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Homework 3 posted . There are 6 questions .

Questions 2 - 5 are about the Dirichlet Problem
.

Last time ( Poisson modification / Bumping)

• y : G - IR subharmonic

•
TI E G closed disc

• f = of Iza -

• Solve Dirichlet Problem in II :

h continuous in -1
,

harmonic in D
, h/z⇒= f.

• Let j =/
Y '

'

n c. its

h in I
= > F cont .

9
y
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en
q

in 1122 in IR
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Proposition Conway 3. 7-
+

I T E T

§ subharmonic ( HWK 3)

II y, s y,
subharmonic ⇒ F. E Ja .

Proof 12 Since y = f in G - I
,

we only need to
prove

ye
h in I

.

Note that
y - h is subharmonic (y satisfies

MV - inequality ,

h satisfies MV - equality ) . Nok

Y
- LI
, ,

= f - f = o
.

By Maximum Principle of
- h I 0 in I

,
as needed.



Let f. =p. . for =p .

21 2

21

Let h
.
.
oh
,

i. Is - IR solve Dirichlet Problem

with boundary values fr . fa .

~

To show Tf, E ya ,
it suffices to show h

, I ↳ ins.

Note h
,
- by harmonic in S

,
continuous in IS

b
,
- ha = f, - fa =p, - 72 to

2A
21 21

By Maximum Principle , h, - ha Eo in I as needed
.



Question How do we construct interesting harmonic functions ?

Methods II U = Re f, f holomorphic

④ Poisson 's formula /Dirichlet Problem ,
G =D

city Perron method

Idea behind Perron 's method variable

A-

Let
y

be a convex path joining A. B .

Note y I U
where u =

line
.

U

Note

y
U (Z) = sup { plz ) :

if convex as above}
.

B

We wish to extend these observations to R?



In IRL : G E Q bounded
,
f : 2 G - IR continuous

• Perron family

P (G. f) = { y : a → R subharmonic ,

Iims
up 412 )

s f-Ca ) t a E 26
.}.

2 → a

• Perron function U : G - R

U CZ ) = sup { y Cz) , y EP (G. f )}

Question s the Perron function well- defined ?



Remarks II PCG, f) =/ ET.

Indeed
,
26 compact , f cont. => m E f E M in 26

.

Then y = m is in PCG
, f)

.

TL u is well - defined.

Since f s rn , we have

1.m sup y Cz ) E
m t a e as ⇒ y I am by ME

2- → a

=) u Iz) = sup f y Cz)) E ''n
.

~

y e PCG
.
f) => y E P

.

(G. f)

-

Indeed
, Y subharmonic (see Proposition) and

y =of near

a E 2 G so

1.m sup f Cz )
=/'m sup y Cz) s fla) .

2- → a
2- → a



Theorem Conway 3.11.

-

he Perron function re is harmonic

Proof Let a E G
,
II E a a disc around a

.

WTS U harmonic 'in D
.

Step , Find functions yn EP (G. f) with ya la ) - u ca ) .

This is possible by the definition of u .

W L O G we
may assume y, I 42 I . . . I 4ns . - -

why ? Else
, define

-

y!
"

= max Cefn , Ya - - - Tn ) .

he w

By Lecture 6
, Properly (2) , y. E

P (G. f)
.

Note that

ynnew Ca) - u ca) as well and that

yin 's qiews . . .
s qiews . . .

We drop the superscript
"

new

"

from now on
.



I

step 2 W LOG We
may

assume

7, I 72 I - - . I 4m£ . . .
are harmonic in

.

Why ? Indeed
,

I

§, I 52 I . . . £ ins . . . ( see Proposition above )

~

and in c- P (G. f) by Remark /It . Note ya are harmonic in A-
.

Furthermore in /a) → u (a) still holds .
Indeed

,

{
Proposition
y

definition of u as

supremum

Ymca ) £ in (A) I U Cat)

Thus yn (a)
→ Ula) ⇒ In lot) → Uca )

We can work with the functions in instead of the Yn 's .



Step 3 By Harnack 's convergence

Tfn in A
, for U harmonic

.

We noted that Fala ) - u ca) < is so the possibility

In is in Harnack is not allowed.

Note V Ca) = uca ) .

Goal We show = u in I
.

C not only at a ) .

This will show u is harmonic
,
as needed
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Step 4 Let y E E
.

We show VCy ) =ucy ) .

Let Yen E P, Uncg ) → ucy ) . . possible by definition of u .

W LOG Y n s 4h

Why ?
4!

- w

= max ( yen . yn )
= subharmonic ( Lectures) .

We still have 4!
-

we PCG
, f) .

he w new
Bonus

Cfn ( a ) → u ca ) & yn (y ) → u Cy ) .

Why ? We know Y n (as → Uca )

=) lfnnewca ) → u ca )
.

new

f n 's 4h E u

} \ definition of u as

supremumL

def. of yen
's - w

The same argument works for y ,
with yen instead of yn .



We run the above Steps for 4. . 42
,
. . .

Steps 4, I 42 E - - - I 4ns - - -

Steps Tu
,
E Tua z . . . E Tun 's . . .

harmonic in a

~ e -
u

.

Step 3 arrack yen I. V in A
.

Step 3 Bonus

t
- 1

Claims II V ly ) = lim 4. Cy) = u Cy)
n → us

step 3
Bonus

, s

IBI ✓ Ca ) =
1cm In Ca ) = u ca)

n → is

step 3 Step 3
'

s s
II U (z ) = lim go.cz ) ± 1cm In Cz ) = ✓ Iz)

using that yn ± yen and In E In .



Conclusion

We know U - V s o in s by II

U la ) = u ca ) = VIA) ⇒ (U -T) ca) = o .

I E -

steps II

f f
harmonic

By Max. Principle => U - V E o .

{
⇒

In particular, U Cy ) = V ly ) = u Cy ) .

Since
y E A is arbitrary =, U Eze

,
as needed.



Oskar Perron (1880-1975) Was a German

mathematician
.

He brought contributors to PDE 's
,

known for the Perron method.


