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Let G be bounded and assume each a E 2 G is

a barrier . Let f : 26 → IR be continuous
.

Theorem The Perron function u for CG
, f ) satisfies

him Uca) = fca)
2- → a

Corollary The Perron function solves the Dirichlet

Problem under the above assumptions .

We let w be
a barrier at a

.
Thus

• W : I→ IR
,
w cont in G-

,
co harmonic in G

• W (a ) = O
,

W 70 in 2Gt { a}
.



Proof W LOG f ca ) = o .

Let E > o
.

We show

/

II lim
sup u Cz ) E E

2- → a

1am inf u CZ) I - E
2- → a

-

G

Then km uca ) = o = f-Ca), as needed-

2- → a

-

Let I be a disc with

- E s f LE in 26 n I and a E I
.

(s)

Let an = sup Ifl →
- an E f s na in OG

. (2)
A

26 = compact
- •

Since G l I is compact , let a

Wo =
mini W > o

G
E - I

+

Why By Minimum Principle , either w = o in G (not hue

as w/o , ¥0) or
else w 70 in G

.

But w > o '

'

n 261 } a } .

Thus

w > o in Ella}
.

Since I - I E G- I } a )
,

we get the claim .



Proof of

wcz)Let ✓ (z) = - E - - . an
.
= harmonic in G

.

W
O

cont in G-

Clarin 1 V E f over 26

Proof Let 2- E 26
. wzo on as

.

I n,

• 2- E 2 G n I : V Cz ) ! - E s f.cz )

(2)

• Z E 26 I I : V Cz) L - na s f Cz)

E
W Z Wo '

'

n E in

Clavin 2
E PCG

, f )
.

Proof we know V harmonic
.

For S E OG
,

I, 'm ✓ (z ) = ✓ ( s ) Ifc 's ) by claim 1
.

2-→ g

Since u is defined as a supremum over PCG
, f) & V C- PCG,f,

⇒ U (2- ) Z V (2- ) t 2- C- G

=> km anf U CZ) Z Vca) = - E as needed
.

2- → a ↳
Wca) = 0 .



Proof of 'II Let

W(Z ) = E t WIS . IM = harmonic in a
,

cont
.

in E
.

W
o

Cla , in 1
"

W Z f over 26
.

wzo in as

I c.,

Proof . 2- E 2 G n I
,

W Cz ) ZE s f Cz)

(2)

• 2- E 26 l D
,

W (2-) > an Z f Cz)
k
w z ago in G- I D

We do not know W EP
,
but we can compare

W to
any YEP

Claus's 2
'
W (Z) Z Y CZ) t y c- P t 2- EG

.

Proof Let 3 E AG
.

Then

definition claim ,
'

f of P L
Iim
sup y ca ) I f CS) ( W C 's) = lim Wiz )

2- → g
2- → y

⇒ y CZ ) E W (2- ) t 2- c- G by MP
"

applied to the

\

I

function y - W.



Since u CZ) = sup } y CZ ) : if C- P} =3 u Cz ) I WCz ) by

claim 2 t 2- E G
.

Then

lens
up

u CZ ) I 1cm W (Z ) = W Ca) = E
,
as needed

.

2- → a
2- → a


