd, since their pro duct is.

Ho w ev er this con tradicts our h yp othesis that rk

2

( A

M ;S;T

) � 1. Therefore no suc h

relev an t extension exists and the prop osition follo ws.

The next theorem w e shall pro v e applies to the extended conjecture, and

thereb y also to Rubin's conjecture. It is the strongest theorem kno wn to the

author regarding Rubin's conjecture in m ultiquadratic extensions. It sa ys that if

w e are allo w ed to c hose the set T judiciously , w e ma y tak e T to b e of cardinalit y

m � 1 and the conjecture de�nitely b ecomes true. Moreo v er, if an y set T of non-

dy adic primes is c hosen of cardinalit y larger than r + m , the conjecture will b e

true. (The condition that the primes in T b e non-dy adic is simply to a v oid trouble

with wild rami�cation. Ho w ev er, if one truly wishes to put dy adic primes in to T

that is not a problem, one should simply replace the set T b elo w with T n T

2

, apply

the theorem, and then add the dy adic primes bac k in to T , and conjecture

e

B will

remain true b y Prop osition 3.3.1.)

Theorem 4.5.2. Supp ose K =k is a multiquadr atic extension of r ank m , S is ap-

pr opriate for K =k and is an r -c over for

b

G . Then:



82

(i) F or any inte ger t with t � r + m + 1 � j S j � rk

2

( A

k ;S

) , ther e exists a set T

with j T j = t such that

e

B ( K =k ; S; T ) is true.

(ii) If T is an y set of non-dyadic plac es with j T j � r + m + 1 , the c onje ctur e

e

B ( K =k ; S; T ) is true.

Pr o of. W e pro v e ( ii ) �rst. Supp ose T of the indicated size is giv en. Let P ( T )

denote the p o w er set of T . W e mak e P ( T ) in to a group under the op eration

T

1

� T

2

= ( T

1

[ T

2

) n ( T

1

\ T

2

) :

(The iden tit y elemen t is the empt y set, and ev ery elemen t is its o wn in v erse.)

Recall the construction of the S -go v erning �eld of k from Section 2.6. First w e

put

Y

S

k

= f x 2 k

�

j ( x ) = a

2

a

S

0

g :

Then w e form the go v erning �eld

Q

k

= k (

q

Y

S

k

) : (4.13)

De�ne a homomorphism P ( T )

 

� ! G ( Q

k

=k ) via the form ula

 ( T

1

) =

Y

v 2 T

1

�

Q

k

=k

v

�

:

That  is actually a homomorphism relies simply on the fact that G ( Q

k

=k ) is

an elemen tary 2-group. According to Lemma 2.6.7, eac h T

1

2 k er (  ), T

1

6= ; ,

corresp onds to a relativ e quadratic extension of k whic h is T

1

-totally rami�ed and

S -split. W e conclude that

rk

2

( A

k ;S;T

) � rk

2

( A

k ;S

) � rk

2

(k er (  )) : (4.14)
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No w

j k er(  ) j =

jP ( T ) j � j Cok er(  ) j

j G ( Q

k

=k ) j

�

jP ( T ) j

j G ( Q

k

=k ) j

= 2

j T j� rk

2

( G ( Q

k

=k ))

: (4.15)

Let A

k ;S

[2] denote the 2-torsion of A

k ;S

, i.e., those elemen ts annihilated b y 2.

The exact sequence

0 � ! A

k ;S

[2] � ! A

k ;S

2

� ! A

k ;S

� ! A

(2)

k ;S

� ! 0 (4.16)

implies # A

k ;S

[2] = # A

(2)

k ;S

, and hence, since b oth groups are elemen tary ab elian,

rk

2

( A

k ;S

[2]) = rk

2

( A

(2)

k ;S

) = rk

2

( A

k ;S

). W e use the follo wing short exact sequence

to analyze the rank of the Galois group of the go v erning �eld:

0 � !

U

k ;S

( k

�

)

2

( k

�

)

2

� !

Y

S

k

( k

�

)

2

�

� ! A

k ;S

[2] � ! 0

where for x 2 Y

S

k

= ( k

�

)

2

w e decomp ose ( x ) = a

2

a

S

0

and then set � ( x ) := [ a ]

k ;S

.

This map is clearly w ell de�ned. No w w e v erify the exactness. First, if c = [ a ]

k ;S

2

A

k ;S

[2], then a

2

= ( x ) b

S

0

with x 2 k

�

and b

S

0

2 h S

0

i . Hence � ( x ) = c . Next, if

x 2 Y

S

k

= ( k

�

)

2

gets mapp ed to the iden tit y under � , then ( x ) = ( x

0

)

2

a

S

0

. Hence

x =

x

x

2

0

� x

2

0

2 U

k ;S

( k

�

)

2

: On the other hand, it is clear that all suc h elemen ts get

mapp ed to the iden tit y under � .

Since all the groups in the exact sequence are �nite elemen tary 2-groups, w e

use Kummer theory to �nd that

rk

2

( G ( Q

k

=k )) = rk

2

( Y

S

k

= ( k

�

)

2

) = rk

2

( U

k ;S

( k

�

)

2

= ( k

�

)

2

) + rk

2

( A

k ;S

) :

Com bining the fact that rk

2

( U

k ;S

( k

�

)

2

= ( k

�

)

2

) = rk

2

( U

k ;S

=U

2

k ;S

) = j S j with equa-

tions (4.14) and (4.15), w e �nd that

rk

2

( A

k ;S;T

) � rk

2

( A

k ;S

) � j T j � j S j � rk

2

( A

k ;S

) :
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Recalling our h yp othesis on j T j and rearranging yields

j S j + rk

2

( A

k ;S;T

) � r + m + 1

whic h, in view of the Main Theorem of m ultiquadratic extensions (Corollary 4.0.11),

�nishes the pro of of ( ii ).

