Math 203A - Solution Set 3

Problem 1. (i) Four points in P? are said to be in general position if no three are collinear
(i.e. lie on a projective line in the projective plane). Show that if p1, . .., p4 are points in
general position, there exists a linear change of coordinates

T:P? — P
with

T(1:0:0))=p1, T([0:1:0]) =po, T([0:0:1]) =p3, T([1:1:1]) = pa.

(ii) Given five distinct points in P2, no three of which are collinear, show that there is an
unique irreducible projective conic passing though all five points. You may want to use
part (i) to assume that four of the pointsare [1: 0:0],[0:1:0],[0:0:1],[1:1:1].

Answer: (i) Letp; = [aj : b; : ¢;] for 1 < i < 4. Define

aa; ab; acy
A= | Paz pby Peco |,
vaz b3 yes

where «, 3,y will be specified later. In fact, we will require that «, 3,y solve the
system

aay + by +ye1 = ay,

aaz + by + yeg = by,

aas + Bbs + yes = ¢q.
A solution exists since the matrix of coefficients

aq bl C1
B = as b2 ()]
az bz c3

is invertible. Indeed, the rows of B are independent. Otherwise, a nontrivial
linear relation between the rows would give a line on which the points p1, p2, p3
lie. Thus B is invertible. Now, the system above has the solution

a a4
Bl =B""| b
Y C4

Note that the same argument shows that A is invertible. Let
S:P* — P?

be the linear transformation defined by A. Then S is invertible. A direct compu-
tation shows

S(1:0:0]) =p1,S([0:1:0]) =p2,S([0:0:1]) =p3,S([1:1:1]) = p4.

The proof is completed letting 7" be the inverse of S.

(ii) After a linear change of coordinates, we may assume that the five points are
1:0:0,[0:1:0[,[0:0:1],[1:1:1]and [u: v : w]. The equation f(z,y, z) of
any conic passing through the first three points can’t contain 22, 4, 22, so

f(z,y,2) = ayz + bxz + cxy.
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The remaining two points impose the conditions

a+ b+ c=avw + buw + cuv = 0.

A:<1 1 1)7
W Uw uv

we see that (a, b, ¢) must be in the null space of A. The rank of A is 2 (the rank
cannot be 1 since then the rows would be proportional, hence u = v = w which is
not allowed). Therefore, the null space of this matrix is one dimensional, hence
the conic passing through the 5 points is unique. The conic cannot be reducible
since then it would be union of two lines. One of the lines would have to contain
3 points but that contradicts the general position assumption.

Letting

t
Problem 2. (Twisted curves and complete intersections.)

A wvariety Y of dimension r in P™ is a strict complete intersection if I1(Y) can be generated by
n — r elements. Y is a set-theoretic complete intersection if Y can be written as the intersection
of n — r hypersurfaces.
(i) Show that a strict complete intersection is a set theoretic complete intersection.
(ii) Show that the twisted cubic T in P3 can be written as the set-theoretic intersection of
the quadric and the cubic

Q= Z(? —22),C = Z(2* + zuw® — 2yzw).
In particular, T is a set theoretic complete intersection.
(iii) Show that the twisted cubic in P3 is the intersections of the three quadrics
Q= Z(@z-y"), Q2 = Z(at — y2), Qs = Z(yt — 2°),
Show that any two of these quadrics will not intersect in the twisted cubic.

(iv) Explain that the ideal of the twisted cubic 1(T") cannot be generated by two elements,
hence T is not a strict complete intersection.

Answer: (i) Let fi,..., fn—r be the generators of the ideal I(Y’) for a strict complete
intersection Y. Then

Y = Z(f)N... 0 Z(fay)

exhibits Y as an intersection of n — r hypersurfaces.

