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I. Conformal maps

LetT:*-M2M. linear, invertible

It is orientation
preserving if det T >0.

↳ T isangle preserving, if for any vectors in, itIR2

k(ni,i) =k(T,Ti).

T
->

-u I

-

-
Ta

/ ->

- /L->u

Remark t =(-I / is both orientation a angle

preserving
(unless a =b =0).

·
det T =a2+ b2 0 if (a,b) + (0,0)

· angles are preserved since Tz =cz =rez, c =re

1

is composition ofrotation a dilation.



Remarkofholomorphic - either f(z)
=0 or else

DF1z) is omentation & angle preserving.

="I preserve angles" /I "conformal"iff(E) to E.
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Left:u ->iholomorphic is conformal if

+ ( =U, f'(z) to

Some other definitions existin the literature (requiring

fto be injective for instance).



Example f(z) =z2

z =iy G =1 +iy

↳ I

I

⑧

3-

e>z=x +i. 1.

/

2 =x +i.0

V

2=x +i.1 > 2
2
x
-
12 x c- I

-
-

z
↳

=> u =2 - 1 parabola Igreen)

t
=iy => half line (Rso/=x =>half line R10

E =1 +iy =>> = =1 - 2
+iI cy
- -

zu 2

=> u
=

1- parabola (dark blue)

Check:Angles are preserved in these examples



-

A betterpiece ofterminology is:

Remark Given U, VIC, a bibolomorphic map

1:u ->V is

1 objective, holomorphic

↳g =f" -u bolomorphic.

IfF(p) =

2
=>

>Fog(z) =z

=>g'(g) =p'+'sp) Fo.

Thus biholomorphic -> conformal



ImportantQuestion

Given u,v & k, are they biholomorphic?

-

/-Mobius Transforms

Today we study a class oftransformations which

are important for geometric arguments.

Mobius transformations (MT)

Fractional hear hansformations (FLT)

Linear factional transformations (LFT)



AugustFerdinand
Mobius (1790 - 1868)

Mobius strip, Mobius inversion, Mobius transform

Mobius published importantwork inastronomy.



-

Definition C
- 40 =eu(0) Riemann sphere-

Topology on E - usual open
sets inK

y

-open sets containing 0.

0 Gu & &open if - Fx tx, u +0F A(a,R) < u

· for u =is, IR with

[2:(z) > R] = 2

↳
neighborhood of0.

B
SoR3 unit sphere
I
...... ...

S(P) & -

-

⑳ -(a)- eu(0].

⑧

Q

streographicprojection



Definition Mobius transformations x5.

A =[ii],hn: -5,z -az +b
22 +d

↳
invertible matix I

using
11

1 -

-This is abibolomorphism of4. b =0,=0

heis a homeomorphism of

Remark

1 A
=I =hA =H.

A A
=
xB E) hA = hiform to.

i hais= hahiI7 B =a.-hat -h

Mobius transforms - Pla =Ga/center
I

-projective linear group.



Most famous example Cayley hansform

(12) =E,c (w) =i.
1- w

Notation
A

=A10,1) = unit disc

3 t =32: /mz >0] =half-plane

Very Important c is a biolomorphism

2:3
+
-*

:A

3 / S

- I

Proof C

Suffices to show

2 -> CEL &A. While z =x + iy=3
+5

# I

y >0
12-il </z + it

S- Y-
X
2
+(y -1) <4 +(y +1)2



Arthur Cayley (1821-1895)

- workedin algebraicgeometry, Group theory

- Cayley - Hamilton theorem

-modern definition ofa group

-



Remark

=
c
=0: +6 =5.z +

6
↑
-

d

I

-ypes
ofMobius transforms

E translation Tz =7 + X

L rotations Rz =e
it. Z

↳k dilations Dz =mz, me R.

I
E In version 62 = -

Z

Zemma All Mobius hansforms are compositions of

-

--



-

Generalized circles /D I

1 circles in E

↳line (U)0] ="arce in
/

through 0.

Main theorems about Mobius transforms

Theorem AAny Mobius hansform mays

generalized circles to generalized circles.

Theorem B PGL acts triply mansitively on

Given (2, 22, 23), (21, 22, 23) triples of distinct elts in
-

e, I! I with h(zi) = E:



Proof of ThmASuffices to consider the cases

A translation z ->z + x clear

L rotation
z ->ez clear

El dilation z =m2clear

A im version Z -- Yz

Claim Ageneralized circle is given by
(4) A zE+ BE + cE +D =0, where A, DERR.

andB, C are conjugates.

Proof A circle in ais given by

12-701 =v 1=12 - Z). (E - E) =r2

ZE -Zot-zoE+(E.E. -v3) = o
&

->(*) For A =1, D =GoZ-v, B = - E., c = -

Z0

Conversely, ifAfo, () can be brought into this form.

(why?
When A=0:By + cE +D =0 () line.
-

G near



ProofI preserves generalized circles.

AGE +Bz +cE +D=0.

Letw
=t =A++ +D =0

=C A + Bi+(w+ Dww = 0.

->generalizedcircle. The A.

In the case ofhis 4 vo, o and a correspond

under 4.

Proofof the is Uniqueness Assume Ih, h'

Let T
=

2=T (zi) =Zic↳Eeee b =zhas 3 roofs z..Fa, Es
25 +d

<=>az +b =cz+dzhas 3 roots

->

>a
=d,b =c

=T
=4 =xh

=h!



Existence Suffices:I h with

2
h(z) =0

Z. -0 -

↑

h
T

2, h(zz) =1
h

2- I
-

Cl

S
h(zz) =0.

22
I

23
->0. ↳

T 2

17 (2,2012's is another triple, find t'with

h It'c =0, h'(ze) =1, h(zg) =0.7

Define T
=
2h =+(zi) =z,as needed.

To deal with (2,22,23) and 10,1,0).

(Modified) Cross ratio
If 21, 22, 23 ID,

-(2) =EE/E
z

2 3

This is sometimes denoted [2: 2,: 2: ts].

Check 2(E,) =0

h(zz) =1

h(zz) =0.



There
are a remaining case 2 =0,2 +0 or 23 =0.

-

For example, when 2, =0. the above
expression is

h(z) =2.2(z,) =0,2(z) =1,h(z))=
The other cases are similar.

Remark Conway'scross ratio sends 2,,za, Es to 1,0,0.

We will notneed the notion later, so the difference will not

concern us.

Next Integration & Cauchy theory.