F or part ( i ), let t � r + m + 1 � j S j � rk

2

( A

k ;S

) b e a giv en in teger. Cho ose t

distinct primes v

1

; :::; v

t

of k suc h that

�

Q

k

=k

v

i

�

= 1

for eac h 1 � i � t , and collect them to form the set T .

Consider the map  as ab o v e. In this situation all of P ( T ) is in the k ernel of

 , so that equation (4.14) b ecomes

rk

2

( A

k ;S;T

) � rk

2

( A

k ;S

) � rk

2

( P ( T )) = t:

Substituting the b ound on t , and rearranging yields the necessary inequalit y to

apply the Main Theorem for m ultiquadratic extensions.

Remark : Since j S j � r � 2 � 0, it follo ws that w e ma y c ho ose the t in part ( i )

of the ab o v e theorem to b e m � 1. In the biquadratic case w e therefore ma y tak e

t = 1. Hence in the biquadratic bicyclic case w e ma y alw a ys add one prime to T

to mak e the conjecture true, namely a prime whic h splits completely in Q

k

=k .

4.6 Completely non trivial r -co v ers

The spirit of the conjecture

e

B is that w e do not wish to consider only the cases

where there are r primes whic h split completely . W e ma y w ell ask what happ ens if



85

w e push this idea to its extreme, and supp osed that S do es not con tain any prime

whic h splits completely in the extension K =k . It turns out that in certain cases

w e can then sa y ev en more.

De�nition 4.6.1. F or an extension K =k and inte ger r , we c al l an r -c over S for

b

G completely non trivial if it do es not c ontain an y primes that split c ompletely in

K =k .

Prop osition 4.6.2. If K =k is a multiquadr atic extension of r ank m and S is a

c ompletely nontrivial r -c over with r � m , then

e

B ( K =k ; S; T ) is true.

Pr o of. Recall the inequalit y from Lemma 2.4.2,

X

� 2

b

G

� 6= 1

G

r

S

( � ) =

X

v 2 S

( g

v

� 1) : (4.17)

Since, b y h yp othesis, none of the primes in S split completely in K =k , it follo ws

that eac h decomp osition group is non trivial and g

v

� 2

m � 1

for eac h v 2 S . Since

S is an r -co v er for

b

G , for ev ery � 2

b

G , r

S

( � ) � r . Plugging these estimates in to

(4.17) yields (2

m

� 1) r � (2

m � 1

� 1) j S j , or j S j �

2

m

� 1

2

( m � 1)

� 1

r > 2 r . Since j S j is an

in teger, j S j � 2 r + 1, whic h, b y h yp othesis is at least r + m + 1. Again w e are done

b y the Main Theorem regarding m ultiquadratic extensions (Corollary 4.0.11).

Corollary 4.6.3. If S is a c ompletely nontrivial r -c over, c onje ctur e

e

B is true in

biquadr atic bicyclic extensions (i.e. when G = ( Z = 2 Z )

2

) .

Pr o of. According to the previous Prop osition, w e are done if r � 2. The case r = 1

w as tak en care of in [Eri05 ].
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4.7 A remark on the approac h

Our attac k on the problem of m ultiquadratic extensions w as to write the ev al-

uator for the full extension K =k in terms of pieces coming from eac h quadratic

lev el. W e ha v e not b een able to pro v e an y conjecture in full using this metho d, so

it is natural to ask whether it migh t not alw a ys w ork. The answ er is that indeed

at times it is not strong enough: some of the pieces add together to giv e an ele-

men t in the lattice while eac h piece is not in the lattice. The follo wing example

demonstrates this phenomenon.

Example 4.7.1. L et k = Q and K = Q ( �

8

) = Q (

p

� 1 ;

p

2 ) . L et S = f1 ; 2 ; 17 g

and T = f 3 g . The �eld K has thr e e quadr atic sub�elds, K

1

= Q (

p

� 1) , K

2

=

Q (

p

� 2 ) and K

3

= Q (

p

2 ) . A l l �ve �elds have class numb er one. One �nds that

the thr e e R ubin-Stark units for the quadr atic extensions K

i

= Q ar e "

1

=

8 � 15

p

� 1

17

,

"

2

=

� 1+12

p

� 2

17

and "

3

= 1 . Sinc e 17 splits c ompletely in K =k , we ar e in the

situation of the standar d R ubin c onje ctur e, though we c an c onsider it also fr om the

viewp oint of the extende d c onje ctur e, as S is a 1 -c over for

b

G . F r om our e arlier

description we obtain (now written multiplic atively)

"

K =k

= "

1 = 2

1

"

1 = 2

2

"

1 = 2

3

:

One c an che ck that, for example "

1 = 2

1

=2 K . Inde e d, in K we may de c omp ose "

1

into primes:

( "

1

) O

K

= P

17

P

0

17

( P

00

17

P

000

17

)

� 1

;
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wher e

(17) O

K

= P

17

P

0

17

P

00

17

P

000

17

= (2 +

p

� 1 +

p

2)(2 +

p

� 1 �

p

2 )(2 �

p

� 1 +

p

2)(2 �

p

� 1 �

p

2 ) :

Never-the-less, "

K =k

2 U

K ;S;T

. This happ ens b e c ause the "

1 = 2

1

and "

1 = 2

2

c ombine

to give something in the lattic e. Our analysis fr om in the curr ent chapter would

not have dete cte d this fact.