(ii) A point in the twisted cubic T has coordinates (t3,t2s,ts%, s3) so it clearly satis-
fies the equations of @ and C. Conversely, pick a point in the intersection of @
and C. We compute

(zw — y2)? = 22w + 9?2% — 2ryzw = z(zw? + 22 — 2Y2w) =0 = 2w = yz
(yw—22)? = 2w 21 —2yw2? = 2w +21 —2yw2? = 2(zw’+23—2y2w) =0 = yw = 22
By (iii), we know that such a point belongs to the twisted cubic.
(iii) The twisted cubic is given by
[z:y:z:t]=[a®:a®b: ab? : b°]
for some [a : b] € PL. Clearly, points of these type satisfy the equations

Tz = yz, xt =yz,yt = z2,



so the twisted cubic is contained in the intersection Q1 N Q2 N Q3.
Conversely, given a point p = [z : y : z : t] in the intersection of the three
quadrics Q1, Q2, @3, set
s8] =[z:y]
if x # 0. Otherwise, if x = 0, then y = z = 0 and set [a : b] = [0 : 1]. We claim
[:y:z:t]=[a®:a®b: ab? : b°]

e.g. p lies on the twisted cubic. This is clear for the case x = 0. If x # 0, then
a # 0, and from the first and third equations we have

b
y=x-—.
a
Using the first and second equations, we solve
v? v
z:x-?,t:x-g.
Then,
b bW
[x:y:z:t]= T T Ty = [a®: a®b: ab® : b?).

Finally, note that[0: 0:1:0] € Q1N Q2 butnotin@3;[0:1:0:0] € Q2N Q3
butnotin Q;; [1:0:0: 1] € @3N Q2 but not in Q. So any of the two quadrics
can’t generate the twisted cubic.

(iv) Itis clear that I(7") cannot contain linear elements az + by + ¢z + dw because then
T would be contained in a hyperplane ax + by + cz 4+ dw = 0 which would mean

as® 4 bs’t 4 cst> + ds®> = 0
for all s,t which clearly is impossible. Moreover, we have seen in (iii) that the
ideal of T' contains 3 independent elements of degree 2. Since the space of ho-
mogeneous elements in /(7" of degree 2 is 3 dimensional, any set of generators

for I(T') has to have at least 3 elements.
O

Problem 3. (Introduction to moduli theory.) Show that for any 3 lines L1, Lo, L3 in P3, there
is a quadric Q C P3 containing all three of them.

(i) First, observe that any homogeneous degree 2 polynomial in 4 variables has 10 coeffi-
cients. These coefficients can be regarded as a point in the projective space P°. Show that
this point only depends on the quadric () and not on the polynomial defining it. Let us
denote this point by pg. Show that any point p € P° determines a quadric in P3.

(ii) Consider a line L C P3. Show that there is a codimension 3 projective linear subpace
H; C P
such that
L C Qiffand only if pg € Hy,.

(iii) Show that any three codimension 3 projective linear subspaces of P¥ intersect. In par-

ticular, show that

HL1 ﬂHLQ ﬁHL3 75 @7
and conclude that Ly, Lo, L3 are contained in a quadric Q).
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Answer: (i) Consider a homogeneous degree 3 polynomial

(i)

(iii)

F(Xo, X1, X2, X3) = agXg + a1 Xo X1 + - - - + a10X3.
This has 4 square terms and (3) = 6 mixed terms, i.e. 10 terms in total. We
associate the quadric @) := Z(F') the point point

pPQ = [ao:alz...:alo] EPQ.
Note that this association is independent of the defining equation of the quadric.
Indeed, if F'and G define the same quadric, then by the Nullstellensatz it follows
that G = cF for some constant ¢ # 0. But then the point pg does not change,
since the coefficients a; are considered projectively. Finally, this association is
clearly bijective, since for any pg € P? we can recover the equation of the quadric
@ (up to scalars).
Assume that the line L is given by X¢ = X; = 0. Then

LcQ@= F(0,0,XQ,Xg) =0.
Since
F(0,0, X2, X3) = as X5 + ag X2 X3 + a10X3,
we obtain
agzagzaw:O.
These equations define a codimension 3 projective space H;, C P? such that
L c Qifand onlyif pg € Hy.

If I’ is any line and @’ is a quadric, we can change coordinates linearly so that
L' becomes the line L: Xy = X; = 0. After the coordinate change, Q' is mapped
to another quadric Q and the coefficients of () are linear combinations of coeffi-
cients of (). From above

L c Qifand onlyif pg € Hy.

Note that
L' cQ ifand onlyif L C Q.

Therefore there exists a codimension 3 projective space Hy, C P?, the transfor-
mation of Hy, via the change of coordinates, such that

L' c @ ifand only if pg € Hy.

