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Last time - Strategy for proving Little Picard

Assume F f : a - a entire
,
not constant

,
omits 0 42

.

Step A produces a function g.
entire

,
non constant and

a > o with A- ¢ 1mg for all discs b. of radius a

step B For
any g

entire & not constant
, 1mg contains

a disc of any
radius

,
in particular of radius 9 .

Step A & Step B are incompatible , showing f does not

exist ⇒ Little Picard.



§ 1. Bloch 's Theorem Conway ✗ 11
.

1
.

Notation G
open &

bounded ⇒ G- compact

(E) = set of holomorphic functions in a .

neighborhood of e-

Theorem ( version of Conway ✗ 11 . 1. 4)
.

A = (0,1 )
.

Given f c- G (E) , f
'
co) = 1

,

then Imf contains

a disc a radius

13 > 0
.

In fact 13 = 3- - V2 E. 085 works

crucially 13
is a constant independent of the function f.

This is important for Little Picard.

Remark The value of 13 in Conway is 13=1-22.01
This
13

is smaller
,

however
Conway proves a

little more
,



Bloch ⇒ Step B Conway ✗ 11.2 .

g
: a → ☐ entire

,
not constant ⇒ 1mg contains

a disc of any
radius

.

Proof Tix a value r for the radius .

g
not constant ⇒ 7 a with

g
'
ca) -1-0 . WLOG a = o

else work with gnew(z ) = g (2- + a) .

Let R > o
. Define hcz ) =

9(R£ )
⇒ h 'co )=1 &

Rg 'co)

h holomorphic in Ñ => 1mL contains a disc of radius
13

⇒ 1mg contains a disc of radius R 1g
'

cost13 > r if

R is chosen large .

Remark This completes the proof of Little Picard.

Remark The proof shows g c- OCÑ (a. RD ⇒ 1mg
]

contains a disc of radius R /g
'

(a)/13 .



Remark : Optimal value of 13 Conway ✗11.1.9

Let f- = { 7- c- 015 ) . 7-
'

co )=2}

☐ Lf = { largest radius of a disc in floss}

L = 1nF Lf = Landau constant

7- c- I

Bf = { largest radius of a bi holomorphic disc in food}

B = in F Bf = Bloch constant

7-c- I

\

D- Current knowledge : .

5 L L <
. 544

-

• 433 < B L . 472

rl's)rl÷)conjecturally B =

B- 1

a-

rf;-)
I -471

&We will show 2>-13 = 3- - V2 E. 08 .



Ah /fors - Grunsti
,

Math
.

2 eitsorift, 4 2 1 1937)



§2 . Proof of Bloch's Theorem

Question Tow can we construct a disc in Imf ?

Assume G bounded
, a C- G

.

Let
y = min I FCZ ) - feast

2- C- 26

G

•
a

p

'
•

2-

Lemma A
Lef f e OCE )

,

a c- G
, p = min 1712-3 - feast

.

2- C- 26

Then 1m f contains ( fla ) , f) .

Remark This can be viewed as a more precise

Open Mapping Theorem
.



Proof Let H = fcs) c- f-(E) = compact since G- is

compact. Then 1-1 is bounded = > 21-1 compact . Let

R =
d ( fla ) .at ) = miis l h

- f (a) 1
.

h c- OH

→ ☐ (fea) , R ) E H E Imf . We show

R If

⇒ ☐ cfca )
, g) c- Imf proving Lemma A.

To
prove Przp,

Tet WE 2 H achieve the minimum R
.

Claims W = fcz) ,
2- c- 3G

.

Then R = I w - f- (a) I =/ fcz ) - f- (a) 1>-9 by definition ofp .

as a minimum
.

Proof of the Clarin Since WE 21-1 => 7 hnc-H.hn → w
.

Write hn = f Ign ) , go.GG E E
.

Since G- compact

⇒
passing

to a subsequence we

may assume



that gn → 2- c- G-
.

= > fcgn ) → fcz) .

Since

fcgn ) = In → W
,
we conclude

w = fcz ) . , 2- c- G-

If 2- c- G
,

we contradict Open Mapping Theorem
.

• f
2-

•

W

G
H

( Pick a disc near 2- .

its
image

will be
open so it will contain

a disc near w but w c- 21-1 contradiction )
.

Thus 2- c- SG proving
the Claims & Lemma A.



Strategy for Bloch

Apply Lemma A & show 1-112-3 - f-la>1>-13 for suitable a.

Question
: Why is the proof difficult ?

Answer : We don't know a. In other words
,
we don't

know where the center of the disc in Bloch should be
.

More detailed strategy

I prove Bloch under Assumption (*)

I remove Assumption (*)

In step II we have control of the center & the radius

equals 213 Cbetter than Bloch claims )
.

In step we lose control of center , radius halves ,

but we have no assumptions .



- ssumptron (* )

I c- 0 (E)
,

I 7112-3 / I 21 f)to ) / t 12-1<-2

Lemma B ( Bloch assuming (* ))

/f f satisfies Assumption (* ) ⇒ Imf contains a disc

with center fco ) & radius 2/3 /f-lost

Remark = f
/
103=1

,

-his implies under Assumption (*)

Lemma C ( Bloch without (* ))
.

For all f c- 0 (5)
,
even in the absence of Assumption (*)

,

Imf contains a disc of radius 13 If
/
cos /

.

Nok Lemma a ⇒ Bloch
.

Next time we show Lemma B ⇒ Lemma C
.