Chapter 5

More general extensions

In the previous c hapter w e studied extensions of exp onen t t w o extensiv ely . Here

w e mo v e bac k to studying more general t yp es of extensions.

5.1 Co v ers with �nite, unramifying primes

In this section K =k is an y arbitrary �nite ab elian extension of n um b er �elds,

and the pair of sets ( S; T ) is appropriate for K =k . Denote the minimal order of

v anishing b y r = r

S

( K =k ). Recall that P

r

( S

min

) is simply the set of all subsets of

S

min

with cardinalit y exactly r . If S con tains `enough' �nite unramifying primes,

the standard conjecture implies the extended conjecture. T o b e precise:

Theorem 5.1.1. Supp ose S is an r -c over for

b

G which has a subset S

0

which is an

r -c over for

b

G c onsisting of only �nite unr amifying primes. If B ( M

I

=k ; S; T ; r ) is

true for al l I 2 P

r

( S

min

) then

e

B ( K =k ; S; T ) fol lows.

88
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Pr o of. Note that S

min

� S

0

. Let S

b

= S n S

0

; this set is a 0-co v er to whic h w e will

b e adding primes to generate zero es in the L -functions of certain sub extensions of

K =k . As S

0

con tains only �nite, unramifying primes, S

b

still con tains all in�nite

and ramifying primes and hence is appropriate for the extension K =k . W e call S

b

the base appropriate set. W e ma y assume that j S

0

j > r b ecause if j S

0

j = r , then

S

min

= S

0

con tains r primes that split completely and M

I

= K for I = S

min

. W e

are actually assuming B ( K =k ; S; T ; r ) is true in this case! Ho w ev er in this situation

B and

e

B are equiv alen t (see Corollary 3.4.2) and w e w ould b e done. Therefore

assume j S

0

j > r and hence for an y I 2 P

r

( S

min

) w e ma y also de�ne

�

I

=

Y

v 2 S

0

n I

�

1 � �

� 1

v

�

(the F rob enius automorphisms exist b ecause w e are assuming the primes in S

0

are

unrami�ed).

W e shall use the notation of Section 3.2. T emp orarily �x some I 2 P

r

( S

min

).

T ak e v 2 I and � 2

b

G . W e claim that � (( �

v

� 1) �

I

) is zero. Ob viously the claim

is true if � ( �

I

) = 0. But � ( �

I

) 6= 0 implies that no prime in S

0

n I splits in K

�

=k .

Ho w ev er w e kno w at least r primes of S

0

ha v e to split in K

�

=k , as S

0

is an r -co v er.

Th us all the primes in I split in K

�

=k , so � ( �

v

) = 1 and the claim has b een sho wn.

Since this holds for all � 2

b

G w e conclude that ( �

v

� 1) �

I

= 0, that is, �

v

� �

I

= �

I

.

In the case of unrami�ed primes, D

I

, the subgroup generated b y the decomp o-

sition groups of the primes in I , is actually generated b y the F rob enius automor-

phisms, D

I

= h �

v

j v 2 I i . Th us, the previous paragraph has sho wn that �

I

is

�xed b y D

I

. But Z [ G ] is cohomologically trivial, so Z [ G ]

D

I

= N

D

I

Z [ G ]. Therefore

�

I

= N

D

I

� �

0

I

for some �

0

I

2 Z [ G ].
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Pic king up this extra co e�cien t N

D

I

is enough to �nish the pro of. T ak e an

elemen t � = �

1

^ : : : ^ �

r

2

V

r

U

�

K ;S;T

. W e need only sho w that � ( �

K =k ;S;T

) 2 Z [ G ],

as this will imply that �

K =k ;S;T

is an elemen t of �

S;T

, whic h is the prediction of the

extended conjecture. W e will sho w �rst that � ( "

M

I

=k ;S

b

[ I ;T ;r

) = N

r

D

I

�

�

I

for some

�

�

I

2 Z [ G ]. According to a computation iden tical to the one p erformed in the pro of

of Prop osition 3.4.3,

� ( "

M

I

=k ;S

b

[ I ;T ;r

) 2 j D

I

j

r

	

K = M

I

( Z [ G=D

I

]) = j D

I

j

r � 1

N

D

I

Z [ G ] = N

r

D

I

Z [ G ] :

No w w e use Theorem 3.2.5 to compute

� ( �

K =k ;S;T

) =

X

I 2P

r

( S

min

)

1

j D

I

j

r

� ( "

M

I

=k ;S;T ;r

)

=

X

�

0

I

j D

I

j

r

N

D

I

� ( "

M

I

=k ;S

b

[ I ;T ;r

)

=

X

�

0

I

j D

I

j

r

N

r +1

D

I

�

�

I

=

X

�

0

I

N

D

I

�

�

I

2 Z [ G ] ;

thereb y ending the pro of.

