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Logistics

- Loom features WF l - 2 : 15 Pan
.

- Attendance us
. homework / final project

- Prerequisites

- A
- G

.

at the level of Math 203

- cohomology of sheaves

- ample , very ample , basepo.rs/-free . . .

- Chow
,

Chern classes

- Grothendieck - Riemann - Roch . . .



References
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Ge
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bourse out line

I examples of Kss

If linear series on Kss

elliptic K3s

IT moduli of K3s
.

II tautological classes over
the moduli space



III what are k3 surfaces

Definition X smooth projective surface /

such that Ky Z G
,
and H

'

(x
,
0×7=0 .

g =
dim H

'

Cx
,
Gx) = irregularity .

Examples 7-
.

X - 103
,
X = quartic surface

EI X → IZ double cover branched sextic

I X - PT
,
X = Q

,
n Q2 N Qz

We will return to these examples in the next lecture
.

Remark ( analytic Ks surfaces)

One can study X
= complex manifold of dim 2

.

We will not consider these
.

Siu (1983) : Koi hier
.





7-low general are the surfaces we wish to study ?

Glassif-cation of curves of genus g .

Ho (c
,
21) = 21

,
H
'
(c
,
21) = 2,29

,
H2 (c

,
21) = 21

.

g = O
C E Ip

'

g
= ' Ko E Oc

g 22
most cur res

Kodaira dimension Fonsider the smallest is such that

h° (x
,
K#

m

)
bounded.

m
K

K = - D C =p
'

K = o C genus 1

K = 1 C

genus g 22 .

y
Riemann - Roch

Indeed
,
L ° (x

, K×⑦m ) = I -
g t

m Cag - 2) n m
" =?



Surfaces - Enriques - Kodaira classification

X minimal . Coarse classification :

n Z O

K = - D : g = o : Ed
,
Fn = II ( Op, -16,poCnD , n f I

2. =/ o n

.
X → C ruled surface

K = O : L K's surfaces + others

T

K = 1 : X → C
, general fiber is elliptic curve

K = 2 : X surfaces of general type

when K=o
,
finer classification :

• K
× In 6× II 2=0 : X = 123 surface

III g
# o : X =

abelian



• Kx ¥ Gx

TI g =o => X = Enriques surface , X = 1<3/2,2 , K×⑦2EG×

④ m

Tf g to ⇒ X = bielliptic surface
, K× =

×

m = 2,3
,
4,6

X = Ex F/a , E. F elliptic curves

G finite group , G E E acts by translations

why study Ks surfaces ?

interesting for both classical &

not - so - classical algebraic geometry

if arithmetic
, differential geometry, topology ,

dynamics

It is hard to match the geometric beauty of

123 surfaces



12.1 what will our attitude be ?

Pursue analogies with curves
.

Such analogies will be

evident in the choice of results we will cover :

ILI linear series

④ Torelli thin

if moduli theory

Remark A different possible comparison is between
-
-

n

Ks surfaces & abelian surfaces .



Curves

Let C be a smooth compact complex curve of genus g

The topology of C is fixed by the genus

H0(C ,Z) = Z, H1(C ,Z) = Z2g , H2(C ,Z) = Z

The complex structure of X is allowed to vary

September 24, 2021 1 / 20



Moduli of curves

Mg is the moduli space of all smooth genus g ≥ 2 curves
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Selected facts about the moduli of curves

Mg is irreducible of dimension 3g − 3

smooth complex orbifold

Pic (Mg ) has rank 1
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Cohomology

Harer: cohomology stabilizes

Hk(M∞) = lim
g→∞

Hk(Mg )

Mumford-Madsen-Weiss

H?(M∞,Q) = Q[κ1, κ2, . . . , κi , . . .]

The universal curve π : C →Mg has π−1([C ]) ' C . Set

κi = π?
(
c1(Ωπ)i+1

)

September 24, 2021 4 / 20



Cohomology

For finite g , define the tautological cohomology

R?(Mg ) = Q[κ1, κ2, . . . , κi , . . .]/relations

There is odd cohomology and there are non-tautological classes

September 24, 2021 5 / 20



Structure of tautological rings

Question: How do we get relations between the κ’s?

Question: Can we write them in closed form?

Question: Study the structure of the tautological rings?

September 24, 2021 6 / 20



Poincare Duality (PD)?

Faber’s conjectures

Rk(Mg ) = 0 for k > g − 2, Rg−2(Mg ) = Q

perfect pairing

Rk(Mg )× Rg−2−k(Mg )→ Q

evaluation of top monomials in κ’s

κa1κa2 · · ·κam for
∑

ai = g − 2

September 24, 2021 7 / 20



Poincare Duality (PD)?

however Mg is not compact and not of dimension g − 2

any complete subvariety has dimension ≤ g − 2

September 24, 2021 8 / 20



Faber-Zagier relations

consider two sets of formal variables

p3, p6, p9, . . . and p1, p4, p7, . . .

consider two hypergeometric series

A(t) =
∞∑
k=0

(6k)!

(2k)!(3k)!
tk , B(t) =

∞∑
k=0

(6k)!

(2k)!(3k)!

6k + 1

6k − 1
tk

Ψ(t, p) = (1 + tp3 + t2p6 + . . .)A(t) + (p1 + tp4 + t2p7 + . . .)B(t)
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Faber-Zagier relations

Expand

log Ψ =
∑
i ,σ

ci ,σt
ipσ

for i in a suitable range, the coefficient of t ipσ in the expression

exp

(∑
i ,σ

ci ,σκi t
ipσ

)
= 0

the proof requires modern techniques

September 24, 2021 10 / 20



K3 Surfaces

A K3 surface X is a simply connected smooth projective surface
with KX = OX
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The topology of K3s

The differentiable manifold underlying all K3 surfaces is always
the same

Cohomology groups

H0(X ,Z) = Z, H2(X ,Z) = Z22, H4(X ,Z) = Z

September 24, 2021 12 / 20



Moduli space of K3s

F2` is the moduli space of K3 surfaces (X ,H) of degree 2`.

X is a K3 surface

H → X is primitive ample line bundle, H2 = 2`

dimension 19, not compact
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Cohomology

Goal: Study the cohomology of F2`

Question: Does the cohomology stabilize?

No:
lim
`→∞

dimH2(F2`) =∞

related to vector-valued cusp forms for metaplectic group
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More on cohomology

There is odd cohomology, e.g. for ` = 1

Podd(F2) = t27 + t31 + t33 + 2t35 + 2t37

Goal: Define tautological classes over F2`

Goal: Find the structure of the tautological cohomology

Question: Construct algebraic non-tautological classes

September 24, 2021 15 / 20



κ-classes

Let π : (X ,H)→ F2` be the universal surface

Define
κm,n = π? (c1(H)m · c2(Tπ)n)

The κ-ring
κ?(F2`) = Q[κm,n]/relations

Question: How do we find relations between the κm,n’s?

September 24, 2021 16 / 20



Socle Conjectures

there are even larger tautological rings

κ?(F2`) ⊂ R?(F2`) ⊂ H?(F2`)

Peterson and van der Geer showed that

R18(F2`) = R19(F2`) = 0, R17(F2`) 6= 0

compact subvarieties have dimension ≤ 17

September 24, 2021 17 / 20



Socle Conjectures

Question: Is the vanishing

R18(F2`) = R19(F2`) = 0

true in Chow?

Question: Is it true that

R17(F2`) = Q?

Question: If so, evaluate top monomials in κ’s

September 24, 2021 18 / 20



Poincare duality?

Take ` = 1.

Kirwan-Lee computed

Peven(F2) = 1 + 2t2 + 3t4 + 5t6 + 6t8 + 8t10 + 10t12 + 12t14

+13t16 + 14t18

+12t20 + 10t22 + 8t24 + 6t26 + 5t28 + 3t30 + 2t32

September 24, 2021 19 / 20



Poincare duality?

Take ` = 1.

Correction

Peven(F2) = 1 + 2t2 + 3t4 + 5t6 + 6t8 + 8t10 + 10t12 + 12t14

+13t16 + 14t18

+12t20 + 10t22 + 8t24 + 6t26 + 5t28 + 3t30 + 2t32 + t34

September 24, 2021 19 / 20



Questions: Structure of the tautological rings (for other classes of
surfaces as well)?

Are there methods of obtaining relations?

Do we obtain all relations this way? Write the relations in closed
form (hypergeometric series, modular forms, etc)?

Carry out explicit calculations in the tautological ring

September 24, 2021 20 / 20
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- Notes are available in
Canvas

-

"

Files
"

- Plan for the first few lectures :

C- r ) Overview m> last time

( o ) Review -s today

(1) Examples of KS surfaces - next time

°
.



General facts that
we well use often / G

-

Burnes Let
× be

a smooth projective curve

I genus x =

g

L → x line bundle
x

-

II Riemann - Roch

y (x. L ) - L ' (x
,
2 ) - L

'

(x. 2)

= e -

g
+ deg L

Tbd Serre duality
HiCx

,
25 = H

" - "

(x. 2~⑦K×)
.

MI Kodaira vanishing :

"

oleg I > o

H
"

(x
, K× ④ 2) = H

-(x
,
L
-

5 = o .

because L
"

has negative degree so no sections



These theorems extend
.

X smooth projective ,
dim X =D .

II
"

Hirzebruch - Riemann - Roch

at
-

q

X Cx
,
2) = I c-sik L (x

,
2) =L

L = o

= deg C e
" '? to#⇒! 77::S

IBI
'

Serre duality .

Hi (x
,
L)
"

=
Hd- " (x

, K× ④ 2
"

)

II
'
Kodaira vanishing

Hi (x
, K× ④ 2) =o if 2 ample ,

i > o
.



Surfaces X smooth projective surface .

Intersection product C
,
D two divisors on X

C
-
D = intersection product

- symmetric C
-
D =D

.
C

- additive (c
,
t Cz ) .

D= C
.

.
D 1- Ca - D

-

C
.

D = # ( on D) if C. D smooth intersecting

transverseally §
-

passes through rational equivalence .

C Z C
'

,
D E D

'
=3 C

.

D x c
'
. D
'
.

Remark Many possible definitions .

Hartshorne : D integral .

c. D= deg [ 0×141, ]
-

line broke on D
.

→ divisor on D

→ points on X
.

Why does this make sense ?



2=6×14
S x

x x x L1
S D

¥¥ ¥D

D

deg Gxcc> Is .

÷
C. effective

,
D smooth

'

O
,
la) res section s cutting out c

Q, Cos ID - section S/o cutting out end .

I
r

degree = IF Zeroes of sections
.

= # end

This works if c. D are smooth transverse
.

Remark

In general , any
C = C

,
- Ca

,

C
, ,
C
,
smooth

H ample , c
,
E 1h HI s n >so .

smooth by Bertini

Cz G /c → n ft /
,
n > > o

.

smooth & transverse to c
,

I
C z Cz - C

,



Hirzebruch - Riemann - Roch

X ( x, 2) = Xcx, 0×3 +
L -CL - Kx)

2

Additional statement ( Noether 's formula )

Xcx
,
G.) =

K! + eaopcx)

12

Example X = K3 =3 Kx Z Q
f
Serre duality

e.
' (x

, × ) = h° (x
, Kx) = h°(x. 6×3=1

⇒ X (x, 0×3 = I
°

(x
, 0×3 - h

'

(x
,
0×3 x h

'
Cx
, Ox )

,

g
definition

= I - O t I = 2
.

By Noether formula ,
go

2 = X ( x, × ) =
Kx
"

+ atop Cx)
- -
- ⇒ e

top
(x) = 24

12

H
' (x

,
so) = O ⇐ H

'

(x
,
0×3=0 ,

H3 (x
,
@ ) = 0

.

Ho (x
,
a ) = H " (x

,
e) = a

H2 (x
,
e) = 22 dime

.



Important fact about exact sequences
{
rank n

de 't E =NE
,
E → x vector bundle

,
rk E = r

.

o - E
'

- E - E
"

→ o

(e ) det E = det E
'

④ jet E ? Math 203 b
.

(2) X (x, E ) = X (x , E 's + X (×, E
"

) Math 203 b .

Adjunction C H -I )
.

C - X smooth
curve

, X
smooth projective surface

Normal
sequence

o → To → Tx 1a → Now, I Gx (c)/→ 0
.

C

⇒ by Ci ) : Kc = Kxlc ④ Ox (e)Ic .

= (Kxtc)/c
Take degrees

2g - 2 = (kxtc) .
C

Remark This holds for all Y- X smooth
,

cool'm 1
.

Ky = (Kx t C 's])/
I



Proof of Hirzebruch - Riemann - Rook X smooth
prog

'

Xcx
,
2) = Xcx

,
6×3 + 2

.
(2 - Kx )

2

By previous remark, L = Ox ( C - D ) , C , D smooth

Two exact
sequences

( e) o -
L = 0× Cc - D) → Q (c) → ×

(c) /
,
→ o

.

(2) o → 0× → 0×10 → Ox Coste → o
.

Take Euler characteristics

X Cx
,

L ) = X Cx, 0×61) - X (x, 0×14/0 ) by Ce)

= X Cox ) xx (0×144 ) - X ( 0×141, ) by ca)

Riemann - Roch for
= x ( × ) + ( I -get c

'

) - Ci-got C - D)
C
, D

adjunction = X Cox ) + (- Itg + E) -
^

- f- DID
,

+ D2)
= X ( 0× ) +

L
-

CL - Kx)

2



For 123 surfaces C smooth curve on X = 123

II C ↳ X
, 2genus Cc ) - 2 = at C - K

>
= CZ

⇒ genus Cc) = it I
2.

L → X
. Xcx , 2) = Xcx, 0×3 +

L ( L - Kx)
=

2

= 2 + I
2

'

Important construction

121

If 2 is
very ample ,

i : x - II ttocx
,
2)

O O

- -

h°Cx
,
L) = h° (x

,
L) - L

'

(x
,
2) → h

?
Cx
, 2)

.

2

= X Cx, 2) = 2 t ÷ .

Note that h
'

Cx
,
2) =

h
'

(x
, K× ④ L) =o by Kodaira &

L ' (x
,
L) =o

Write 22 = 2g - 2 .

=, y (×, L ) =g -11 : i :X - E
't



Let H general hyperplane in E
&
Let c = X n H

11
✓

Flaim
'

c has
genus g .

Ox (c) I L
#
-

i

genus
Cc) = l t II = I + LIZ = It Cg - 1) =L .

Remark Restricting to
o : i/o : c →

Isn H = Is
-?

2¥ 0¥') = Llc = Ox (c) Ic E Kc by adjunction .

= , i can be identified with the canonical map .

[H .I
.]

.



I Examples of 123 surfaces

A .
Curves ( Math 203 b)

g = o : c E E
'

g =/ : C elliptic

g = 2 i c → I
'

branched at 6 points .

2 : l

g =3 : - hyper -Hip tic c → E
'

2 : I

- quartic in P2 ( g =3 by adjunction)

g
= 4 : - hyper -Hip tic

- C I Q n C ↳ I3
,
Q = quadric , C = cubic.

g = 5 : - hyper elliptic C - no
'

2 - I

- trigonal c - it
'

3 - l

- C Z Q
,
n Q
,
n Qz ↳ P

"
,
Qi -quadrics .



Question Can this
go

on ?

How about
g. = 6,7, 8,9 , - . . ?

B
. Analogous question

Construct for classify ) low genus Kss .

IF Cx
,
2) is a

pair , L
(
very ) ample , 22=22-2 we say

g =

genus .

-
features : IAI we seek analogies with curves

we'd need analogues of

g. = I curves → elliptic fibration w/ sections

hyper elliptic curves → hyper elliptic Kss
/tater

general case - Mukai examples for g s 9.



Tbd Outcome : we will learn about the moduli of Kss

in low
.

genera

Bonus :
additional facts about low genus curves

& 3 - folds

Methods IT covers ; X
→ it branched

- g = 2 :
double

along sextets

II 3 If I
9

, various complete intersections

IL Kummer surfaces - abelian surfaces .
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o
.
Last time (x

,

2)
.
I
'
=

2g
- 2

.

g
If I very ample ⇒ i : x - E , g

-11 = h° (x
, 2)

Smooth hyperplane section C = xn H has
genus g

Today & next time Teonshuof examples in low genus

Method 1 : Tomplate Intersections

Methods 2 & 3 : - next time



-

I . 3 Eg s 5

Genus
g =3 X ↳ Tis smooth quartic ,

I = Ox (s) = , L 2=4 = 2g - 2 = >

g
=3

.

We cheek

lad Kx E Ox

IBI H
'
(x

,
6×7=0

If We use
the normal

sequence

° → Tx → T,p3/× → N× ,,p3 Z Ox (4) → 0
.

Take determinants & dualize

K,p3/× I K× ④ 0×1-4) I Gx since Kps = Ops f-4) .

Recall the calculation of K,pz .

The Euler sequence

o - G → Gp3 Cr) ④ ①
↳
→ T

,p3
→ 0

Taking determinants & dual''
2- 'ng : Kps I 01ps C-4)

.

IBI H
'
(x
, 0×7=0 :

° - G,p3(-4) → Gps → ×
→ o

=3 H'( IP? Gp3) → H'(×
, G) → H2(p3, 61- =3 H

'

(x
,

- o

- p3
.

-

O
O
.



III Over II
"

,

line bundles have no intermediate

cohomology

fount "

moduli "

olim EH
°

(173
,
G (4 )) - olim PGL

,
= 19

.

#
-

( 453) - I 15



y
(x. L ) , 22=4 , L ample

.

0

The moduli
space Is [not yet constructed in class)

123 's
G =3 curves

T X ↳ IP
?

quartics
a

→
X - p

'

hype -ellipticQuartics✓ 2 : '

s

Ja-

I
,

b. rational to II Ho lip? 014))/ → unnatural
PGLg .

O

II - -→ I dominant
3

0

Question Describe the Betti numbers of §
.



Complete intersections g = 4
, g = 5

.

Setup
× ↳ ,p

- +2

,
X = Y

,
n

. - -
n Tr

Y; degree di hypersurface ,
L = 0×4 )

.

Canonical bundle K× I 0× .

Use the normal segue
-ee

• → Tx → Tpr-121
,

→ ¥
,

Ox (di ) → 0

Taking determinants & duo biz ,ng

Kx I 0× ( Iff;. - r - 3) . I Ox
r

⇒ E d; = r -13. di > I .
2=1

New examples

'I r = 2 ,
Cd

, .dz ) = (2,3)

X- 1p↳
,
X = Q n C

Q quadric , c cubic
, oleg X = 6 = 2g - 2 =>

g = 4

IT r =3
,

C oh
, da , e)s ) = (2, 2,2)

X - sp
's

,
X = Q

,
n QznQ3

deg X = 8 = 2g - 2 as g =5



H "

Count moduli
g
-

- 4)

choice of [a ]

[a] independent of [a]

as I

dim IB Ho ( Gpc, Ca )) t dim ¥-10(O 4137¥ - dim PGL
,

- -

= (( 432) - z). + (( 453) - i - s) - 24

= IS

H
'

(x
,
0×3=0

Recall : over LP ? line bundles have no intermediate

cohomology ( H
- II. 5) .

Remark X smooth projective , I→ x locally free is said to be

arithmetically Cohen - Macaulay Tacna)
.

Hk ( x
,
F Cps) = o t re k s d.mx -I tp .

① = -ACM over In & Gprs ( e) = Acm over In
.1pm



*

Remark ( Horrocks) over Em
,
the only cndecomposabte

vector bundles that are Acan are 6pm Il) .

Lemma complete intersection ⇒ Ox is ACM
.

Proof We
argue by induction on dim X

.

X =P
'

alone ?

Let Y = X n H
,
H hypersurface of degree e

o → 0×1 - e ) → ×
- O

,
→ o

o → Ox Cp - e) - Gx Cps → by Cps → o

Take cohomology
H :( o×cpD - H :( On

, CPD - H'
'

"( 0×4. - es)
- - -

O
O O

if it is dim 's -1

-
from the Lemma we see H

'

(x
, G× ) = .

-n the above

examples.



-

H
-

a
6 Eg s co d g = 12

Idea Instead of projective space , use

~

2- smooth tano e
-g - KI

"

ample .

Def 2- is
prime if Pic ( Z ) = 2 .

↳ dex Write KI
'

=
M⑦

"

,
i c- 21

> o ,
an ample a primitive .

i = index of 2- .

Tooindex -c = dim Z + I - i

Examples I 2- =P
- +2

,
K
→ a

= OC- r -3)

=3 2
.

= rt 3 =3 C = (r -12) + 9 - i = O
.

④ 2- = Q Cs IP
- +3

smooth quadric

=, K = G C- r - 4+2 ) = G C- r - 2) ⇒ i = r + z
Q

-C = Cr + 2) +1 - Cr -12) =L .

2- = G (2
,

en) m Kz .

dim 2- = 2 (n - 2)



Over 2- = C. (2. en) : O → E → ①
"

④ O - F → o ( n )

E
,
F tautological sub bundle & quotient .

Recall T£ = Hom CE
,
F) = E

"

⑦ F.

Tensor by E
"

:

O
→ E ⑦ E

"

→ eh ⑦ EV
- F ④ E~ → 0

.

-

T
Take determinants Z

⑦ N
det CE ④ E

"

) ④ det Tz = Colet E
"

)
trivial

⑦ N
⇒

Kz = (det E) = , i = n
.

-C = dim Z t l - o

'

= 2 Cn -2) + I - n =

= n - 3
.

For instance G (2,5) has a = 2
,

G (2,6 ) has e =3
.



*

Exercise Co .no/ex of SG CL
,
n )

,
OG Ck

,
n)

.

Construction Z Fano as above
, dim 2- =r -12

, KI
'

= hot
"

X = Z n H, n -
-
-

n Hr an
very ample

+1 E /pm ⑦
.

We hope to get a 123
.

j

fan omiaal bundle Kx I ①
× .

•

④dj
o → Tx → Tz/× → N×gz = ④ ^^

→ o

T = I

Take determinants & du- life

=, K× I *
⑦ ( - it §

,

dj)
.

I ①
×

r

We wish to have [ d
,
. = j d

index of Z

I = I

=3 to index (z ) = (r + 2) +I - I

r

= r +3 - E dj S 3.
I = I



Lemma e I 0

Proof re Zo ⇐s iz olim 2- +1
.

Recall Kz→ = An ⑦ ". Consider

7- Ct ) = X ( Z, an

t

) = polynomial int of degree dim Z
.

by Flirzebruch - Riemann - Roch .

Show : f has roots - 1
,
- 2
,
- - -

,
1 - i = > I - I I olim 2-

This completes the proof. We show

④ t
• hk ( z

,

an 3=0 t k t t e } - n, . - - se - I}

If be = o
,
h° ( z

,

m⑦t ) =o since t so
,
an ample
⑦ Citt)

k > o
,

Hk ( z
,
an

t
) = Hk ( Z

, Kz ⑦ M ) =o

by Kodaira vanishing using zit > o .

