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Enhanced Cauchy's Theorm (Homology Cauchy)

We seek to

prove
a "homology" version of Cauchy :

Theorem f : u
*

- ↓ holomorphic . 2 ***0. Then

Sy + fdf = 0
.

↳ Conway Ir. 5.

7
.

Recall &
*
*

o means n/ya) = 0 Fafu .*

~

Remark We will see next that

Homology Cauchy - Residue Thm .



Residue Theorem u I K open connected
,

5 discrete

↳

· ~wo , Sw]=us .

· f holomorphic in uss
, singularities at s

.

Them

ifde = E Res (f, s) .
~ (W,

s)
.

It S

↳ Conwayy 2
.
2



Proof of residue theorem
We let f holomorphic in UCS

,

2 mo . We want

/ (fdz = E Res (f, s) .
~ (W,

s)
.(ii

r
It S

We saw RHS is finite since

[xes : n(,s) +o} is finite
.

↑

Enumerate this set to be [a , ... <p3
, mi = n(v

,
(i) Fo

.

Let A
:

be small digont disas near ai
. Ki &2

; Ains= fai].

Define · u
*

=
u Is

·

*

= r + E (-mi) C
:

where Ci = 2 Ai

spositive orientation)

2
*

u
*

Claim =

/ SHomology Cauchy for (n4U
*
) =>

-x

+ dz = 0

S=> !+de=
*

mi dri **i = 1

k

- E us ; Res If ,
ai) by toy example

i
= 1

last time
.

QED
.



Proof of the claim want n(y *, a) = 0 if a but

1, if a U
.
Nok 20 = 20 = n(V , a) = 0

.

Also a 4 Ai = n(c
,
a) = 0 Then

n(y * a) = n(V
, a) + [(- mi) a(ci

,
a) = 0

.

-
-

0 E

↳ if a es
.

Note that n(ci
, a) = (

o if a fai

1 if a = a,

If a = ai = n(y4a) = xv
, a) + (-miln(ai

, a) =mit( mi) = 0
.

-
-

un ; 1

If a fairi =cn(V,
a) = 0 by definition of the ai's

= n(VYa) = n(V
,
a) + [(-mi)n(c,, a) = 0

.

-

0



Remarks

is Proof of residue thm only requires ~ o not
-

U

2 ~o
. improvement of hypothesis .

* Residue Theorem > Homology CIF for denvatives
.

Let 2 o
. Apply the residue theorem

:

s
= Sab.

-

m ,

42 = n r
,
al is

a e

- n(V
,
al .

f(x)(a)

k !

Jusing Method 2 from last fimal



Proof of Homology Cauchy's Theorem

· change , notation u <- u *, = v
*

· modify statement slightly

Theorem / Homology ((F)

20
.
f :

a - a holomorphic ,
a cu

. 1(r)

: /f(z) dz = n(
,
a) F(a)

.z - a

2

Remark Using the above for f
+

(2) = f(z) .
(z- a)

.
f (a) = 0

U

we obtain j =0 = Ifdz = 0
.

This is Homology Cauchy .

Remark TEAE :

Homology cIF => Homology Cauchy's Theorem
aborz

-> Residue Theorem-

page 4-5

-> Homology CIF for derivatives

page 6

↑

k
= 0



-

heorem C Homology <IF/ Conway IV. 5)

2 o
.
7 :

a - a holomorphic ,
a cu -(2)

/ dr
= ncr

,
al F(al

.

2

Rewriting

it: dw !I de

-- I f(w) - f(a)
dw

= 0

->

U w - a

-

Y (a
,

w)



Proof of Homology cIF

Auxiliary function 4 : Uxx
-> K

f(z) - f(w)
> I I w

.

2 - w

Y (z , 2) = S f(z) 3
z = W

.

Want : (3(2 ,
w)dw

= 0 v z = u(x)

2

Apply (1) to
z = a zu1(w) to conclude Homology ciF

.

Claims. A continuous in uxu

↳ = - > (2, 2) holomorphic +ur =u
. fixed.

Pro of of Eil This was explained in Lecture 10 as

an application of Removable Singularity Theorem
.



Proof of14 continuous in UxU
.

Recall

f(z) - f(w)
> I I w

.

2 - w

Y (z , 2) = S f(z) t = w
.

· Continuity is clear at points where Iow .

· We show continuity at (a,
a)

.

We have

1y(2 , w) - y(a ,
a) =-z(fctdt - f(a)

- a Ifcts
- f(a)) ot

2

I sup If'It)-F'call<E
+-[2

,w] if G,
we A(a,) .

This holds in Ala
,
5) for somes ,

because f'is

continuous (in fact holomorphicl .



I
u

Proof of (*) Want
y(z ,
w)dw=o if - = 0

.

2

Question
:

How do we make use of 2 o ?

Answer
: Define

V = (2 = k- 2
, n(v , z) = 0]

.

· UV = K
.

(this is the only place where go is

used)

Indeed if Equ = n( ,
z) =

0 since 2 o
.

Also ebSiS
.

· V
open

. Indeed
, by Lectures

,

V is union of

components of K1[U)=open=> W
spen .

· V unbounded
.

In fact
, by Lectures

,

IRYO

with S1G1> R3 = V
.



Define 2
:

& - K

I (2 ,
2) dw

,
GG U

.

x(z) = )u
(F(w) dw

,
zG V

rw - 2

Claims al I well-defined

17 I bounded
,
I'm h(z) = 0

2- w

) entire

Conclusion By Zionville t h constant h =0
.

Thus if 2ax = b(z) = jy(z , w)dw = 0 = (x)
.

① ED
.

Proof ofAt will-defined
.
Take zGUnV .

We show

/x(G , n) dr=) Fi do
z

--x -(Edw =0 <L f(z) n(v
,
z) = 0 which is

2

free since n(0
, z) = 0 for GG V .



Proof of

Let 120 such that (v) =A (0
,
1) by compactness

-

We have Iw-z1 = /E1-(w)=16) -K if we Sv)

17 R>0
· 161IR = Z EV .

Then

13(2)1 = / F (w) dw length (2) - sup1fI .

I

rw - z \uS z1 - k

-

↓
0 as = -O
·

Since his continuous by 1 -
I bounded

.

Why ?

· (mb(z)
= 0

=
72

, Ih(z)/ 11 if (E)?
2 - 0

↳ continuous = 17M
,
19(2)) < M if 1211

=> I41 I max (1
,
n)

.



Proof of 1 I entire

Recall Conway Exercise IV
.

2
. 3

. /HWK 3

Key statement p : ux(r3 -> e

· ↑ continuous

· z - 4 (z
,
w) holomaphic + we Sv]

.

Then g(z) : (4 (z , w) du holomorphic .

2

Proof See Solution Set 3
.

Alternatively ,

let is <U.

Then

~

29dz = ! 4 E .
no dar da

↓ Fubin's theorem

-1s:n da da energans
= 10dw = 0

z g
admits a primitive in

any
disc r

, g
= c

-> g holomorphic (c = holomorphic = r-many times differentiable).



Back to 1
. Apply Key Stalment to

· the set U
,
for =P=h holomorphic in U

· the set v
, for P(z

,
w) =

: x5u3-

=h holomorphic in V
.

Thus he is entire
. QED

.



2
. Applications of the Residue theorem to real analysis

↳

ch6fde = E Res (f, s) .
n (W,

s) .. 2 = o

It S

Applications & trigonome tric functions

1, rational functions

1 Fourier integrals

1 logarithmic integrals

15 Mellin transforms
-

Poisson
: "I n'ai remarque' aucune integrate qui

//

me fut pas deja connue