Example 5.1.2. Over Q , R ubin 's c onje ctur e is known for Z =l Z -extensions if l

is an o dd prime [Bur04]. So we may c onstruct examples of extensions K = Q in

which the extende d c onje ctur e

e

B is known. One way to pr o c e e d is the fol lowing:

By Dirichlet's The or em on primes in pr o gr ession, we know the se quenc e f 1 + bl g

1

b =1

c ontains in�nitely many r ational primes. L et p

i

= 1 + b

i

l for i = 1 ; : : : ; m b e m of

these.
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Consider the cyclotomic �eld L = Q ( �

N

) wher e N = p

1

� : : : � p

m

. By wel l known

cyclotomic �eld the ory, G ( L= Q )

�

=

( Z = N Z )

�

�

=

L

m

i =1

Z =b

i

l Z and let H denote the

sub gr oup

L

m

i =1

l Z =b

i

l Z of G under the last identi�c ation. Final ly, let K = L

H

b e

the �xe d �eld. Then G ( K = Q ) is isomorphic to ( Z =l Z )

m

. One c an then �l l out sets

S and T of primes of Q for which we c an pr ove

e

B ( K = Q ; S; T ) .

As a general rule, an y result whic h sa ys \ B for all suc h extensions implies

e

B "

ma y b e repro v en almost v erbatim for \ C for all suc h extensions implies

e

C ". All

that is needed is to replace �

S;T

with �

0

S;T

. Th us w e ha v e also the follo wing

Theorem 5.1.3. Supp ose S is an r -c over for

b

G which has a subset S

0

which is an

r -c over for

b

G c onsisting of only �nite unr ami�e d primes. If C ( M

I

=k ; S; r ) is true

for al l I 2 P

r

( S

min

) then

e

C ( K =k ; S ) fol lows.

5.2 Extensions of prime exp onen t

In this section w e supp ose our �nite ab elian Galois group G has prime exp o-

nen t l , that is G = G ( K =k )

�

=

( Z =l Z )

m

. W e do not necessarily supp ose that our

base �eld k con tains the l

th

ro ots of unit y; the extension K =k ma y not b e a Kum-

mer extension. Our goal is to pro v e

e

B ( K =k ; S; T ) under the h yp othesis that the

standard Rubin conjecture is true for (cyclic) extensions of degree l . If l > 2 the

main di�erence from the m ultiquadratic extensions considered earlier is that w e

curren tly do not ha v e an explicit form ula for the Stark-ev aluators "

M ;S;T ;j

. Indeed,

w e do not kno w in general that the conjectures are true, as w e do in the quadratic

case. None-the-less w e will arriv e at similar (but w eak er) inequalities on j S j and r
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whic h imply the truth of the conjectures. T o wit:

Theorem 5.2.1. Supp ose l is a prime numb er, G = G ( K =k )

�

=

( Z =l Z )

m

and that

B ( M =k ; S

0

; T ; r ) is true for every de gr e e l extension M of k c ontaine d in K and

appr opriate S

0

� S . L et S

ram

denote the set of �nite primes of k that r amify in

K =k , and P l

1

denote the set of in�nite plac es of k . If

j S j � r + j S

ram

j + j P l

1

j + ( m � 1) l (5.1)

then

e

B ( K =k ; S; T ) is true.

Pr o of. T ak e a � 2

b

G

r ;S

, and let H = k er � . Then M = K

H

is a r elevant extension

of k , i.e., a Z =l Z -extension in whic h exactly r primes of S split. According to

Theorem 3.2.3, w e kno w that

�

K =k ;S;T

=

X

� 2

b

G

1

j k er � j

r

e

�

"

K

k er �

=k ;S;T ;r

and so if w e lo ok at the piece coming from the �eld M , this is (see the Remark

after Lemma 2.3.7)

1

j H j

r

N

H

j H j

"

M =k ;S;T ;r

=

1

j H j

r

"

M =k ;S;T ;r

(the equalit y b ecause ev ery elemen t of H acts trivially on "

M =k ;S;T ;r

.)

W e kno w further that up on application of an elemen t � 2

V

r

U

�

K ;S;T

, w e will

pic k up a N

r

H

= j H j

r � 1

N

H

:

�

�

1

j H j

r

"

M =k ;S;T ;r

�

2

N

H

j H j

Z [ G ] = l

1 � m

N

H

Z [ G ] :

The k ey is to run this same argumen t not with "

M =k ;S;T ;r

, but rather with

"

M =k ;S

H

;T ;r

for some S

H

( S . In particular w e tak e S

H

to consist of the r primes of
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S that split in M =k , the primes that ramify in M =k and the in�nite primes of k .

Th us S

H

is appropriate, and w e do ha v e an "

M =k ;S

H

;T ;r

. Notice U

�

K ;S;T

� U

�

K ;S

H

;T

.

The t w o epsilons are link ed in the follo wing w a y:

"

M =k ;S;T ;r

=

2

4

Y

v 2 S n S

H

�

1 � �

v

( M =k )

� 1

�

3

5

"

M =k ;S

H

;T ;r

: (5.2)

Because of our h yp othesis on j S j , w e kno w j S n S

H

j = j S j � j S

H

j � ( m � 1) l .

W e need to study the pro duct that app ears in equation (5.2). Fix � a generator

of � = G ( M =k )

�

=

Z =l Z . Then for an y set of n

i

2 f 1 ; 2 ; :::; l � 1 g ,

l

Y

i =1

(1 � �

n

i

) =

l

Y

i =1

(1 � � )(1 + � + ::: + �

n

i

� 1

) 2 (1 � � )

l

Z [�] :

If l = 2, (1 � � )

2

= 2(1 � � ) 2 l Z [�], while if l is an o dd prime the �rst and

last terms cancel and (1 � � )

l

=

P

l � 1

j =1

�

l

j

�

�

j

2 l Z [�]. Since w e kno w j S n S

H

j �

( m � 1) l and eac h set of l factors in the pro duct con tributes at least a factor of

l w e conclude that

h

Q

v 2 S n S

H

(1 � �

v

( M =k )

� 1

)

i

2 l

m � 1

Z [�]. W e conclude that

�

�

1

j H j

r

"

M =k ;S;T ;r

�

2 Z [ G ], and so b y linearit y � ( �

K =k ;S;T

) 2 Z [ G ], whic h completes

the pro of.