-



Discussion

g
Kobayashi - Ochiai cigars)

II re - o =3 2-
=
Ip
- +2

This case yielded the examples 3 Eg s 5.

f Kobayashi
-
Ochiai

II e = I ⇒ 2- = Q C> sports quadric

r

Since I dj = r +2 ⇒ Id, . . - dr ) = (1,7, . . . . 1,3) & (1,1, . . . -2,2)
1=1

Again this yields the old examples .

r

7 t = 2
.

Since I d
,
= rt I =3 ( 1,1, . . - , 1,2)

'

3=7

In this case dim Z = r -12
, KE

'

= An
(r ")

These are called del Pezza manifolds
.

Indeed
,

these generalize del Pezza surfaces .

If 2- = del Pezza surface = Blk #
&

,
dim 2- = 2

,
r=o

index = 1 : Kz =-3 H - E Ei
i

We saw above that G (2,05) 'is another example .



r

ITI e =3 ⇒ [ dj =r ⇒ ( 1,1, . . . , n)
j=n

In this case
,
dim 2-

= r -12
, KI

'

= Nh⑦r

These are called Mukai manifolds .

We saw above that G (2,66) is an example .

Is
g = o

? Yes
.

We only discuss -c =3 ; re = 2 is similar
.

Lemma II Z Fano of co index -C =3 ⇒ X = Z n H
,
H C- Ital

.

then X Fano of co index a =3 if dim Z Z 4

If olim 2- =3 ⇒ H
'
( x
, 0×7=0 .

Proof will discuss briefly next time .
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plan

- Review from last time

- del Pozzo manifolds -0=2

- Mukai manifolds re =3

- Conclusion



Last time - General construction

2- Fano manifold , KI
"

= m⑦
"

,
i = index

c. = dim 2- + I - 2

'

co index
,
olim 2-

= rtz

X = Z N H
.
N

. . -

n Hr
,
Hi E Ian

⑦ d:/

To get Kx E Q, we only focus on

a = 2
,

Cd
,
. - - dr ) = ( 1, I, . - - i 2)

t =3
,
Cd

. . . . - ,
dr ) = ( I , I , - - -

o 1)
.

Questions

II Flow do we know we don't get × =
abelian surface ?

We show H
'

(x
,
Ox ) = o

.

what is the
genus

(x
, M/× ) ?

We only discuss the case e =3
.

The
case c =L is similar

.



Lemma II Z Fano of co index -c =3 ⇒ X = Z n H
,
H C- Ital

.

then X Fano of co index a =3 if dim Z Z 4

If olim 2- =3 ⇒ H
'
( x
, 0×7=0 .

Proof
II wife of

= dim Z
,
dim X = d- 1 ol 24

j

The condition co index (z ) =3 means index (Z ) = d- 2 I 2 .

Use adjunction

Kx = (Kz + an ))
,

=
na⑦
' " - inde 's '/× = ng

- id-

Sy
X

'

Since d I 4 =3 X is Fano
.

We need to show index (x) =D- 3
.

This amounts to showing Mf, is primitive .

When this very

ample , al- Z 4 , the Grothendieck - Lefschetz Hsm shows

Pic (2- ) - Pic (x ) is an isomorphism .

(
very ampleness happens in all examples below ) .

index (x) = d- 3
. ⇒ corn dex (x) =3.



Remark

For a different argument, Use
X
,
2- are both Fano

.

In part below we show H
'

CZ
, 6£ ) = o

,

H'Cx
, 6×3=0 for all

Fans
.

This implies that the rows in the diagram below are injective

injective
Pic (z) - H2(z

, ) b/c
.
H
'

(2-
, 6*3=0

I
injective

Pic (x) - H2 (x
, ④ ) b/c H

'

(x. 6×7=0

& by the weak Lefschetz thm H
?
(Z
,
④ ) Is H2 (x

, Q ) .

Using the diagram : '

"a primitive ⇒ M/× primitive .

If o → Gz l- H) → 0£ →
×
→ o

Take cohomology

- l
H
'

(Z
, 0£) - H

'

Ix,G× ) - H
'

(2-, m )

Since dim 2- =3 & -c =3 =3 andex ( Z ) = I ⇒ Kz = ha
- I

^



Thus H
'

(2-
, 0£ ) = H

"

( 2-
, Kz + an )=o by Kodaira

+12 ( 2-
,
an
-
'

) = H
"

( 2-
,
6£ )

"

=o by Serre duality .

=3 H
' (x

,
0×3=0 .

Genus Since (x
, M/× ) is a KS surface we can ask for the

genus . 2g - a = (aa/× ) ? Since X = 2- N H, h . .
.

n Hr

( co .no/ex-c-- 3) =) 2g - 2 =(M/× )
'

= An
" ?

Remark

If 2- is Fano 3 - fold of co .no/ex3=s index =p

- I

⇒ in = Kz => 2g - 2 = (- K£13

Define Genus (Z ) = I C - Kz ) 's+1 .



Co .no/exe=2ClskovsKikh
, Fujita ,

"

78
'
80 )

These are called del Pezza manifolds
.

Classification :

-

Mag F 4 monprime examples in olim 23

Ip
'

× Ip
'
x Ip

'

,

IP
'd
x IP

'd

, Blp IP? I Tpa

Tbd 5

prime
-examples in olim 23

II 3 - fold : degree a hypersurface in

weighted projector space WP ( in . '> 2,3)

I 2 - sheeted covers of Pr's branched over

quartics

CID smooth cubias in pot -13

Ivy
(2,2) complete intersections in 55+4

If IG (2
,

05) & linear sections

WIE ( s
'

,

'

i'2



Remark

(n) Examples II yield Kss with Picard rank > i. These
are

not generic .

so we will not discuss them further
.

(2) Examples II - II yield g E5 .

Thus we only consider the last example .

G (2
,

05)
.



5

Ks 's ofgenus g = 6 Let 2- = G (2
,
Q )

.

We saw last time co index G (2
,
a
"

) = n - 3
.

I

✓I

Recall the Plucker embedding
^

Z

G ( L
,
a
"

) - B Akon

[w c- an] - [Mw eaten]

We have Gale ) = a
*

Gp ( n) = det T
"

where

o - T - a
"

④ 0
,
→ Q → o is the

tautological sequence .

-

In our case

G 12
,

05) as of as =
9

Since olim Z = 2 (5 - 2) = 6
,
we need

X = Z N H
,
n H2 n Hg N Q where

Q quadric in IPS & H; hyperplanes ⇒ X = K 3
.



This is consistent with Cd
. . - -

dr ) = Cs
,
7
,
. . . .
1,2)

.

Note Z - IPS
=, X = 2- n Q n H

,
n Han Hz - P

-

we claim ( X
, 0×43) has

genus
6

-

tact G Ck
,

en ) £, I (Nhan ) has degree
-

.

-

(*) (k Cn - easy ?
11 Cg - i)

- '

.

is is k

ksjen

When k=2
,
the above specializes to Toatalan number

n.tl :-.: )

In our case deg (Z ↳ IPS) =5 ⇒ deg (x - I
-

3=10

By definition oleg (x ) = 2g - 2 => 2g
-2=10 ⇒

g
- G

.



The fact above is classical. but see Borel & Hirzebruch

( Cg 58 ) for the case of general GIE.

One possible argument is to first compute the Hilbert

series of the Plcioker embedding :

X Cock , en ) , Q.ci
"

) = IT

' Eis L J - i

kajsn

This follows by interpreting Ho (ask.sn ), Oo.
"

s as a

GL
n

- representation & using Weyl dimension formula .

Expanding into
powers of

N :

X ( sock ,
en )
,

O
,
↳
⑦ '''

y ~
N'
"ma

-

(d.mo.si
.

- degree 't . . . .

IT '

~
Nd'm '

. Tig - ;j
' '

is is k J
- i t

- .
.

n sista
kcjen

Taejon

we get the claim
.



(• index 3 Mukai ( 88 ) & Massimiliano Mela (gg )

2- Mukai manifold

Kz
' '
= AN

"

,

dim 2- = r -12
,
ol
, = . . . =dr=1 .

Remark

F non -forme examples

gp3 × gp3
,
Ip
'

× sp
'
x sp 'x sp! IP'xp? 1102×0,3

,
. . -

Prime examples

II 2- = G (2
,

as) ⇒ g = 8

It Z = OG (5
,

a'° ) ⇒

g
= 7

④ 2- = LG (3
,

a
'

) ⇒ g = g

III £ = 62 II ='

g
= to

IVI Z = SG (3
,

Q
't

,
co
, .ws , Wg) ⇒ g

= 12
.

These & linear sections are all prime examples if g 27 .



Remark (Borel & Hirzebruch )

1-11 Glp 's are Fano manifolds .

In the cases considered here this can be checked by hand.

Remark
prime Fano 3 - fold, e =3

, genus
(w) = (- Kw )°/

,
-12

.

Thus g s co & g
= 12

. as the above list
.
shows

.

Remark We obtain examples of curves 7- Ig 's 10
, g = 12 as well

by intersecting with sufficiently many hyperplanes .

""

old
"

example g = 8
, 2- = G (2,06 )

,
rcorndex 2- = a -3=3

.

Exercise Z = G (2
,
@
6
) - II IR 'd I II

"

degree 14

( by previous argument ) - d.m Z = 2.4=8

8
X = 2- n H

,
h

. . .

n Hg ↳ II is a KS surface

2g - 2 = degree (x) = degree CZ) = 14 => g - 8 .



Discussion of the remaining examples

( p ) Z = LG (3
,
6)

Description of LG Cn
,
an) Take V E ①

2h

Let w = eine; t . . . tea!, neat symplectic form .

Let

LG (n
,
an) = { W E V

,

dim W
= n

, w/
wxw

ZO}

Note L G (n
,
2h ) - Gcn

,
2h) .

Over Gcn
,
an) there is the universal sub bundle

T
.

- V ④ Oa
.

The form

w : n
?
V → Q induces by restriction

Tv : NZ T - G
,

.

& LG = Zero CI )
.

dim L G Cn
,
2h ) =

dim G (n
,
an ) - rank A&T

= n
?
- (g) = n

2



Canonical bundle & co index

-

f
normal bundle

O - TL, → Ts/↳ → of5→ 0

Taking determinants we see :

KG 1L
,
= Kz ,

④ Iet off
-

We showed last time Kc
,
I 0
,

l- 2n )
.

We have def n'T
"

= (det 5)
" "

= Oc
.

Cn - s )

=3 Kcc
,

= ①
< c,

C - n - s) ⇒ index ( LG ) = n -11
.

=3 co index ( LG ) = 1 -1 nCng - Cn + D =3 ⇐ n = 3
.

thicker embedding
,

Note dim LG (3,6) = 6. , LG (3,6) Cs C- (3,6)↳ II N°06

511

II
'S

6

Let w
#
:
n3v → ✓

,
v z e

a n b no → w ca
,
b ) C t w Cb

,
c) a + w Caa) b

.

Note w

#

surjective =, dem Ker w
#
= (f) - 6 =

14
.

I



Nok w/
wxw

= o ⇐ w
#

/ng w = o
.

Thus the Phi -aker

point of W - n
>
✓ lies is Ker w

#

showing
that

.

LG (3. s ) C, E
'?

The 123 surface of genus 9

=3 X = LG (3,6 ) D H
,
n Ha MHz MHz, ↳ IPS is

a 123 surface .

The fact below shows

deg X = deg LG (3,6) = 16 = 2g - 2 →

g = 9 .

Fact The degree of thicker embedding of La in, an)

24 ol ? IT can → a - i -j )
"

.

d = olim La Cn
,
- n)

s

' Eisjsn

( Borel & Hirzebruch 1958)



(2) g = 12
,

2- =

"
th

'

symplectic Grassmann Ian ?

Definition Let w
. , wa , wz be general symplectic forms

2- = 563 (3,
Et) = { W E 67, dim W =3

, wi/w×w=o}

Darn erosion

We have F = 2- ero Cai
,
) n Zero CWI ) n Zero Cwj )

✓

where I
;
are sections of A&T

,

I → G (3
,

67)
.

→ dim 2- =
dim G (3,07) - 3 rank NZJ

"
'

= 3 (7 - 3) - 3
. ({) =3 .

Co index

• → Tz → Too
,

> , /, → ¥
,

n' TY- o

2-

We have kc.cz
,
>,
I Go

.

C- 7 ) & dat n 'T
"

= (det 5)
④

E O
,
Ca)

=3 Kz = Gz f - 1) => index 2- =/ =3 co index (z) =3
.



Pliiaker embedding

We have G ( 3
,

07) - E (n
> It)

.

but the Plcicker

points of W 's in SG
,
(3,07 ) lie in

E C Ker w,# n Ker wat n Ker wz# ) = I
'

?

The 123 surface of genus 12

12

Then X = Z n H - IP is a 123 surface ofgenus 12
.



(3) 2- = Ga - variety , g = to

The
group Gz

17

A legal
"

definition of a
,
is as follows .

Let VE e
't

Pick a basis e
. . - - . . ez of v

"

and write

e.jae
= ein ej ne: meet = 4 - form

\

Let

4 =
- e

4567
+ e

236 z

- E

, > ↳g
t e

1357
+ E

132,
gt T1256

-
e

1247

The
group

G
,
is the stabilizer of y ' is GL (v)

.

It can be checked dim G
,
= 14

.

Cylinders of Calabi-Yau geometries

Over IR
,
the
group Ga can be understood as follows

Let

IR
't
= R X E3 = cylinder over 03

Note as is Calabi-Yau with

T2 = old , not22 ad23 = Calabi-Yau form
.



W = i@2 , ads, + d2
,
a dis + dzgndsig ) Kibler form .

Let t be the coordinate on IR
.

Then

y = -
alt n Im r - I w aw

.

2

when writers in real coordinates Ct
, Aj ) ,

d2-i =DXyz . Fi dx
, ;

Back to complex world Alternatively ,

we can pick

4 to be a generic form in a
" V
"

,
VE a ?

dim N
"
V
"

= (Z ) = 35 ,
dim GL (v ) = 49 .

Generic means the GL (v) orbit of 210 in A
"
V

"

is
open .

Then G
,
= Stab 4 = dim 49 - 35=14

.

GL (v)

The Ga - variety

Define 2- = { WE V. d'm W=5. 4)w×w×w×w=0 ).

2- Cs G 15,67) is cut out by a section of N
" T ?



→ dim 2-
= dim G (5

,

at) - rk n
"5

= 517 - 5) - (E) = 5.
Co index

From o → Tz → Tags
,
.cz, /z → A

"

TY- o we find
2-

Kz ⇐ 0£ ( - 3) =3 index 2- =3 =3 coindex 2- =3
.

thicker

Nole Z - G (5,07) - Basta? ¥
2

?

Let
y
#
: ATV → v is the contraction with y

w is in 2- ⇐ 4
#

/n5w Zo .

The Pliioker point Nsw of W lies is Iker ?
#

dim Her Lf
#

= dim ATV
- olim V = (f) - 7=14

.

= > 2- - E
's

.

K 3 surface of genus to

10

Finally X = 2- n H
,
N Ha n Hz ↳ II is a 123

Surface ofgenus
to

.
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Summary of last tame

2- = Gtp Fano of coin olex 3 a
dim 2- = r -12

.

If 2- = G (2
,

as) ⇒ g = 8

IT
2- = LG (3

,

ab ) ⇒ g = g

Z = SG (3
,

97
,
co
, .ws , Wg) ⇒ g

= 12
.

III 2- = G (5,07
, y) =' g

= to

2.

'I 2- = OG (5
,

a'° ) =>

g
= 7

Write Kz = Hi
"

,
na primitive . Hi E l M /

Ks surface
curve

Fano 3 - fold ,

X = f- h H, n . . -
NH
,

C= Z n Hy n - - -
n Hrt , M = Z n Han . - -

n Hr
. ,



These examples were discussed last time except

2- = OG (5
,
so ) . or 2- = OG (n

, ①
2 "

)

Definition Q nondegenerate quadratic form on V I am

The orthogonal grassmarian is

OG Cn
,
2h) = { w : dim W =h

,
W E V

,
Q /w Zo } .

Notation Fonsider the quadric :

2n -1
Y = { 2- E R V : Q Cz ) =o ) - E
Q

.

Note Q(w Zo ⇒ E W E Y
-

- -

Q
'

(n - i) dime



Model In local coordinates
,
we will take

Q = Z
, Zan t Zz Zan , t - - - t 2-

n Znts

O
- - - T

Q =
. 1

,
'

.

. .

.

'
.

I - - -
O

W
E EM

,
dim W = or

W =

span
( W

, . . . own ) vs W = W
,

- - - Wn

We will not distinguish between the subspace & matrix
.

W isotropic for Q ⇐ Wt Q W = O



Question why is OG Crisan ) subtler ?

Reason # 1 OG Cn
,
an) has 2 components .

Example n = 7 : Q = 2- w on Q2

OG (1
,
2) = Le, >

and Lea >
.

f
sign change from previous page

Example n = 2 : Q = xw -yz
in a

"

Y =/ xw -y 2- =o } - it ?Q

We have Yo
,
E P'x sp! via Segre embedding

n

[ a :b] , [a :D] →[ac : be : ad :
b d]

No te Yo
,

has 2 rulings , yielding two components

OG (2,4) = I
'
W B !



Underlying reason - 2 orbits for so Can
,
a) action

.

If V = Le
. . . - Ean ) ,

let

W = Le
.
.
. - en >

,
w
'

= Le
, - . . en

-, en ,→
)

check new
,
w
'
are in different orbits .

④ W
,

W
'

am in the same orbit if

olim (w n w
'
) = n mod 2

Thus OG Cn
,
an ) has 2 components 0GtCos, an ) R OG

-

(n
,
- n )

.

These are isomorphic .

We willjust pick one of these

components.

✓
Ton renton V = F t F dim F = n

,
F fixed

.

& isotropic)

0Gt = { W : olim (w ne ) = n mod 2}
.



Canonical bundle co .no/ex

I → Gcn
,
an) sub bundle , Tfw = [w] ,

We have

° G Cn
,
an ) Cs G (n

,
an) - II (n

"

a
"

)

Note G
,p

Ca ) restricts to def T
"

on a = Gen
.
a- n)

Q : Sym
' em- a m OT : Sym

?
T - Ga

.

OG = Zero ( OT )
.
,
OT section of Tym 'T

✓

v

olim OG = dim Gcn
,
an) - rank Sym 2T = nd

- (n} ') = nc
2

i

=3 Index (O G) =



As last time (see the computation for LG) :

✓

Koo.±= Kalo ④ det Sym
' T/ =

- Ln -17 )

= Colet T)
"

lost. ⑦ (det 's )
OG t

✓ - in
- s )

= (det TI
I

H
appears

that index (OG) - n - n . This is not right .

Issue det T1 ±

is not primitive but rather

2 - divisible



Reason # 2

det T1 is not primitive in Pie ( 0Gt)
0Gt

Example m = 2
We have shown OG (2,4 ) = B

'
w E

'

If we pick one such E ? consider Pliicker embedding

0Gt (2,4) I II
'
↳ G (2,4 ) = quadric in E5

.

One can check that

Ops (n )) ±
=
det I/o,±=Qp ,

la)

Indeed each [a :b ] c- E
'

yields
^

W = ( a e
,
+ bea

, aeg + be, > isotropic
-

⇒ nd w
= span @ e

,
+be
, ) n ( aest bee, )

= a
'd
e
, neg + b ' ez neg t ab (e, hey useznez)

=3 Plucker coordinates are quadratic in a & b
.



Question Why was det T primitive for a or LG ?

Recall G ( k
,
G
"

) - E Ake
"

Pliicker

det T = O
#
'b/c

.ca.us
-

Flaim F E Carre in G Ck
,
n ) with

oleg det TY =L ⇒ det J primitive .

[

Proof Define

[ = { W = Le
. .

- - - ,er→ , teats -
*?, : [ tis] EP

'}

is a curve in G ( k,n )
.

Then E E B
'
and

-

det 71g = Og C- s) ⇒ degree det5/2--1 .

Remark

Note that I can be described as

~ ~

W t Wo where W = Le
. . - . eh - g )

and Wo =L tea + seat,
> =

varying line .



Aside
-

the same argument works for LG (n,2n)

E = { W = Wo t T : I c- Los Cn - i. an -4 ) fixed

& Wo varies in LG (1,2) = G (1,2) = B
"}

I

2) In the case of OG ( n
,
2n )

+

I = { W = Wo tw : T E OG (n - 2
,
2n -4) fixed

+

Wo varies in OG (2,4 ) ZIP
'

}

gives a degree 2 curve because of previous example .



Question what is the primitive generator ?

0Gt (n
,
2n ) - II S± spinor embedding

We will see that 0,ps± In>/, ,± is primitive and

det T
"

E O
,ps±

(2)lost

Construction W E E
"

isotropic for Q
. Represent w by

I

a matrix & row reduce it to W =
.

U

o l I tWTQW = ( I ut ) = UTU =D

I O U

=3 U skew symmetric

Recall Pliioker embedding
-

G (n
,
2n) - II n

" Q2"
,

W - n'w

u - all n x n minors of W

=
all jxj minors of U ,

O E J s n



Crucial Remark A skew symmetric ,
A + At -_ O

• A has odd dimension ⇒ Let A = O

• A has even dimension 22×2 be

0 a

A =
=, def A = ah

,
Pf CA ) = a = , de t A = Pffa)?

- a o

lDefine Pf (A ) =
-2kg,
[ (-I anime) - - - as @k-Dolak)
TES

2k

Better If A = laij ) , define

7

k
w = §.

aij e; nej ⇒
1-
w = Pf CA) e

,
a - - - neg

j k !

Indeed w n . - -
n w is a 2k - form so it is proportional

to e
,
N

- - - desk
.



Important fact

Pf CAR = Iet A

O - X ,

Proof
A = Ct µ'

O
-

.

•

gg,
C & compute using

dat cat Bc) =@et of det B

Pf ( atBc) =
det c

. Pf (B )

Spinor embedding

± i t

G (n
,

2n ) - II s

U - All Pffafians of principal

2jx2j minors. of U .

±

dim S = 2h
- '

A more canonical definition requires pure spinors.



n = 2 This construction yields 0Gt 12,4 ) III ?
-

why is OG ES
, Gps G) lo

, primitive ?

Use the same curve

1-

[ = { W = Wo + HT : Wo E OG (2,4 ) varying
+

✓ E OG (n - 2
,
2h-4) fxed}

Back to 0G±(n
,
an)

g
det%

,
is 2 - divisible

We see index
= 2 (n - s)

=3 Co index = ft
n Cn - s)

2-
- 2 (n - 1) =3 ⇐ n = 5

.



