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§o .

Last time Conway ✗1.3
.

f : A → a entire of order 7 , f- =/ o .

is

f- (z) = 2-me 91£) IT E
i. (÷)

n=n

genus
he = maxcp, deg g) if g polynomial or is otherwise

.

Hadamard 's Theorem 11893)

he is h -11

Remark II The theorem doesn't assume h
,
a finite

.

1

If one of them is infinite ⇒ so is the other
.

☒ These ideas played an important role in

Hadamard 's
proof of Prime Number Theorem . (1896)
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§ 1
. Applications - Picard 's Theorems (weak versions)
-

To illustrate the
power of this

result we show :

Application A Conway 3. 6)

f- entire & not constant & finite order

⇒ f omits at most one value .

Remark Little Picard (next week) removes the

assumption the order is finite .

Proof Assume f omits a ¥13 .

Define

fnew =
f- ✗ omits 0 & 1

.

p - ✗

Since f
""

omits 0 = > f
" "

=
eat

.
& f

" -w

omits I

⇒

g
omits 0 Since order Cfnew ) = order (f) ( is

⇒ genus of f
" "

is finite by Hadamard. =>

g polynomial .

&
g
omits 0

,

→

g
= constant ⇒ f constant. False !



I
asy

Observations ( used above)

II 7>-0

1£ /
✗ + E

We have seen lfcz ) / I e if 12-1>-12
,
last lecture

.

If a < o ,
let s > 0 with 7+8<0

.

Then / fcz ) / & e'
2- '
°

= e

for 12-12 R and 'Fcz) / I ^^ for 12-1 I R by continuity .

Thus

f bounded => f constant ( order o) .
Thus 7>-0

☒ f & ✗f have the same order + ✗ =/ o

{
HWK

Indeed 7 ( ✗ f) I max ( 7123
, rxcf )) = max (0,74-3) = > if> byI
f
the
previous line

similarly > (f) =3 ( af. £) I 7 (✗ f) .
Thus ✗ (f) = → faf)

.



f & f- ✗ have the same order

Same proof as in ④ using
sums versus products

⇒ f & If have the same order * I polynomial .

gifdegp > 0 .

We have f ± Pf if 12-1 > > 0 => 7 (f) I 7- Ipf) .

£
HWK 4 II

Also 71 pf ) I max (✗ (P )
,

✗ (f)) = maxfo , > CFD = > Sf) .

Thus 7 Ipf) = Dcf)



Application B

f entire of finite order & 4¢21 ⇒ f assumes each of

its values infinitely many times .

Remark Great Picard (next week) strengthens this result .

Proof Let a be a value of f. Define f-
" W

= f- a. We

show f-
new

has is - many zeroes .

Assume f
""

has

n

finitely many zeroes a , , . . . > an .

Let P = IT (2- - as ) .

Then

L=s

f-
new

/I has no zeroes so it equals eat
.
⇒

=> f-
"W

= I eat
.

Note by previous remarks we have

order f = order f-
new

= order eat < is . ⇒ genus
< is

=>

g polynomial & order (e ' ) =D-
g g

E 21
.

=> order if] c- 21

contradiction
.



Plan for the Proof of Hadamard h I I £ h -11

I 7£ his Cto day ) .

he > - pea (next time)

deg g sa cnext time )

§ 2 .

First half of Hadamard

W TS T s h + I

W LOG h finite ,
else we're done

.

Key Lemma

log /Ep ( w ) / I Cp 1W/
" + '

for some Cp > 0
.

-



Proof Recall fcz ) = 2-

^

es IT Ep (In ) . WTS > Eh -11
.

n

Recall order (ut) I Max (order u
,
order or )

.

Recall order (2-
m

) = 0 I h +1

order (es) = degg ± h 2h -11 .

We show order IT Ep (In ) . Ep -11 .

I h -11 -

n

Note

log IT Ep(÷n ) . = [ log Ep /÷)
n

Lemma £

I Cp § /÷/
""

= K 1£11
"

where K = Cp [
1-
/an ,p+

,

< ° .
Thus order I go -11 , as

needed
.

Remark (will not prove /use )

order IT Ep (In ) . __ a ( exercise in Conway ) .
n



Proof of Lemma

Recall
Ep (w ) = (i -w) exp (w -1k¥-1 . . . +

WP⇒
We induct on p .

When p=0 ,

log 11 - w/ I log (e + lwl) I 1W/ so take co = 2
.

Inductive step

When 1W/ I 2- : Note

P

Ep (w) = Ep - , Cw) exp/J )

→ log /Eplw ) / = log 1Ep→lw ) / + log exp (Y÷)

£ cp - , /w/
P

+ log exp Ref,÷)

= Cp - , 1W/
P

+
Re (¥)

I cp . , IWIP + /YI/ =/g.→ +f) IWIP

I 2 (g.→
+¥) IWIP

"
since /w/ 7- 2- .



I. When /w/ stg .

Nok

Ep (w) = Ci - w ) exp (w + w÷ + . - - + w¥)

WP -1
' Wp -12

=

exp /- - -

-

1-→ p+a
- - - - )

using Taylor expansion

logo - w) = - w - WI- . . .
-

wk
g-
-

- - - for 1W/ < 1 .

Then

WP -12

log /Eplw > I = log/exp f- w
'"
'

-
-

Fa
- - - - )1-→

= Re WP -11

µ ,,

WP-12
-
-

- - :-)P -12

f -

w
P+ '

w
p-12

- -

-
- . . .

p -11
p -12

I E / FÉ/ =/w/ P" [ IWI
keep -11 k z o p -1k -11

I 1W/
" + '

[ /w/ he
KZO

{ 1W /
" +

'

E (E)
&
= 2 /w/

++!
RIO



Take
Cp = max (2 , 2 (Cp , , -1¥)) .

We obtain in both

cases

log 1 Ep (w)/ I Cp Iw /
P"

as needed.