Corollary 5.2.2. If our data satisfy al l the hyp othesis of The or em 5.2.1 exc ept the

b ound on j S j , we may stil l add su�ciently many primes to S so that the extende d

c onje ctur e for K =k b e c omes true.

Pr o of. Confer Example 4.0.12.

Corollary 5.2.3. If G = G ( K =k )

�

=

( Z =l Z )

m

, B ( M =k ; S

0

; T ; r ) is true for every

de gr e e l extension of k c ontaine d in K and appr opriate S

0

� S , S is a c ompletely
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nontrivial r -c over and

r �

1

l � 1

h

j S

ram

j + j P l

1

j + ( m � 1) l � 1

i

then

e

B ( K =k ; S; T ) is true.

Pr o of. (Compare Prop osition 4.6.2). W e use the inequalit y from Lemma 2.4.2,

X

� 2

b

G

� 6= 1

G

r

S

( � ) =

X

v 2 S

( g

v

� 1) : (5.3)

Since, b y h yp othesis, none of the primes in S split completely in K =k , it follo ws

that eac h decomp osition group is non trivial and g

v

� l

m � 1

. Since S is an r -co v er

for

b

G , for ev ery � 2

b

G , r

S

( � ) � r . Substituting these estimates in to (5.3) yields

( l

m

� 1) r � ( l

m � 1

� 1) j S j , or j S j �

l

m

� 1

l

( m � 1)

� 1

r > l r . Since j S j is an in teger, j S j �

l r + 1 = r + ( l � 1) r + 1, whic h, b y h yp othesis is at least r + j S

ram

j + j P l

1

j + ( m � 1) l .

W e are done b y the previous Theorem.

5.3 A Stark-t yp e conjecture of Burns

Recen tly Da vid Burns has prop osed a conjecture whic h ma y imply conjecture

B , and related conjectures of Gross and T ate. See [Bur04 ].

The conjecture predicts that in the standard situation of r splitting primes in

K =k , for � 2

V

r

Z [ G ]

U

�

K ;S;T

w e ha v e

� ( "

K =k ;S;T ;r

) � � h

k ;S;T

Reg

�

G

(mo d I

j S j� r

G

)

where I

G

(the so-called augmentation ide al ) is the k ernel of Z [ G ]

aug

� ! Z ; and Reg

�

G

is a canonical Gross-t yp e regulator taking v alues in Z [ G ] and de�ned via lo cal

recipro cit y maps and the isomorphism G

�

=

I

G

=I

2

G

. See [Ha y04] for details.
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In particular, this conjecture implies that, in our situation where r primes of

S split in M =k , for � = �

1

^ : : : ^ �

r

2

V

r

Z [ G ]

U

�

K ;S;T

,

(( N

�

L= M

)

r

� )( "

M =k

) 2 I

j S j� r � 1

G ( M =k )

: (5.4)

Hence if G

�

=

( Z =l Z )

m

w e ma y pla y o� the same ideas as Section 5.2 state the

follo wing prop osition:

Prop osition 5.3.1. Supp ose l is a prime numb er, G = G ( K =k )

�

=

( Z =l Z )

m

and

that Burns' c onje ctur e as state d ab ove is true for every de gr e e l extension of k

c ontaine d in K and appr opriate S

0

� S . If

j S j � r + ( m � 1) l + 1 (5.5)

then

e

B ( K =k ; S; T ) is true.

Pr o of. F or a Z =l Z -extension M =k with Galois group � = f 1 ; � g , w e ha v e I

�

=

( � � 1) Z [�]. But then I

l

�

� l Z [�]. Hence if j S j � r � 1 � ( m � 1) l , b y equation (5.4)

w e ha v e

(( N

�

L= M

)

r

� )( "

M =k

) 2 l

m � 1

Z [�] :

The pro of �nishes exactly as that of Theorem 5.2.1.

Corollary 5.3.2. Supp ose Burns' c onje ctur e for de gr e e l extensions. If S is a

c ompletely nontrivial r -c over, and G

�

=

( Z =l Z )

m

and mor e over

r �

l

l � 1

( m � 1)

then

e

B ( K =k ; S; T ) is true.
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Pr o of. This corollary follo ws from the previous prop osition in exactly the same

manner that Corollary 5.2.3 follo w ed from Theorem 5.2.1.

Corollary 5.3.3. Supp ose Burns' c onje ctur e for de gr e e l extensions. If S is a

c ompletely nontrivial r -c over, G

�

=

( Z =l Z )

2

and r � 2 then

e

B ( K =k ; S; T ) is true.

5.4 Coun terexamples to p oten tial conjectures

It is safe to sa y that Stark's rationalit y conjecture is b eliev ed to hold, i.e.

�

K =k ;S;T

2 Q

V

r

Z [ G ]

U

K ;S;T

(actually the submo dule thereof supp orted on the c har-

acters of minimal order of v anishing). The searc h for the correct lattice in-

side Q

V

r

Z [ G ]

U

K ;S;T

is still in progress. Indeed, Rubin settled on the condition

( �

1

^ : : : ^ �

r

)( " ) 2 Z [ G ] only after realizing that the more natural �rst guess of

V

r

Z [ G ]

U

K ;S;T

itself w as incorrect.