The codimension 3 subspaces Hy, correspond to 7 dimensional linear subspaces
Ay, C A9 cut out by the same 3 linear equations. Now,

ALl N AL2 N AL3

is described by 9 linear equations in A'°. Such a system of equations must have
a nontrivial solution p. This solution p considered projectively satisfies

pe€ Hr, NHyp, ﬁHL3.
Now, p determines a quadric @) with p = pq. It follows by (iii) that
LinLyNLsCQ.
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Problem 4. We will make the space of all lines in P™ into a projective variety. We define a
set-theoretic map

¢ : {lines in P} — PN

1
N= <” N ) ~1
2
as follows. For every line L C IP", choose two distinct points

P:(ao...an)andQ:(bo...bn)

with

on L and define ¢(L) to be the point in PV whose homogeneous coordinates are the maximal

minors of the matrix
ag:...:Qp
bo:...: by,

(i) The map ¢ is well-defined and injective. The map ¢ is called the Plucker embedding.
(ii) The image of ¢ is a projective variety that has a finite cover by affine spaces A*™~1). You
may want to recall the Gaussian algorithm which brings almost any matrix as above
into the form
10adh...a,
(O 1 b’2...b’n>'

(iii) Show that G(1,1) is a point, G(1,2) = P2, and G(1, 3) is the zero locus of a quadratic
equation in P°.

in any fixed order. Show that:

Answer: (i) Leteg,...,e, be the standard basis of the vector space V = k™. A line
L corresponds to a 2-dimensional subspace in k" 11, also denoted by L. We claim
that the map ¢ can be described as follows. Picking a basis v, w for the subspace,

(L) = [v Aw] € P(A2V) = PV,
Indeed, if P = (ag : ... :ap)and Q = (bg : ... : by) are two distinct points, then

we may take
v = Zaiei,w = Zbiei.

vAW = Zaibjei Nej = Z(aibj — ajbi)ei Nej.

0] i<j

Thus

Therefore, in the basis e; A ej, the coordinates are the 2 x 2-minors of the matrix
in (i). This shows that ¢ is well-defined.

To check injectivity, let L' be another line corresponding to a 2-dimensional
subspace. If L' N L = 0, then pick a basis vy, v1, ve, v3 for L & L’ with

Vo, V1 € L,’Ug,’l)g S L/,

and extend it to a basis vy, ..., v, of V = k"1, Thus v; A v; for @ < j is a basis
for A2V. In particular, vg A vy and vy A vz are not multiples, or equivalently
o(L) # ¢(L).

The same argument applies if L and L’ have a 1 dimensional intersection.



(ii) To show projectivity, we will prove that

w € A?V splits as w = v A w if and only if w A w = 0.

W = E wije; A ej,

In particular, if

then

wAw= E wijwiie; Nej Neg Nep = E (wijwkl — Wigwyji + wilek)e,; NejNeg N\ e
i<jk<l i<j<k<l

so the image of ¢ is cut by the quadrics
WijWh — WikWj] + WiWjk = 0.

We now prove the claim. Itis clear thatif w = vAw then wAw = 0. Conversely,
we will induct on n, the base case n = 2 being clear. Let us write

w=egAn+uw
where ', 7 do not contain the vector ey. Thus

O=wAw=2e0AnAw +u A"

This implies that
WwAWw =0
hence by induction
W =vA w,
with v, w being in the subspace spanned by ey, .. ., e,. Also, we know

e ANAW =0 = nAvAw=0.
This shows that 7 cannot be independent of v, w hence
n = av + bw.
Collecting terms we find
w=-¢eg A (av+bw)+vAw = (v+bey) A (w+ aep)

as claimed.

For the last part, note that one of the coordinates of ¢(L) must be non-zero.
Without loss of generality let us assume it is the coordinate corresponding to
eg A e1. This means that the first 2 x 2 minor of the matrix

apg:...:0an
bo:...:bp
is non-zero. The Gaussian algorithm brings this matrix into the form

10ad5...a),
010,...1,)

L — (ay,....d, b, ... b)e A

r '

The association

shows how to cover the image of ¢ by affine opens isomorphic to A2~ 1),
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(iii) All these statements are particular cases of what we proved in part (ii). For
instance, to see that G(1, 3) is a quadric in P® given by

Toxs — X124 + xoxyz = 0.



