
Math 203, Problem Set 3. Due Tuesday, January 31.

1. (Toric geometry.)

In this problem, we prove some basic results about toric varieties.

The rank 1 torus is defined as Gm = Spec C[x, x−1] which as a set is just C?. In higher

rank, we consider the torus

Gr
m = Gm × . . .×Gm = Spec C[x1, x

−1
1 , . . . , xr, x

−1
r ].

We say that a complex variety X is a toric variety if there exists an open dense subset

TX ⊂ X isomorphic to a torus, such that the natural action of TX on itself extends to

an action on the whole of X. Here, the TX -action on X is a morphism

TX ×X → X

satisfying the usual axioms. (There are further requirements imposed on X in the liter-

ature, e.g. X is required to be normal. This will not be needed below.)

A morphism between toric varieties f : X → Y is called a toric morphism provided

f induces a morphism f : TX → TY preserving the group structures, such that f is

compatible with the action of the tori TX , TY on the domain and target

f(t · x) = f(t) · f(x), t ∈ TX , x ∈ X.

Let (S,+) be an affine semigroup. This means:

(i) (S,+) is commutative, associative and has a unit denoted by 0

(ii) S is finitely generated as a semigroup

(iii) S can be embedded in a finitely generated free abelian group (called lattice).

We will only consider affine semigroups below.

Let C[S] denote the semigroup algebra generated over C by the elements of S. We

write χs for the element of C[S] corresponding to s ∈ S. Thus, the elements of C[S] are

finite sums ∑
s∈S

csχ
s, cs ∈ C.

Define the multiplication

χs · χs′ = χs+s
′
, χ0 = 1.

Let X[S] = Spec C[S] be the associated affine scheme.

(i) Show that X[S] is the scheme associated to a variety, also denoted by X[S].

(ii) Show that X[S] is an affine toric variety. You may wish to consider X[Sgp] where

Sgp is the groupification of S.
1



2

(iii) Show that if f : S → S′ is a morphism of semigroups, then there exists a toric

morphism of schemes/varieties X[S′]→ X[S].

Remark: All affine toric varieties and all toric morphisms arise as in (i) - (iii).

You could try proving this if you wish, it’s a bit harder.

(iv) Now, for practice, we consider some examples of affine toric varities.

(a) Let S ⊂ Z be generated by 2 and 3. What is the associated affine toric

variety?

(b) Let S ⊂ Z3 be generated by (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1,−1). What is the

associated toric variety?

We now repackage the information encoding affine toric varieties with an eye

towards gluing.

Fix a pair of dual finite dimensional real vector spaces MR, NR, and write 〈, 〉 for

the natural duality pairing. Assume M,N are two dual lattices such that

MR = M ⊗Z R, NR = N ⊗Z R.

A convex polyhedral cone is a set of the form

σ =

{∑
s∈S

css, cs ∈ R≥0

}
⊂ NR

where S ⊂ NR is a fixed finite set. The dual cone is defined as

σ̌ = {m ∈MR : 〈m, s〉 ≥ 0, for all s ∈ σ}.

The dual is also a polyhedral cone, and it can be shown that ˇ̌σ = σ. You may

assume these facts.

A polyhedral cone σ ⊂ NR is said to be rational if the generating set S can be

chosen in the lattice N .

We say σ is strongly convex if σ ∩ (−σ) = 0. In particular, σ cannot contain a

positive dimensional subspace of NR.

For any strongly convex rational polyhedral cone, consider its edges/rays ρ; these

are half lines. Then the group ρ∩N is generated by a unique vector uρ ∈ ρ∩N ,

called the ray generator. It is easily seen that the ray generators also generate

the cone σ, so in the strongly convex case we have a “canonical” set of generators.

(v) If σ is a rational convex polyhedral cone, convince yourselves that σ̌ is rational

as well, and show that S = σ̌ ∩M finitely generated semigroup, hence it is an

affine semigroup.
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Write Xσ = X[σ̌ ∩M ] for the corresponding affine toric variety.

(vi) A face τ of a cone σ is defined as

τ = σ ∩Hm

for some m ∈ σ̌ ⊂MR, where Hm is the hyperplane

Hm = {n ∈ NR : 〈m,n〉 = 0}.

It is easily seen that we may assume m ∈ σ̌ ∩ M when σ is strongly convex

rational polyhedral.

Show that if τ is a face of σ, then

τ̌ ∩M = (σ̌ ∩M) + Z(−m)

and

Xτ → Xσ

is a distinguished open set corresponding to inverting the regular function χm.

(vii) We get general toric varieties by gluing affine toric pieces. We formalize this

process below.

A fan Σ is a finite collection of strongly convex rational polyhedral cones σ ⊂ NR

such that

– each face of σ is in the fan Σ

– if σ1, σ2 are in Σ, then τ = σ1 ∩ σ2 is a face of each, and hence in Σ.

Each cone σ ∈ Σ yields an affine variety Xσ. If τ = σ1 ∩ σ2, then Xτ is open in

both Xσ1 and Xσ2 .

We write XΣ for the variety obtained by gluing Xσ’s along the common Xτ ’s.

Explain briefly that XΣ is a toric vartiy.

(viii) Now some examples.

(a) To warm up, consider the cone σ = Cone(e1, e2) ⊂ R2 and show Xσ = A2.

Of course, this can be generalized to any dimension.

(b) Next, consider the fan Σ generated by the two cones

σ1 = Cone(e1, e1 + e2), σ2 = Cone(e2, e1 + e2).

Briefly explain that the associated toric variety is the blowup of A2 at the

origin.

Remark: In general, picking a cone σ of a fan Σ ⊂ R2 with generators v, w

and subdividing the cone σ into two cones using the vector v+w corresponds

to blowing up a point in XΣ. This also holds in all dimensions.



4

(c) Next, what is Xσ for the cone

σ = Cone(e1, e2, e1 + e3, e2 + e3) ⊂ R3?

(d) What is the toric variety associated to the cone

σ = Cone(e2, 2e1 − e2) ⊂ R2?

(e) Going further, consider the fan Σ generated by the three cones σ1, σ2, σ3 ⊂
R2 where

σ1 = Cone(e1, e2), σ2 = Cone(e1,−e1 − e2), σ3 = Cone(e2,−e1 − e2).

What is the corresponding toric variety XΣ?

(f) Finally, write down the fan for the toric variety P1 × P1.

2. (Distinguished open sets.) Let U, V be affine open sets of a scheme X, and let

x ∈ U ∩ V . Then there exists x ∈W ⊂ U ∩ V such that W is distinguished open subset

in both U and V .

3. (Reduced schemes.) Show that for a scheme X the following are equivalent:

(i) X is reduced i.e. for all U ⊂ X open, OX(U) has no nilpotents;

(ii) for all p ∈ X, the local rings OX,p have no nilpotents.

4. (Normal schemes.) Let X be an integral scheme. Show that the following are

equivalent

(i) X is normal, that is the local rings OX,p are integrally closed domains

(ii) OX(U) is an integrally closed domain for all affine open U ⊂ X.