There is a relativ ely large amoun t of supp ort for Rubin's lattice �

S;T

in the case

of the standar d conjecture. Ho w ev er w e ha v e only pro vided v ery partial supp ort

for the use of it for the extended conjectures in this dissertation. (This is p erhaps

more lik ely to b e due to w eaknesses in this author's metho ds of pro of than to the

lattice?) In an y case, b ecause of the result of Prop osition 3.4.3, if one b eliev es the

standard Rubin conjecture, then the correct lattice is some sublattice of

1

j G j

�

S;T

.

Indeed b y examining that pro of more closely , one sees that

1

c

�

S;T

can b e used

where

c = lcm

I 2P

r

( S

min

)

j D

I

j :

W e ha v e also pro v en �

S;T

itself can b e used when S has a sub- r -co v er consisting
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of �nite unramifying primes, or in m ultiquadratic extensions when T is su�cien tly

large.

The statemen t of the conjecture

e

B included the h yp othesis S 6= S

min

. The case

S = S

min

ma y b e view ed as a `b oundary case,' and often a di�eren t conclusion

follo ws in b oundary cases. F or example, in the in tro duction w e only in tro duced

Stark's First Order Ab elian Conjecture under the h yp othesis j S j � 3 to a v oid a

more complicated form ulation of what happ ens when j S j = 2. F or the extended

conjecture, when S = S

min

and r = 1 there is n umerical evidence that at times

�

K =k ;S;T

62 �

S;T

. See [Eri05 , Section 4.2] for the explicit construction.

Another h yp othesis that migh t b e imp osed in lieu of ` S 6= S

min

' is that the

decomp osition groups of the primes in S generate the full Galois group of K =k .

This condition is equiv alen t to H

k ;S

\ K = k , where H

k ;S

is the maximal ev erywhere

unrami�ed ab elian extension of k in whic h all primes of S split completely . Hence

b y imp osing this condition, w e w ould not gain information ab out a class of v ery

in teresting examples when A

k ;S

is non trivial. F or example, w e could not in v estigate

examples similar to that Rubin giv es to demonstrate the need for the lattice �

S;T

,

i.e. ones where all or most of the primes in S split in K =k .

It w ould b e in teresting to disco v er the `righ t' lattice to capture the ev aluators

as closely as p ossible, including one that captures comp onen ts arising from non-

minimal order of v anishing L -functions.



App endix

Characterizing cen tral extensions

Throughout this app endix, K =k is an ab elian extension of n um b er �elds, G =

G ( K =k ), �

K

denotes the ro ots of unit y in K and w

K

= # �

K

. In what follo ws, ev ery

o ccurance of U

K

ma y b e in terepreted as U

K ;S

for an y set of primes S con taining

all Arc himedean places. W e arbitrarily �x a function

N : G � ! Z (A.1)

suc h that �

�

= �

N �

for all � 2 �

K

. Let U

ab

K =k

denote the set of units of K whose

w

K

-th ro ot is ab elian o v er k . There is a (non-injectiv e) map U

K

! Q U

K

sending

u to eu = 1 
 u . This map annihilates torsion (all ro ots of unit y get sen t to 1). The

image of U

K

under this map is denoted

f

U

K

. As usual, k

ab

denotes the maximal

ab elian extension of k .

The follo wing c haracterization of when adjoining a w

K

- th ro ot of an S -unit to

K generates an extension that is ab elian o v er k can b e found in [T at84 , Prop osition

IV.1.2]. It is due originally to Coates [Coa77], and w e shall refer to it as `Coates

98
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condition.'

Prop osition A.0.1. L et f �

i

g

i 2 I

b e a system of gener ators for G . F or any u 2

Q U

K

, the fol lowing ar e e quivalent:

(i) Ther e exists an " 2 U

ab

K =k

such that u

w

K

= e" .

(ii) Ther e exists a �eld L � k

ab

such that u 2

f

U

L

.

(iii) F or almost al l �nite plac es p of k unr ami�e d in K , ther e exists "

p

2 U

K

such that "

p

� 1 (mo d p O

K

) and e"

p

= u

�

p

� N p

:

(iv) Ther e exists " 2 U

K

and f �

i

g

i 2 I

� U

K

such that u

w

K

= e" , 8 i; j 2 I

�

�

j

� N �

j

i

= �

�

i

� N �

i

j

and "

�

i

� N �

i

= �

w

K

i

.

A.1 An analogue of Coates' condition

The aim of this app endix is to pro v e a similar t yp e of c haracterization of when

the extension L = K ( "

1 =w

K

) is not necessarily ab elian, but merely cen tral o v er k .

De�nition A.1.1. R e c al l that a gr oup extension

1 � ! H � ! G � ! G � ! 1 (A.2)

is c al le d cen tral if H is c ontaine d in the c enter of G , i.e., any element h 2 H

c ommutes with every element of G . A series of �eld extensions L=K =k with L=k

and K =k Galois is c al le d cen tral if the c orr esp onding exact se quenc e of Galois

gr oups

1 � ! G ( L=K ) � ! G ( L=k ) � ! G ( K =k ) � ! 1 (A.3)
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is c entr al.

W e ma y consider the group of ro ots of unit y �

K

as a Z [ G ]-mo dule (an y �eld

automorphism will tak e a ro ot of unit y to another ro ot of unit y).

De�nition A.1.2. L et

A ( K =k ) := Ann

Z [ G ]

( �

K

) � Z [ G ]

b e the annihilator ide al of �

K

under this action.

