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• day - Poisson - Jensen formula

- Application of Jensen

-
Order of entire functions

Last time

• f : a → IR holomorphic, fco ) fo , I co, r ) EG

•

a. s - - - saga all zeroes off in ⇐ copy .
w/ multiplicities

log 'F'" I + §
. .

log ÷, = II. f log ifcreitsidt .

Question tow about values not at the center ?



§ 1 . Poisson - Jensen formula

We generalize both

- Jensen 's formula & Poisson 's formula

\

Theorem Let f: G - a holomorphic , II co, r) EG, 2
.

C- Bloor)
.

fczo ) # o .
Let a . .

. . . . an be the Zeroes off in A co
,
r )

.

Then

logifczosi-E.bg r!!!!! , =÷, Rer! zo.eogifcreitsi.it
- -

contribution from Poisson kernel

Zeroes
( Lectures 3 & ↳ )

Remark III When 2-
•
= 0

,
we recover Jensen 's formula .

- tf f has no zeroes , this becomes Poisson 's formula

for the function log Ifl. , which is harmonic in this case
.



Proof w Loa r =p .
Let I = A co

,
I)

.

WTS

loglfczosl t log
'

ha! =÷, Re
e

zo.bg/fceitsidt

Idea of the proof Recenter 2-
o
to o

using
Aut I

.

I
I

L
,
M : I - D

L

>
•

• L (w ) =
W -120

o
-

-

2-
o

-

M 1 + W 20

rn (w) = W - Zo

l - WTO
Note L

, na are inverses d L co ) = Wo
.

Let f-= fo L . Apply Jensen fo I
.

Claim ero es of F is I are an (a
.
)
, . . .

an fan )

Proof
?
Cz) = o⇐ f L 12-5=0 ⇐ LCZ) = aq

⇐S 2- = an L Cz) = An lag ) .



By Jensen for F :

log Flo ) + ⇐ log ÷,aa , = # log IFC -
is
> Ids

n
-

2T

⇐ log IfCao >I + [ log
l - ak2o I

k= '
az - zo

=

It f log If@ (eisDI dos by
0

We change variables e
is
= rn (e'

't
)
.

Then

f CL (eis)) = f Lm Ce
't
) = f Ce

't
)
.

Furthermore
,

ds = Poisson kernel . It.

This was

proven
in Lecture 3

,
Ma, in Flair's

.

Thus RHS of Ci) = ÷ f!
"

log lfceitsl . Poisson kernel . dt .

With this observation
,

Cn) yields Poisson - Jensen .



§ 2 . Applications of Jensen

f : G - a entire
, f co ) = 1

.

• an CR) = sup Ifc2- It =growth of f
12-1=12

• N Cr) = # Zeroes off in A co
,
R) with multiplicities

Apply Jensen in D. Co
,
3 R ) :

21T

log 'fcost + I log 33
.

- g÷ f
.

log lfcspseitsldt
- lapel 2312

0

I log an CSR)

⇒ log an Csr) I [ log 3a÷ + [ log
'R

an
lapel<R RE lapel 4312

NCR)

Z E log 3 + [ log 1 = NCR) log 3 > NCR) .
k =p R E lab Is 312

Conclusion N CR ) s log M CSR) .



What do we learn from this ? z correlation between

• growth of entire functions MCR)

•

distribution of their zeroes NCR )

The higher the N, the higher the na Cat R 8312 )
.

Prototypical Example f polynomial, deg f-=D

• N (R) =D if Rs> o by Fundamental thin Algebra

• An CR) ~ Rd.

Thus log MCR )
→ d. as R → is

log R

The converse is also true .
If 1am log MCR)

- - =D ⇒
R - a

log R

=, log MCR) L Cdt 's log R for Rs> o

⇒ IFCHI L l2- Idt ' for 12-17 > o =, f polynomial by

Generalized Liouville .
C Math 220A

, HWK 4
,

Problem 3)



§ 3 Order of entire functions

f : e - a entire
.

We first consider

M (R) =

sup
i Fez , , f

growth off

12-1=12

Goal We want to measure growth of entire functions

such as

II polynomials

-

2- £2 23
e
,
e , e s - - r s

ML e
-

2-

,

eee! e - ee
't

- - i

n

Case ITI We have seen

↳
of
^^ (R )

→ d & conversely .

•

g
R

This quantity is a good measure ofgrowth but only in this case .

11

Case 122 The examples in ④ roughly speaking grow like

"

e

Po'd"" ""! For those
,
we need one log to get the exponent,



and one additional log to use the measure in D
.

Case III. These examples grow very fast , and
we will

have less to
say

about them
.

Case ⑤ motivates the following :

Definition ( Conway Xl. 2. 15)

Let f : a → a be entire
.
The order of f is

X =
leroi
sup log log MCR)

.

R → is log R

This
may

be infinite .



Examples

I We have a Cfg) Imax (Acf), 11g )) (HNK 4)

Tcf+g) E Max (Tcf) . Hgs) .

f = e
±

, oleg I =D = > order Cf) = d = deg E

( exercise)
.

2-
e

f- (2) = e = , order Cf ) =D
.

(exercise)

III f (Z ) = cos 2- , sirs 2-
have order 1

( HWK 4)
.

f-(2- ) = cos Fz has order I


