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.

Residues ( Conway I. 2)

a singularity for f

f(z) =
& ap12-al

*
Laurent series

R = - D

/

a
_ 1

=
Res If, a) =

residue

Problem
: Compute Res If

, al

Method O Explicit Laurent
expansion

Example f(z) =I
sin4&

Res If, 0) = ?

sinz = G- - + E .... =z(1 - =+ I - -.. )

sin" = z4) 1 -

+ - ... )
*

= z")1 - 2
+ ... S

Z

f(z) =

y"), - x + ... ) es(1
+ + -.. )

-Es + I +
...

= Res (f, 0) = G .



Method 1 f(z)= g .
h holomorphic

Assume a simple zero forh =s a simple pole for f.

Res (f
,
a)

=
/im (2 -a) f(E)

z -

a

g(z)
- /om (2 -a)

z - a h(z) - b(a)

g(E)
-

z - a

-
Ine

ncz) -b(a) =
z - a

ReConclusion
: -(f, a) = (b)

, if h'k) o
.

h'(a)



Example f(G) =

7 - sinz

zasinz

· poles z = 0
,

z = ni
,

n +0
,

n = 2

Sinz = G -

+E - => -> as z -

· C
= 0 is removable since =>

z- Sin z
-
L as z -> 0

& 3 !

1, m

2- sin z
=> sin z

I lim !=IE = 0

z
2

sin7
z - 0 23 Sinz

I 1
.

Since E = 0 is removable
= Res (f, 0) = 0

.

· E
=

ni
, n Fo .

Take g(z)=
Z - sint

-2

2(z)
= sinz

> g(n) =
h(ni)

= cosz/z
= ni

+ (-1)
.

=> Res If, ni) = -



- holomorphic

(k-1)Method 2 f(z) =

x => Res (f
, a) =

S (a)

(k
-1) !

Writz
- Eg(z) - -ga)(2 -a)

u = 0

k-1
-

coeff. of CE-a)" inf coeff . of (Eva) in g .

This equals gleta- -

Example f (z) = Exe => Res If, i) = ?

f(z)= g(z) =
is

= gii) = 0 (check)

Res If, i) = (i)
= 0

.
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.

Residue Theorem (Conway I. 2)

Toy Example f :
** (0

,
R) -> 4

. holomorphic .

=( f(z)dz = 2 iT Res (f
, a)

.

where Us = W (a
, s) .

Us

↳ this also follows from theproofof Laurent

expansion /Lecture 10) .

Proof Write

R
f(z) =

E
as (2 - a)

k
=

- 0

This
converges uniformly on compact sets , so we can integrate

7 kf -1
, integral = -/

=>> I f dz I
* ap (12 - a)

*

+2 <
z = - 1

, integral = 2 >& =
- is

Us Us

= Citi a
1

= 2 :Ti ResIf
, a)

.

k -1 : /z - a)" admits a primitie als zero integral-

2
= - 1 : ! = (xin(s

, a) = 2 ii



Residue Theorem u I K open connected
,

5 discrete

↳

· ~wo , Sw]=us .

· f holomorphic in uss
, singularities at s

.

Them

E Res (f, s) .
~ (W,

s)
.ilfde=

es

Remarks
↳ Conway . 2 .

2
. (s=fnik)

15 = 4 = (fdz = 0 = Cauchy's Theorem (Homotopy)

1 S = (a)
,
U = Ur = small circle neara

recovers the try example .

k s
= (a) , f(z) =

+19 holomorphic .
Oo

ilfdt= is n dz = Resig,
al. cr

, ch

= 96(a) .
n (r

,
a) by Method in

Lecture 8

This recovers CIF for denvatives
.

I



/ The sum in RHS is funile

Claim (ee S ,
wir.
s 0] finite

Proof W = ( = = 4x2 : n(V ,
z) + o)

.

· W = union of components of KX= open

· W bounded Lecture 6

· WU .

Indeed
.
if 2 - W

, zqu => n (v
,
z) Fo

.

But

niv.
z)= / =0 by candby

8

u

using 3-
z

holomorphic in U
, 8-0

.

k = WuSv) = K closed a bounded

I compact in U
.,

s discrete in is

=> KnS = finite .



Example
Is

-

ot

121 = 3

Take U = A 10
,
4)

,

s = So
,
13 .,

F(z) = ⑰
22(2 - 1)

· Res (f
,
0) = Res = (! ) /----2 =

0

by Methods of computing residues

· Res (f. 1) =
Res Ee-= 12 +/z = 2

2 = 1

(22(z- x)/ =
Y

= 2

by Method of computing osidues

Thus ( f &z =

20i (ResIf
. 0) + Res(f, 1) = 0

.

121
= 3



-I

Naive proof & simple closed curve Let s = Sa .... -

- [p]
.

2

-
C = WA , ( =

6kk

. =>

-> Ea
↳ ak

.

↳ As

al AR

Let ci = 2A:
be circles centered at

ai
,
Ai = U

.

Let
: = Ai .

Let n
= xLVR! =

open .

k

Let
g = E 25 .

Assume we could show

/
Ch

2 ~y
and n /V

, ai)=1 .

Then by Canaby , applied to flul we'd have

S +dz = (fdc = 4) + dz
i = 1

2 I C

k

=
2 iT , E Res If, ai) Itoy example) .

i
= 1

k

= 2 i s E Res (f
, ai) ~(W, ai)

.

i
= 1



Issues : y
is not a path ,

but chain
-

u

B 2 ~y
and n(

,
ai)=1 need proofs

I how about more complicated curves ?

2

The proof of the residue theorem
requires

new ideas
.
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.

Chains

2

EV.
c'-chainTerminology 4

*

&d , * =

= =

m
,

/

2

If +e = E midei = 1

y
*

l

15 En(y +, a) =

...
min(2 ,

a)

Definition 2
*

*

if n(2 +, a) =

0 + acu *

I eve say 2
*

is nullhomologous in u
*)

.

-

Remark A &* loog in u *. Them

y
*

u
*

2
*

-

**

o
.

~O =>>

Indeed if a du* then

n(ras =ci) = -

y
*

by homotopy form of Cauchy . applied to **** and to the

holomorphic function t in u*
.
(adu*)



Li the converse is false 4
*

= &(a , b)

2
*

8

·

↳
*

Check y
*

- 0
.

Indeed n(y *, a) = n(y +, b) = 0
.

-

To see
this

, find two subloops of
*

going
clockwise &

counbrclockwise around a
.

Do the same for b.

-

*

u
*

However 8 ↑o

Remark
* In algebraic topology ,

one learns that It homology

is the abelianization of in . (which is defined via
~

homotopy) .

Thus we expect a connection between and v
.



Enhanced Cauchy's Theorm (Homology Cauchy)

We seek to

prove
a "homology" version of Cauchy :

Theorem f : u
*

-K holomorphic . 2***0 .

Then

Sy + fdf = 0
.

↳ Conway Ir. 5.

7
.

Remark By the above remarks,

we see

Homology Cauchy -> Homotopy Cauchy

Remark We will see next that

Homology Cauchy - Residue Thm .