Outcome
g = 7

dim 0Gt (5,10 ) = go
.

The
spinor embedding

2- = OG
±

(s
,
so ) - I

's
has degree 12

.

7-
X = Z n H

.
N

- - - n Hg ↳ I

C = Z n H
,
n n Hg is a genus 7 curve

Remark We can also use X - G (2
,

e5) cut out by

a
section of Gali) t O, Ci) + IT) .

to describe
g = 7

123 s
.

But the above picture involving oat is more

uniform .



To@ no Lesions

~

Remark The above constructions show tg un ,rational

31g I co &
g

-_ 12
.
(with more work)

.

I rrnirational if z n, IA
"
- -→ F dominant

Example g = 8 : 2- = c. (2
,
a
'

) - II Was = E
"

X = Z n H
,
n
. . -
n Hs ,

H; E / 0pm, G)/

To determine X we need to pick a point in

Grass ( G
,
Ho (Z

, Oz (D))

and divide by PGLG .

Thus

Grass ( G
,
Ho (Z

, Oz (D)1ps Lg
- - → Ig

.

fount moduli
: dim Grass

=
6

.
(15 - 6)

dim PG Lg = 55

dim Is = 19
.



Thus we expect the map to be dominant cat is ) &

thus Is is dominated by a rational variety Grass (6,6
"

)

hence it is unirateonal
.

Flow about genus 8 curves ?

Intersect one more time
.

with a hyperplane

C = 2- n H , N - - -
n Hy

.

Grass 17
,

Holz
, 6£ C'D)/PGL

,

- - -→ Mg

count moduli & match : dim Grass = 7 Css - 7)

dim PG Lg = 35

loh ? dim Mg = 3.8 - 3
.

This argument eventually shows Mg is antirational
.



Un irotronality of It is established by these methods for

3 I g E lo & g = 12 .

what about other values of g ?

g = 11
,
13
.
16
,
18
,
20 Mukai by pushing the above descriptions

g = 14
,
22 Farkas - Werra

g
= 45

,
51
,
53
,
55
,
58

,
59
,
61

, g 762 , Fg general type

Flu lek - Gritschen Lo - Sankaran (2007)

s
L

using number theory 1representation theory

Question Find a proof of Fg general type using only

algebraic geometry .



-6
ompare

this with my

•
. Unrra trona l (1915)

g E lo
Seven'

proved Mg is

He conjectured My un , rational for allg ,
but this

turned out false .

The K3 methods recover Seven
'

's result for ages .

What
goes wrong for us when

g
= lo ? ( later)

.

•

g = 11,13 Chang - Ran

g = 12 Sernesi

My unnatural for these

g = 14 Werra values of g .

• g = Is Chang - Ran claimed the same
,

but the proof does

not hold
.



Aside Seven
'

's idea (works for g Ilo)

✓= { c - sp ? 8- nodal
, geometric genusg}

T x

L
C

M
L Hilbg spa if 4

-

~

rational C

sing Ca)

show

• Hilbg IPZ rational

• N is birational to a projective

bundle over Hilbg 1102
so rational

• IT dominant

1

My Uni rational



The case g = to why don't the above methods show

Mw is rational ? ( But show Fo is rational
.)

Recall Z - E
's

a

dam 2=5
,
2- = § - variety

X = £ n H, h Han Hz

C = Z n H
,
n Han Hz n HL,

where H; are hyperplanes in its
'

?

count moduli Grass ( 3, E
"

)/q - -→ to
-

-
-

din's 3
.

(14 - 3) - 14 = 19

~

i

tor curves Grass ( 4
,
G
'"

) IG
,

- -→ Meo

-

dim = 4 (14 - 4) - 14=26

dim Mio = 3g -3 = 27 -

This is the only case where the dimension count fails
.



Thus a generic Cierva of genus g
= so does not lie on a 123

Surface .

26 27

f s

=) Divisor of curves on 123 's - Mio

studied by cahier man 11989 ) & Farkas
- Popa ( 2004)

to disprove the slope conjecture of Morrison - Harris
.

Final Remark Calabi - Yau 3 - folds

h
'

Cy
, Gy ) =L

'
CT
, Gy) = o

K
, = On

,

are connected with Fano varieties of co .no/ex 4 .

-s classification due to Carla No oath .

However we already have
many examples of CY

's 's
.



Math 220 B - Lecture 6

January 22, 2021



Plan - double covers & Riemann - Fturwitz
- -

-

genus g
=L 123 surfaces

- elliptic K3 surfaces
.

Rahul 's Lecture on January 29 , 10:30 -12



Method '
- fomp.la/e intersections in Fano manifolds 318110

Method2 - Ty olio C branched) covers

• Y smooth

S = O

•
D - t smooth divisor

•
I → Y

,
L
⑦ "
I 0
,
CD )

This data determines X - y branched along D
.

N = I

x \
-

-T←R

IT

y

l
.



Plan II give
construction

compute H
'

(x
,
Ox) & canonical K×

Outcome Do we get a Kz surface ?

II analyze examples

1101 formulate some questions.



Tons traction 2- = total space of 2 , p : I → Y

II p* L has a canonical section t

This is clear set - theoretically .

Indeed
, points of £ are pairs

(y,
l)
,
l c- Ly .

The section

t ly, e) =L c- Ly =(p*2) (
y, e)

'

scheme - theoretically

section p* I ⇐ Oz - p
't' L

⇐ p* I
"

→ G Cdualize)
I

- 7

⇐ L -p* 0£ c adjoint functors)

There is a canonical choice since

p* Oz = Trym
.

L
"

= ago. L
-i



III Define X E Z by the vanishing

p*s - t
"

=o as a section of p*L⑦?→ I

Nota T : X C, I is a =/ & branched at s=o
.

↳ t
y

i. e
.

I branched along D
.



Local coordinates

y ← ✓ Is ①
m

coordinates (
yn . . - - sym )

LL I V X E coordinates (
yn - - - ym ,

t )

Let D= {y, =o } in V

ys* L
- V x a is trivial with section

t ( y. . . - ym.tl -- t

X
z i'( v) ⇐ VII. given by {y , = t '}⇐ p*s=t⑦

"

I '
v

u ly , t)
Y z V

SUMMARY

X
z t

-

'

guy
has coordinates It

, ya , - . - gym,)
I '
V

u

Y z v has coordinates (y. . ya . - -y?
= ( tf ya , . - - gym )

y, = t
'



-y - Cn - g )

Lemma I* Ox = Gy t L t - - -
+ L

Proof We give a proof in the analytic category . Take

VEY sufficiently small coordinate chart, 21
,

I xx a
.

To each F E ⇐* Gx) (v) = 0× ( it - 'v) we show how to

- Cn - i )
associate (ao , . . . s an

. , ) sections of 0, L
-

! . . . , I over V.

in a manner compatible with restrictions
.

~

Extend f fo f in Z/v I Vxa & Taylor expand in a

small poly disc

is

I = [ th p* A A E r (v
,

L
- k

)
k s k

k = 0

Using t
"

=p
#
s on X

,
we rewrite

n -I

f = IL
,

= E th
p
't

ape , are rlv, L
- k
)

.

L
= 0

The association f - Cao
,
. . . a.→ ) is

the isomorphism of

the Lemma
.

- →
O ' I s n - r

n - y
T - - - T

,



Take n =L =3 I* Ox = Oy + L ?

H
'

(x
, G× ) = It

'
(x

, I*G×) = H
'

( Y
, Oy ) + H

'

(Y
,

I
'

)
.

T
it finite

Toro Kang H
'

(x
,
6×3=0 provided .

H
'

Cy
,
Oy ) = H

'

(Y
,

L
- '

3=0
.

What about the canonical bundle ?

7-Iurwitz formula K× = To
#
(Ky ④ L

" "

)

~

' i

lake n = 2 K× I I
# (Ky ④ L) I G×

benchescon X is K 3 surface iff Y surface

(r) H
'

Cy
, Oy ) =o

(2) D E /- 2 Ky / smooth

Indeed
,
take L = Kj ! Use Serre duality to see H'Cx

,
d
'')=o



Proof of Hurwitz

n - 2 : Kx = I
#
(Ky ④ I)

.

X
z t

-

'

guy
has coordinates It

, ya , - . - gym,)
It
✓

w

y z v has coordinates (y. . ya . - -y?
= ( t

, ya , . - - gym

Let R = f- I
*

D
.

Indeed I # D is not reduced since

it '*y , = t ? =3 R = { t =o} ⇒ Of R) = it
*

L
.

We show
'

K× - R = IT
#

Ky
.

Note Ky is spanned by dy , a . . . ndym

TF K
,

is spanned by dI*y, n .
. . ndym =

= at dtndyzn . - - ndym

Kx is spanned by dtndyzn - - - ndym

Oye- R ) is spanned by t

→ IT
*

Ky = K× - R as needed
.



Example Cg -_ 2)

Take 4=122
, Ky = Of-3) ⇒ DE 10*-1631

Pick D a smooth sextic & construct

T

X - II
?
double cover branched along D.

=3 X is K3 surface .

Let L = IT
#

Gpa (s ) =3 22=2 = 2g - 2 = > g = 2 .

Taunt moduli : d.m II Ho (p? 016 )) - dim PG23=19 .

P2



Silly Question

what happens if g =/ ? In this case

,

(x
,
L)

,

L2 = 2g - 2=0

Example X - E
'

,
L = 017 )

.

Genus of smooth fiber :

2genus
- 2 = L2 + L

-

K = O ⇒ genus
=/

.

We will in fact show later that

Lf 0
,

I
'

= O es X is elliptic fibration

Beware L may
not be the class of a fiber

Question Examples ?



What other surfaces can we try ?

It Y = Ip
'
x I

'

,
DE (4,4 ) smooth curve

I

X → y double cover branched along D is K3. surface

Two divisors D
,
= T* ( P' x pt) E Pic (x)

D2 = I
*

(got xp
'

) E Pic Cx)

-

=3 D? = 0 , Df = 0
,
D
, . Da = 2

Thus a = (! ! )↳ Pic (x) so this is a special KS.

(No ether - Lefschetz locus )



A very interesting situation occurs for Hirzebruch surfaces .

En = II ( G
,p
, + G

,p
,
ins) - II

'

n = o → IF
,
= IP

'
xp
'
=> last example .

Example (Elliptic surfaces) n =L,
-
-

Y = IF Fli-
z
- b -uch surface .

4

Exercise H
'
(Y

, y
) = o

T
D E l- 2 Kyl

.
→ X - y is 123 surface

2 : 1

We will check X is a Kz surface
.
& say a bit more

.



First - A short discussion of Hirzebruch surfaces
.

In = I ( G t O Cn )) is a IP
'
-
bundle over ?

IP ' IP 1

IT

E
'

Remark E (V ) = II ( V ⑦ L ) .

Thus En E Fen taking V = Op , + Gp , (n ) & L = Op , (in)
.

-

lake n > O
.

Fact (H
. Chp I- I)

II (v) → c ruled surface

Pic E (v) = To
* Pic (c ) + ZL

In our case Pio (IFN ) = 21 t 21
.



Turn classes

Is fiber F
, 72--0

@ sections to
,
Fs

s
is

F

%

IF
N

We have To
?
= n

,
Try
?
= - n

.
.

(next
page)

q
.

f = Go
. f =/ ⇒ g - To = af.

Since God = n , Try
?

= - n =3 a = - n =3 To = Try + nf

→ Go
.
Try = 0

.
since

Go
. Try = Try ( try tnf ) = -nth = 0

.



^

I p
' yo

'

IP i
2 /

2 / 2 Cl

G E

s -
- E (Oct L )

-
-
-

- -
- -

- -

-

IT T t.
I

l l

C = #
'

•

In general if U = + L - c
,
E. (v) c

C

←

Let T correspond to c = II (G + o ) ↳ BC O + L )c -

C
=

Not
# u
E L

g
'
= deg L

In
our case

, En = II ( G + Gcn ))
,
L = Gcn ) gives the

cpi IP ' pl

section Tro with God = n .

Similarly , ten = Is ( O + GC- n )) , L = Op , I-n) gives the
IP ' IP '

section Trio with of = - n



Blair'm k
#

=
- 25
,

- (n -12) f

Write K
#

= a 5 + bf.

Adjunction for Fs E E
'
& F = R

'

gives

- 2= 2genus (q) - 2 = 52 t k
# .

To

2
= T t (ag + bf ) Fs

D

= - n - an + b

- 2 = 2
genus Cf )

- 2 = f
'd
+ K
# .
F

= fat Cag tbf) f

= a

Solving we find a = - 2
,
b = - n - 2

.



I>near series on Flirze breech surfaces

Lemma II [ + m f base point free iff m zn

TIL I + mf
very ample iff m > n

.

Proof D= Est m f =3 D
. To = m - n

D bpf ⇒ D
. To Io =, m In

D very ample ⇒ D
. Sp > o ⇒ m > n

.

Ton verse ly

I Let p E Fn .

Wish to find C E Isis +mfl

with p Et C
.

We will pick the curve c to be

either I + m fibers or q + (m - n ) fibers depending

on p f Fs or p Eg ( and hence
p # To ) . The

fibers are chosen not to
pass through p .



Proof by picture We have two cases :

P E Fs

p ¢ Fs
F (m - n) - fibers .

¥
.

-

j
.

-

C = G t m fibers not C = To + Cm - n) fibers

through p c e la- +mfl

TIL We wish to separate points d tangent vectors .

Let p.IE#n.p-tg .
( or point p & tangent vector t)

Proof by picture very
similar to 1st case

.
(H

-I )

•

p,g not in
the same fiber & not both in To

.

a

••#
*

|§, § .

c = '
-

→ m Fibers

£ one throughp , none throughg

F



•

p, g
E Fs

I.
A

µ? a = To + Cn - m) fibers

To one through p ,
none throughg

•

p , g e same fiber D= Try + mf

Conclude
using (e) & 12 ) :

•
pf.g // (n) 0¥ cosIf = Ofc.) is

very

ample on f so separates p 4g .

g surjective

(2) Ho ( O
#
(D ) ) → Ho ( O

# (D)If ) . Suffices to check

H
'

(O
#

Co - f )) = o .
Note

IT
* One CD - f) =T* G (To + Cm -Df ) = IT

*
GC ⑤ 0cm - s )

Ip)

= ( Op , + Op , Cns) ⑦ G
,p
, cm -s)

which has no H !



Remark

if m In ⇒/Fs t m f) contains smooth rrred curve
'

Itsy ? If

I m > n
-
because of Bertini & very ampleness

Tf m = n - take To
.

R- mark
Take n > o

, a # o
,

b Ho ( H . Chp I ) .

Me as + bf very ample ⇐ b > an > o

why ?
⇐

"

I '

a g + bf = Ca- a) ( Tru tnf ) x (sister f) , y > n

-
-

bpf very ample

faces + bff contains smooth erred curve ⇐ b za n > o

"

why ? f- Bertini + E if b = an



The argument for b = an

a ( Tres t n f) contains a smooth erred curve

Let L = To +nf
,

which is bas -point free . It induces

IT n -17

121 : Fn - II

check L CL - K
#)

x ( L ) = X (6) t - = n -12
.

2.

Go .

L =o ⇒ as contracted to p

Ip
NTI

Fn Y

Fs
OB P

c
,

it

mec
. I

←
To

o

'
= it (q )



it is birational

Ip
NTI

Fn Y

S
OB P

c
,

it

mrc
. I

%
.

To

Verify Ca) q
'

has degree L'= n

(2) Trio is hyperplane section

-

take ntlpoints in To !
[
'

•
= Y n H

span a hyperplane H

fo
'

is contained in H (3) de la H / , p of c
'

by degree reasons

smooth d irreducible possible

⑥ by Bertini

(4) C = it
"

( o ) is smooth

& irreducible

µ

(5) C E / L
"

/ is a smooth & erred curve



IThe case n = 4 X → it
,
double cover branched at D

.

2 '
- I

we need

DE l- 2K
# / =/ 48- t 12 Fl
↳

We don't expect smooth & irreducible D
.

Flowerer
,
we can take D of the form

~

D = Fs t D

g
possible by the above

F e / 3 Tis + 12 f / smooth & irreducible (see above)

~

%
.

D = To (35 +12 f) = O =3 Trio
,

I disjoint

me
IFL
,



The KS surface

g
D = To +5 , I E 135 -112ft

.

I

→ HI
, -f X

•
P
'

:p . €-- he

④*
. ) P
¥

Fd
= o
f

Aber

F = I
*
f

s =L # * q

⇒ F. s = ,
f

section

2

2.

g
s

= - 2 ( uses n=4)
S Elp

'

In fact
,

F

• X → Ip
'

is elliptic fibration←
S

• F = fiber
,
S = section .

Note

A- =(
° 1

- Pic (x)
.

1 - 2



Torches ion

A- =/?
-

'

a ) - pic Cx)
.

(s) we constructed elliptic Ks 's with sections as

double covers of Fa
,

-

(2) F moduli space ta

-

ta is un - rational. (Miranda 1981 )

rational ( L-
farrago , 1993)

-

These questions make sense for arbitrary lattices .

N Cs Pic Cx)
.

-

( F moduli space th of n - polarized Kz 's which we will discuss

later )
.



Question

Is F unnatural ?
^

(2) Study the topology of F ?^

II. A = 42g - 27 →
Mukai d H- lek

- Grit senko
,

- Sankaran

in a = (? !
, ) → see above

° I 0 general type for k z 220
' O o

-

^k= (
o o 2L

renin- tonal for k E lo t - - -

Fortuna - Maz 2- e d.mi (2020)

⇒ high rank lattices
.

ms Dolgachev.



Plan

- short discussion of topology of K3s

- linear series on K3s

( s) 2270 & Reider techniques

(2) L
"

=o ⇒ elliptic surfaces

- moduli of Kss constructed
.



Math 220 B - Lecture 7

January 27, 2021



Plan

- general discussion of topology of K3s

- some ideas thatgo in the constructor of the

moduli
space

- linear series on K3s

( s) 2270 & Reider techniques

(2) L
"

=o ⇒ elliptic surfaces

Instead of the usual lecture

Rahul 's AG Seminar on Friday

( Time has changed to 11:30 - I)
.



Topological invariants of KS surfaces

-tact All K3 surfaces are homeomorphic .

In light of this, the results below should not be surprising.

T
.

Old Facts
-

Recall C Lecture 2)

•

top
(x) = 24 because Xcx, ⇒ = K¥ef

12

'

⇒ b
.
(x) = I

b
,
(x) = o

b
,
(x) = 22

be
,
(x) = I

53 (x) =o



Example l X - E3 quartic surface

-

top
(x) = § g ( Tx ) Poincare

'

- Hopf (Gauss - Bonnet

o - Tx → Tps ↳ - 0×14) → o

o → -0 → Ocr ) ④ a
"
→ Toss → o

.

c ( Tx ) =
CC Tp3/× ) C ( 0×c , ))

"
4

-
=
- - =

( it H/× )
- =

c C 01431! c Corfu) ) 1+4 HI
x

= ( it 4 HL
,

+ 6h21
,
t . . . ) (i - 441×+16421

,

-

. . .)

= I t 6 H2)
x

Ca ( Tx ) = 6 H2/× = 24 since

× quartic =' H'4=4 .



Example 2

.
It elliptic fibration

,
X =K3 ④ (g) µ

S E E
'

singular fibers pI
S

X - Ti 's → P' is topologically locally trivial
,

Fibers -

top
=o ( Chrestman)

-

top
(x) =

etop
(x - Ti's ) + { elxs )
- ES

= o + E e ( Xs) = 24
.

S E S

IF Xs are reduced & irreducible ⇒ pa (Xs ) =L .

X
,

⇒ e (Xs ) = I

•

Conclusion 24 singular fibers .



Aside Adjunction formula for singular curves

C smooth ⇒ 2g - 2 = C ? adjunction

g = itI
2 .

If C - X reduced & irreducible

pa ( c ) =
d. in h

' ( c
, Oc ) = arithmetic genes .

→ pa
(o) = 1 + I so

2
'

Proof Use the exact
sequence :

o - Gx (- c ) - G
,
→ Go → o

X Coo ) = X Cox ) - x (0×1- d)
.

= X ( 0×3 - [ x Cox) + C-

dal- o))

= -
I
= hole

, Oc ) - b'(c, Oc) = ' -pace).2
'



V

C reduced
,
I → c normalization

g
Ca )
=g (E) geometric genus

→ pa (c) = glo ) +8 .

S = length v Gg 16
,

=
contribution from singularities*

Conclusion

II Cd = even

CTI C
"

z - 2 .

If equality then a 2=-2 ⇒ Pa = It ¥=o

=3 g = o
& 8=0

=> I I IP
'

& no singularities

⇒ c = #?



IT A thorough er study of the cohomology
- -

(a) study of the lattice
H2 (x

,
z)

( r ) cup product in H2 (x
,
IR )

( 3) Hodge decomposition of H2 (x. a) .

§ I. Over IR

Signature

dim X = 4L compact manifold
IR

2K

U :
Hak (x

,
IR) X H (x

,
IR) → IR perfect pairing

type Cbt
,
b-)

signature = b+ - b ?



f X is a complex surface ,
k=1

b+ - b
-

= ZI CK} - 2e (x)) .

Aside Thom - Hirzebruch theorem

f
L -
genus

b+ - b
-

= / 2 (Tx)
x

This is an index theorem for d+d* : ht → a-

Compare with

Xcx, 0×7=1 td (Tx )
x

o
,
2K 0,2kt)This is an index theorem for the 2- + 2-

*

: N → a

Gauss - Bonnet

-

top
(x) = ! CC TX) .

This is an index fhm for d +d* : N
"

- E
'd

.



Total Pontryagin class V real vector bundle

II p (v) = I →p . Cv) +Pa (v) t - - -

= IT Cl t ai)
i

④ p (v ) = 1,7 ( i + g.
2

,
I rj Chern roots of

V ?

2 (v ) = IT r-
= (it '÷ - III. + - - - )i

tanhra
;

= it f- p. (v) + Is ftp.lvl-p.cvB-i . . .

ID p, (Tx) = f- (q2 -2C,) if X complex surface .



Example X = Ks surface k -- I
.

b+ + b
-

= d.m Hak (x) = dim H2 (x) = 22 .

b. +- b
-

=
- is

⇒ b+ =3
,
b
-

= 19

Exercise

If we carry
out these arguments for any surface

• b
,

even ⇒ b +
= 2pg -11 .

•
b
,
odd

=> b -1=2
pg ( not Kahler)

pg = dim Ho (six ) this shows pg
is determined

In our case pg =L . by the topology .



§ 2 .

Over 21

A- = H2 (x
,
21) = lattice .

• A free 21 - module

• symmetric bilinear form

N
,p

= A ④ IR signature Cbt
,
b-) = (3

,
Ig)

Remark III A- is even
AQ Zo mod 2 t A G N .

