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Let U E e open & connected
.

Definition f : U - a is complex differentiable (c D) if

Tim 1-(2-+2) - fcz )
: = f

/

(2) exists and is finite .

h- o h

Examples

I f. g complex differentiable => f- +g. fg are also

☒ 1
,
2-
,
2-2
,
- . . .

2-
"

,
. . . complex differentiable

I is not

CD = complex differentiable

RD =
real differentiable



Remark

We have seen the same definition for

f : u - R,
U EIR open .

The two definitions have
very different

consequences .

II /f f is c. ☐ => f
'
is CD ⇒ f

"

is co ⇒ . - .

If f is RD this fails .

Indeed
,

x2 sin ¥ , X =/0
fcx) =\

O o X = 0

Then

2x sin ÷ - ÷ cos ¥2 , X =/ o

f
'

Cx) =\
,

is not even continuous
.



If f is CD
, we will show

v0

fcz ) = [ f
" >
(a)

_n,
(2- - a )^ in some A- (a. r ) C- U

.

N = 0

If f is RD ,
this fails .

Take

- ÷
e

s
X =/ 0

fix> =\
0

,
X = 0

We have f is C ? f-
'→
( o ) =o * n so

the Taylor

series at o is o
.

Thus f does not equal its Taylor

series in
any

interval f- r
,
r) . r > 0 .

II. If f is CD for u = a & f bounded → f constant .

If f is RD, f (x) = sin ✗ is bounded
.

III /f f is CD and -1=0 for V C- U open ⇒

=) -1=-0 .

This fails if f is RD
.



A more appropriate comparison
is with functions of two real

variables
.

Identify a = IR ? 2- = ✗ + iy ← [×y ] c- R ?

12-1 = x2→y2

Definition f : U E R
'

→ IR
"

is real differentiable (RD) if

F 2- C- U F A : 1122- 1122
,
IR - linear

,

lim t f (2- + h ) - f (2) - Ahl
- o

,

h→ o

h

We write A =D-1 (z)
.

Remark is CD => f is RD .

Indeed
,

A :/R2- R2 is multiplication by f-
'

(z )
.



Remark f f = u + it is RD then

Ux , Uy ,
Vx

, Vy
exist and A =[ " ×

"
t ] = Jacobian.

Vx Vy

Indeed
, by definition

tim / fix + b. g) - fcx.gs - ha [f)/
h → 0

1h1

= 0

⇒ a- [! ] = t.mfcx-h.gs - f"'T)
= u
,
+ iv. → [ "¥ ]h → o

h

similarly A [?] = [%
,
] , as needed.

Conversely f

Ux
, Uy , V× , Vy

exist & are continuous => f is R D
.

See Math 140 c or Rudin 9
.

21
.



Lemma - :/R2- R? IR - linear
.
TFAE

☒ A is a - linear

161 A (z ) = ✗ 2- for a c- a

A = [ a - b

b a] for a = a + b.
.

Proof If → lb] Take a = Ali) =3 A cz) = 2- AG) = ✗ 2- .

☒ → ⇒ A [I ] = Aci)=a = [;]

A [?] = Ali) = ✗ i = ai - b - [-1]

II =] ⇒ Let a = a + bi
.
Then A 1£ ) = ✗ 2- by the

argument above .
Thus A- is a - 1. near

.



Remark 3g the Lemma
,

TFAE

☐ f is CD

A- f is RD & Df (z ) is E- linear t 2- c- U
.

Remark ( Cauchy - Riemann equations ) .

Ux
If f is CD

, Df Ia ) =[
u
,

"

tug) is a - linear

so by the Lemma

Ux = V

y
( CR equations)

Uy
= - v×

Conversely if CR - equations hold & U.ve are of class C
'

then f = at it is CD
.



Indeed
, f is RD in this case and

-

Ux Ug
-

Dfcz > = is ☐ - linear by the Lemma

- Vx Vy -

part I & CR equations . Thus ☐ fcz) is multiplication

by a = f
/
(z ) & f is CD

.



Harmonic functions

If u
,

-0 satisfy CR & are of class Cd then

U = U =3 U = U
X y xx yx

=) U + U =D
,xx yz

u = - V ⇒ u = - I

y
×

Yy xy

Similarly v → V =o

xx yy

A function h of class C2 with

h×× -1 hyy = o is said to be harmonic
.

Conclusion

Thus if f is CD & f class Cd then

u = Ref , V =/mf are harmonic
.

Pairs (u ,v) arising this way are called
.

harmonic conjugates .



Notation

a-
= :-(÷ - i ;-)2 2-

a-
= :-(÷ + i %-)2 I

Remark

2- = × + iy ✗ = ÷ ( 2- +2--1
.

=)

I = x - iy y = ÷ (2- - E) .

Think of 2- , I as independent variables .

Then

d-
= ÷× - 0¥ + I. 3-

2 2- ay 2 2-

=÷ - ÷ + ÷ - ÷

= :-(÷ - i . ;-)



Lemma
"

f depends on 2- but not on a-
"

f is CD ⇒ ¥z=o

Proof

02¥ = £-1 fx + ify ) by definition

= f- (ux + iv. + i lug + ivy ))

?= £ tux -
vy ) + ÷ ( v× + uy ) =0

⇐ Ux = Vy
.
These are the CR equations.

Uy = - M,


