Matrix Representation of Linear Transformations

Let V' be an n-dimensional vector space with ordered basis B = [by,...,by,], let W be an m-
dimensional vector space with ordered basis D = [dy,...,d,,], and let T': V. — W be a linear
transformation. We know that for each j between 1 and n,

tlj
T(bj) =tydi + - + tyjde = [d1, ..., dw] |
by
for some choice of scalars t1;,...,tm;, since D = [dy,...,dy] is a basis for W.
Therefore,
[T(bl),,T(bn)] = [t11d1+'--+tm1dm, 7tlnd1+"'+tmndm]
tir -+ tin
= [dy,...,dp]
tm1 - lmn
it - i
is called the matriz representing T relative to the bases B, D, and is denoted
tml te tmn

by [T]pg (note the order).

We have shown that if V and W are vector spaces with ordered bases B and D, and if T : V — W
is a linear transformation, then

tin 0 tin
[T (by),...,T (by)] =[dy,...,dn] : : =D[T)pg,
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where [T]p; is the matrix representing 7" with respect to the ordered bases B, D.

Let x be a vector in V and let y = T'(x). Since y = T'(x) is a vector in W,
Y1
T(x)=yidi 4+ + ymdm = [d1,...,dp] | =Dlylp=D[T x)|p.
Ym
On the other hand,
T(x) = T (xib1+---+x,by)
= 2T (by) + -+ 2,7 (by)
I
= [T(b1),...,T (by)]
In
= D[Tlpglxls-

Therefore, D [T (x)]p = D [T]pp [x]z- In other words, [T (x)|p = [T]pp [X] -

IfT:V —V and D = B, we write [T rather than [T]z4.