A- un , modular A E W = Hom (n
, 2)

.

N x x → 21
.

Poincare ' duality .



EIampI II n - V = hyperbolic lattice

A = 21 e + 21 f ,
ed = o

,
72=0

,
e

- f = 1
.

A= ( ° '

) d signature Ci
.
')

/ O

- ren : Q Cae + b f) = Cae + bff

=
aide- + b

-

f 't zabef

= 2 ab = even
.



If Eg lattice - signature (8. o )
.

I = {(a , . . - Ag) E 2180 (21+13/8 : ÷
,

Xi = o mode}

- vectors of length 2 : - II d 2 - times

- ± Ya d 8 times

- basis
-

-

Ya l - l

- Ya l l - I

- Ya l
- I

-
'k l - l

- Ya l - I

- Yz
l
- l

l
Ya

- compute the intersection matrix if you
wish

.

& check
.
unimodalar

.

• even

• signature (8,0)



To lassificatron of even & un ,modular lattices

( Serre
,

A course in Arithmetic)

• sums of I Eg
,

U
.

In our case

A- = (- Eg) -1 f- Eg) t U t U t U
K3

Friedman The lattice H2 (x
,
-2) determines simply connected X

up
to homeomorphism .

-
-g . (rank , signature , parity) → X



§ 3
.

Over a

7-lodge decomposition ,
HP'S

= Cp , g ) - forms .

(s) H2 (x
,
a) = H''

°

+ H
" '

+ H
" ?

-

(2) H2O = H
" ? h "2

= d.m ftp.2

For us h
°'d

= L
'
'
°

= I because h "
°

= dim Holst )

= dim Ho ( O)

→ h " "
= 20 = 1

.

H
'

:L = H
" '
n H'(x. R) ⇒ H'' '

= it ④
*

a

Ns (x) = H
" '
n H2 (x

,
21) Neron Seven

. Lattice



Aside

(r ) First charm class Pic (x) H2 (x
, 2) thx

,
a)

L - e
,
CL )

(2) exponential seguence

o - Z - O
×
- 0¥ - I gives

l

0 Pic Cx )
H

H
C
,

H'Cx ,0×) → H' (x
,
0×*) - H2 (x

,
21)

& c
. (j

v

-

Lefschetz
NS -0 H2 (x

,
e )

th m on C '
,
I ) classes

ensures C
, surjective .

(3) In our case H
'

(x
,
0×3=0 =3 C

, injective C for Kss)

=> Pic (x) Z Ns (x) &

c
,

: Pic (x) - H! is injective .



For 123 surfaces

we investigate the signature of the intersection form on

" '
H
IR .

Let w be the symplectic form H°(X.of ) = e.

←
(2. o)

(H2o + HOR) spanned by w + J & i (w -E)
IR

(w → I)^2 = 2 w n I > o since waw = I not = o
.

(i Coo - I)J
'

= -
Cw - at > a car - ai)

.

= 2 as a a-
.

> o

H2 (x
,

e ) = (H2-

°

+ HO'd) + H
" ' d signature 13,19)

Conclusion H
'

has signature
'

(519)



Ton
sequences

7-lodge Index Theorem I
.

If D2 > o
, D .

E = o then Ehso
.

Proof Let V be the subspace spanned by D & E
- -

1,1
In H

IR .

If dim V = 2 since D2 > o =3 V has signature ( 1,1)

Since D
-

E
= O & D2 > o =3

EZ LO
.

If dim V =n then D
=/
E or E = o

. If
^

D

=/
E ⇒ D2 = D. D =/

D. E = 0
.
false .

Thus

E = O =) Eh =D
.

Remark Equality happens iff E =o on H :L

=3 E E o since Pic ↳ tf!! injective ,

t
for K3S



Hodge Index Theorem I
.

If D? > o then D? . Df E CD
. . Da )?

Proof Let

D = D? - D2 - (D. . Da ) .

D
,

Observe that

D
.

D
,
= Did . (Dr . D2) - (D

. . D2) Df = o .

By Hodge I . ⇒

Did to ⇒ Did . Dad I CD, . Dz )?

Equality occurs iff D
, =p

D
, .

i 'm H or equivalently C for a Ks)

iff D
, If

D
. .



Hodge Index Theorem II
.

(x
,
H ) 123 surface, H ample .

I = { x : a
'
> o ) - H

'

:L
.

P = P
"

U l - P
"

) where Pt is the component that

contains H
.

In coordinates
,
we can take the intersection form

XP - X? - . . .

- Xsg2 ,
H = (1,0 , . - - , o ) .

Let P
"

= { Xo > o : Xo
'd

> XY -1
. . - txsg } .

I x.y e Pt ⇒ x. y > o

Explicitly ,

a-og. > lait . . - + a-n'shag? + . . - ty.sk
Z H

, y, t . . . tstnyn .

Thus P
"
contains all ample H !



Thus if P+ contains ft , it contains all ample divisors

ML X
, y c- PT ⇒ a. yzo

If x to
, y fo equality occurs when y = Xa R 2-2=0

.
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Last time

Cohomology of K3s

• A = f- Eg ) -1 l- Eg) + U t Ut U

• H
'
Cx
,
Z) I N as lattices

• Ape has signature ( 3,19)



Last time

Lobachevsky Geometry

pg
signature (i. n )

P = { x : x
'
> o ) = Pt u C - Pt)

.

×
, y E Pt ⇒ x. y > o .

Thus X. y are in the same component iff X.y > o
.

Model a-02 - A? - . . .

- Arf , P
+

= { Ho > 0
,
It
?
> o }

.

The inequality a-
. y > o if a ?y

'
> o is Cauchy - Schwarz .

Convention

For Xp = Hip or Ns (x)
,,z

-
-

(1,1g) ( 1
,y
- g)

Pt
= component containing one call) ample classes .



~

today

- discussion of crimple mess on K3s
.

-
onto moduli - approach by periods

Hopefully next time

- approach by Hilbert schemes

-
discussion of amgslness I ; Reider .



T Discussion of Ample line bundles
#

i

Recall L → X ample ⇐ L
?

> o and L
.
C > o t c erred .

( Nakai - Moishe2-on ,
H

. I
.

I
-

lo)
.

L → X nef ←→
L

.
C Io t a sired as L2 zo

L - X big & nef ⇐s L
.
C Zo and L2 > 0

Remark In all cases L E PF

'We only need to check L
-
C Zo for curves c

,
CEI PT

so for those curves with C
'd
so

.

We have seen in

a previous lecture Cd I - 2 & C
'd
even . Thus c2=

- 2 &

c irreducible =3 C E IE ?

Thus in all the above inequalities we need CEP!

( For ampleness L
.
C > o is satisfied since equality L

-

C =o

implies L
=p

C d CE o = > L2 = o false .)



Picard - Lefschetz Reflections

122 = - 2
, Spe : Vip → Vip

H - A t ( A . R ) R

blains (n) S X
.

S

y = X.y = 's Sp isometryR R

(2) (s x)
-

= x? > o
R

(3) Sp R = - R
, 5,2/ 1=1 .

R

I
R

- R

(4) Sp : Pt→ Pt

If X E Pt
.
we show Spex E P ? Note (Spx)

'd

= X2 > o

=3 Spn X E P. To see Sp X and X are on the same component,

we only need to check

Sp X
.
X > o ⇐ X

. X t (x. R) (x. R) > o which is true
.



Lemma Let D be a divisor with D2 > o
.

There are

R
. . - - - , Rn such that

I SR
. Spy . . . Spy D is nef . It is furthermore ample

if If R2 = - 2 with D. R = o
.

Proof Note D E P
"
or - DEP ? Let H ample

Assume WL OG D E P ? Then D
.
H > 0

.

If D nef, we win
.

Otherwise F R irreducible
,
D. R so

.

I I

{

By the above remark R = - 2.
,
R III ! Let D

,
= Sp

,

D
.

I 1

Note D
, .
H = D

.

H t CD
.
R
. ) (H . R

,) L D
.

H
.

Also

- 1-

D
,

C- Pt by on previous page ⇒
D
. .
H > o

.

If D
,
nef, we win

. If not we continue
.

to reflect across

a new curve R2
.

The
process

must stop since

OL D
. .
H s D

.
H decreases

.

At the end. we obtain

a nef divisor .

R
. Spn

.
. . . Spa D = O <⇒ D

.

S = o for



The divisor is ample unless I 132=-2 ,

S = Sr
.
. . . Spen R ⇒ 82=-2

.

This completes the proof .

Check : the proof also works for 02=0 .



The discussion can be carried out abstractly

r lattice
, Vpn = r ④ IR signature Csn )

,
P
,

Pt

e.g .

r = A
pig ,

Ns (x) or other lattices (needed later)

I = { S E r : 82=-2 } = It u C- I
'

)
.

S : Vpn - V
,,z

S (x) = xx Cx
-
8) S

S '
8

Hs
Wo

s

Sg preserves
P ? I Sg

Ot Cr) = O
'

Cvn ) n Ocr)

s)
- - g

preserve Pt

W E Ot Cr) generated by Sg . Weyl group



blains (r ) W acts on Pt
preserving U St

S C- I

(2) W acts on P
"

properly discontinuously

(3) U St is closed in Pt
S C- I

Pt y U St is
open .

Connected components are chambers
8 C- I

(4) W acts
on chambers transitively

In addition
,

(5) chamber can be taken as fundamental

domain for the action of W ( Winberg , 1971) .



Recall G A m fundamental domain
'

U

M = Ug UT e g U nu
= of t geo. - fi}

.

LEG

"

For instance

G = PS La (Z) T M = g+

fundamental domain
.

2e bounded by

Re 2- = It
2

U =

I 2-1=7



Remark r = Ns Cx) the above (s) shows

Amp Cx>* - Ns Cx)
,,z

is fundamental domain for the action of W on P

Compare this with the Lamma
.

Subtle Point A -priori in the definition of w we don't

ask for 8 irreducible
.

E
-g .

when r = Ns (x)
,
8
may

not be erred
.
rational curve

.

This is not an issue as

it can be shown W is generated by Sgp ,] .
P
'

- X
.

For instance
, S = R

,
+ Ra

,

R? = 1222=-2 , R, . Ra - I =3 82=-2
.

⇒ Sg = Sp
,
SR
,
SR

,

-



Proof

(a)
W acts on Pt

preserving U St
,

S C- I

Indeed
,
t
Sy E W :

Sy
:
St -

Sgc
8)
t

, Sy
is ) E I

check . Sy (85=82 =
- 2

#

"

(2) W acts on Pt properly discontinuously

+

= { It : a
'
> o

,
a
.
> of = Otc ,.my I

contact .

O Cn ) .

-

stabilizer of
( I
,
O
,
- . - o )

.

Indeed 0+11
,
n ) acts transitively on P

"

.
& stab = Ocn)

( 1,0, . . . o )

Fact ( Topology ) .
compact
f
[
locally compact

T E G discrete
,
H E G then

f Q 6/+1 is properly discontinuous
.



(3) U St is closed in Pt
S C- I

claim W A P
"

properly discontinuously , s E W then

I = U { A : Sx =x} ↳ Pt is closed.
T E s

Take S = Is, } : I = U St
to conclude

.

SEA S E D

roof Let
y E P

'

l F
, Wy = stabilizer of y .

=> Wy n s = of by definition of F.

Since w acts properly discontinuously ,

F
y E U

s g U n U = of it
g E W

I Wy
↳
open

=3 y U n U = & t s E S since S E W l Wy

→ U E P
"

s I
.

⇒ P
'
l F

open
=, Folosed.



(4) W acts
on chambers transitively

WTS X. y E P
"

l U St F w E W

s

w x and
y are in the same chamber

2

⇐ Lux
.

S > Ly .

87 Zo t S
= - 2

Define f: Wa - IR
,

Wx - < wx
, y > .

We claim's f has a minimum
.
at Wo X .

Then FW

( Wx , y > 2 ( Wo x. y
>

.

I

Let S
-

= - 2
,

W = Sg Wo .
Then

( Wx
, y >

- two x.y >
20

⇐ L Sg Wo X , y > - two x.y > Zo

⇐ L Wo X
,
87 Cry , 87

20 as needed
.



\

Why is minimum achieved ? H X
, y ,
a

K = { Z : LZ
, y > Ea , 12-1=1×1} = compact . C check)

a

Since
W - PT w → Wx

proper( action is properly dis cont ) .

WA n ka = finite ta

⇒ { Wx : Lux
, y > sa} finite

=3 f achieves minimum



IT Onto Moduli
-

.

( r ) marked K3 surfaces & periods

(2) marked polarized 123 surfaces & periods

(3) approach via Hilbert schemes
.



(g) Marked K3 surfaces N = Nkz = signature 13,19) .

= 123 lattice

A marking of X is an isometry

IT : H2 (x
,
2) - A-

It induces oil : H2 (x, a ) - X
,

If w e H'
"
Cx) is the symplectic form , let

A = OI
"

(w ) E Ng ,
well- defined up to scalars

.

Period domain

D= { A E I no, :
72=0

,
A. I > o }

21
=

open
in
a quadric in E

o ( n) T M = { (x, ET) : marked K3}
.

go
( x. OI ) = (x

, go OI ) .



M =L ( x. ET) marked kg ,}
I

set

Period
map Per : M - D

( x. OI ) - OI (H''
'

(x ))
.



We can consider r lattice
,
r
*
has signature Cnt

,
n
- )

-

+
= 2 Or

+
=3

n n

The case n -1=2 is needed for polarized 123 s
.

The case n -1=3 corresponds to the Ks lattice
.

Define D= { HE E re : a- 2=0
,
Z
-

I > o}
.

c

Grassmann :an realization

Gt (2
, rip ) = { E E r pi s

dim P = 2
,

C
, 7)p > o}

G.
+
'
°

(2
, rip ) = { CE, o ) : o orientation of I}

G
+
'
°

(2
,

r
p
) - G

"

(2
,
rip ) double cover



Lemma (next time)

D = at
"

(a. rip ) = 0cm
,
n
-Ysoca) x O Cnt-2, n- )

If Mt 72 ,
H = 5012) x o Cnt - 2

,
n
-
) is not compact .

The action of Ocr) I GIH is not expected to be

properly discontinuous
.

When n -1=2, H = compact

however
.
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Last time

•
A = 123 lattice = f- Es) t C- Eg ) t U t U t U

• marked Ks surface (x
, OI)

E : H2 Cx
,
2) Is A

• Period Per (x
,
OI ) = A E II No, where It

? °
- H2 (×

,
g)

induces
a = OI

•

( H2-
°

) = line in Ag

• Period domain

D = { A E II Na : A2=O
.

2-
.
I> o} .

•
Period snap

¢
obvious

M = { marked 123 surfaces (×
, #-)}/~ notion of

isomorphism
Per :

M - D

• 0 (n ) acts on
both m & D :

go (x , E )
= (x

, go ET)

g
. at E D

.



Period
map per : M - D

.

~
tact The period map

is surjective .
& furthermore

Per : O (mhm I 0 (NLD
.

Weak Torelli Theorem

X Z X

'

⇐ F y : tf (x
,
21) - H2 (x '

,
z)
.

preserves
intersection form & ya preserves Hodge decomposition

^

)

Terminology Hodge isometry

To see infectivity of Per from Weak Torelli

§
Per (x. 4) = Per (x

'

, ol
'

) ⇐
H' (x

,
2)

a

14
ol'

H
'

(x
'

,2D

Let y = OI
'
-
"

o OI .

This is a Hodge isometry .
Then

X E X
'

. Identify X =x
'

, of
'

d of differ by an elf . in och)
.



a

Note O (a) L D = OCHI M = moduli
space of

11

KSS
.

( no markings ) .

What kind of object do we expect

0 (n) \ D to be ?



We can consider L lattice
,

L
*
has signature ( n+

,
n
-
)

-

-

+
= 2 Or

+
=3

n n

Define D = { A E II La : a- 2=0
,
Z
-

I > o}

-

Grassmann :an realization

Gt (2
,

L
,r ) = { I E Lpn s

dim P = 2
,

C
, 7)p > o}

G.
+
'
°

(2
,

L
R ) = { CE, o ) : o orientation of I}

G
+
'
°

(z
,

L
*
) - G

"

(2
,
LR ) double cover



Tla .in

D= c.
" °

( 2. L
r
) = ""+ '%oc⇒xo(n+

-2,7 )

{ e. f) oriented
Proof

} basis for I
✓

(s) A E D
,
a = e + if → I = IR et Rf = oriented plane

U-2 = o ⇒ ed - f- 2=0 & e
. -1=0

⇒ C
s
) Ip > o

.

It
.
It > o ⇒ est f

?
> o ⇒ e

'
= f

2
> 0

This is well - defined after scaling a -s 7A .

(2) G
+
'
°

(2
,
L
,r
) admits an action of 0 Cnt

,
n
-
7

The action is transitive
.

Let I = su. . -027 be
an oriented

plane .

The stabilizer of E is

so Ca) x o ( cu, , vast) = soca) X • Cnt - 2 , n - )
.



Conclusion

me, =3
is not expected to yield a reasonable

structure on o ( L ) \ @
.

=D ( L ) l M
.

Indeed
,
recall

if ra D= GIN
,
it compact , the action is properly discant .

-

discrete

In our case G = O Cn
+ ,
n - )

H = soca) x o Cn, -2, n- ) not compact

n -1 = 2 is better behaved
.

H = compact

We
can construct an analytic structure on m

by gluing together deformation spaces of Kss.

It

1 'T universal deformation space . of a 123 X
.

Def (x)

It turns out Def(x) is smooth
,
20 d.ml

. L
'

(X. Tx) = 20



However
,

m is not Hausdorff.

-

Atiyah (1958)

+
-

F
H
, A

/ pt,p - families of K3 surfaces
, isomorphic over

±

Is {o } but not as families over E
.

g- Pee - P -

(a) Fix markings 8f the families A- - D .
A - D e -g .

1- 2
+

-

2
-

4 : Rp * 21 I I set : Rp * 21 Is A

T -

I

12) Since A /, - go,
= A /
, ,g.}

⇒ of :D - m

agree
on Al {o) .

+ -
+

-

(3) m Hausdorff → § = ¢ on I =3 A E A

as I - families . In fact the two markings differ by

Picard Lefschetz reflection
.

as I - - c o se
.



Idea of the construction

If = { a ' (AZ- 2) +y
'

Cy
'
- 2) +22 (22-2)=242)↳ 1153×1

|
family of quartics .

in 1103

I

• It is K3 for t fo

• It
,
Ito singular at yo = 10,0, o )

.

•
Resolve singularities ! We can do so in several

ways yielding different families of k3s , At



~

Resolve singularities If

i n,
+ -

H A -

e
. I[
It

~

A = Blp It . f
I

The exceptional divisor E E IE ca
,p
I II ( x2+y2t 2-2+1-2=0) =p

'

xp?

Locally . the picture is :

A = { *y - 2- w = o} E 04

Dt = { x = z=o} ↳ If not Cartier

D.
+
+ D- = (x )

D- = { x = W = o} - A not Cartier

~

At = 131 A 7C
Dt

l
A-

= BID - H at a
-

TT IT
-

I
= BI

.

A K

A+ Z H
-

but at
,
A
-

are not isomorphic as H - schemes
.



(p) Dt not Cartier on H ,
but Carter on A

.

±

(2) H are smooth
.

*
+
=
Bl
,>
ft D

"
= (x - 2- =o)

.

Udy! Equations It
+
- A x I

'

closure of Graph If -_ Ig .
=L

.

Z

The equations of 2ft in A xp
'

are
[X : Z] coordinates in P!

Ay = 2- w
,
a Z - 2- X

,
w Z =yX .

In the chart X =1 : 2- = *Z
, y = w

Z so the coordinates are

( H
,
w
,
Z) → shows smoothness

.

(3) C
±
= pre

,

mages of
o in *

±
are smooth = II ?

in coordinates
,
C+ corresponds to Co

,
o
,
Z)

.

(4) the exceptional divisor E I II (c
*
,
.

) = Ip
'

xp !

The
maps
I → At contract the two rulings

(5) A
+
I II. but A+ # A

-

as H - varieties



p
'
× Ip

'

~

E H

at

*
-

Ct

c-

- I

*

\ ;

E E P'xp '

s
.

~

It = Bho H

L >
-1

- e

Tt lo ) = Ct Cs at = Be a

>

A
-

= 131 If I C = 'T lo)
(x. Z)

(x. w)

at
-

-

Il

Dt - H ~

DO



Discussion of the case n
+
= 2

.

D = { X E II La, : A
-
= O s A

.
I > o } , L type (2. n )

.

"

Bounded symmetric domain of type I ?

What does this mean ? Keep A E J
"

in
mind

-

• D E e
" bounded is symmetric if

F s : D - D
,

she 1
,
F an isolated fixedpoint . for s .

• D is irreducible if D ⇒ D. X D,

4 classical & 2 exceptional ( Eg , Ey )

Very rich history .

Connections with

complex analysis , differential geometry , Npr- thing .

- - -

Speak to Ming Xiao !



arish - Chandra

Type Ip,g a → - a involution

{ A E Mat
, Cp , g ) : Ig - At - E > o }

Example g =p : unit ball in a ?

ype In

{ A E Mate, Cn ,n ) : In - At . I > o , A skew}

ype
'In

{ A E Mate, Cn ,n ) : In - At . I > o : A symm }

ype In - Lie sphere

-

In = { 2- E en : 12-12 s 'T ( it / Z - 2- Id) si}.

Example n = 1 : f 2- E e : 12-141)
.

E I
.



How does this connect with our picture

D= { x E R La : a-2=0 , a-
.
I > o } = G "°C2

, Lpn )
-

Ito + af = 2-? + .
. .
+ 2-of & tho 12+12,12 > 12,12 + . . .

t 12nF

Not ×o/×
,

et IR .

2 components D±

If Im (xofx
,
) > o , rescale so that Xo - ix. =p and write

X
,
tix

, =3
.

Note 131<1 since 3 is the Cayley transform of ¥
,
Eg ?

Solving for Xo
,
X ,
and substituting we find

{
2

=> 3 = [ 2-
ga

= 2-
-
2- R

" + / Sl
y [ Izz 12

2

⇒ D
"

= IT = { [ 12gal's f- (it 12.3-1') Ll)
.

- n .



A different realization

L
R
= U

R
+ W

,

u hyperbolic
R

FL = { 2- e wa : ( tmz)
"

> o )

flairs FL Z D via the isomorphism

2- - [ 1 : - Cz
,
Z ) : Taz]

Proof Take a e D
. Let e. f a basis for u : e

-
= FEO

,

e. f- I
.

Write A = a e

+13 f
+ 2- ra

.

A

A-2=0 ⇒ 2/3+2--2=0 .
( * )

.