It can b e sho wn (see [T at84, Lemme IV.1.1]) that A ( K =k ) is generated o v er Z

b y the elemen ts ( �

p

� N p ) as p runs through the set of primes of k unrami�ed in

K =k .

W e b egin b y studying general Kummer extensions of an ab elian extension K =k .

(A Kummer extension of K is an y extension obtained b y adjoining to K the w

K

- th

ro ots of elemen ts of K .) Cho ose a subgroup � � K

�

= ( K

�

)

w

K

and L = K (

w

K

p

�).

Lemma A.1.3. The extension L = K (

w

K

p

�) is Galois over k if and only if � is

a Z [ G ] -mo dule.

Pr o of. ( ) ) Supp ose L=k is Galois. Let � 2 G and � 2 �. Let e� b e an y lift of �

in to G = G ( L=k ). Fix � as a w

K

-th ro ot of � . Since �

e�

2 L , �

�

is a w

K

-th p o w er

of an elemen t of L , and hence b y Kummer theory �

�

2 �.

( ( ) Supp ose � is a Z [ G ]-mo dule. Let � 2 L b e a �xed w

K

-th ro ot of some

� with � 2 �. Let L b e the normal closure of L=k , and 
 2 G ( L =k ). As K =k is

Galois, clearly 
 ( K ) = K . Next w e notice that �




= ( �




)

1 =w

K

is the w

K

-th ro ot of

something whic h, b y h yp othesis, is in �. Therefore �




2 L . Since this hold for all

generators of L=K , 
 ( L ) = L . Therefore L=k is Galois.
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Lemma A.1.4. A Kummer extension L = K (

w

K

p

�) is c entr al over k if and only

if � is annihilate d by A ( K =k ) in K

�

= ( K

�

)

w

K

.

Pr o of. ( ) ) Supp ose L=K =k is a cen tral extension. Pic k � 2 �, and � 2 G =

G ( K =k ). Fix a ro ot, � = �

1 =w

K

. Let a 2 A ( K =k ). Fix h 2 H = G ( L=K ). Then

�

h � 1

= � is a ro ot of unit y . W e compute (using cen tralit y)

�

a ( h � 1)

= �

( h � 1) a

= �

a

= 1 :

Th us �

a

is �xed b y H , so �

a

2 K

�

whic h means �

a

2 ( K

�

)

w

K

.

( ( ) Supp ose � is annihilated b y A ( K =k ). First w e pro v e that L=k is Galois.

Let g b e an elemen t of G = G ( K =k ). Let � 2 �. Then

�

g

= �

g � N g + N g

= �

w

K

�

N g

= �

N g

2 � :

Hence � is a Z [ G ]-mo dule, so b y Lemma A.1.3, L=k is Galois.

No w tak e h 2 H = G ( L=K ). F or x 2 K it is clear that x

g h

= x

hg

. It remains

to v erify that the same holds for elemen ts of

w

K

p

�. Let � = �

1 =w

K

b e suc h an

elemen t, so that �

h

= � � for a ro ot of unit y � . By h yp othesis �

g � N g

= � for some

� 2 K . Then

�

g h � hg

= �

g h � ( N g ) h +( N g ) h � hg

= �

( g � N g ) h

�

h ( N g � g )

= �

h

( � � )

� ( g � N g )

= � �

� 1

= 1 :
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Let T b e a �nite set of non-Arc himedean primes of k suc h that

(1) T do es not con tain an y primes that ramify in K =k or that divide w

K

O

k

,

(2) for ev ery � 2 G there is a q 2 T suc h that �

q

= � , and

(3) f �

p

� N p j p 2 T g generates A ( K =k ) as a Z -mo dule.

Then there are sets of in tegers f b

p

g and f b

i p

g suc h that

w

K

=

X

p 2T

b

p

( �

p

� N p ) ; (A.4)

and

�

i

� N �

i

=

X

p 2T

b

i p

( �

p

� N p ) : (A.5)

Of course w e ma y (and do) c ho ose the b

p

's so that they are nonzero only if p splits

completely in K =k .

The next prop osition accomplishes our goal in establishing a condition for cen-

tralit y whic h is the analogue of Coates condition for ab elianness.

Prop osition A.1.5. L et u 2 Q U

K

, f �

i

g

i 2 I

b e a system of gener ators for G and

T b e as ab ove. The fol lowing ar e e quivalent.

(i) Ther e is an " 2 U

K

such that u

w

K

= e" and K ( "

1 =w

K

) =K =k is c entr al.

(ii) Ther e exists a c ol le ction f �

i

g

i 2 I

� U

K

and an " 2 U

K

such that e" = u

w

K

and for al l i 2 I , �

w

K

i

= "

�

i

� N �

i

.

(iii) Ther e exists a c ol le ction of units f "

p

g

p 2T

� U

K

such that u

�

p

� N p

= e"

p

and

for al l p in T which split c ompletely in K =k , "

p

� 1 (mo d p O

K

).

Pr o of. ( i ) , ( ii ): This is a sp ecial case of Lemma A.1.4.

