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April 9, 2021



1
.

Harnack 's Theorem Lat un : G - IR harmonic
-

and

Ur £ U2 E - - -
f Un I - - - in G

.

Then either

e. U
.

(1) Un ⇒ U & U harmonic
.
or

e. u
.

(2) Un =;D .

Remark If a
,
I 02 I . . . I an E . . .

are real numbers
,

then either

( e) an → a c is

(2) an → is



Remark Harnack Inequality ( Lectures)

rt : G - IR
,

U Z O
,

harmonic
,

-

I Ca
,
R ) E G

.

'F IZ - al =r s R , then

R- r Rtr
v ca)
-

I ✓ (z ) s Vla ) -

Rtr R- r

x

Z

:

RtrIf re % .

⇒

In
E3

, f-I
Rtr

-

If 2- E a (a
, Rz) then I v Ca) I vcz) I 3 Uca ) .



Proof of Harnack 's theorem

~

WL OG Un Zo
.

else work with Un = Un - U, Z o

step 1 Pointwise
convergence .

Since { Un (Z ) } is non decreasing it 2- C- G ⇒

⇒ either Un (Z ) → is or Un (z) → U CZ) for some UCZ ) L is
.

Let A = } 2- E G : Un (z ) → is} =3 An B = OI, A UB = G
.

B = } 2- E G : Un Cz) → U IZ )}

It suffices to show A
,
B open .

Since G connected =,

A- = G or B = G
.

Let a E G
.

Let II Ca
,
R) EG

.

Let 2- E II la
, Rz) .

⇒ J un Ca) E Un (Z) I 3 Un Ca)
.

If If a E A =3 Un la) → is
.

=3 Un Cz) → is
. =3 2- E A

=> a (a
, Ry ) E A .

=3 A open

It If a E B => Un la) → u ca) < is
.

=> Un (Z ) → u CZ) < is => 2- EB
.

=> a (a
, Ry ) E 'Be

.

=3 B open .



Step 2 Local uniform convergence

Let a E G
.
Let I ca

,
R) E G .

We show uniform convergence
in

a (a , Rz) . We have two cases :

III Un (a) → it
. => t m F N : Un la) I 3 M for n z N

= > Un (2-) I § Un Ca) Z M t n IN
,

2- C- I (a , Tad) .

=> Un I D 'is I (a , 'z) .

④ Un Ca ) → U Ca )
. Fix E > o

.

Since { un Ca)} Cauchy

=3 F N : o L Un Ca) - Um la) L E- t n z m z N
-

3

=> of Un (Z ) - Um CZ) s 3 ( Un Ca ) - um ca)) L E t n z m IN
.

Make n → is => O E U CZ ) - Um 12 ) E E t m IN
,

2- E A (a
, Bg)

.

=3 Um =3 U in a (a
, Rz) .



2
.
Subharmonic Functions Conway I. 3 .

SH functions share
many properties with harmonic fins

.

Definition y : C. → its continuous
,

t a E G
. F Is (a. R) EG.

y ca ) E at J!
"

y ca + reit) alt
t o Er ER

then y is called subharmonic
.

Super harmonic functions satisfy the opposite inequality .

Remark

II y subharmonic => - y super
harmonic

④ y
harmonic =3

y
sub/super

harmonic

TL y is Cd & I y Zo
= , y

subharmonic
.

This is HWK 2
.
Problem 1

.



Analogy with l real variable

A = gig + gigs a gig c , variable )

" "

harmonic idgaf = o =, a linear
,
U = axtb

.

2
" " 22hC sub harmonic

- Z o → U convex

2×2

11 11

C
'd

super
harmonic {Us I 0 =3 U concave

2×2

•

linear

I Mean value inequality becomes

✓ a fatal) ± ucab )
I 2

I
convex U

l

l

l

l

l
l
l

a atb b

2



Properties of subharmonic functions

(n ) similar to harmonic functions

(2) new properties

1) Maximum principle y : G - IR subharmonic

ME : If y : G - IR SH and achieves a maximum at a EG

⇒ of constant
.

MIT: IF y n

. G → IR SH and t a E FuG
,

lim
sup plz ) E O =3 Y Lo or

y = o in G
.

2- → a

Corollary y : I→ IR
,
G bounded

, y continuous in E
,

subharmonic in G
.
4/26 I 0 . Then y Lo or y = o

in G
.



(2) New Property

Y, , Cfa subharmonic =3 if =
max Cy . . 42 ) subharmonic

.

Proof of continuous If a E G
. ,
we can find R . . R, with

2T

Y, Ca ) ± ÷ /
,

y, Cat reit) alt z ÷ ycatreitsdt tree,

y, Ca) s ÷ f!
"

ya Caxreitsdt I ÷
,

ycai-reitjo.lt trek,

For R = min (Rn , R2 ) , r L R we have

2T

f la ) = max Cy, Ca ) , gala)) I ÷ f
.

y Ca + reit ) alt

=> y
sub harmonic

.



New Property ( Poisson Modification /Bumping )

Y subharmonic ⇒ Y subharmonic

Construction Lat y be subharmonic
.

Let Ila,r) EG .
Let f = 912£

.

Y

G Let h be the solution to Dirichlet in a
,

f-

h boundary value f =, h/z±=f.

Define

F =/
Y '

'

n a , ,I

q in I
.

n one variable

:



Claims

I y ' 5

§ subharmonic

CI y E y ⇒ Is I,

we will
prove

these statements next time
.


