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Last time

Mean value Property

2 IT

t a E G
,
I (a. r ) E G

,
u (ai ) = at /

,

U Cat reit) off
.

Maximum Principle

U : G - IR continuous & hav I ⇒

U cannot achieve a maximum (minimum) in G
.



Notation 2
,
G = extended boundary in E = a u } is}

.

JG , G bounded

Jp G =

ZG U } us} , G unbounded

1-

A stronger version MP

(n) u : G - IR
,

u satisfies MUI in G.
,
U continuous

(2) t a E 2b G : him sup
n CZ ) I 0

.

2- → a

Then either u so in G or U E O in G
.

Proof We will show u so on a
. By the usual ME

,

U cannot have a maximum sss G unless u = constant. This

gives the statement we seek. Indeed
, if 7 a C- G with

U (x) = 0 = > A maximum
'n G => U = O

. Else U (a) so it a E G
)

Thus U E o or U Lo in G
.



To show u so
,
assume that Fa E G with u Cx) > o

.

Lef E = U Ca ) ) O
.

Let K = { 2- E G : UC 2-) Z E }. Since a E K =3 K H ET.

Flash's K is compact .

Assuming this
,

U cont
. , U well achieve a maximum in K at

2-•
.

In particular uczo) ZE.

Outside of K
,
use

.

Thus 2-o

will achieve a maximum for in u in g
.

This shows u constant

Condition 12 ) ensures u = constant I 0
.

Proof of claims Let £, E K.

We show that
passing

to a subseg .

2-
n converges in K

.

Nok 2-n E CT
.

& I is compact . Thus w LOG

we

may
assume 2-

n → Z E £ after
passing

to a subsequence .

Note re Cz, ) IS .

If 2- E G =3 U (Z ) = lim ncaa ) Z E
.

⇒ 2- E K
.

as needed
.

Else 2- E 2£ .

Then

lim
sup u C 2-n ) I E which contradicts Ca )

.

2-
n
→ 2-

Thus K is compact.



ToroHary G bounded
,
U : I→ IR cont

.
.
nave

.

U E O on 2 G =3 U I 0 In G
.

Proof we use ME
-1

.

We need to verify condition Ca)
.

G bounded
,

2
•
G = 26

.

IF a E OG
,
him UCZ ) = re Ca ) = o

,

2- → a 1

continuity in I

Thus U so in G or U Z o in G
.

I

Argue in the same way for - u
.

=3 either - n so in G or

- U Z O in G
.

Thus U Z o in G
.

Remark U
,
V : I → IR continuous & harmonic in G

.

& G bounded.

If

Ufa , = w/@ ↳ => U = V
.

in G
.

Thus w/ → u in G
. uniquely .

26



§2
.

Poisson Formula & Dirichlet Problem

-

Question l U ? I→ IR continuous
,
harmonic in G

,

G bounded
.

Ula
,

-s U uniquely in a
.

Find a formula for U in a
,
from the values u/zc

.

.

We will solve this for G = A co
,
, )

.

or Ila
.
R)

.

→ Poisson Formula

^

Question 2 Given f: 26 → IR continuous
,

is there

u : I → IR continuous and

I U = U×× + U = 0

TY Dirichlet Problem{
ufac

.

- t

( boundary value problem )



Harmonic Functions on the unit disc I = I Co ;)

Given U : I - IR continuous
,

harmonic in D
,

find a formula for Ula) in terms of Ufos .

Remark a = 0 Use MV E over the circle (2- l=r
,
r s 1

.

This smaller circle is contained in I , where U satisfies MVR
.

Then
2 IT

U lo ) = 2¥ /
,

u ( reit) at

Since u continuous over Is
,

make r → 1
.

This yields

21T

a co ) = ÷
,
f
.

ace
it
) dt

. ( To justify the limit

use that u (reit) → Uce
't
) uniformly since u is uniformly cont .

over I ) .

Question Flow about the case a # o ?



General case

E -

- OI- a
L

a

O

/

Idea : Recenter ! E : I → I
,
2A → 2 's

ITCZ) =2
, ET co) = a .

I + a-2-

Then I = u o OI : I → IR continuous
,

harmonic in a ( Problem 1
,
HWKI)

Apply nave to ri

u ca) = I lo ) = ÷ f!
"

I let
's

) Is =÷
, /! CET (eis )) ds .

Since OI (eis) E 2 I this also shows Ufa) is
given explicitly in

terms of alae
.

Next time : We will work out a more explicit expression

⇒ Poisson Integral Formula

Slogan

MV I 1- Aut I => Poisson 's formula


