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Types of singularities

f : A
*
(a
,
R) - K

, holomorphic .

f(z) = Eam/z-a)* Laurent series
·

Terminology
.

A the coefficient of EE-a)"

a
_,

= e= residue
= tilt a

L E an /z - a)
*

= principalpart.
x =
- 0

Three CaS es

E ak = 0 -k<0 ) Taylor expansion

> - extends holomorphically across a

Removable singularity

1 ap = 0 + k < -N
,
a
-n
Fo

Pole of order N .

A up to ,
so happens infinitely often

Essential singularity



Case A a removable singularity

Theorem A f: , Da
,

R) - e Golomorphic . TFAE*

If extends holomorphically across a

if extends continuously across a

⑪ bounded near a

A lim f(z) . (z -a) = 0
.

2 - a

Proof (i) => 1 obvious

↳=> 1
.

WLOG a
= 0

,
else work with f(z+a)

.

-

We show
up =0 K40

. fix 570
.

Since

(im I f(x) = 0 => (f(z)/< if (E) <8
.

z - 0

We have for 0 >USS/R :

an = =E,
de- W

rk+1

- 91
· 2πr

E
=>

-

---

rk+1



If k = -1 : /a -1/ +2x0 = a
_ 1
= 0

.

If k <-1
,

take =1
, /ap1s ori

Make w- o

to obtain ap = 0 .
Since k<-1 .

Example f: n - a holomorphic ,
a tu

f(z) - f(a)

g(z) =S &- a

2 I a

is holomorphic
f'(a)

,
z
=
a

Indeed

fir Ha) has a removable singularity ata

by item 1 & g is the continuous/holomorphic

extension across a.

Remark In hindsight, Goursatt& Cauchyt were equivalent to

Goursat & Cauchy .



Case is a pole of order N .

f(z) = (z - a) * 4g(z) holomorphic

g(z) = -n/t -a) *, q(a) = a Fo .

Zeros versus Poles H
I
-

f1z)
= (G-a)*. holomorphic near a

I

f pole of order i at aExy zero of order N at a

Lemma + : ** (a, x) -> & holomorphic TFAE

I a is
a pole

↳ /in f(z) = 0
.

Z - a

Proof 1 L Write f(z) = (z - a) g(z) .

Since g(a) to => Ig(E)/I M>0 in It-al >8
.

=> If (2)) = ! ↑

Make 2 -> a to



conclude /m +(2) = is

it =2 E Note Im f(x) = 0 = ali) = -2 -> a

I
=> I bounded near a = I can be extended across a

holomorphically . Not the extension vanishes at a
, say

of order x >f has a pole at a of order M.

Definition S &U discrete
.

A function f holomorphic in

UIs
,

with at worst poles at S is called meromorphic.

Example ↓polynomials
* F(z) =E = e meromorphic .

↳ f(z) =
1

u = kY-

sinI

check z = it in 2 are poles .
These do not



accumulate in u
= ev %0]

.

Thus f meromorphis in

u = kY

Case C f : x* (
,
R) - K holomorphic

a essential singularity e

.g . f(z) = et

Example f(z) =

et=E:
=> a = 0 is essential singularity .

Remark f cannot be bounded or go to 0 .

/see cases A & B)

Question How does f behave near a ?



Theorem /Big Picard Theorem) - 220c .

* <
* (a

,
2) =

*
(a

.

R)
.

f( ** (a
,
)) = e or 41 (point]

~

**(a
,)

-

Example +(2)
=

2E
.

a = 0
.

**(a
,5)

⑤

a

claim f ( ** (0
,
2) = e : [0] + <

.

>0

Proof
y to : y =

2
,
= = A

*
10
,
2)

.

I = logy + curi for any
choice of log

/

= Z -

logy+2ni
= ** 10

,
2) if x0 .

Weaker version :

Theorems/Casorati-Weierstay) f : <
*
(a
,
R) -> 4

TFAE
12 o has essential singularity at a

Lit * <* (a
,
2) =

*
(a

.

R)
.

f( ** (a
,
9)) is

dense in K
.



Proof - M Assume for some 370
,

the set

f(x * (a
,

5) is not dense in 4
.

Them I A (x
.y)

(x)
. f(x

*
(a
,
2) 4X(x, j) = 0 .

Define g =

x

in ** (a,s)
. By (*) we know

17 - x1
= y in ** (a, 5) - (g) !1 in ** (a

,
5)

P

Thre A

-> a is removable singularity for g .

But

f = x + g - ( + )

(t)
If a is not a zero for

g =cy holomorphic
f extends holomorphically across a -> removable singularity .

(A)
If a is a zero for g =cg has a pole at a =>

= I has pole ,

at a.

Both cases are impossible .

/



↳=> 1 Assume a removable singularity ->

ThreA

=> f bounded near a =>5M30
,
550 with

If (2)/ < m in *
(a
,
5)

=- f(** (a
,
5) cannot be dense .

Lemma B

Assume a pole -> /im f(z) = x =-

z- a

-> 1970
, If(z)121 in *

(a
,
5) =>

=> f (** (a
,
5) cannot be dense .

Thus a is essential singularity .



Felice Casorati Karl Weiersha 3
/
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Smile Picard

1856 - 194/