( i ) ) ( iii ): Let L = K ( "

1 =w

K

). Fix a ro ot � = "

1 =w

K

. F or eac h p 2 T

arbitrarily c ho ose a prime P of L dividing p . W e de�ne "

p

= �

�

P

� N p

. (Note that
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this do es dep end on our c hoice of P , but w e suppress this from the notation). W e

v erify that indeed "

p

is in K . This is b ecause if h 2 H = G ( L=K ),

"

h � 1

p

= �

( h � 1)( �

P

� N p )

= �

�

P

� N p

= 1 :

If p 2 T splits completely in K =k then under the iden ti�cation G

�

=

G =H , w e

ha v e �

p

= 1 � H . F or an y other prime q 2 T ,

"

�

q

� N q

p

"

�

p

� N p

q

= �

�

P

�

Q

� �

Q

�

P

where of course Q is our c hosen prime of L that divides q . But as �

P

2 H , it

comm utes with �

Q

(b y assumed cen tralit y), so the ratio is 1. Therefore

"

�

q

� N q

p

= "

�

p

� N p

q

: (A.6)

Let } b e the prime of K b elo w P . Because "

p

� 1 (mo d P ) and "

p

2 K , it follo ws

"

p

� 1 (mo d } ). Hence also "

� N q

p

� 1 (mo d } ).

No w reduce equation (A.6) mo dulo } to get "

�

q

p

� 1 (mo d } ), or equiv alen tly

"

p

� 1 (mo d }

�

� 1

q

). Therefore, letting �

� 1

q

range o v er the Galois group G (whic h

w e ma y do b ecause of condition (2) on T ), w e �nd that "

p

� 1 (mo d p O

K

).

( iii ) ) ( ii ). Supp ose the collection f "

p

g

p 2T

� U

K

with the stated prop erties

is giv en. W e de�ne

" =

Y

p 2T

"

b

p

p

;

and

�

i

=

Y

p 2T

"

b

i p

p

:
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Remem b er that w e ha v e c hosen the b

p

suc h that b

p

6= 0 implies p splits com-

pletely in K =k . In this case, b y h yp othesis, "

p

� 1 (mo d p O

K

). Supp ose p is suc h

a prime and q is an y other prime of T . Then as

^

"

�

q

� N q

p

=

^

"

�

p

� N p

q

;

these t w o elemen ts m ust di�er b y a ro ot of unit y . But in this case the ro ot of unit y

m ust b e congruen t to 1 mo dulo p O

K

. By our h yp othesis on T , it follo ws that this

ro ot of unit y is actually equal to one. That is

"

�

q

� N q

p

= "

�

p

� N p

q

when b

p

6= 0.

One computes

"

�

i

� N �

i

=

"

Y

p 2T

"

b

p

p

#

P

q 2T

b

i q

( �

q

� N q )

=

Y

p ; q 2T

"

b

p

b

i q

( �

q

� N q )

p

=

Y

p ; q 2T

"

( �

p

� N p ) b

p

b

i q

q

= �

w

K

i

as needed.

A.2 Application to Stark's conjectures

The reason Coates' condition (Prop osition A.0.1) is imp ortan t is that it giv es

a new w a y to form ulate the statemen t ` K ( "

1 =w

K

) =k is ab elian' in terms of T -

mo diti�ed unit groups as w e let T = f v

T

g with v

T

v arying o v er a set of primes as



105

in part ( iii ) of the prop osition. (Here " is of course the Stark unit arising from the

First Order In tegral Stark conjecture.) That is, this prop osition establishes the

link b et w een Rubin's form ulation and Stark's form ulation of the in tegral conjecture

when r = 1. Harold Stark has claimed that his original prediction or \all he

needed" w as that K ( "

1 =w

K

) =K =k b e a cen tral extension. Y et in ev ery case of

the original �rst order Stark conjecture, the extension w as found to b e ab elian.

None-the-less, it w as of in terest to see what exactly is needed to ac hiev e a cen tral

extension.

Prop osition A.0.1 is also apparen t in the di�erence b et w een conjectures B and

C (and

e

B and

e

C ). Both B and C reduce to Stark's original form ulation when

r = 1, but eac h generalizes the ab elian condition in a di�eren t w a y to higher

order. Let us examine the idea in C and use this to form ulate another statemen t

where w e replace `ab elianness' with `cen tralit y' in the higher order of v anishing

situation.

An alternate form ulation of conjecture C ( K =k ; S; r ) is to tak e T = ; and require

that

�

1

^ : : : ^ �

r � 1

( "

K =k ;S

) 2

1

w

K

U

ab

K =k ;S

for all �

1

; : : : ; �

r � 1

2 U

�

K ;S

. It then b ecomes natural to ask instead that

�

1

^ : : : ^ �

r � 1

( "

K =k ;S

) 2

1

w

K

U

cen t

K =k ;S

for all �

1

; : : : ; �

r � 1

2 U

�

K ;S

. Here of course U

cen t

K =k ;S

denotes those S -units u for whic h

K ( u

1 =w

K

) =K =k is a cen tral extension.

According to our main result in this app endix, Prop osition A.1.5, this means w e

migh t form ulate a conjecture w eak er ev en that

e

C . In this w eak er conjecture w e let
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T = f v

T

g run through the sets of cardinalit y one suc h that ( S; T ) is appropriate,

and for all �

1

; : : : ; �

r � 1

2 U

�

K ;S

; w e ask that

�

1

^ : : : ^ �

r � 1

( �

K =k ;S;T

) 2 U

where U = U

K ;S;T

if v

T

splits completely in K =k and U = U

K ;S

otherwise.

Although curren tly w e ha v e not pro v en an y further cases of this w eak ened

conjecture than those implied b y

e

B , it is quite conceiv able that this ma y b e the

more natural statemen t, giv en the prop ensit y of the results in Chapter 4 to require

that T con tain primes which split c ompletely in K =k (see e.g. Prop osition 4.4.1).
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