A -
I > o ⇒ a15+135+22. -I > o

.
(* * )

Thus a = I
, 13 = - (2. z) satisfies Ctx)

.

while C**) gives

-

-

- Cf - Z ) - (2. £ ) + 2 2- - 2- 70 ⇐ 2- -
I > Re ( 2- - Z )

.# Im 2-
-

tmz > o

\

Example n = ,
7L = { Im 2- to} =3

"
ul - J

"

)
.



Marked Polarized R3s

(x
,
L )

,
22=201

,
L ample A primitive

£
123

Def I.× l e N
,
12=2 d.

,
l primitive .

e -g .

I = e t df , e
'
= f- 2=0 ,

e. f =/
.

Exercise ( r) Any two such l 's differ by OCA )
.

(2) It = (- Eg ) -1 f- Eg ) + u + U t L- 201 )
-

e - off.

Define Ad =
It

. signature (2,19) .

Def II a marked polarized 123 consists in

OI : H2 (x, 2) → A

GCL ) - l
.

④ Oo, = O (Nd ) acts on Md = { (x , I, OI)}
.

go (x, L, ol ) = (x
,
I
, go § ) .



It period domain

Do, = { A E IE Ng : Ah
= o
,
A. I > o

,
a
.
l = o}

= f A E II Ng, : a-2=0
,
A -
I > o)

.

III period map is injective

Md - Dd ,

Per '

. Oo, I Md ↳ 0dL Dd
.

This is a
consequence of Strong Torelli

2

If F 4 : H (x
,
z ) - H2 (x '

,
21 )

, y LL ) =L !

then (x
,
L) = (x 's L

'

)

tf Per (x
,
2
, 4) = Per Cx ! L! ol

'

) then strong Torelli shows

we may
assume (x

,
2) = (x ! L

'

) and 4,4
'

differ by an

element in 0 (Nd )
.



Theorem ( Baily - Borel, Annals 1966)

OLD is a quasiprojective variety

- also constructs compactification by adding
"

rational
"

boundary components

-
the compactification is singular

- proof of project uity uses automorphic forms



Remark The complement of the image of the period map

•alma = @DID.) \ US'S
C- A Cnd)

Issue : Ampleness .

G)
"

C

'

! We show Per ( x
,
2. ¢) of St. Otherwise

,

F S E Nd wth 8. a
= o

,
a = Per (X

,
L
, §)

,

-_ of
"

( L)
.

⇐ 8
.

1=0 and S
.
2- = 0

.

Let R = ¢
- "

( S ) . Then

R
.

2=0 and R
.

W =
.

=3 R L 4%0+1-192 ⇒

→ R type 11,1)
.

Then by Lefschetz G. 1) theorem
,

R is a curve class .
Since

Rd = - 2 =) I R effective
.

Indeed
,

2
L - OCR ) + hoof- R) = h° GCR) + b

?
OCR) Z X OCR)=2+Rz= ,

⇒ I R is effective .



But L
.

12=0 and I R effective contradicts L ample .

(2) Conversely , if a E Dd then A = Per (x. of) . by the

surge
- fruity of the period map Per : m → D

.

Let L = of
- '

Cl) = integral Chl) class
, primitive L2 yo .

F SR
, Spa . . . Spy L n -f & in fact ample

To check ampleness we need to see that

IF R 2=-2 , L
.
R = 0

.

-

curve

Let 8 = of ( R ) ⇒ e. 8=0 ⇒ S c-
et

and X
.
8=0 is automatic

.
since R

.
W = o

.

Thus X e St
\

for S e ft = No, which is not allowed
. Therefore L is ample .
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§ o . Last time ( summary)

• Md = { (x, H. It))fu = marked polarized Kss

• nd = et
,

l E has fixed , primitive, l&= 201

• Do, =/ A E II Nd : 2-2=0
,
A. I> o} =period domain

-

• Ocho,)l Md

& the complement is O (no, ) ) U St
O (nd ) - Dd 82=-2

S E Nd .

• 0 (nd ) \ Md = moduli of polarized K3s of degree ad .

O C nd ) \ Do, = moduli of quasipolarized Kss .

Theorem ( Baily - Borel, Annals 1966)

O (no, )LD is a quasiprojective variety
of



§ I . The approach via Hilbert scheme ( summary )

( x
,
L ) o

L ample ,

22=201
.

Crucial claim
-

I
⑦ 3

very ample

The proof of the crucial claim is very interesting .

Construction
-

1321 : X - R V
,
y = a

'd'
?

dim V + I = h°( 3 L) = X ( 3L) = 2 t 1222=2 +got.

I

E (t ) = X ( O,pvlts/× ) = 2 + salt ?



Let Hills = Hills
'

be the Hilbert scheme parametrizengEV

X - EV wth x (Oct )) = Ect )
.

×

Let It Hills x # (v) be universal family
Le
Hills

Let A° - A

+ to f 't be the locus where

7Ii1b° - Hills

1 He is smooth
,
irreducible

(2) h
" ( Ah , O#

en
) = O

(3) Westen = Osten

(4) p
't' O

v

Cn)/*} -2×031 for some L c- Pic
⇒
( * 0/71.15)

Hee

(5) L primitive

(6) H° ( EV, O ( s)) Is Ho ( Ha , 2×03
PV

.



PGL Cv) A Hills ° and we need the quotient of

Hills ' by PGL (v )
.

O

Id : Sah - Set

(7C , 2)
- - It

.

"
'

÷:÷÷÷÷÷::.li
.

It
,
L

z
'

,
L
'

t I
¥ ⇐ 4 : a Isa

'
, 4*2

'

=L ④pr* M
T

¥

Let F : Soho → Set be such
a functor.



Fine moduli space
- -

-

lo : I = Home- , F)
.

To arse moduli space

of : I → he = Hom ( -
.
F)

( n ) bijective over Spee Q

(2) t F
"
and Y

'

. Id - he
\
\
Z !

Io t

> h ,
F

II fine moduli space Fd

(x. 2)

family I ⇐ B → Fd
.

B

coarse moduli space Fd

(x. L)
family ⇒ B - Fo, but not conversely .

I
.

B



Categorical Quotient H=Hilb°
,
PGL

.

(1) it : 71 - F PG L - invariant

PGL X 71 - H → F
.

→

(2) t it
'

: 71 → F
'

PG L - invariant

T

H - F

l

II
l

L

F
'

Viehw -
g

F categorical quotient of Hills
'

by PGL (v) which is

quasiprojective & coarse moduli
space for

Id
.

Using results of Borel, this coarse moduli space

is seen to yield the same answer as
the period method.



§ 2 . Very ampleness on k3s

The above is a longer story .

We will only prove :

Theorem L → X ample over a Kz surface .
Then

I 2×0
-

is globally generated
Thy

④ 3
L L

very ample

Remark A similar result is true for abelian varieties

C Think : elliptic curves are cubias in P2 )
.

Question

( s) - n there generalizations for X
"
d kn

. ,
CA) ?

(2)
- re there generalizations for moduli of sheaves over x. A ?

(z)
- are there generalizations for moduli of bundles over

curves ?



Example

it :X - P2 double cover branched along sextic .

Txt Ox = Gp + Qp C- 3) Lecture

L = '
* OG)

.

L
,
L

⑦ 2

are not very ample

_Why ? We have

Ho (x
,

L
'

) = Ho ( Ip? 5*5*012 ))

= Ho ( P2
,
612) ⑦ T* G) =

= Ho Cipa
,
012) ④ (O + Of-z)))

= Ho ( P2
,

012)) + Ho (P2
,

OC-D)
-

O

= HO (P
'

,
012))

.

Thus 12 LI : X - IP
?
- P
'

is not an embedding .
2 :/

Veronese



Remark atsusaka 's big Theorem

X smooth prog
"

,

L → X ample dim * =D

④m

⇒ F m
,
I

very ample ,
m n

Ld
,

Ld - "K
, .

Quick reminder

L - X
. 4

,
: X Ho (x. L )

"

Tt . - V
*

Bs 121 = { a : 4
,
undefined}

= { H : eva Io}

= { all sections of I vanish at a}
.

§ as I bpf ⇐ Bs 121=4

(2) L very ample ⇐ 10 closed embedding .

(3) L ample ⇐ F k > 0
,

Lk is
very ample .



-

fajita conjecture

im X =D
,

smooth la
,
L ample .

Then Kx + m L is II basepoint free if m2 d-11 .

④ very ample if
m z ol -12 .

R
-mark curves ,

L ample ⇐ deg L > o
H

-I
.

deg L 22g ⇒ I bpf

deg L I 2g -11 ⇒ L very ample

deg Kc + m L = 2g - 2 +
m deg 222g if m 22 → bpf

deg Kc im L I 2g -11 if m 23 =3 very ample

47 surfaces : 12×+3 L bpf
c) Reider .

Kx +42 very ample .

three folds : K× + 4 L bpf ( Ein - Lazarsfeld)
.

HI general : m z (£ ") + I . C Angels -n - Siu) .



§ 3 .

Reider 's Theorem

L
"

> o and L nef. over smooth projective surface

II i'f Ld z g- & A is a basepoint of K× + I. F D divisor

effective , K E D
.

Such that

D
.
L = O & D2 = - 1

.

Or

2
D

,

2 = 1 & D
= 0

.

if L
'd

I 10 & Ks, + L does not separate at dy F D divisor

effective
,
A.y c- D

.

such that
.

D
.
2 I 0 & D2 = - 2

,
-7 or

D
.
2 = 1 & D2

= - 1,0 or

D
.

2 = 2 & D2
= 0

.



Corollary A ( Fujita for surfaces)

L ample => 12×+32 is bpf . . 12×+42 very ample .

Indeed (z L)
'd

25 .

The condition D
.
L =/ o since L ample ,

D fo effective . and D
.

132) =/ I for numerical reasons

Is Kx + 3 L bpf. The case K× +4L very ample is similar
.



Corollary B f Bomb , en '

- Kodaira)

Kx big & nef ( minimal surface of general type )

=> 4 Kx basepoint free .

5 Kx very ample away from C- z) curves
.

Use L = 3K× and 2=4 K× in Reider
.

We only need to

rule out K× .
D= 0

,
D
'
= - 1 which cannot happen since

X CQ, CDD = X Cox ) + I D CD - K) = X Cox) - I €21 .



Corollary e (us + E)

If X = Ks surface , L ample → 2L bpf & 3L very ample .

Indeed
, Reider applies since L2 > o & L

'
even ⇒ (3L)

's
> 5
,

(4 LY > lo
.

same argument works for abelian surfaces, Enriques surfaces
.

Corollary D del Pozzo ⇒ - K
, big & nef

/- m K×/ is bpf tem > 1
.

unless m = 1
,
12×2=1

.



§ 4
. Strategy for Raider assume otherwise

.

II encode the geometry in a rector bundle rank - over X
.

④ study the rector bundle & show it cannot exist
.

Preliminaries

I
'

,
F
"
- X

.

Consider extensions :

o - F
'

- F - F
"

- o

!
o - F

'

- F - F
"

- o

Hom ( F
"

. -
) :

Hom CF
"

,
F
"

) 8- Ext ' (F ", F
'

)
.

us
40

If ,, → e e Ext
'

(F
"

,
F
'

)
.

Our bundle will be constructed as an extension
.



§5
.

Warm -
up

- Max Noether 's Theorem for curves
.

Recall (H
. Chp I) .

I Y normal
,
Y - I

'

projectively normal if

Ho ( G
,p
,
Chl) → Holy

, Oy Ck )) t k Z n
-

Y lies on the correct # of degree k hypersurfaces .

I L - Y
very ample ,

I normally generated

Symk Holy, L) → Holy
,

Lk)



Recall ( H
. Chp II ) .

'I deg 2 22g -11 ⇒ L
very ample

TL c ¥ hyper elliptic ⇒ Kc is very ample .

This yields the canonical embedding
g - I

C - II

Theorem

II deg 2 I 2g + I ⇒ L is normally generated.

Te c ¥ hype - elliptic =) Kc is projectively normal.

I

find a different proof in AC GH.

Example g = 4 : C - E3 projectively normal
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§ I . Warm -

up
to Reider - Curves

C smooth projective curve
,
H

. Chp I.

(r ) Kc is very ample

C - II Ho(Kc ) = #
s- I

(2) a hype - elliptic

C - Ip
'

- #
g- s

2 : I Veronese

Theorem (Max Noether ) If c is not hype - elliptic ,

(* ) is projectively normal i. e
.

Symk HO ( ka ) → Ho (kik )
,



Example g
=L, X- E3

L -_ a Sym
'
Ho ( Kx ) → Ho ( x. K¥2)

511

Sym
'

Ho ( Ops Cis) → Ho (0×61)

511

I

Ho ( G
,p

> (2 ))

Note olim Ho (O
,p3

12)) = lo & dim Ho (x
,
K¥2) = 9

⇒ I ! unique quadric on which X hes
.

L =3 : Ho ( Gps 13 )) → Ho (0×13))
.

⇒ F ! 5 d.me space of
Cubias on which X lies

(4 of these are guadrics x plane ) ⇒ F new cubic C

Conclusion X = Q N C since degree = 6 on both sides
.



Proof ( Green - Lazarsfeld)

Easier proof is possible , but the current one generalizes further .

Suffices

Ho ( c
,

K ) ④ H
- ( c

,

km ) → Ho (c
,
km
"

)
.

& use induction on m
.

We take m = 1 .

molest case)

°

( c
,
K) ④ Ho ( c

,
K ) -77 Ho ( c

,

K⑦2 )
. surjective .

⇐ H
°

( 2125 - Ho (KJ ⑦ HOCK )
"

inject 're .

-

SH Serre duality

⇐ n -

H
"

( K
- '

) - Ho CK ) ⑦ Ho ( K ) injective .

-
-

<⇒ Ext
'

CK
,
G)

.

- Ho CK ) ⑦ HOCK ) 'njeohre

If not injective take e e Ext
'
CK
,
G) in the kernel

,
e Ho

.



Then e

gives an extension

→ G → E - K→ o ( r )

F/a - In This is exact on global sections

why ? o → h - (O) → h
-

CE) → hock) → L'co) → . . .

511

e. ° (KJ

⇒ I
- ( E ) = h - ( o) + hock) = ' +g .

23 .

det E E K
,

Fix pec . ⇒ h° (E C-p
)) I h° E - 2 > o .

Take a section of E vanishing at D 3-fo .

This
gives .

G Is E f- D) ⇐s GCD) Is E

s

o - D → E → KD
-

?→ o
,
D= OCD

. (a)
.

by computing determinants . to identify the quotient sheaf .



Take global sections in (2) .

(* )
g + I = h° (E) f fo CD ) tho (K -

- D)
.

We will show (* ) already proves c is hyperelliptic .

Riemann - Roch

7 -g
t deg D = h° ( D) - h

"

(D) = h° CD) - hack- D)
.

( * ) ⇐ 2 t deg D I 2 L
-

CD)

⇐ y +
deg D
g- I

h° CD)
.

Tolifford 's theorem ( H - iv. 5.4 ) .

special divisors

↳
h ' (D) Ho ⇒ h - (D) z r + deed

2

If egual.ly holds ⇒ D= o
,
or D= K or a hyperelliptic .



•

Pf D =o or a hyper elliptic cannot happen .

• D = K : O → K -7 E - O → O
ca)

o - G - E → K → o ( s)
.

This would imply these extensions are split, but e fo .

The remaining
case

[
Riemann - Roch

If h
"

(D) = o →
h° CD) = i -

g + deg D

Also from C 2) ⇒ h °

( D ) = h° (E) Ig -11 ⇒ deg D 22g .

(2) o → D - E → K D-
"

- o

Ext
'

( KD
- '

, D) = H
'

( 2B - K) = Ho(2K - 2 D) = o

⇒ E =D → KD
-? is split .

Back to Ca)
,

the
map

0 → KD
- '

is zero
, for degree reasons

.

Thus

- 7

(p) o → G → D + KD → Go + KD
"

→ o
.

-
0

But the quotient in Ca) was k not Go + KD
"
!



§ I. -1 .

Aside - Proof of Clifford 's thin

L
"

CD) # o => to CD) s Leg's +1
.

2 via

⇐ h° (D) + Lo CK - D) I g -11 Riemann - Roch

For effective divisors D
,
E = K- D

ET : I Dl x l K- Dl → IKI

(A , B) - At B

CE finite because we can write C = A + B in finitely many

ways as effective divisors

⇒ (hols - i) + (h° ( K - D) - s) s h - n ⇒

g

⇒ hold) tho CK- D) z
g
+1

.

( *)

For the equality statement, induct on deg D .

# o
,
K

.

deg D= 2 => D is
g: . ⇒ c hyper elliptic .



Construction deg D 24
,

D gives equality : hols) = , + de§_Dz 3

Take E E l K - Dl
, p E

E
, g Et E.

Take DE IDI
, p , LE D

.

This is possible since ho (D -p -g) z
h° CD) - 221

Claim's
-
-

-

D
'
= D n E gives equality in Clifford , deg D

'
< deg D.

Then use induction to conclude
.

Udy ?

o → G (D ') - G CD) 1- GCE) → G C Dt E - D
'

?→ o

Then Dt E - D
'

= K - D
'

.

Take global sections :

h° (D) + h°(E) E h
-

CD
'

) tho (K - D ')

⇐ g + I =
ho CD) tho CK - D) I h° (D

'
) + ho (K - D

'

) Ig -11
t t

equality in Clifford for D
.

showed above

in (*)

⇒ D
'

gives equality in Clifford as well
.



Reider

2
"

> o and L nef. over smooth projective surface

II i'f Ld z g- & A is a basepoint of K× + I. F D divisor

effective . A E D
.

Such that

D
.
L = O & D2 = - 1

.

O'

2
D

.

L = 1 & D
= 0

.

@ if L
'd

I 10 & Ks, + L does not separate at dy F D divisor

effective
,
A.y c- D

.

such that
.

D
.
2 = 0 & D2 = - 2

,
-7 or

D
.
2 = 1 & D2

= - 1,0 or

D
.

2 = 2 & D2
= 0

.

Strategy for Raider assume otherwise
.

II encode the geometry in a rector bundle rank - over X
.

④ study the rector bundle & show it cannot exist
.



§2 .

Sheaves on smooth surfaces ( Friedman 's book
,
Okon - k 's book)

(r ) F torsion free =, I- F
"

(2) F reflexive if I = Fw

(3) I coherent =3 I
-

reflexive

(4) Sing (F) = { a- : F is not locally free at a}
.

F torsion free ⇒ Sing (F ) cool'm I 2

I reflexive =3 Sing
CF ) cool'm 23

.

(5) X smooth surface & F torsion free

⇒ F
"

locally free and

o - F - F
""

- E → o
.

-

t

supported in olim O
.



Example X smooth surface , I torsion free of rank 1 .

I
"

= line bundle =L
.

I as I
"

=L =3 I ⑦ L
- '

Cs O
.

=, I ⑦ I
''

= Iz

=3 I = L ⑦ Iz . ,
Z - X

,

olim Z = 0
.



§ 3
. Constructing vector bundles over surfaces ( Serre )

(E. s ) rank E = 2
,

s section
,
L = dat E

S

o - G → E - L ⑦ 1£ → o .

,
2- EX

.

Localpicture E)
w
z Q2 ④ O

, s/= Cf, g) regular
U

,

• → G - G + G → L f.g) → o
.

I - C f, g ) .

( u
,
v ) - gu - ft .

Conversely Given ( 2
,

Z ) can we construct a vector

bundle as above ?

We need e e Ext
'

( L 1£ .
G)

.

Is E locally free ? o → O → E → I ↳ → o
.



Proposition

'

E is not locally free⇐ F z
'

EZ
,

e E Im { Ext
' ( Llzi , O ) - Ext

'

( 21£ , G)}
.

Proof

:
e -s o G - E - L ④ Iz → o

.

Cr )

z
'

G Z .

e
'
-s o → O

- E
"

→ I ④ Iz , → o CD
'

.

I
~

T T T

t t
O

O
.

The second row corresponds to an extension e
' which

maps

to e
.
and e

'
E Ext

'

(21£ ', O ) . Note E not locally free

⇐ E fo ⇐ Z
'

E Z .



Corollary ( Cayley - Bacharach)

If t Z
'

EZ ,
ext

'

( 21£ . . G ) sext
'

( 21£ , O ) then

E is locally free
.

~

Serre duality .

✓

(* ) if it 2-
'

f 2- : h
'

( Lkxlz ' ) L L
'

( 212×12 ) .

then E locally free .

-

lake length (2
'
) = length ca) - 1 .

o - 12 → 12 , - e
a
→ o

o → Ho ( LK
,
1£ )- Ho (LK× Iz . ) - a→ H

'

(2K×lz) → H
'

( 2141£. ) → o

condition (* ) ⇐ Ho CL Kx 1£ ) Is Ho (LK× Iz ' )
.

⇐ All sections of LK
, vanishing at Z

'

vanish at Z
.



Example X =
Eh
, Z = En n Ez = intersection of two elliptic

curves
.

Then
any

cubic C passing through 8 of the 9

intersection point passes through the last
.

En

Aa .

E

2
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Plan Finish Reider

-
More on linear series : Hyper elliptic kiss

- Elliptic kiss



§ 0
.

Last time X smooth projective surface

L → x line bundle
,

2- ↳ X dim
. zero

Serre

£
( e) e e Ext

'

( 21£ , Ox ) I Ext ' ( Ox
, Kx Llz ) = H'( Kx L Iz )

.

⇒ o → Ox → E → L 1£ → o

(2) tf t z
'

E Z,
h
"

( 2K
, lzi ) s h ' (LK

, Iz ) then

E is locally free ( CB condition )
,



§ I
. Very Important Examples (will use later)

IAI 2=4

If H
"

(Kx t 2) to
,
take e e ti

'
CK
,
+ 2) , e Fo .

Then

o →
×
→ E → L → o

,

& E vector bundle

This example will be used to
prove

heorem ( Kawamata - Viehweg )

L
"
> o ne f ⇒ H

'

(K
,
+ L ) = o

.



TBT
.

Z = 1st ) .

Assume
-

A E Bs lkxt LI then

° - Kx L ④ la → 12×2 →
C'
*
→ o yields

Ho (k× ⑦ L)
Is da

→ H
"

(K×L ④ la ) → H
'

(k×L) → o
.

Zero map

Let
e E H

'
( K× L ④ la )

,
e Ho

.

Then we obtain

⇒ o - G → E → K× L la → o & E vector bundle

since the Cayley - Bacharach condition is satisfied. (z'=p )
.

This example well yield Reider - 1st half.



II 2 = La , y } Assume 12×+2 does not separate

A and
y .

Then

o - G - E - L Iz → o R E vector bake
.

This example well yield Reider -
2ndhalf

.

Step I study the rector bundle E

II stability .

& Bogomolov inequality .

If Chern classes



§ 2 . Stability of vector bundles on surfaces
.

