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Last time

5-→ × flabby if + -1 c- U ex open .

f-(n ) - f-(v) surjective

Key Lemma

If o - F- G - FL - o exact
,

f- flabby then

o → f- ( n ) - Glu ) - 71 (a) → o exact
,

it UEX
open

I F. 9 flabby ⇒ 71 flabby



§ 1. Main Theorem of sheaf Cohomology

functors

HP/×
,
- ) : Theatres on ✗ → Abelian Groups

such that
1oz

t.io/x.J-)--T-(x)1b7-T-
flabby ⇒ HPCX

, F) =o ltpzs

☐ Given o → F- G → It → o exact
.

F connecting homomorphisms

Sp : HPlx.IE) - HP"(×
,
F)

functoria/ in exact sequences such that

o - H°(×
,
F) → H°f×

, b) → ticx.tt) -%

Ss
↳ H'(×

,
F) → H'(×

,
}) - 71

'

(x.tt) →

c.
- - - exact

.

These requirements determine the functors uniquely .



Aside from Homological Algebra

(1) Given a complex d. d = 0

d d

→ A-
°

- A
'
→

. . .

→ A
"

→
. . .

Ker APd- Apis
we define 711° (A• ) =

>

In AP
- 'd- AP

(2) Given complexes A-
•

,
B•
,
C.
•

such that

o - AP → BP → CP → o exact Kp

we write 0 - A-
•

- Boo- Coo- O
.

exact

(3) If 0 → A• - B
.

→ Coo- o exact then

↳ 71P(A•) → HP ( Boo) → HP ( Coo)

Cs HP -111A . ) - H'
→

(B.) - HP
"

(d)

↳ - - - exact
.



Outline of the argument

☐ every sheaf F admits a canonical flabby resolution

o - F - f-
•

→
F'
→

. . . ,
FP flabby

Take global sections .

We obtain the complexI

f-
•

(x) - F'(x) → f-
•

(x) → . . .

Define

Ker F'Tx) - FP"(×)HPCX
,
F) =

Im f-P
-'

(x) - f-Pfxj

III Show this works
.



§ 2. Preparation for the proof - The God-merit Sheaf

Definition Given F-→ ×
. define the sheaf § Fxia

§ Flu) = # Fn
.

.

2- C- U .

This is called the sheaf of totally discontinuous sections
.

Remarks

We define F- off sending

f - Cfa )*⇐u for f- c- Flu)
.

\

We have to → 0/7 injective .
Indeed

,

f = 0 ⇐ f-* = O H H E U
,
see Lecture 23



II. § F is flabby .

Indeed
, for u 2 V

,

Flu) → § Flv) surjective

⇐ IT Fa - ITF surjective , which is clear
a-

2- C- he 2-Ev

II. If o - F - G - FL → o exact then

\

O - G F → 0/9 - 0/71 → o exact

why ? For all u c- ×

open , we
have

o - § Flu ) → 0/9 (a) → of 71 (a) → o exact
.

Indeed
,
this is because

o - ITI - IT 3.* - IT 71*-0 exact

2- EU 2- C- U Tt Ele

which follows since 0 → Fa - Ga - 71st → o exact.



☒ Assume o - I - by → 71 → o exact

exact exact exact

I 2 I
0 O O

o -
É
- I - IL - o d exact

~ ~

~

o → 0/7 - 0/4 - § 71 → o d exact by
1"I

I
- -

v

o - 01¥ - 0141cg - 0/71/7, → od exact

-
v

-

O O O

The last row is exact
.

This can be checked on stalks
.

In the diagram of stalks, the columns & first 2 rows are

exact => 3
'd
now is also exact

.



The canonical flabby resolution

Given I→ ✗ we construct a resolution

(* ) o - I - I
°

- F
"

→ . . .

where FP are flabby tp >_ 0
.

Flow ? Form the exact sequences :

( o) o → F - lot → = % → o

(a) o →
É
→ § É → I

'

= III. → o

l

l

l

GIP -11(
p)

0 - TIP
→ § IP → = t¥p→o

where we define • ¥ =

T.JP
= § TIP = flabby

•
IP " = 01¥/Ip



The resolution (* ) follows by concatenating the above

exact
sequences .

Functionality of the God-meat resolution

ssume o - F- G - Fl - o exact
.

e.g.
0 - F- °
- 5°
-
Ñ°→o exact

.

We show o - It- Typ - FTP
→ o exact +

p .

We use induction on yo .

The case

g- =o
is clear

.

For the inductive step, we use III. & diagram :



0 0 0

~
~

~

- ~
~

o - TP- GP → 71T→ ☐
exact

- -

o
- TP - GP - FIP→ o exact by El

I
~ ~

v
~

o -
¥1> + '→ ÉgPt'

- f)Pt
'

→ ☐
exact

X

o 0 0

This also shows o - TP- TP- TYP- o exact
.

Conclusion

If O - J - G - 71→ o exact

~

o - F.
•

→ G• → 71
•

→ o exact
.

Key Lemma

0 → f-
•

(x ) → G. (x ) - fi → o exact



Proof of the theorem

☐ Go clement resolution

o - F - f-
•

→
F'
→

. . . ,
FP flabby

Global sections

f-
•

(x) - F'(x) → f-
•

(x) → . . .

Define

Ker F'Tx) - FP"(×)HPCX
,
F) =

>

Im f-P
-'

(x) - FP(x)

we verify it works !



Property ☒

WTS H°(×
,
F) = Ker F°(×) F'G) =? F(× )

.

Recall the sequences

✗

p
(o) o - F Cx) - f-

°

(x) - F- ' (x)

r

a) o - ÑCx ) - F'(x) - Ñ(×)

This shows :

✗ inject re

1

Kerry = Kerfs by G)

=
Im a E. F(×) by (o) .



Property ☒

WTS : F flabby => HP (x
, F) =o +

p 21 .

• JP = § IP flabby it
pzo by above

• IP flabby +
pzo ,

É
= F = flabby cgiven)

why .

Induct on yo .

& use the sequence .

o -
F-P
- TP - P"

→ ☐ exact

The
key Lemma shows ÉP flabby ⇒ IP" flabby .

Also by the key Lemma
,
we have

• o -
TIP (x) - f- Plx) → FT> + 'G) → o exact

o → - (x) - f-
•

(x ) - F'(x ) → . . .

exact

⇒ no cohomology HP (x
,
F) =o t

p > s
.



Properly ☒

Assume o - F - G - Fl → o exact

o → f-
•

→ G.
•

→ 71° → o exact

o - F- (x ) - G.Cx) - 7)
•

(x) → o exact

↳
HP (×

,
F) - HP(×

, G) - HP (x
,
Je )

(
HP -1 '

(×
, F) → - - .

Using the facts from homological algebra reviewed

above for

A-
•

= F.
•

(x)
,
B.

= 9° (x)
,

c
'

= 71
•

(x)
.


