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Last time ( Dirichlet Problem)

Given f : 2b - IR continuous
,
define

ucreio, =/
# t Er 't - t ) fceitsdt

,
r , ,

fceio ) ,
r=1

We have seen a harmonic in A & u/,# = f.

We show U continuous in II.

Conclusion u solves the Dirichlet Problem
. in D= Ico

.
.)

.



Theorem U :-D - R is continuous
.

Proof The only issue is continuity over 21 since u is

continuous in A
. being harmonic . We show

1, 'm u Cre
'
'

' ) = fceioo ) t to
.

r→ I

D-→ to

Flaim WLOG 0-0=0

Else
,
rotate ! Let

[(z) = fCe
"

%-)
.
Let I be the similar function

with I instead of f. By the explicit integral a change of

variables
~ ioo

u (2-) = U ( e 2- )
.

Thus u continuous at o_O ⇐ I is continuous at 1 .

Let 0-0=0 from now on
.



Fix E > o
.

We show Ff, 8 > • such that

( s ) / u (re 't ) - u Cr >/ s E if 10-1<8
,
all r

.

(2) / Ucr) - f Ci) I see if first .

Therefore (e) + Ca )
,

& triangle inequality gives

Iu (re
't
) - fc.) Is 3 E t 10-1<8

, per£1 .

=>
him U (re

't
) = f-Cr) as needed.

r → I

* → o

IA
re

•

• oooo

r 1-



Proof of (e)

Since f : 2b - R uniformly continuous
,

let S such that

Ix -
y
1<8 =3 If ( e

"
) - flirt>I se

.

(*)

We estimate

T
T

th (reit ) - ucr) = ÷fpr co - tjfceitgdt - fPri- t) fceitsdt
- IT

- T

T

= g÷ I pre- t) fceit-sio-s.tt/prl-tsfceitsdt
- I

I ÷ I Pre- t) If ceittict) - fceitgydt
-

<e if 10-128 by C* )

E ÷ I Irl- t) alt .
E = E

-

1 by Lecture 4



Proof of Ca )

/Ucr ) - fall = ÷÷ pre- t ) fee
't
) alt - fa)

T

= ÷ f
.

!P, C- t ) fee 't) alt - f Pri- t) finest
- IT

I ÷ f Pre- t) (fecit) - fail dt

If it Is S ⇒ If le
't
) - fer) Ise . by (*)

÷ )! pre- t) (fecit) - fail dt I E. IT, f! Pre- to dt

I E . ÷
,
f Pr l- t) att = E .

C Lectures)

If it l Z f
.

Since f
"

continuous =3 If Is na over 2 I
.

1- !
,
,g,

C- t) (fecit) - fail alt s aan J pre - t ) alt
21T -

- 2T
-

HI>8
E2M
-

2M

I
2M E

TT
-

Tag
' 2 'T = E



We used that

Pr Cst) ⇒ o

'

as r → I
,
in [ 8. it] by Lecture 4

.

Thus zig

Ir Itt) < I t t e [ 8. it] and p Ers 1.
2M

.

Thus Incr) - f- (a) l L 2E . K p Et si.

Corollary The Dirichlet Problem can be solved in any

disc A- Ca
,
R)

.

Why ? This follows via translation & dilation

2- → a + Rz .

mapping
A 10,1) → D. Ca

,
R )

.

We solved the case of I lo
,
,)

.

above
.



Corollary Converse to have)

If u : G - IR continuous & satisfies an VI ⇒ a harmonic

Proof

•

a

Lot a E G
.

Let TL ( a
,
R) E G .

We show U harmonic in

A- la
,
R )

.

Solve Dirichlet Problem in II la
,
R)

.

Let f- = "(ask.rs '

Thus h harmonic in I ( a
,
R)

,

continuous in I. (a. R ) .

&

hlaaca.rs = f.

Let d- = h - u : I ca
.
R) - R.

⇒ Elysia
,
,⇒=o&

OI continuous & satisfies XAVI (because b
, U

olio )
.
Then oI=o

by corollary to ME
"
( Lecture 2)

.

Thus u =L = harmonic '

.

in D la
,
R)

.



IT Convergence of harmonic functions Conway I- 2 .

-
.

The natural notion of convergence for
harmonic functions

is local uniform convergence .

Lemma

1. u .

If Un : G - IR harmonic & Un U then u : a → IR

harmonic
.

Proof Since Un harmonic
=, Un continuous ⇒ u continuous

.

Since Un harmonic =3 Un satisfies XAVI
.
Let Isla

,
R) EG

.

2T

un Ca ) = ÷ fo un (at Reit ) dt

Make n → is
.

\

u ca) = ÷
,
f!
"

u ca + re
't soit

=> re satisfies M VII
.

⇒ U harmonic
.



We have stronger results

Harnack 's Theorem Lat un : G - IR harmonic
-

and

Ur E U2 E - - -
f Un I - - - in G

.

Then either

e. U
.

(1) Un ⇒ U & U harmonic
.
or

e. u
.

(2) Un =3
is

.

Remark If a
,
I 02 I . . . I an E . . .

are real numbers
,

then

(e) an → a where a = sup an six or
.

n

(2) else an → is