Let x be smooth projective surface

V → X torsion free
,
L nef divisor

,
L

'd
> o

ML
(v ) = 9 V- L
-

= L - slope
rk V

Def V is L - stable if t o s rank W s rank V :

W - V then
y ,

Cw ) que cu) .

Remark rk W =rk U ⇒

✓ <
(w )
qui (

v )
.



Proof

Indeed
,

W - U
gives

W
"

# V
"

.

This is injective

since the kernel Td is torsion free , being a
sub-heatof

W
"

= locally free .

Also k is supported on 5.
ng
(v) using (w)

which has cod, m 2
.

Thus 74=0 and the map
's injective .

Taking determinants
,

we find a nonzero map

✓V

det V
"

→ det W <⇒

⇐ det V - det W non - zero

⇐ G → det W - (detv)
"

non - zero

⇐ diet w . (def v)
"

= OCD)
,
DIO

⇒ c
,
(w) = c

,
(V) + D , D 20

.

⇒

fu ,
(w) =µCV) + D÷Zo since D. 220 (L nets

.



Lemma V is L - stable
,
U → Q → o torsion free guo

tent with

• s th Q Srh V
. ⇒

ya
Cv) gu, (Q ) .

Proof Let K = Ker (v → Q )
.

= > K torsion free

Write r

'
=rk K

,
r
"
= - k Q

,
rk V =r'→ r

"

X
'
= c

,
CK) . 2

,
d
''

= c, CQ) .

2
,
a = c

, (V) . 2
.

= , d
'
t a

"

= 2
.

By stability ÷ , ÷ .

We need to show f- < a÷. .
- n

11 11
u v

a
' a'+ a

"
"

g.
<
'

⇐ - < E
r
'

+ r
''

r
'
+ r

'' r
''

check
.

I



Lemma OI : V - V ,
V =L - stable vector bundle

E = a . 1

Proof Let a- E X
, Eta : Va → ✓

a eigenvalue X
.

~ ~

Define IT = OI - X . I
.

Show OI =o
.

Assume not
.

~

Let Q = Im OI - v torsion free

~

§ to ⇒ Q to ⇒ rk Q fo .

✓→ Q gives Me V <
Me Q

Q - V gives fun Q 5µV
K torsion free
1

unless rk Q = - k V ⇒ - k k =o Is K =o ⇒ OI is injective .

.

~

Let 4 E Hom (v.v) have minimal polynomial
T

~

OI
k
t a

, OI
k-'

t . . .
t age

= o
,

Evaluating at a 4 using OT has o as eigenvalue

=> af = 0
.



Using . OF injective

⇒ TEK - ' + . .
.

+ am , -_ o .

This contradicts minimality of k .

QED
.

Corollary h° (v
"

④ V) > I ⇒ V is not L - stable .



Remark If rk V = 2
.

V not L - stable we fend

W - V
.
ok 20=1

, fr , Cw
)
If , (v)

Assume V is a vector bundle .

Flaim We
may

assume W locally free & Vfw torsion free

Proof W = M ④ In .

→ W
""

= M .

'W - V gives W
"

- V
"

E V & W
"

locally free

To achieve Vfw torsion free
,
we twist with a divisor D so

.

Let Wnew
-
- Ker (v → Yw - 4/4/-1

.rs) .
new .

W

we have W
" - w

= W (D) for Dz
.

W - V → Vfw
-

t

@ Iw )(Tors



new

Note o - W - V and
L n -f

f
new

fu (
w ) =

ya
(w ) → D. L

. IML (w ) IML (v) .

=

To see how the divisor D arises
,
work Locally .

Let Q = V/wnew .

Then t a- EX

Wa Z Ox
,
#

→ Va = Ox
,
#

+ ①
x. a

z - ( f. g ) . Let t-gcdcf.gs .

in Oya

Then ①
*

has torsion supported on t = o
.

This is the

germ of the divisor D at a
.

GoroMary V is not L - stable vector bundle ⇒ zag
,
N

line bundles
,
A E X zero dimensional such that

o - M → N → N ④ la → o

where
Cnn - nil

.
2 zo

. ⇐
f ,

Cnn ) >few) If, CN la ).



Bogomolov Inequality

V - X rank r vector bundle
,
L - stable ⇒

=> Cr - i ) c? - 2 r ca I 0
.

Proof for 123 surfaces

Assume Cr - i) 92 -ar g >o
. Compute

x (v
"

④ v ) = h . hi⑦ v) - h
'

(v
-

④ u ) c- h2 Cu
-

④ v)

{ Serre
= h° (v

"

④ u) -
h ' (v

-

④ v) + hofv ④ v
-

J
.

= 2 ho (v
"

④ v) - h ' fu
"

④ v) I 2 Lo (v
"

④ v)
.

X (v
'

④ v ) = J ch v
"

. oh v .

todd Cx)

x

= {f - c. cult
"

- slv)(rt c. cult III - gas) (its Cpt])

= 2 r
'
+ (r - g) Cia) - arc, Iv) 24

⇒ h° (v
'

④ v) >2 .

⇒ u cannot be L - stable



Sketch of proof ingeneral moduli of sheaves
,

Thm 3. 4.1 )
.

(n) WL OG L - ample & V is L - stable

This is because we can perturb 2 & the strict inequalities

are preserved.

g
uses complex diff. geometry

(2) V semis table → End (v ) semis table & c
,
( End v) - o

.

ar ca - Cr - Dc? = ca ( End v) Set w = End (v)
.

(3) WTS : W semis table & c
,
Cw) =o =3 Ca (w) 20 .

Let s = r B W
.

(4) . c e l L L / ,
L > > o

smooth curve
.

We ola , 'm :

Ti ( Sym
" W l- c )) -- o -

Lo ( Sym
" W ④ 12×1- c )) -_ o



Indeed
,

W semistable → Sym
" W semistable (complex geometry)

If h° Sym
"

W f- o ) fo = , Glc) - Sym
" W false !

- -

positive Zero slope
slope

(5) h
°

( Sym
"

w) ± h . ( Sym
- w/

e

) tho (Sym
"

WC-c))

= h° ( Sym
"

Ic ) t o by 14)

Ser re
f g

by c↳)

(s) h ' ( sym
"

W) = h° ( Sym
"

W ④ K× ) s h° ( Sym
" W ④ Kx 1a ) .

(7) Let E = II Carlo ) - C be
a Est

'

bundle
,
s =rk W.

Since it
* Op (n ) = Sym

"

VV/
C

.

S

⇒ 9°C Sym
" w/o ) = h° ( II, Oln )) E x n

II

↳ general by induction on dimension
,

h
° (Y

,

M
"

) I a. nd'm?

S

(8) h . ( Sym
"

W/o ④ k×/c ) E p
n



(s) X C x
, sgmnw ) e h°( Sym

"

W) x honcsymnw )

⇐ Lol symr.tv/c)-iholsymnw/cxOkc)

± (
axp )

ns

(7) +18)

( 10) Hirzebruch - Riemann - Roch

X ( Sym
"
W ) = f ch Sym

" W
.
to Cx)

x

Stl

~ I
-

ca (
W ) t

. . .

(su) !

If ca ( w) do this
grows

like n

' "

contradicting Cg)
.

Thus Ca (w) 20 .
QED

.
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§ 0 . Last few lectures L- x line bundle
, ne f . L2 >o .

A
.
If H

'

CK
,
+ L) to then

o - G
×

- E - L → o

B
.

If at E Bs lkxt LI then

o - 0× → E - I ④ I
,

→ o

C
.
If Kx t L doesn't separate a

, y
then

o → G× - E - L ⑤ 1µg → o
.

In all cases E is rank a vector bundle
.

I C
,
(E)

2
- 4 a (E) so ⇒ E is not L - stable

2

For 123 s : C
,
(EP - 4 g (E) + 4 > o ⇒ E is not 2 - stable



§ I. Computation in examples A - C

Flaim LZ > o =3 E is not L - stable in A
.

✓ 25 ⇒ E is not L - stable in B
.

LZ z g ⇒ E is not L - stable in C
.

Tease A 2270
,
H
'

( K
,
+ L ) f- o yields .

O - Ox - E → L → o

C
,
E =L

=3 92 - 4C
,
= LZ > o ⇒ E is not L - stable

.

Cz E =o

Tease B A E Bs I Kx + L1 yields .

- -

o - Ox - E → Ll → o

NC
,
E =L

=3 92 - 4C
,
=L
'

- 4 > o =3 E is not L - stable
.

Cz E = 1
.



Conclusion In examples A - c we have diagrams :

÷
Is

o → An → E
F

N ⑦ Ia - o (2)
2

\ Lp
4
j

L ⑦ l
Z

L IL
( m ) IML

( E) Z y ,
IN la)

÷
(T) an + N =L

,

Cnn
- N) . L Zo .

We can say a
bit more ?



Chern class calculation

M
. N = length (z) - length CA )

.

roof

we compute oh E in two
ways . using additivity :

ch E = oh M t oh N ⑦ la

2

= 1 t na + My + I + N t 'II - length IA ) [point]

= oh 0 + oh L ④ 1£

= I + 1 + L + L÷ - length (z ) [point]

⇒ M¥2
- length Ca) =
I
- length (z).2 2

M t N =L

=3 M .
N = length (z) - length CA )

.



Blair'm N Zo
,
N =/ o

.

⇐ s L - M Zo

f- 0If x f- o . = ) x : M - LI - L =, O → L M
- I

2-

to
⇒ L - M 20 .

v =3 N Z O
.

Ox

Is
o → An → E

F
N ⑦ Ia - o (2)

2
.

Lp
x L ⑦ l

Z

t
0

If N = o = > an =L .

Then a :#o gives 2- = §

& x : L - E splits the vertical extension
,
a contradiction .

If a = o then IM → G× => - an effective

=>
- M

- 2 I o .

because 2 is nef

However (M - N) . L Zo ⇒ ( 2M - L )
.
I 20

= > rn
.
L I £-22 > o ,

contradiction ?



Conclusion In cases A - c we obtain

[

(r) N Z O
,
N =/ o → 2

.

N 20 ( L is ref )
.

(2) L .

( L - 2N) to ⇐ 2
.

( ra - N) Zo

(3) N .
CL - N) = length (Z ) - length (A ) .
÷

These will contradict Hodge Index Theorem
,
unless

Reider etc are satisfied .



§ 2
. Proof of Kawamata - Viehweg & Reider

Proof of Kawamata - Uiehweg base A)

IF H
'

(ka, + L ) ⇒ o d L
'd
> 0

,

L nef .

We form the diagram :

÷
Is

o → LN
"
→ E - N ⑦ Ia - o

l
.

L

t
O

(3) ⇒ N ( L - N ) = l CZ) - l ca) = O - l CA ) I 0
.

=3 N . L E NL

(2) → 2N. L E L2

(e ) =3 N .

L Z O .



Hodge Index Theorem

L
?
> o =, CN. L )

? 2h12
.

L ? and equality N=yL

Then (N
.
L )
"

z n ? L2 z CN .

L) (2 N-

L) =L CN.LT

=3 N
.
L = o & hi

?
= o =3 N

=/
L

.
⇒ N = o

contradiction
.

Thus L ne f & L2 > o => H
'

(12×+2)=0 .



Proof of Reider PartI
.

A E Bs 112×+21

÷
Is

o → LN
"

→ E - N ⑦ Ia - o

l
.

L ⑦ I
Tt

t
O



Hodge Index Theorem

L2 > o ⇒ CN.LY IN ? L ?

[

(e) N Z O
,
N ¥0 =3 2

.

N 20

(2) L .

( L - 2N) to
= ,

L2 I 2 IN. L )

(3) N .
CL - N) = 1 - length (A ) . I 1 .

We
may

assume N . (L - N) =L .
because I 0 was

already discussed. = > N.

L = Ndt 1
.

Hodge : (N
.
L )
?

I N ? L2 Z IN- L - o )
.

2 CN
.
L )

.

⇐ (N .
L )
?
- 2 Cm

- L ) so ⇐ N
.
L = 0

,
1
,
2

.

⇐ NZ = - I
,

0
,
1

.

The case Nd
= 1

,
N

.

2=2 forces 22=2 false !

Thus M
. L = o

,
N
-

= - I or N
.
L = I

,
N&=o ⇒ Reider

.

Part I of Reider is very
similar

.



Reider 's Theorem

2£ > o and L nef. over smooth projective surface

II i'f Ld z g- & A is a basepoint of K× + I. F D divisor

effective . D f- o .

Such that

D
.
L = O & D2 = - 1

.

Or

D
,

2 = 1 & D2
= O

.

if L
'd

I 10 & Ks, + L does not separate at dy F D divisor

effective
,

D ¥0
,
.

such that
.

D
.
2 I 0 & D2 = - 2

,
-7 or

D
.
2 = 1 & D2

= - 1,0 or

D
.

2 = 2 & D2
= 0

.



Summary : We proved :

- Reider
, Fujita , Kawamata - Vielweg , Kodaira

- Bombieni

On 123 's (abelian / Enriques 'bielliptic)
l

l

L ample on a 123 =3 2L bpf (only needs L nef. -22>o)

⇒ 3L very ample

Bonus If working over k3
.

I nef ,
I
?

> O ⇒ I bpf unless

F D
,

D
.
L = 1

,
D2 =D

.

Why ? Just consider the possible cases in Reider
.

The condition 22 I 5 can be improved since the proof of

Bogomolov for Kss allows for a bit more slack
.



Theorem
'

D f- o
,
132=0 ⇒ x is elliptic .

X - E
"

.

We will show this next time
.

Next (n ) More on linear systems on K3s

(2) proof of theorem & a discussion of elliptic Kss
.



§ 3
.

More on linear systems on K3s

- ssume L
'd

= 2g - 2 70, L basepoint free

CEL : X - II Ho (x. 25¥ E ?

01*0, as =L .

Remark 22 > •
.

L basepo.rs/-free =) L ne f

q
'
(x
, 2) = o by Kawamata - Viehweg .

Tr
-

(×
,
2) =

h . Cx
,
2-

'

) = o

h° (x
,
2) = X Cx

,
2) = 2x L÷=g -11 .

Remark

of
13 =

Im § X → B B cannot be a curve

L '

s s

Indeed
,

let Xb = §
- '

Cb)
.

=3 Xs
?
-_ o .

Now
,

I = [ Xb =3 L
"

= [ ×
, .×g ,

= o .

But d
'
> o ?

b. E H n B
b
,
b ' E H n B



Henceforth , B is a surface ( nondegenerate in IIS)
.

Exercise

Remark Bertini 's theorem ( H , I. 11.3) .

generic C E ILI is smooth & irreducible .

because IT is not composite with a pencil.

Question what can we

say
about this curve ?

We already know
genus

Cc) =g .

Lemma Llc E Kc

Il 0/2 Ic : c - E
'

factors through the

canonical
map

OI
,

:c → ⇐
s?



Proof

ITI
.

Let CE 121 smooth & irreducible
.

be
given by

a section S E Ho (x
,
L)

.

We have an exact sequence

o → To → Tx/
,

→ Nc,×=L/c - o
.

-

Take determinants : Llc I ke
.

'

• S

o - O - 2 - Llc → o
.

. S

o → a → ttolx
,
L) → Ho ( LL ) → N'CO) = o

.

"
I

.

Ho ( Kc)

This
proves §

, /
,

: C - II Hick
@
5 is the

canonical embedding .



Question what can we

say
about 452 and its image ?

Recall (del Pezzo - Math 203 A - G & H )

If S' is a reduced ironed nondegenerate variety

in IS then

deg S Z cool,m S + 1
.

C induct on dimension)

For surfaces

Equality only occurs if (s = Ed- E ? or )

II Veronese surface TIL↳ IT
, Oleg =L, > codim =3

④ rational normal scrolls



del Pe 2-2-o 's Thin

£
Conclusion B = Im 01L

.

↳ II
9

.

→ oleg (B → 509) Zg - g .
-

Surface

2g - 2. = deg (x → II
'
) = deg (x - B) oleg CB → Ips)
-

Ig - 1 .

102
⇒ deg (x - B ) E 2 .

If oleg (x - B ) =3 then B must be R2 or a

rational normal scroll
.

Otherwise Oleg (x → B) =L
.

To be continued next time
.
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§ o .

Last time

X = K3 surface , I → X
,

L
'd

70
,

basepoint free

OIL : X - IS
,

d
'

= 2g - 2 .

> o

⇒ deg Ita = 1 or a & if degree is 2 then

B = & (x) → deg (B - E
'

)= g - 1 .

If S' is a reduced ironed nondegenerate variety

in II
9
then

deg S Z cool'm S +1
.



Further discussion

L - X basepointfree , L
'd

> o

C E 121 smooth & irreducible

E-Lf :C - IS
"

is the canonical
map

C

H
.

IT
d -

-

Recall : if c is hyper elliptic then

OI : c - IES
- I

has degree 2 onto its
image ,

ke

else it is an isomorphism onto its
image .



(r) deg IT = 2
.
d generic CE 121 is hyper ellipticL

=> (x
,
2 ) is said to be hyper elliptic .

(2) else deg IT =L .

A
generic CE ILI is not hyper ellipticL

OIL may
contract curves D

,

2
.

D= o ⇒ 02=-2

& the
image

B
may be singular .



§ I
.

The non hyper elliptic case

The following result bears analogies we th Max Noether 's

Theorem I
,
L) is not hyper elliptic

=, L is normally generated

Sgmk Ho (x, 2) → Ho (×
,

Lk) surjective .

Proof aka C E 121 smooth shirred
-

& not hyper elliptic .

SE HO ( L) that cuts out c .

East time
.

• s
f

Cr) o - O - L - I/o → o
. 21oz Kc

⇒ la) o → d.
be
→ L

"'

- L
"

'/e→o .

÷
④ k -11

Kc



We have ti ' (Lk ) -_ o by Kawamata - Vie hWeg .

Thus

taking cohomology ,
we obtain from ca) :

- S

o - Ho ( Lk ) - Ho (Lk" ) → to CK!") → o

s surjective by
~

↳ Cs
. Knox Noether

.

'

f x

surjective
- S

by induction gymk Hoh) > Symk -11,0cL ) .

→Symk
"

HofKc ) → o .

I
[

surjective since

Ho CL ) - Ho (Kc ) → H
'

(G ) =
.

from Ca)
.

The middle '

map
is surjective by diagram chase

.



§2. The Hyper elliptic case

I

ITI X - IP
'

XII
"

branched along smooth 14,4> curve
2 : 7

L = I* ( h
,
+ ha )

E = IT
* L

,

= > L
.

E = 2
.

12=4

EL = Tc* hid = 0

IT

X - IF
,
branched along a smooth

2 : 1

E E /- 2K¥
,
) =/4S +6ft

I = t* ( T
,
+ kf)

=, L
'd
= 2 (- I t 2K) = 4k - 2

.

E =
I* f

L
.

E = 2
.

Ed = E* f 2=0 .



Saint
- Donat

L
'd
I 4

,
L basepointfree & primitive .

Then

(x
,
2) hype - elliptic

⇐ F E with E .

I = 2
,
EQ = 0

.

If B is a reduced ironed nondegenerate variety

in IS then

deg B Z codim B +1
.

For surfaces ( Griffiths & Harris
, Chp 5) .

Equality only occurs if (B=E&- R2 or )

II Veronese surface TIL↳ IITs deg =L, > codim =3

It rational normal scrolls



Rational Normal Scrolls
-

B = ten I = - n
,
I . f=1 ,

f- 2=0

Is.
II

L = I + Cntr) f is bpf if rzo ( Lecture G )
.

very ample if r > o
.

HRR

X CL) = near -12
.

& L " ( L ) = L
' (L ) =o using

the

natural exact sequences .

nt2r + I

121 : Itn - E degree 2
"
= (at Cntisf)

?

= * + ar .

£
embedding for r > o codimension n + 2r - I

-

Let Fn
.
.
denote the image I Fn .

n → 2r -11

We obtain In
,r
- II

. .

L = To + in > r ) f.

=> oleg En
,
,

= cool'm kn
,r
Tl

.



When n=o
,
Fn - Ent

'

& let In
.
.

be the

image . In
, ,
→ Ip

" ' '
has degree n , cool'm n - I

→ deg = cool'm → 1
.

Note L
. Try = o ⇒ L contracts To

\

Ntl

Is

•

To

II. ':#
To = To + n f e 121

.

=3 Go is a hyperplane section

Itn
,
o

is a cone over to = rational normal curve in 1B ?



= (x
,
2 ) hyper elliptic then OIL : X - B where

B = Ed or B = rational normal scroll. Fm
,
,

with

(t) x → P2- p2 22=2

012)

(2 ) X → IP
?
↳ 1ps L not primitive .

2 : I n -12r + I

(3) X → Fn
,
I Fn I II Cr > o )

.

I

L = it
#
( Fs t intr) f )

E = IT
# f . =, Eh

= it
't
f 2=0

L
.
E = 2

When r= o
,
work with Lt it

#

f and map
to Fa

. .

and find E this way .

I

Dolgachev - Reid : showed OE n E 4
.



Out come L2 > o
,
I met

(a) L not bpf ⇒ F 02=0
,
D

.

2=1
.

last time
.

(2) L bpf & hyper elliptic ⇒ 75=0 ,
D. 2=2

(L primitive , 2224 )

( 3 ) else OIL is birational & may contract C- z)

curves



§ 3 . The elliptic case

Question What does the condition D. 2=0 mean ?

Theorem A D f O
, D

?
= o ⇒ x is an elliptic

-

fibration X - II !

2

Theorem A
'

D t o
,

D = 0
, D met ⇒

⇒ X elliptic fibration X - E
'

,
D= mf.

Theorem A
"

L
-

> 2 nef
,

2
.

D= 1
,

D
'

= o
=,

= , X elliptic fibration X - sp
'
with section o

L = a + mf



Remark

It can be shown that if
p z 5 = , x elliptic .

We first prove
Theorem A

'

& Theorem A
.

Example X - I
'

, elliptic fibration , L = mf
)

blains
id h . (L) =m+ , = ,

h ' ( L) = on -1 .

since 412 ) = 2 .

I L basepoint free ⇒ I met

Item II follows by induction on m

using

o → 0 Ccm - n f) - O
.

Cmf ) → Glmfslf = Gf → o

=3 hoc O (mfs) I ho#m -a) f )) + bocof ) z men . Note that

if It
.
. -

- am C- Is
"

then fa
,

t
. .
.

+ fam is a section of oomf)

→ h° Gcm f) I 1 + m
.



Then II Ho (ocmfl) = Im I Symm E
'

corresponding to

the choice of m points a-
. . . . Am C- IE

'
& fibers over them

.

This shows Bes Imf/ = IT and

lmfl : X - Em factors X - E
'
- I?
{

Veronese
.

Eixample

f
X - IP

'

L = a + mf
,
m I 2

.

←

Tla .ms TI L nef , 2
?
> o

④ L is not basepoint free .

f
' - red.

