Problem 1.

Consider the differential equation
(423y3 + ay®) + (3219 + 2zy + 2)y' = 0.
(i) For what values of a is the differential equation exact?

We have
M = 423y3 + ay® = My, = 12232 + 2ay
N =3z%% + 22y + 2 = N, = 12239* + 2.
Since M, = N, we must have a = 1.

(ii) Solve the differential equation, when exact. It suffices to give the solution implicitly.

We look for a potential function
fo=42% + 4 = f=2" +ay® +h(y) = f, = 32*y* + 22y + 1 (y).
Since
fy= 32ty + 22y + 2
we must have h/(y) = 2 hence h(y) = 2y hence
f=a"y’ +ay? + 2.
Solutions are obtained by setting

atyP + zy? + 2y = C.



Problem 2.

A colony y(t) is growing in a bakery according to the differential equation

Determine the critical points and indicate their type i.e. asymptotically stable, unstable, semistable.
Sketch the phase line. What is the long-term behavior of the solution satisfying the initial value
y(0) =17

The critical points are found by solving
Y =5y +6=0 = (y—2)(y—3)=0 = y=2o0ry=3.
We have
y<2ory>3 = y* —5y+6>0
2<y<3 = y>—5y+6<0.
Thus 2 is an asymptotically stable critical point, while 3 is an unstable critical point. From the
phase diagram, we see lim;_,o y(t) = 2 since y(0) < 2 and 2 is asymptotically stable.



Problem 3.

Solve the linear first order equation

3y + 4%y = 2sint.

We solve by integrating factor. We have
o4 2sint
t 3
We find
u= exp(/ ? dt) = exp(41Int) = t*.
We multiply both sides by u to obtain
(t'y) = 2tsint.

Integrating, we have
thy = /2tsintdt = /—th(cost) = —2tcost+/2008tdt = —2tcost+ 2sint + C.

The last integral was computed by parts. We conclude
2cost  2sint  C
B + A + a



Problem 4.

(i)

(i)

Write down a second order homogeneous constant coefficient differential equation with
solution
y = e*(cost + 4sint).

A root of the characteristic equation is 1 = 3 + 4. The other root must be 9 = 3 — 7. For
an equation of the type

y'+Ay' + By =0
we must have 72 + Ar + B = 0 which has a root

—A/2+ A2 —-4B/2=3+1.

Thus A = —6, A2 — 4B = —4 hence B = 10. The differential equation is

y" — 6y + 10y = 0.

For the same differential equation, solve the initial value problem

y(0) =1, y'(0) =2.
Two solutions of the differential equation must be

Y = et cos t,ys = el

tsint
hence the general solution is
y = e*(cp cost + cysint).

We have y(0) = ¢; = 1 and

Y (t) = e¥(—cysint + cocost) + 33 (c) cost + casint) = ' (0) =coy +3¢; =2 = 3 = —1.

Hence
y = e3(cost — sint).



Problem 5.

Consider the differential equation
t2y" — 3ty +3y =0, for t > 0.
(i) Check that y; =t and yo = t3 form a fundamental pair of solutions.
To see that y; =t is a solution we calculate
t2y) — 3ty} +3y1 =0 —3t + 3t =0.
Similarly,
t2yl — 3tyb 4 3y = t* - 6t — 3t - 3t 4+ 3> = 0.
Thus 9 is a solution as well. We calculate
W (y1,y2) = y1yh — yoyy = t- (3t%) — 7 - 1 =2t° #£0.

Thus y; and yo are a fundamental pair of solutions.
(iii) What is the general solution to the differential equation?

We have
Yy = c1y1 + c2y2 = c1t + 02t3.



Problem 6.

A tank originally contains 100 gallons of fresh water. Water containing 5 Ib of salt per gallon
is poured into the tank at a rate of r gal/min. The mixture is allowed to leave the tank at the
same rate. After 100 minutes there is exactly 50 Ib of salt in the tank. What is the rate water was
poured?

We write Q(t) for the quantity of water. We must have d@)/dt = rate in — rate out. In our case,

Q@ _.  ,Q _ 50-¢
dt 100 100

We separate variables to solve
aQ — r

500 —Q 100

Since Q(0) = 0 we must have C' = 500 hence

Q(t) = 500(1 — e "H/109),

dt = —In|500—Q| = rt/100+C = 500—Q = Ce /100 — Q(t) = 500—Ce /1%,

Since ) 9 10
Q(100) =50 = 1—e =190 — ¢ =15 — rzlnj.



