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Goals

Define Riemann Surfaces

I Define holomorphic functions

II examples



Aside ( Point Set Topology) X Hausdorff

☐ X is 2nd countable if ✗ admits a

countable base for its topology

✗ is paracompact if all open covers

admit a locally finite subcover

X = Uu
, open cover . A partition of unity

f-✗ : X - R continuous satisfies

•

supp fa EU,
& supp fa is locally finite

• [ fa =L
,

0 s fast .

In general ⇐
,

☐ ⇐ for manifolds .





Ringed spaces

A- ringed space (x, ×
) is the datum of

X topological space

sheaf Ox of a - algebras of complex

Valued continuous functions .
(
"

regular functions
"

)

Morphisms
-

-

: (×
,
Gx ) - (Y. y

) is a morphism of ringed spaces

f continuous

II tf U EY , y c- Gy ( n ) . thepullback Y of: f-
'

(a)→ ☐

is a section of ✗
(f-

'

u)
.

Remark By II , f-
'

u is
open

which is needed for

to make sense
.



Example G. G
'

c- a

f: (G. Gg ) → (G ', 0g , ) is a morphism of ringed spaces

←→ f holomorphic .

Why .

⇐ If y holomorphic in re c- a
'
& f holomorphic

then
y of

is holomorphic in f-
'

Cu )
.

⇒ If f morphism , let ycz ) = 2- holomorphic in u = G
'

n

Then y of = f is holomorphic by condition I. .

Remark We have the notion of an isomorphism .

Remark IF ✗ ringed space , (x, 0×7 .

U C- ✗ open
=> ( U

,
Gx/n ) is a ringed space .



Definition A Tok
- manifold 1h20 ,

k = is
,

k=w) of dim -
n

.

I ✗ Hausdorff
,

connected
,

2nd countable

II. F open
cover ✗ = UVa and

open
subsets

G
,
E 112

"

such that (Ua
,
Ox/u
,

) is isomorphic as a

ringed space to (Go , Tok ) .

Definition A Riemann surface (X, 0×3 is

✗ Hausdorff
,

connected
,

2nd countable top space

④ F open
cover ✗ = UVa and

open
subsets

G
,
E e such that (Ua

,
Ox/u
,

) is isomorphic @.

as a

ringed space to (Ga , Oa ) .
✗

Any Riemann surface is a Tok
- manifold of

real dimension 2
. H L

.



In concrete terms Let ✗ Riemann surface . 2- + ✗ = UU
,

a

s
-

t
.
(Ua , Gx/na ) = (Ga, Gg ) via isomorphism Pa .

Ua up

hap

Tp
q:yj Ya

Tpcuap )
>

Yatuap ✗pyj
'

Gp
Yapp

"

Gd

Lef Uggs
= Uan Up .

Nok Ypcfj
"

: Ya lugs )
-

efpcuap) .

must be an isomorphism of ringed spaces .

Thus
pp pj

'
is a bi ho lorn orphism between

open
subsets of

.



710 /omorphic functions

Let × be a Riemann surface. & U C- ✗ open .

A holomorphic function on U is a section of Ox (n )
.

Concretely
u

Ux

f
unwon

\

☐

\

÷
Ya

foÑ
Ga EG

yalunua
)

Note fopj
"

:p, Cunha) → o is

the pullback off under the morphism Yj
'

.

Therefore foyj
'
is holomorphic in the set

ya Innu, ) c- e.



Holomorphic maps between Riemann surfaces

f:X → Y holomorphic iff f is a morphism of

ringed spaces .

Concretely

U
'

u

s

f

y
"

y y
'

GE Q G
'
a- a

.

7
'

f y
-1

IF CU
, G. 4) and Cm 's G

'

, y
'

) are coordinate charts with f- Cu ) C- u
'

we have

p
'

fp
"
: y Cu ) - y

'

ca
'

) is amorphism of ringed

spaces ⇒

p
'

f f-
'

is holomorphic as a map between subsets of ¢.