If L. C Lo ⇒ (T +mf ) . C Lo ⇒ G
.
C Lo or T. f so

.

=3 C E T or
C Ef. =3 C = T or c Ef .

Beat

if C = G
,
L
.
T =

m - 220
. If c Ef ⇒ C

- f =o by .



picking a fiber I avoiding C so that C
- f -_ c - I - o .

Thus L ne f R L
?

=2m - 2
.
Thus

h ' ( L) = h
' (L) =o

.

Since X CL) = 2 t 221 = m + I =3 h° ( L) =m -11 = h . Cmf )
.

The divisors in 121 are T + Fa
,
+ . . .

+ fam ⇒

I

=> Bs 121=8
.

H.

Am C- El
Hy H2



Math 220 B - Lecture 15

-

February 26 , 2021



§ o .
Goal Today -

The theorem of Piatetski
- Shapiro & Shafareuich .

Theorem A D f O
, D

?
= o ⇒ X is an elliptic

-

fibration X - II !

2

Theorem A
'

D t o
,

D = 0
, D met ⇒

⇒ X elliptic fibration X - E
'

,
D = mf.



§ / . Theorem A
'

=> Theorem A

Recall from Lecture 8
,

Lemma Let D be a divisor with D2 Zo .

There are

R
. . - - - , Rn such that

D '= I SR
, Spy . . . Spy D is nef .

when Spe are reflections Spe CD) =D + CD
.
R ) R .

Note Spe CDP = D2 ⇒ D
'-

= 52=0
,
D
'

ref
.

By theorem A
'

,
X → no

'

elliptic , D
'

= mf

We furthermore see that

D = I spy . . . Spe
,

D
'
= ± (mf + Edi Ri)

.

for some m and some Q
z
'

.



§ 2 . Proof of theorem A
'

Preliminaries

12=0
,
L H o ⇒ FX - P

'

elliptic fbrafrons
.

Terminology

Let 121¥10 .

Bs 121 could have components of olim o or I .

Let F be the union of all i- d.ml components

⇒ F = fixed part of Ill.

M = L - F =
mobile part. Note h -(L ) = bo L f- F) since

all sections of L vanish at F
.

This shows h° (2) = h°(na)
,

d

and Bes IM I = Zero dimensional components.



Example × - E
'

elliptic with section
.

←
f-

T 2=-2
,

T
-
f = 7 , f- 2=0

Let d
= a + m f

,
m 22

L
.
G = m - 2

,
L
. f- = 1

,
22=2 m - 270

L big d n - f ⇒ L ' (L ) =L
'
121=0 .

X ( L) = 2 t d÷ = m +7 = , h° ( L) = m -11 .

f- , fz f-
m .EMI 121 consists in

µ
,

T t f, t . . . + fm .

•

a ,

•

A
, •

Am

=p !

Here or is the fixed part , mf is the mobile part
]

Lemma h°(L) = h - ( L - F) =L
-

Caa) to .

④ an bpf is na mobile ⇒ an nef

④ Go (F ) =p



Proof M bpf = > Bs an = of ⇒ inn mobile

M mobile =3 Ms nef. If an .
C Lo

,
c irreducible

,

let c
'
E Ital

.

=3 c . c
'
Lo =3 C is component of c

'
t c'c- Iml

=3 C E Bs Ian 1
.
= o - dime.

,
contradiction

.

Proof i Assume h° ( OCF)) ¥1
.

=3 L° OCF) 22
.

Let F
'
E F ,

F
'

t F
,
F
'

effective .

Then by ID,

h
°

(L ) = h° L C- F) =
to LC- F

'

)
.

Thug o → HO ( L C- F
'
)) → HO CL )

. is an isomorphism ,
so

all sections of L vanish at F
'
⇒ F

'
E Bs 121 ⇒ F

'
EF

.

But F - F
'
z o & F - F

'

Zo ⇒ F - F
'
= o

. ⇒ F = F !

Contradiction ! Then h° O CF ) =L
.



Lemma (should have
proven a while back)

L
'd

= o
,

L =/ 0 , L ne f =, h - (L) 22 = , L effect re .

Proof Serre duality and Riemann - Roch :

f. ° (L ) + L° (L
-
'

s = Lo CL) + L2 CL)

= XCL) = 2 + I
'

=3
.

2

If h° (L
- '

) to = , L
-

I Glo)
,
ezo

,
c #o

=, L. H = - C
.
H L o

.
But L n -f ⇒ L

.

H Zo

since Im Hl contains curves
.

Contradiction !

Thus h° (L
-'

) =o =, h ° (L) 22
.



§ 3
. Proof of Theorem A '

g
Lemma

.

22=0
,
2 # o

.

L n -f = , L effective

WTS : L = G (mfs for × → Is ? h° (L ) 22
.

Steps II L mobile Bsl Ll = o - dime -

L basepoint free

ga : x - ie !

Step II I = M + F ,
an mobile

,
F fixed.

o = L2 = L. M t L .
F

Lemma

I
M mobile =3 An nef

,
L effective ⇒ M

-

L Zo .

L nef, F effective ⇒ L
.
F Zo

.

⇒ 119
.
I = L .

F
= 0

.
=, MZ t M .

F =D

F-
Z
y Nh

.
F = 0

.



An mobile → rn nef =, m2 Io
j

M mobile =) An nef
,
F effective ⇒ M

.
F Io

.

=3 An
Z
= M .

I = O =3 IZ
= or since 22=0

.

Then ho CF) + h° f-F) = h ' CE) + h
-

(F) 2X (F) = 2+31=2 .

Since F Z o =3 h ' f- F) = o for F =/
.

=3 h° (F) 22 .

But we showed h° (F) =1 .

Thus I = o ⇒ L = M

=3 Bs IL / dimension Zero .

Step We show L bas-pointfree .

Let a e Bs 121
,

C E l Ll fixed
,
c
'

E 121
. arbitrary

=3 C
.

C
'
= 22 = o

.

Since AE Cha
'
=3 e

,
c
' share

#
C

" """
" " t

"

"t " "" " "" " "↳

=
=, c E c

'
t c

'
e l 'Ll ⇒

c
'

=> c E Bs 121 = 2- ero - dime. Contradiction
.

Otherwise decompose C into components .



Step L bas-point free &
. × - B - II Hoch )

L = 4*0,34 ) .

B point => L trivial false .

B surface ⇒ 22=4*6,3 (if = 01¥ (points) > o

but 42=0
. false .

Thus B is a curve
,
reduced & irreducible

.



Skin Factorization -1
. II

.

11.5)

g
f : X - is

proper , F X - Z

\ a

f s

y

( r ) g proper surjective g*G× = 02 → connected fibers

(2) h finite .



Construction

Z = SPI o
,

f*, ×
f-* Ox → Y

.

g

X - Z is natural and g* Gx = O is immediate
.

Z

(work affine locally ) .

If Y = Spec A ,
Z = Spec Ho (x , × ) ⇒ g* Ox = Oz .

f proper ⇒ g proper

The statement that g*0× = Oz & g proper ⇒ fibers

are connected is Zariski 's Connectedness Thm H
. II. 11.



Flaim X normal ⇒ Z normal

Proof Work locally .

We show G is integrally closed .

2

Let t be a rational function on 2- with

n - 7

F
"

t a
,
F t . . .

+ an = o
, aj E Oz . ⇒ F G Gz .

⇒ g* F
"

+ g*a, - g* en - ' + . . . +g* an = o .

. g*ajEG×
.

"

X normal
. = > g* F E Gx

.

=) F E g* Ox = 02 .



L

Let IT : X 9- E - B

g# Gx = Oz .
,
E normal

,

irreducible =3 E smooth

blains
= II

"

Les H
'
( s
, Os ) = o .

- oof of claim 2e-
ay spectral sequence .

EI
'

' '
'

=
Hi (s ,

RJg*G× ) => H
""
( x

,
Ox )

.

= H'4,0×3=0

E:'
'

= Ho ( E
,
R'
g* Ox ) .

E.
'
'
°

= H
'

( E
, g.* Gx ) = H

'

( E
, Os )

.

Following the spectral sequence

•

(o
,
s)

H
'

(x
,
0×7=0 gives

• H
'
( E

, Og ) - o ⇒ g CE ) =D
4,0)

⇒ E EE !



9 1
Conclusion We obtained X - LP

.

2=4*6,3 CD = g* h # Opole) . Let h'* Gosh) = Gp , cm ) .

⇒ L = g* 0cm ) = Glmf) .
1ps

Generic fiber ofg
is

:

- smooth :b
y generic

smoothness
.

H
. II

.

10.7

- connected
.
because Zariski connectedness

.

⇒ elliptic curve .

Since F
-
= o = 2g CF) - 2 ⇒

g CF)
=L

.
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§ I . darra classification of singular fibers

Let x be a K3 and assume
X - IT

'

elliptic fibration .

We saw ( Lecture 7 . page 5)

[ e (x ) = 24.
b

Xb singular

Question What are the singular fibers ?

Useful remark

R E Xo component of singular fiber Xo →

=3 R
- Xo = 0

.

'R
. Xo = R

. Xt = 0 .

R

xXo t



Zariski 's Lemma t E ( Chp 11 . Huybrechts ) .

it : X → E
'

elliptically fibered 123 surface

II fibers of it are connected

If multiple fibers c they can be non
-
reduced)

.

D supported on a fiber ⇒ D2so

with egualitg iff D= af.

-

II if a fiber is irreducible ⇒ smooth
,
nodal or cuspid- l



Proof

II Let o Xt = smooth connected fiber

• Xo = singular fiber

o → O l- Xt ) → G - 0¥ → o

Ho (x
,

G ) Is to Coxe ) - H' ( OC- xt )) . → H'(G) =o

Since OC- Xt ) = O f- Xo ) we have H
'
OC- Xo ) =o so

o → Ho (x
,

O) -5 Ho (0×0) → H
'

(of - Xo )) =o .

- -

E e

⇒ Ho C
×.
) = ¢ ⇒ X

.

is connected .



@ If Xo = m C
'

.

Since Xo
'd

= o =, c 2=0
. ,
c connected

o - O (m -e) c) - G Cmc ) → G Cmd! = Gc → o

yields
o→ Ho ( 0km -do)) - Ho Cmo) → Ho@c)→

" II

①
Ho(Ip's Qp, G)) .

" /
q2 #O .

=, h° ( cm - s) c ) = 1
.

But d = Ofm - g) c) satisfies 12=0

Last time : Serre t H RR ( Lecture 15
, page 7)

h°( 2) + h
°

(L
- '

) = h ° (2) x h2 (L) Z Xl 2) =3

= ,
ho (L) =L & h ° (L

"

) 21 =3 L Z G ⇒ m =p



/ If D supported on a fiber ⇒ D
?
so

.

Assume

D2 70
⇒ f- 220 by Hodge index

.

D. f = o

T This contradicts f- 2=0 .

Useful remark above

€7 IF D
'
= o , we wish to show D= af

.

Assume D is supported on a fiber Xo and write

X
.

= Em; R; , D = [ ni Ri

Pick a E such that D + af = [ Cn; + am;) R
.

.

contains only positive coeff & negative coeff. This fails only if

D = - af.

Write D. + of = I - N
,
I
,
N > o

.

=3 CD + a f)
2
= D2 t 2x D

. f +22 f
?

=o

-
-

11 O O by useful Remark .

2

⇒ (P- N) = O



=3 2 P
.

N E P2 + N ? Now P
,
N are supported on

fibers so P2
,
Nd z o by & fibers are connected so

P
.

N > o
.
This

gives
a contradiction

.

Ed C is an in red fiber
.

Then Lecture 7
, paige 7 :

y Coo ) = h° (Oc) - L'(Oc) =i -pa

= y co)
-

X ( OC- c)) = - Ig = o .

=>

pa =L .

(s) a smooth ⇒ a elliptic

(2) c singular ⇒ H
. I

.

3. 9.2
.

• =

g
CE) = pace) - [ at mpcmp - o) .

f. sing

Since C is erred =, I erred & g (E) L
1 so



g
CE) =o & F ! unique point of multiplicity 2

.

This can be either a node or a cusp .

Remark
-

X
.
faber with 22 components

- R component =3 132=-2
.
& R Elp !

f
Zariski

Indeed
,

122 so
.
If 122=0 =3 R = a f ⇒ R

.
R
'
= a f- R

'

= 0

I

§R

useful
R

'

remark

Thus R2 so & X ( Op ) = - 1¥ = I -pa It .

Then

R2 = - 2 & Pa = o = > R E E ? I see Lecture 7
, page 7)



Graph Let Xo be a singular fiber

Td vertices -s irred components of Xo

→ decorated by multiplicity

④ edges → Ri . Rj edges between the corresponding

vertices i ⇒y
'

strategy for classification

singular fiber ⇒ graph =) quadratic form ⇒ answer-



Example T
-

n

1

ro

R
,Rn

I
• 1

so

R
2 ~

A
n - I

•
so 1

I
- .

✓

-

@

Xo = R
,
+ . . .

+ Rn I

n edges & vertices .

e (Xo ) = n
.



Example g-
*

-

n

Xo = C
,
t g t Cs t E, + 2 CD, t . - -

t Dn )

C
, I 7

D,

C
2

2

D
2

,

2

:
. 2
c

-

• 2

(
3

•

D c
-

n 4 7 7

Fritz = n +4 vertices

e (Xo ) = n +5
.



Other possibilities

~

Eg " 2 3 2 1

•- • -• - • - •

enter = 8

-
*

Iv
- T

• 2 3
, 3,3

1

LI
' d 3 4 3 a

l

F D
-

D
-

O - • - • - @ - O

-
*

I
111 or

- 2
euler = g

T
2.4,4 .

~
2

4 6 5 4 3 2 I
⇐
8 o - so -

q
• - so

. A o
.

-
*

11 o

- 3

eater = 10
.

T
2
, 3,6



Beware

-

'

T T 11
- o

- I -
.

& ↳ spider.nodal

euler =o
enter = 1 euler =L

smooth
.

I vertex =>
~

] AO
=, I component<

-

I I
2

-
O#•

~

A
,

euler =3euler
= 2

I IT
3 -

.

.

8

→

&
p

•

,

~

A
2

- ufer
= 4euler =3



It is not hard to check that all other graphs

I
,
5
,

E uniquely determine the type of the fiber .

Since use discussed AT
,
AT

,
F-
a
above

, we assume

G =/ AI , I, , I,

We show G = I , I .EU
.



E.lassificatron of fibers (not multiple )

1) In including

Io = smooth

I
,

=
modal ~

An -i

Iz =

^

. -

*
~

(2) In Dn
-13

~

(3) IT = cusp Ao
-

IT
= ~

-

A
,

-
~

IV = -

- Az

14) I
't'

n

⇐
8

I
't

~

Ey
- *

Iv -

-

Eg



Strategy

Fiber =3 Graph ⇒ Quadratic Form ⇒ Answer

Quadratic form G graph , connected, vertices U. .

⑦ Q < vis
i

Q : V X V - ④
,

Q (vi. V; ) = - 2

Q (vi. Vj ) = # edges .

This is slightly different for Tao but we assumed

G =/ Io .



~

Example G = An - , ⇒ ✓ I ④
"

Quadratic Form =

n
n n

Q ( Ea.

- ri) = - a E af + 2 Iain.-+,
I =1

a = , 2
'

= I

n

= - E CA;
- a
".
)
?

I 0
.

2 = 1

& Ker Q = ④ (!)
.

Remark For a singular fiber, the g -adratio form

Q : x x v → ④ satisfies

ML Q E O

kernel of Q is I-dimensional , spanned by a vector

with nonzero entries

/

Remark the same happens for th- I , 5, E- graphs .



Proposition -

assume G is a connected graph with

properties II & It above
.

Then G is AT
,
I
,

I

~
~

Proof G =/ Ao
,
A
,

Step 1 Any connected graph is contained or

contains an extended Dynkin diagram .
I

,
I or E

.

Step 2 I G
,
G
'

are graphs as above & G E G
'

then a = G !



Proof if la
'
l GI II

,

Tty

Ker Q
,

contains !

he

A-
,

Ker Qg , contains i
& additional vector with

Ae
O

:

O

non - zero entries

- G
'

contains no multiple edges .

=3 6=6 !

Since G
,
G
'

are connected
.

If I v, w vertices joined by V
-

W 22 edges

then

Q (v + w ) = v2 + w
?

+ 2 U
.

W = - 4 + 2 V. W IO
.

Thus
Q @ + w ) = o and u + w spans

Ker Q
,
, =3

G
'

has

~

only 2 vertices & double edge =3 A
,

. Contradiction
.



Proof of steps

I if I loop in G
.

=3 I EG
.

else G is a tree
. Further discussion

:

z vertex of valency 24 .
then

E G

~

Dg

- if Tf no vertex of valency 3
,
then

all vertices have valency 1 & 2
.

Then G is

~

• =3 G E A

- 2 vertices of valency =3 then I E G
.

I

:\
\



- in the
remaining cases : one vertex of valency 3 : Tpg ,

s

T
-

3. 3,3
= Eg

I. 4,4 = Ez J
T n

2
, 3,6 = E

• •

÷
\Assume 2 Eps g Er . I

~

•

p 23 ⇒ Tz
, 3,3
E G =3 Eg E G

T•

p - 2 , I 24 ⇒ 2. ↳ ↳
E G =3 ET E G

.

~

• p = 2
, 2=2 ⇒ G E D

• go
= 2

, I =3 ,
RI ? =) I.3,6 E G ⇒ Eg E G

~

• 10=2 , g =3 ,
r I 6 =) G E I.3. g

=3 G E Eg
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We discussed the classical geometry of Cx, 2 ) in some

detail
.

We now turn to moduli
spaces .

-

fg = {(x. 2 ) : L
-
= -g

- 2
,

2 primitive & ample )/,

We have
''

seen
' '

in
Lecture to that Ig is a quotient

HIpa ,
H - Hills

Huybrechts , I. shows H smooth & PGL acts with finite

stabilizers

-

f-
g

is a smooth Dna stack of dimension 1g
.

quasiproject re coarse moduli scheme O (n ) \ @
°

g g

where D° =D i Ust
g

9
82=-2

.

Se ne
S



Three moduli spaces

Mg =
moduli of smooth curves

g , Ag , Fg
Ag = ppau.CA , L )

t : My → ffg
Fg = moduli of K3s

.
(×
,
z)

d.m Mg = 3g - 3 Mg = [HI PGL ]
.I

d.m Ag = 9
, Ag = [HIPGL ]

.

2

olim Fg = IS , Ig = [HIPGL ]
.

In all cases H ↳ Hills (II)
,

the Hilbert scheme of a

suitable projective space .

We use L④ ' to embed into projective space in the case
.

④m

of Ag & Ig .

For curves we can use Kc = very ample , mz3

C - II Ho (Kim ) I BY
.



Note that Fg = OLD
.

where Dogen type I domain .

Now
, Ag can be described as

Sp Cag, 2) \ Gg
.

where

Jg = f r E Mat!gxg) : r = £
,

Im r > o}
.

M = ( Aa Bg) E Sp acts Mr = CAR + B ) (or + D)
- '

.

In this description , each S2 determines a forces

Xs =
①
'

↳ 2,9+219

& the Riemann relations

or = set
,

Im r > o ensure Xs is abelian variety .

with polarization induced by si!



There is a map

t : Mg - Ag C - ( Tac lol
, Q )

.

Jac Cc ) =

HO (wa )
"

= w/
H
,
Cc
,
-2) r

j
'E H , ( c, 2) -s) ly : w - ly w )

.

Note

H
°

( Tac (c )
,

R'
ga, (g) = Cl

,
o ) forms on V

.

= v

-

= Ho Cwc )
"

= Ho (c
, we ) .

The Theta divisor can be described geometrically as

④ = { 2 :
h° (2 ④ M) to} as Taco (c ) where na is a

line bundle of degree g - 7 . This is unguely defined only up

to translations
.



The Picard Groups

(y ) Pic (Mg ) = 477 923 £Harer
( topological) .④

(2) Pic (Ag ) = 477 g > 3
£Borel ( arithmetic)

④

(z ) Pic ( Ig ) . → is as g -so .
£
O
'

Grady cgeomehy) .Q

s
L

known

B.orchards - Brainier

generators
£

Millson - Li- Bergeron - knoegliri



Hodge Bundles The moduli spaces Mg , Ag , Fg carry

M A K
7-lodge bundles Eg , Eg , Eg

IEM Ho (wa ) b
g Eg

"

= IT
*
was

I t t .
v

m rk Eg
"

= g .

Mg F c g

IF
A ticR'

a )
.

It
-

g

de
rk 'Eg

"

=g .

I

Ag 2 CA
,
L) Ag

IEK Ho ( r ! ) Tt

g

t t t .
-

nk Eg
"
= 1

.

I z ( x
,
2) t

g g

Remark t : Mg - Ag ,
-

*

Eg
"

= Egm.

rn rn

X ; = c; ( Eg ) ,
' Ii Eg

X? = c; (Eg
't

) s
' E i Eg

z = c
,
(Eg
"

)
.



K - classes We
can define these over the three

spaces

an its

K = it c
,
(Wi )i *

. l +7
A

K = it
# g. (r! )i.j, E

K 3 r

ya
't '

K =
IT
* Cz ( S2,

i

Remark In the case of Ag ,

all K - classes are Zero .

Indeed
,

Ho (A. ra ) ⑦ Ga → Ra isomorphism .

Thus

IT'±T* £, → r
'

,
⇒ r 't E IT

*

IE

=3 Kg .

= T* Cg . ( r 't ) = T* Cj (it
*
IE) = Cj (IE ) 5*1=0 .

-

0

Remark For Fg , we have 522T I I* IE

The only reasonable choice in the definition of K - classes

7 s
'

-17

above is T* C Cra) .

2



The tautological rings 1st attempt) .

R* (Mg ) , R* (Ag ) , R* ( Fg ) is the sub -
ing of

Chow generated by both 2 & K - classes
.

µ* z Q [×
,
KT/potations

al

Theme R*
= ⑦ Rk satisfies Poincare ' duality if
k=o

( s) Rd E E
.

(2)
.

t k :
Rk x Rd

- k is Rd E G perfect pairing .



Question

Do the
rings

R* (Mg ) , R* (Ag ) , R* (Fg ) satisfy Poincare ' duality ?
nuestron

• w do we get relations between generators ?

Common Features

(n) in all three cases
,

we will get relations via G RR

for the universal family & natural bundles ( trivial
,
etc)

.

(2) for Ag and Tty we will describe these
rings completely .

(3) Applying GRR we will obtain
'

.

For My → Mumford relation

Ag → 7g = o + Mumford

Fg vs we also get relations

( van der Geer)
.



Grothendieck Riemann - Roch

.

If → y .
V → A vector bundle

R it
,
U = E C-Dk Rk it

*
V

.

