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Holomorphic functions

Let × be a Riemann surface , (Usn , Ga , Ya ) coordinate

charts
.

u

Ux

f

:
\

Ya

f.
YI

Ga

→ ya
Crenna)

We showed last time that

f holomorphic iff foyj
"

is holomorphic in p, (un ud ta .



Remark We can also turn this discussion around
.

Let ✗ be a topological space (Hausdorff, 2nd countable)

✗ = Uua open cover
.
Assume we are givena

homeomorphisms , G, E ☐ such that
• Ya : U

,
- Ga

- 7
•

Yp 4, : Ya luan up )
- cppcuanup ) bi bolomorphism

These are called compatible coordinate charts

Then ✗ becomes a Riemann surface .

Issue Define the sheaf
× .

Note U open <→ U n Ux open ⇐ Ya (un Ua) open in Ga
.

Declare f: u - ☐ to be a section of Ox provided .

f c- Gx (n) ⇐ Fo yj
'

holomorphic 'n
ga Cunha) . ✗

.

Check ①
×
is indeed a sheaf. & (×

, ×) Riemann surface



Meromorphic functions

u

Ux

f

:
\

Ya

Ga

> 4, Crenna )

Definition
I

f meromorphic in U provided fyj
"

meromorphic in 4, Cunard to

ok there exists a sheaf M of meromorphic functions

U - meromorphic functions in U



Zeroes
, poles, order

We define the order of a pole or a zero for f to be

the order of a pole or a zero for fcpj
"

at palp) for g- c- Ux

cla.in is is independent of choice of a .

Subclaim

Let
g
be meromorphic in U

,

a c- U .

Let T : ✓ → u be

a biholo morphism with 1- (b) = a
,

be V. Then

g has order m at a = > go
T has order m at b.

-1

We use this for g = f-4, ,
a =L (p)

=> got =fyp".
-1

1- =p, Yp ,
b = Yp Cps .

The subclaim shows that the order thus defined is

independent of the choice of a.

-



Proof of the subcla.in

W LOG a = b = 0
,

else we can translate .

Write
g (2) = 2-

"

G (a)
,
G lo) =/ 0

.

Since 1- (o ) = 0 & T
'

lo) -1-0 since T is biholomorphism , we

have 1-(2) = 2- 5 (2)
,
Sfo) =/ o .

m

Note got (z) = 1-(2) GCTCZD

= 2-
M

S (2)
M

G CTCZ))
.

Since S(2)
m

G (1-(2-3)) = SCOT G ( o) =/ o ⇒
2- =D

=3 order
go T at

2- =o equals rn
.

as needed.

Remarks Essential singularities can be defined similarly .



A- side Divisors on Riemann surfaces

Definition A divisor on a Riemann surface ✗ is a formal sum

D= [ np [p]
with

np c- 21 such that

pens
= { p : np =/o} is locally finite .

=

examples

✗ =
É

,
D = 2 [o ] -13 [is] - 5[i] divisor on X

D is said to be effective if npzo it p c- ✗

Divisors can be formally added & subtracted

D= [ np [p], E = Emp [p ]

=> DIE = [ Cnp Imp ) [p] is a
divisor

III restrictions
,
u c- ✗ open .

If

\

D = Emp [p ] ⇒ D/
u

= [ np
[
p]

pex
pen



II 7 sheaf of divisors iv.
~ i

U - { divisors in U}

ÑI degree .
If × is compact, any divisor is a finite sum

.

D= [ np [p ], mp C- 21
.
⇒ deg D= [ np .

p

Principal divisors /f f meromorphic in X
, define

dir f = [ ord (f. a) [a]
2- C- ✗

= [ malt
,
(f) [2-] - [ ma ftp.cf) [p]

2- zero ppole

☐ check : divcfg) = divf + divg .

Example -

E
. f =

(2- - a:)
2=1

meromorphic functors in E
n

1T (2- - b;)
ai
,
b; c- ①

.

i= ,

m
n

divf = [ [a;] - [ [ to;] + (n - m) [ is ]
2
'

=p
2
'

=p

m n

⇒ deg divf = [ 1 - Is + Cn - m ) = 0
.

'
'

=i i=e



Examples of Riemann surfaces

not compact

compact

Non - compact examples

If G E E open subset
is a Riemann surface

161 X E É , ✗ = { (a.g) c- id : flat,y)=o} so?

Assume itPEX ,

f-a Cp> =/ o or fycp ) -1-0 .

Claims X is a Riemann Surface

Proof We construct charts & show they are compatible .

Let pex .

• if fy Cps -1-0 ⇒ by implicit function theorem ,

F p
c- U E X open

such that

y = g (a) for (a.g) C- U where
g : N → ☐ is holomorphic .



Then U - G
,

( A.g) → A has inverse

H - CA
, g CA )) .

⇒ u is a chart

-

• If f-* (p) =/ ☐
,
we similarly have

A = hey) for ( a. g) C- U
s
h : H → a holomorphic

Then U → 1-1 is a chart (a. g) →y with inverse

y → ( hey ),y) . → U is a chart

compatibility Charts of the first type are clearly compatible . Same

for charts of 2nd type .

We check compatibility between charts of different types .

WLOG we

may assume we are around a point go with

f* Cp ) =/ o & Fy Cp> 1--0 .



Then the change of coordinates is

a > G

T: G → 1-1

T

A →
y =g (a)I 1A

,y) s

Ntt T
- '

: H - G

T y → a = hey)
y

Both T & T
"
are holomorphic , as needed.


