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Plan - short discussion of Dirichlet Problem

- beg .in Chp Xl - Jensen 's formula

Last time G bounded
, f : 26 - IR continuous

• Perron family

P (G. f) = { y : a → IR subharmonic
,

Iims
up 412 )

s f-Ca ) t a E ZG
.}.

2 → a

• Perron function U : G - R

U CZ ) = sup { y Cz) , y EP (G. f )}

•

Theorem

-

he Perron function re is harmonic



Question Does the Perron function solve Dirichlet Problem ?

What is the issue ?

We know u is harmonic in G
.

We need to show 1am u CZ ) = fca ) t a E 3G .

2- → a

Answer (HWK 3
,
# 2) NO !

If G = A co
.
') i fo } , we show that the Dirichlet

Problem does not always admit a solution .



Better answer n special cases, it does ?

Terminology differs from Conway I. 4)

Let a be bounded
.

Let a E 26
.

W : I → 112 continuous in G-
,
harmonic in G

,

w (a) = 0
,
w > o in 26 h } a}

co is said to be a barrier at a
.

The terminology is due to Lebesgue .

Example +WK 3
,
He 5) Many reasonable domains

satisfy this definition
.

For instance
, if F l segment

l n G- =3a} then there is a

b

""" " "



Theorem The Dirichlet Problem can be always be solved in a .

⇐ t a C- 26
, F barrier at a .

The Perron function solves the Dirichlet Problem .

Remark
"

=3

"

HWK 3
,

# 4

!=
"

A proof is given in the Appendix to the lecture
.

& video on Canvas
.



§ 2 . Jensen 's Formula

f- : G - e holomorphic , f nowhere zero in G
,
I co,r) EG.

Recall from NWK l

G

Mean Value Property for log 171 gives
I

25

log ifcost = ÷ f
.

log if Cre
''t
> I alt .

Question What if f has zeroes ?

The Zeroes of f will give
corrections to the formula .



Theorem f : G - a holomorphic , I co , r ) EG. . f co) # o .

Let a
. .

. . . . aq
be the Zeroes off in Ilo.rs .

Then

log 'f'oil + &
. .

log ÷, = IT [
"

log ifcreitsidt .

Proof Shrinking G
,
we

may
assume G = I lo

,
R)

We
may

assume r =L . Indeed, otherwise let

fnewcz ) = f (rz) defined in G

" - "

=D (o
, RT ) ? Ilo, ' ) .

When f is holomorphic in a co
,
R) z I co

,
')
,
we show

log 'f cost - §
,

log last = 2¥ [
"

log lfceitsldt . c*)



Proof of C* ) Let

• a
, , . . . , ah

be Zeroes of f ' in I =D (o
,
s)

• by
,
- . -

, bm be Zeroes of f on 2 I
.

Recall ya : I → F-
,
2A → 2A

, ya la ) = £-2 .

I - a-2

am

Let F Cz) = f CZ) TY
ya
,

.cz ,
- IT bi

j= , j = ' bj - 2-

Note that F has no Zeroes in II. & in fact in a

neighborhood of E . Note

F- Co ) = f- '"/ C-
aj)

I⇒

By the
previous observation applied to F

log IF lost = ÷ f!
"

log IF Ceitsl It . ( s)
.



By substitution ,
we find

k

log ItCost = log lfcosl - I log lapel (2)
j=n

log le Ce
''t
> Idt = log if ceitsl alt

q
f

0 (see below)

-

§, loglyajeitsldtocda.my
m

2 IT
!

+ [ I log
bi

alt

j -- n
u

bj - e
't

= log lfceit >Idt . (3)

Here we used Taj
: 2 A → 2 I so that

l Ya;
(city =L = > log lyajceitsl =o .

Jensen 's formula follows from le)
,
(2)
,
13)

.

21T

Claim's f b

log olt
= o t t b 1=1

.

°

b - eit



Proof of the claim Let b = e
"

? Then

1.
"

e.g !÷ at =/
.

"

eagle:÷.

+fat

=/!
"

log a.)at d
t → to

25

I
= f log- dt

°
ly - e 't I

7

= - f!
"

log Ii - e
't I alt

'

= o
.

We note that

2

I 1 - e
't/ = ( I - cost)

'

+ sin't = 2 - 2 cost = 4 sing .

We need to show

t = 2 U

J!
"

log/a sin ta/ alt = o ⇐ s

⇐> fo
'T

log 12 sin w/ d u = o

⇐ f! log 2 du → fo
"

log sin u du = 0

⇐ fo
'T

log seen u du = - it log 2 .



Calculation f! log s.nu du = - T log 2 .

Convergence

U = IT

f! logs .nu du ± f! log u du = u tog u - w/ so .

U = 0

This uses 1cm a log u = o
.

U→ o

Evaluation

U = 2M

I = f! log s.nu du et

S in 2 V = 2 Selby COS V
.

= 2 /
.

log sin are do
=
d

= 2 f! log a do +2 / log sent dirt 2 log cos odor

I

= it log a + 2/ logs involve + 2 log sin (Ig + o) dr

= I log 2 + 2 /
,

"

log sin re do

= IT log 2 + 2 I ⇒ I = - T log 2.



Johan Jensen (1859–1925) was a Danish mathematician. He pursued 
mathematics while worked as a telephone engineer. 

Jensen found his formula while unsuccessfully trying to prove the Riemann 
hypothesis. 

He is also known for Jensen’s inequality (about convex functions).

Acta Math 1899, volume 22