GRR ch (r it
,
V) = it

,
Cohn

. Todd C?
"

))

RR
bi f Chern

roots of B
.For a bundle B

,

Todd (B) = IT
-

k=p I - e
- bi

÷,

= . - I + § ' - is
"

Baze, x
' ?



The case of Mg ( Mumford)
The simplest case :

it : Tg - Mg ,
I = Ge .

g
Serre duality

✓

• IT
! Gf

.

= IT
# Of - R

'

a-
* Of = G - IE

✓

• ch it
, Of = I - ch IE

= IT
*
( ch Og .

Todd
"

( Tm
'

))
.

- w
= IT

*
Todd ( Tre

'

) = 5¥ -
I - e

w

'

where w = C
, Cwa )

.

=, I - oh E~ = I
* (T÷w)

= I
* (e - Et El -Dk

"

BIT
,

wah)
.

= e -

g + E C-Dk " Bake
Kaya , .

K Z s (2K) !

= > ch IE =g +
E l - 1)

k "

Bad Kaga
. .

.

L za (2K) ?



Lemma

o

c ( W) =

exp ( E c- ask - ' Ck - is ! che (w))
k=i

Proof Both sides are multiplicative as W us Wgtwz

Suffices to assume W =L
.
= rank 1 .

Write a
, (L ) =L

We show
it l = exp (Eg

,
,c-ish

- '

Ck - D ! lq÷)
e
k

= exp ( Eg
, ,

l -D
'"

z ) = exp log cites = see .
✓

In our case
,

this yields

w

Bak
c CE) = exp ( & ti)

"

-

,
Kaki)k - s (2K) (2K- 1

is

C l E
"

) =

exp ( - [ C- ish
- '

Babe
k = ' 2K (2K-g)

"
2K -T)

⇒ c CIE ) c CE
"

) =L
.



Tonchescore Mumford relation)

( p) Hodge classes are in the
span of the K

's
.

In particular R* (Mg ) is generated by K 's.

(2) C CE) ccE) = 1
.

⇒ (I +7, + Tat - - -
t

Ig ) (s - X , + . . .
) = 0

.

=, 7g
'
= o over Mg

The Hodge bundle of Mg also extends to Mj with the same
-

expression . The Mumford relations extend over Atg .



Known Facts

R
>9-2
(Mg ) - o d Looijenga

2) 12=9
"

(Mg ) = Ed Faber

[ Diaz

(3) all complete subvarieties in Mg have dim Eg - 2

G) ⇒ (3)

If Z is complete of dimension g - s (or higher) then

7,9-1/2 to since I
,

is known to be ample .
(Baily - Borel)

g - 7

But in?
"

E R (Mg) =o by Ca)
.



Remark 7g Ig - , = o over 2 Mj C Faber)

-

it -(p ) irreducible Mg - i. z - Mg .
Check

o - leg . , → I
*

leg → O - o

gives

it
#

Ig = o by taking Chern classes
.
=3 IT

#

Tg Tg - a =o

(a) reducible case i : MT
.
,
x mtg- h

.
.

- tug . Check
.

(
*

Eg = Ee
"
t Eg?! .

Then

(2)
(
*

yg = Iii ) Tg- a

'
*

xg . . = ai" again . . + ai! ii.a

⇒ it
' # age. )

-

- fi")
'

>Iii 'iii. + ai ' ai! Hi:')
'

- o

- -

O O

using
the Mumford relation over MT

.

,& MT-h
.
. .

g-2

E : R (Mg ) - E
,

E Ca) = / a Ig Ig - , well
- defined

.

AT
g

l

E ( Ig -2) = - -
29

. Bag-2
-

-

2 Cag - 2) ! 2g 2g - 2
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§ o .

Last time

Hodge Bundles The moduli spaces Mg , Ag , Fg carry Hodge bundles

IEM Ho (Wo ) b
g Eg

"

= IT
*
wit

I t t .
v

m rk 'Eg
"

= g .

Mg F c g

#
A ticR'

a )
.

It
-

g

de
rk 'Eg

"

=g .

I

Ag 2 CA
,
L) its

IEK Ho ( S2 ! ) Tt

g

t t t .
-

nk Eg
"
= 1

.

F z ( x
,
2 ) t

g g

M kN an 2

'

-17

X ; = c; ( Eg ) ,
' Ii Eg K

.
= it c

,
CW
, )Z *

x? = c; (Eg
't

) s
' E i Eg k;A = o

its
y = c

,
(Eg

"

)
. K!

'
= sT* a

,
Csr )
it

In all three cases
.
we defined

R* = ④ C x. K]/Relations .



For Mg , we applied GRR to

a- : I→ Mg d the trivial sheaf Ge .

(i) only K - classes are needed to generate

X
'

s can be expressed in terms of K.

(a) Mumford relation C ( IE) of#
"

y =L .

⇐ (e + 1
,
+ 72 t - - -

+ Tg ) ( i - 7 , -17, - . . . I Ig ) =L .

R* (Mg ) = ① [K' ' - - - JIRelations
.



Next - we apply the same
idea to Ag & It .

Goal - we will
give

an explicit description of

R* (Ag ) and R* ( ft ) .

Over Ag we give
two relations

T ) Tg = o
£ G RR T : A → Ag , ①

* .

(2) Mumford relation £ GRR
.

it -- A → Ag
,

L
.

Over Ig we

give
relations

r f G RR
(s ) K - classes are

powers of X

it : A → Fg , Oa .

is f arithmetic techniques + Mumford.
(2) X = O



Outcome

abelian R* (Ag ) =
④ [ × . - - - Igy(Xg =o , Mumford relation)

- K 3 R* ( Ty ) . I ④ C> 1/+8

§ 1. Abelian varieties

Theorem Over Ag .
we have the following

II 1g = o

II Mumford relation C l IE ) c CE
"

) =L .

( I 1- 7
,
+ 72 t - - .

1- Ig ) (I - X, -172 - - . .

I }) = I



Proof of It Apply GRR to the universal family

it : H - Ag and GA
.

ch IT
,
G* = T*, ch Oa .

Todd ( T
'T)

.

= I* Todd (T
'T

)
.

G RR

Ho ( A
,
R'
a ) ④ Ga Is#a => it

#

I* Rp I sit
-

⇒ it
't'

IE I r# ⇒ T
'T

= it
#
IE
"

.

= , it*
Todd (T

") = iT* Todd fit
#

IE
"

) = Todd CIE
"

) .

. = o

O

g

IT
, Oa = I C- 1)

k Rk
I* ①

* .
= O - IF + of F - of # t . . .

k = o -

where R
'

I*
*

= IF
.

- Ag rank g .

Then Rk a-
*, Oa = Nk IF

.

because Hk (A
,
O) = Ak H "

(A
,
O)

. for any
abelian variety A .

⇒ ch ( O - IF + half - as IF + . . . 3=0 ( TX)
.



Key Formula

ch A-
,
W
"

=

ctop (w) Todd (w)
"

⇒

Proof

Both sides are multiplicative W → W, + Wa
.

For LHS
,

note

N
- g

W = A
- ,

W
,
⑦ a- , W, ⇐s

Nk w = ⑦ ^
"
W
,
④ NJ wz

.

its =L

Thus ch N
- a W = ch n

- n
W
, .

ch N
- a W
, .

The right hand side :
-

[

top
(w) =

chop (w,) atop Cw
,
)
,

Todd Cw) = Todd Cw
,
) Todd Cwa)

By splitting principle we

may
assume W = 2.

,
c
,
( L ) =L .

N
-,
I

= O - L
"

=.

- Jch N
. ,
L
"

= 2 - e

- l

=
l - (# e)

"

= atop CL) . Todd CL )

By (* ) we obtain Cg
CE) Todd CIE) o ⇒ Cg CF

-

7=0
.



Remark Let i : A → At
.

Then 2¥ IF = IE
"

.
Indeed

H
'

Ca
,
G)
"

= H
- (at

, ria . ) .

This can be seen writing

A =

''Ir ,
At = V%+ Vt = Homann .

(V
,
e)

.)

rt
= Hom Cr

,
21 )

.

H
'
CA

, Ga ) = ut

Ho Cat
, rat ) = v ?

"

✓

Then
Cup CIF) =o ⇒ atop CIE ) =0 =) Ag =o



The Mumford Relation G RR to universal polarization L.

It
,
2 Let 2- : Ag → It be the

zero section .

I
who, LIZ Z 0£ -

A
g

Tola iris IT
,
L
⑦ "

= IT
?
L ④ R where R vector

space of
d.m n ?

\
over a finite cover of Ag .

=3 IT
*
L
"

= IT
*
L ④ R

.

( Ben Moon- n
, Chp 13)

G RR computation

IT
!
L
"

=
IT
?
L ④ R ol'm R =n9

.

• L principal =, h° (A
,
L) =L

,
Lila

,
L) = o t i > o .

=3 IT
?
L = I

*
2

.

= hose bundle

=3 C
,
Cit !
L) = I ⇒ oh it

!
L = e

't

.



⇒ oh it
,
L
"

= n
9 oh it

,
L = n set

.

c
, CL) =L

.

H G RR

iT* (ch L
"

.
Todd ( T

'

)) = IT
* ( ene .

it Todd (IE
'

))

= IT
*
( e

're
) . Todd (E

"

)
.

= > IT
* (En

' + k

) .

Todd CE
"

) = n
's et t n

kzo Cgt k) !

→ IT
* (

k

) . Todd CIE
"

) = o for k t o

Cgtks !

I
* (gt÷) Todd CE

"

) = e

't for k = o

-

=, Todd IE
"

= e.

①
.

Let a
. . . . 2g

be the roots of IE ?

- Lj
=> 11

yea, .
= e

't
= ' It %- t - - - ) = e

't

=/ to +
A
'

j a-
x - - -

is a = Edit
.

⇒ IT,7÷;=eF%k
y
'



=> IT - =L

j esta
- e- 9/2

-

even function in dj.

=3 all power seems
in 2,2 are Zero .

⇒ all elementary symm . functions in a} are zero

= > IT(r - g
'
) =/ = , c (IE ) a CIE

"

) =#('Taj ) ( i - g.)=/
j

⇒ Mumford relation .



The
ring Rg Define

Rg = Q1 [u . . . . Ug]/
Mumford (Itu

,
-1 . - -

tug) (i - u, -142
-

- - -3=7 .

Note Rglug E Rg - i

We obtain Rg - , → R* ( Ag ) . surjective

Ui - Xi

Theorem A this is an ' som
. R* (Ag ) Ze Rg . ,

Moreover
, R* (Ag ) satisfies Poincare

'

duality .

gig-D1
2

Theorem B X
, to in Ag .



Proof of Thm A
-

Toonsider the
ring Rg .

=
① [u . - -- Ug

))
Mumford

"

(t → u , + us t - - - tug) (l - U , + uz - - - - I Ug ) = 1 .

(* )

blains Upf Ugt , . - . Ug = O

-

Indeed
, form (* ) we find Ug2=0 .

Also
Ug! - 2 Ug Ug-2=0 ⇒ Ug?, Ug

- 2 U! Ug -2=0
-

O

=, aging
.

Teonknue inductively .

I lain Ug generate Rg as a Q - vector space .

where Uq = u?" u!' . . . Ug 's , Eje to . '}

We induct on

g .

tf r e Rg ,
then

r =
ett in Rg - y t Ug .

ett Rg - , 1-§. ett 'n Rg- , t . . .
L

O .

& apply induction
.



blains
Ug give a basis of Rg as

-
vector space .

Assume I ag Ug =o .

Order E 's lexicographically .

E

g g - I - - - k
- - -

-
I

l lThus E z e ⇐ E = * *
- - - L - - - -

E = * * - - - O
- - . .

Define Et = Ci
,
I
, . .
.

I) - E
.

If E
'

> E then Ug ' Ugs = o
.

g g - I - - - k
- - -

-
1

Indeed
,

l

E = * *
- - - L - - - -

E = * * - - - O
- - . .

Et = 1 - * i - * - - - I - - - .

> 1,
⇒ Me ' Uet = Ug - - . Uh

, , Uff - - - = 0
.

while

he Met = U
. . - - Ug .

Ho (see below )
.

Now if I agree = @
E

let E be the smallest such that age to .

From

[ age Ug ' =D ⇒ I ag ' Ug ' Ugt =o =3 ae =o false!
E
' E'ZE -

o if E # E '

Thus U
, gives a basis for Rg .



blains U
. . - - Ug # o 'n Rg .

Indeed grade Rg via deg u; = i
.

Then Rg = ⑦ Rgd and
d

'

since U?" . - - UGG generators ⇒ d s it a + . . . +g = 919£
2

of Ei I 1

Furthermore for d = 919¥ , Rgd is spanned by U
.
. - - Ug .

If

g Cg -11)

un - - - Ug
= o ⇒ Rdg = o =) U

,
-2=0

.

But Rg → R* (Aga)

U
,

→ X
,

gcgtl)

⇒ X
,

-2=0 contradicting Thm B
.

flavin Rg satisfies Poincare
'

duality .

Indeed in the basis }me }
,

the product is
given

by an invertible triangular matrix. since
.

Ug ' . Ugh =o if E
'

> E

fo if E
'

= E



blains Rg - , - R* (Ag ) is an isomorphism -

U
q
→ TE

Define Ie =D?' . . . 7g?
"

,
Ei e lo . ' }

7
,
is also a basis for R* (Ag ) by exactly the same argument

as above
.

( Tbm B holds for R*(Ag) and this is all we used) -

Thus the above is
an isomorphism .
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Last time

Rg =
① (un - - - UglyMumford relation

\('TU
, +

u
,
-1

. . .
+ Ug ) ( e - U, + U2 -- - - I Ug ) -_ 1 .

Rg satisfies Poincare
'

duality

• R* (Ag ) I Rg - i

• only used Mumford relation & Theorem B :

x
,

"3⇒ o in R
*

(Ag ) .



Remark Recall the Lagrangian Grassmann Ian LGCg.ES
.

LG = { A. E 029
,
dim N -- g ,

^ Lagrangian}
.

F sequence
over LG

.

o → S - 629
④ O - Q → o

→ using
the symplectic form Q = 5. Since

c (s ) c CQ ) =7 ⇒ c ( Q ) c ( Q
"

)=s . .

Let Ui = Ci (Q ) . The subring Is H*(LG) generated by
gig +1 )

Ui satisfies U
,

T fo so it is isomorphic to Rg
.

In fact dims H* (LG ) =
29 & dim Rj = 29 so

H* (LG) = A* (LG ) E Rg .



gig-13/2
Than B X

, fo in CH
't

(Ag ) .

Proof of th m B (sketch)
wig

g. 99.22Lfo

g Cg - i )

(e) We show 7
, -2¥ o over Ag ⑦ Fp tp prime

(2) 7
,
is ample la by Baily - Borel d

c.harp by Baily - Morel

(3) Find Z - Ag ④ Fp

gig- D
•
dimension

2- Koeblitz

Oort
• complete

Then 7,9"/z to =, I?" to .



What is 2- ?

Re
- a
"

- abelian variety le then

n : A - A
,
A [n] = Ker n =, # A [n ] =P?

A abelian variety in char =p

This fails for n =p .

A /
Ep

has
p
- rank 0 if A ⑦ ITI has no nontrivial

p -
torsion points .

Z = { A : p - rank of A = o ) ↳ Ag ④ Ep .



Complete subvarieties in char 0 .

gcg - r)
-2 +I

Note I
, = o on Rg - i. E H* (Lagu)

gig - 1)If 2 complete subvariety of Ag of dim =

-2
+1

.

X! + 'Iz = o . contradicting ampleness of Xi .

=> dim Z E 9¥
2

'

Oort 's Conjecture

d.m 2- s SCSI t 2- - Ag complete .

2

Solved by Sudan & keel
.



§ y . 123 surfaces

-

= g ( T
'T

) it : It - F X = c
,
CIE)

g .

kn = IT
,*
tht

'

R'* ( F ) = ④ [ x. KY =
C>31Relations Relation

Theorem (van der Geer
,
Katsura)

is

kn = an 22
"

where [ an X
"

= 24 t 88 X t 184×2 t - - -

M = 0

Proof G RR to T : Jt → Fg and Oz
.

ch it
,
O
#

= it
* (ch Oz .

Todd ( T
'T

a RR

= it
*
( Todd t

't)
.

it
! Ga = OF + IE ? Let r

. . ra be the roots of T ?

⇒ I + e-
"

= '
* (÷e-r. ' ,÷r.)

.



r
, + r,

= c
,
CT

't) = - C
,
C K
,
) = - it * y

.

I

r
, r2 = Cz ( T

't ) = t

1 + e-
'

= '
* ( r

.

' ÷. .)
.

Write

÷. . .

- II. = [ cn.jcr.xr.5-2icr.r.si
j soy

2

= [ g.g
. C- ish *

* I
-25

.
+
i

T 'Ve

=' '
* (÷e .

. ÷,) = [ on
.; c- in a

"":
Ks. . .

jerk

Coeff of 7am -2 yields

2M - 2

[ cam
, j

X
- m - -J

Kj . , =
D-
(2 m - 2) !

jam

We establish the theorem by induction . If we know

Ko
, - . .

. Km
- z

. are of the form const x DS
we solve for

km
. ,

to conclude
.

We need Cam
,m
f- 0

.



Tla iris Cam
,
m ¥0 Set r

. = r
, I = - r

r - r

Proof = I can,m ram C-Dm
.

I - e
- r

i - er
m

(' + f- +E t-Dk
"

By.hn , r
-b)( e - f- + §

,
;
-
I
"

Baa
r
- k)larks !

KII

⇒ cam
,m
= [ Bai

. Bai =/ o .

ixj - m 1253 ! 12J) !



Question bars this method yield results over other

moduli
spaces

?

Enriques . - -

Bie Hip tics . . .

Outcome R* ( Fg ) = ④ Ex ]/Relation '

Theorem van der Geer
,
Katsura )

.

R* Ig =
④ [⇒/

,
.se

. =, Poincare' duality .

= O .

Sketch of Proof

s ) X
"

# o .
Suffices to exhibit 2- c. Fg

complete of olim 17
.

This is because Ig ↳ IT
BB

-

↳ pal
.

(
'

boundary is a dime
.
Define 2- = I n ti, n H2 .c→ F.



18

(2) I = o
.

Let (2. v) be a
lattice of type Cl

,
r -i) and

v primitive, v2
= 2g - 2 .

-

+
Chu,

= { (x. 71 , j ) : j : L C, pic (x ) primitive , j cu ) = H)
big & nef .

.

-

+
CL ,v)
- Fg .

(x
,
H
, j) - Cx

,
H)

.

dim FL
,
w

= 20 - r
.



(g) Boroherds relation :

x
.

-

= [ ii. i. v.v ,
t

f L
'

,
o
'

-

Lio
L
'

type (i. r )

Induction on r : I
!S ? ?

= o on F
L
,
-0

Ig - r

× It
,

= Ec
.

x
" --

/- =o
.

+Ls
, v

'

(2) Base case or = 17 L → ( I
,
16 )

.
Want 22=0

.

Iz E Ja
.

⇒ I → moduli of abelian
( L , V)

surfaces

( Siegel modular 3 - fold)

Mumford relation : ( l - T
, -172 ) ( I + X, -172 ) =O

⇒ XP = 272 = 0
.



§ a .

A richer tautological ring (and attempts

a b L
\,

Ka
,
b
= Txt ( l . t ) I = c

,
CL) H

t 't

t = Ca ( T
'T

)
M
→ F

Ko
,

b canonical.

Issue L → L ④ #
*
M is not unique ,

m = o , cm )
.

3

¥3
,
o

→ Ks
,
o
+ (6g - 6 ) m I

*
c
,
CL)

I
,
,
,

→ K
,
.
,
t 24 m I *

C
,
CL) ez C T

't

)
.

The class V = Kz
,
o

- 92,1-12,, , is canonical
.

Instead
. I = c

,
CL )

.

Work with

Better I
= c

, CL ) -
1- E* c

,
Cit
*
2)

.

C- A
'

(A )
.

g -11

Ego = ÷ r - 9z x Ia
.
, = it*

( I ? tb)
.

n

KI. = - ÷,
y - 2cs ×

.

g - i



*

Define K ( Ig ) = ④ [ K'
a.
b)/Relations .

• codimension 1 it contains X and ✓ .

• coolarm ens ion Q - - -

Question Flow do we find relations ?

Remark

Boroherds :

I =
is expressible in terms of cod'm l . Noether - Lefschetz classes

→ Farkas - R'
many

: (2018)

✓ = is expressible in terms of cod'm l - Noether - Lefschetz classes



Proof in degree 4 (Marian - O - 2012)

2 = -107 . away from
the loci P

,
Q
,

S

Idea ( ×
,
2) is normally generated away from P, Q, S

Sym
' H°(2) → +1° (2×02)

.⇒

Note rk 1-1012) = 2 → 2¥ = 4 , rk Sym
'

H°(2) = 10

rk 1-1012^1 = 2 +22
"

= to

= > Synd I* 2 I a-
*
2×02 over F) (PUQ Us)

Thus C
,
lit
*
L
"

) = C
, CSym&ñ* 2) = 5C, CiT* 2) . By

C
,
lI* 2) = - 2 ✗ + King + "3,0

a-
=3 2 = - 10 >

c
,
[it
*
L2) = - 57 + K÷ + § Ks, o

\

22 5
In fact - y = - P + I Q + - s ( see my

website )
g 27

27

=> 8, 7 are supported on Noether Lefschetz . loci



An even larger ring (3rd attempt)

•
NL* ( Ig ) = ring generated by [ team ] .

• R* ( Fg ) = ring generated by K - classes

Kai
- - - ar, b fo m all NL - loci

j
-

→ Ittix basis V
. . . . Ur of L

.

→ FI
, - - -

Ttr
L.a

to
F

Define ↳ r .

K
a
. . . - ar b

=

)*t*
( 9 ' Ii)

"

- - - c
,
17T)
"

c
,
CT
,
)b)

.

blearily NL* - pit
.

Caqnjeoture NL* = R* ( version of a conjecture in Marian - O -

- Pandhanipande).



Remark F different normalization I (Pandhamysande - - Yin)

I = I eu* [ tho
.
.
( *It

.
L)]

red
E A

'

(x )
.

N

N = / I
[m-o.ocx.ly]

red

With the new normalization R→ ( Ig ) . It differs from

R* ( Fg ) only in codons 18 & Ig because the difference

between I and T is in general NL unless rk L? 18 .

why ? Pic ( FL ) = NI ( FL ) if rk L 218



Question s it true that R'8=1219--0 ?

Theorem Petersen) True in cohomology .

RH
'8

= R H
's
= o

.

Thus R*H=R→H and R* =I* conjecturally .

Theorem Pandharipao.de - Yin ) .

pT* = NL*. R* I NL* in cohomology

forsakes con Many Open Questions .
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