
Math 220A - Lecture a
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I Conway
1. I, 1.2.

A Power series & Analytic functions - -K., and
k

f(z) =[ a(z - a) (*)
x
=0

Def 1 Theorem 7 RoRCO such that

11 if12-c1<R => (*) converges

If 0 r 1R =(x) converges absolutely a uniformly

In * (C, r). -y
i
-

R

↳) if (2-1) > R => (*) diverges.

Further more R*
=Imsc R =radius of convergence.

· -
FanT.

·

Definition 7:n -> K is analytic if Z.UIRT0

such that
E

f (E) =Ian (z-zo)" inA (zo, R). 1 U.
n =0



Roof w20s c =o., else work z =z-c.

Eanz". We set=limsup u -

lan) Let 121 <w
n -> is

↑

-
-1. Letus y CR. => limacy lan1 =is =L

->> Yanl <y ifnhN.

=>lan) < 1 ifn = N

ya

-

Ln (5)
ifa re

Fam

Weierstrap in lest

Iful-Mn. Mn so then If converges absolutely a

uniformly

-> I an EP converges absolutely a uniformly in a 10,r).-

u



* If15139 (R =liwitaal=tS

->Fanlyfor infinitely many n's

=>lanky for infinitely many n's

->lanG4/3/y)" for infinitely many n's

-

>

=>an 2"o

=>Eanzu diverges.
R



Differentiation

Recall that ifin ofit doesn't follow fol-fin

general. However, for power series we have

Theorem (Rudin 8.1).

If & an lz-c" has radius ofconvergence R,
them

n = 0

-I
Eman 12-c)" has radius ofconvergence R as well.
n
=1

Furthermore, if

f(z) = [ an (z - c)"in x(c,R)
n = 0

=>f'(z) = E man (E-a)** in (c,R).
n = 1

Corollary & ((z) =En an aca-1 ...(n -k +1)(z - x)
x - k

=0-q(k)(a)
=ak! =an =fax)

=F(z) =[i)(2-c)" iff isanalytic. In A 1c, R).

Thr

Remark 17I is analytic -f is holomorphic.



us-of WLOG c
=0. [ an E

x =0

Convergence ofthe series E ~an eut is equivalentto

convergence
ofImanz"

=G)mancot. The radius of

a
=0

convergence is i=limsup Yman)=Imsue Yanl
=R=/

2 -> i
n -i

=>R=R using
-> 1.

For the second statement, let at Alo,R). We show

f'(0) =g(a) where
g(z) =Emanz".Zet

e

SN(z) =anGY, Rx = E anz
n
=
0 x =x+1

know Snf. Si->I.

-

5ix 320. Wish to find 8, 20 with

F(z) - F(c)

2 -

-

919535 for z=A(c,8,)

Let19154 <R.



For ZG A Co,y) we have

i
-

(*) =f(x)
- f(x)

-g(c) I
Sa(z) - six (6)

-sai(a)
2 - 2 2 - c

I

I Six(x) - g(c)

⑮
Rx(z) - Rx() ?
I

<E.
E - 2.

-

We estimate each ofthese terms. 5 In-> rn S

-

↑

Mr (2) - Rx (C)
S S 1a1 ZeR

2 - C. x
=N+1

is

E E Ian (IE" 1... +16)*
n =x +1

E

-I lanny""< 4/5
2 =N+1

if4I N,

For some Me. This is due to the absolute convergence of

i

I manysince y <R).
n =0



/

Term I Since
say, we find Na with

1Sn'() -g(a)/> 9/s for mINa.

Fix NN, N2 No. For this , find I such that

Term I:Sx(2)-snK) -syca/>4 if z =A(c,8).-
I

2 - x

Conclusion

*) 1 TermI +TermI + Term1++I =E

if==A(2,8) nA (0,g). &ED.



Examples:exp,cos, sin
↓
I(z).

1 et:
=1 +2 +1... +-..., =0. Indeed,

is itis-...R =

limsup =0. Differentiate

2 - 1

(((z) =

0 +1 +z +..
.

+E!... =f(z)

=>(e) =e*

In a similar way,
(et+()'

=e+.

Thisimplies et+c=et.e"

Indeed, lety=** andnote

C 2
/ 2t C E z +czy':(et

+c) e- yt +c I S
=

2 · I - C - -
--

-

esE
=O

24E

C

=cy constant;y(0) =2 =y =

e) =et +c
=

et.e.



↳ Define

cos2:=

ar--easi.Sinzi =

5!I 2 C
=>> (sinz) - -

-
- ... -

cost.
-

sin27 + cos7=1.

Beware! siny, costare notbounded functious as ICK.

-i nπ

cosint=2* - was n +0.

↳ z"can be defined for all at 2. If Ito.



I. Zogarithm
-

Remark

2πi
I = 1 =L exponential is not invertible.

la91 =0, 24i, 4πi,..., 2ux;

W how should we pick?

Question Define log E.?

Remark Issues also arise with E and z?

These are related to the togauthm.

E -x2" for a = 1

Define za =exp (a logz)



Def Alogarithm 1:4-K is a continuous function
-

with C
f(z)

=E+z =z

Naturally, for this to make sense, we need u =K1)0].

Question Does exist? Is itunique?
I I

Sometimes No

Remark f l, l' are two logarithms them

L es -- e
e =c =>C -1 -

1-11 =(πin,n=2.

Any two logarithms differ by anin, ne 2.

Example4 =A (1,1),

-(z) =E**(z- C

I
This is a logarithm in

2 (homework)
B
->

1 1.

↑



Example is U = - =
4 so slit plane

*
z=we. Set

/
Log z =logr +i

86(- i,i) =-LogE=z.

1 Principal branch oflogarithm).
puncipal

brauch
Notice the capital letter in Log

BEWARE Log (EW) #Logz +Logw

This holds ifRez70, Rewyo.

Remark the two examples above give
the same answer

in

*(1,1).

Indeedthe two legauthms ((z) andLogtdiffer by

2 Iin = Cogt-1(z) = ein. Set z =1
-

-> Ia-

-

- 1) =2Tin =1 x =0

0

0

=>Logt =1(2) in AS1, 1).



Example Log (1 - i) =log+ i(- ).

puncipal branch

Examples Other branches oflog by differentcuts

n =41 1
0

e"<

-

z =veit,tc(c,c +ei).

gz
=loge + i t.Loc

Remark a H
=K10] => impossible to

define logarithm in U. Why?

Al h x(0] simply connected

->We can define logarithm (later).

Examples A - care simplyconnected.



↳

Remark Z
2

=exp(cf(z) is multi-valuedS
values differ by exp(c.eii.n)., nek

Example Principal value is defined for zeKXRs0.

using principal branch of1(z).
For instance, principal value

(1 - i)=exp(i. Log (1 - i))

--exp(illogic -ii))

= exp/:logr +)

= e4(cosleg + isin lagr).


