
Math 220A - Lecture 8

October 25
,

2023



Last time

I Conway
IV

.
2

.

13

Theorem fix - x holomorphic ,

& (a
.
r) < U.

.

Then

fit)
alt

.

f ""(a) = it
- a)

**

It - al = 2

I

positively omented

Cauchy's Estimates i Conway IV
.

2
.
14
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Improve the theorem ?

We next show that a similar formula holds at all

points of a disc
,
not

only
the center

.

& also for more

general loops .



Tomotopy Cauchy Integral Formula for denvatives

1 : 4 - K holomorhic. 2
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a =u , [w]
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roof Use Homotopy Cauchy Integral Formula & differentiate

under the integral sign . (Problem 5
,
HWK3)
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In more detail,

Cauchy
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Remark As a special case
,

we obtain

Theorem If & < U
,

atA
,
f:n - a holomorphic ,

then

f(G)(a) =Eanot

I
possibly not the center of A

Example Is da (a)

· It lalr the answer is o because the integrand is

holomorphic

· If r> la) , apply CIF for denvatures :

- Ti
. 2'e Y-a= · 2πs

(k
- 1) ! (k -1) !



21 Entire functions
-

Definition A holomorphic fix- K is said to be

entire
.

low ↳
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Remark f entire = f(z) = & anz" + Et K

n
= 0

Example I
E

, sinf , cost are entire
.

Lion wille's Theorem
> Conway
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If f : 4 -> K entire &bounded f constant .

/

Groof :

Assume If(z)/IM *EtK
.

Cauchy's estimat for E=1
.

Take (a
,

R) < K
.

1 f 'ca)1 -

is
Take R + 0

.

Thus f'(a) = 0
.

Fa =<f constant
.



Joseph Zionville Journal de Lionville

1809 - 1882

known for
:

Lionville's theorem

Sturm -Zionville theory

L
: onville numbers

Lionville function

...



Remark sinz , cost are not bounded in K .

Indeed
,

cos(i in) =

eit
+ e

- in

-O
,

as n + 0
.
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Fundamental Theorem of Algebra

Any nonconstantpolynomial fee(z] has at least

one complex root .

Proof : M206 f monic

f(z) = 2
"

+ a
,
z+

...

+ an

Assume

I has no roofs -> f(z) to z .

Let g+t .

g
is entire

.

We show
g
bounded

- g constant .

- > I constant .
This is a contradiction

.



We show g bounded
.
If 121=R

17(2)1 = (2 + a
,

z
*

+ .. .

+ an /6)
* - E /2**

= Sal *-0 as -10
.

-

17 R = R
. = If 12)/11

.
-> Ig(z))1 1

.

=>>

If R < Ro => by continuity ofg : g(z)/1 K
.

-> Ig(z)/<M= max (
,
K)

.

VE
,

as claimed.

E Eeros of holomorphic funchous Conway I. 3
.

f : x - a holomorphic . / 0
,

U
open + connected

.

Def a GU is a zero of order N if

f(c) = 0
,
f'(a) = 0

.
. .

..
f-"(a) = 0

,

f")(a) Fo

=> Taylor expansion in Ala
,
R &U

f(z) = E f (b)(a)
. (z - a) P = (z -a)"g(z)(*)

to !
k I N

where
g

is a power series converging
in A la

,
R)

.

g(a) = fi! ) 0
.

We need to rule out the case N = 0
.
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Zemma f : u + 4

,
u connected

.
TFAE

1 f = 0

↳ I aGu
, f(0)(c) = 0 k

L S = [z : f(z) = 0) has a limit point
in U

.

Proof > ↳, are clear
.

( => 1 Let a be a limit point for S
,

a cU
.

Clearly +(a) = 0
.

Let us assume a has finite order N
.

By (x) ,
f(z) = 12 -a)

"

g(z) in (a
,
R) .

with

9 power series
, q(a) to . By continuity of g , g(z) to in

some A (a
, ) & A Ja

,
R)

.

Them

-n(a
,
r) = (z = (z -a)4g(z) = 0] = (a)

.

contradiction
,

With a being a limitpoint .

Thus N =
is

.

=> M
.



= 1
.

2et A = (a =
f(x)(a)

= 0 + k)=u .

By assumption A Fl .

We show A is closed & open .

Thus A = U
.

= f = 0
.

· A closed
.

Indeed A = H. (Im) 10) = closed
.

Since f is continuous =2 f(k)" ) is closed > A closed

· A open .
Let at A

. By Taylor if Ala
,

R) <U
.

f(z) = Ea(z-alk .

= 0 Since =
*(a)

= 0
.

Since f =
0 in <(a

,
k) =>f(k) = 0 in x(a

,

R) =

=>
A

(a
,
R) & A = A

open .

Identity Principle Conway /V.
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If f, g : n -> eholomorphic ,
u connected

,
and

S
= (t : f(z) =g(z)} has a limitpoint in => f =

g .

Proof Let L = f-g . Apply the previous
lemma

.



Remarks

1 The zeros of fix - e holomorphic cannot

have a limit point in U
.

↑

Let f(z)= sin

-

I holomorphic in $1[]:. = u

Zeros = ) z-
+ ni

-> I

1+ n

Thus the
feros can accumulate to 8 U

.

A This fails for CP-functions

f(x =)
.. X = 0

- z
sin I -

x Fo
.

Check f is C.
Also f has zeros at

-> 0
.

which has a limit
point .

I
connected

.

Al If fig : n + e
,

and Ev U open
with f=gin V

,

then f =
g

in c
.
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↳ fo has
at

most countably many zeros .

inn
.

Zet u
=

Wkm when In compact . In each

x = 1

compact
set kn

.
I can only have finitely many zeros .

(indeed this is because zcrolf can't accumulate in kn)

/= Zerolf) = H Zerocfn(n) = countable
.

R -

finite

Identity theorem : Crelle's Journal 1827
, page

286



Main Theorems 1 Identity Principle - see above

↳ Open Mapping Theorem (Omni)/

↳ Maximum Modulus Principle (MMP)

Recall
:
f

: X-cy is
open map if

tu ex open .

f(u) is open .

· f :
R - 1

.

x - x is not open ,
u

= (-1, 1) ,
F(u) = [0 - 1)

8. f : x-4
,

z - Eh is
open .

This is because :

↓ Conway IV
.

7
.
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Theorem /Open Mapping Thm) .

fin - a not constant holomorphic =>f is open .

Theorem Maximum Modulus) 2) Conway IV
.

3
.
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fou - a holomorphic ,

nonconstant
,

then IfI

cannot have a local maximum
.

in 2
.



Remark f U bounded
, f:

i + a continuous
,

f holomorphic in u
,

then

max 1f1 = max/f/

i 24

Indeed
,
I and yu are closed & bounded = compact .

Thus IfI admits maxima over id wa
.

The max

of If1 over is cannot
occur in U by MMP

,
so it

must occur on JU .
The case f= constant is also

clear
.

Beware In general, min ifI f min IfI
.

E =4


