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§ 1 . Jensen 's Formula ( Conway ✗ 1. 1)

f- : G → a holomorphic , f nowhere zero in G
,
Ilo,r) C- G.

Recall from 1-1 WK I

G

Mean Value Property for log 171 gives
I

21T

log 1 flo > I = ÷ f. log If Creit) / alt .

Question what if f has zeroes ?

The Zeroes off will give
corrections to the formula .



Theorem f : G - G holomorphic , I co.rs c- G.
, fco) =/ o .

Let a
, ,

. . . , ay
be the Zeroes off in lo

,
-1

.

Then

he
2T

log 1 -11071 + [ log ÷. ,

= ÷
,
/

☐
log lfcreitsldt .

j=i

Proof Shrinking G
,
we

may
assume C- = lo

,
R)

We
may

assume r = 1
.

Indeed
,

otherwise let

f-
new

(2) = f (rz) defined in G

" - °

=D (o
, Bg ) ?- Ñ 10,1) .

When f is holomorphic in 10,12) 2 I 10,1)
,
we show

~
2T

log lfco> I - [ log last = 2¥ |
,

log lfceit)/dt. (* )

k = ,



Proof of (* ) Let

• a
> , . . . , 9k

be Zeroes of f ' in
= (0,1)

• b
, ,

- . -

, bm be zeroes off on 2 ☐
.

Recall ya : I → 5-
,
2 → 2D

, Ya 1£ ) =
£ - a
-

I- a-2-

bjLet F (z) = f- 1£) %
yag.cz )

- TT
j= , j= ' bj - 2-

Note that F has no zeroes in 5-
.

& in fact in a

neighborhood of F- . Note

f- (o ) = f '"# C-
aj)

J=s

By the
previous observation applied to F

log /Flo>I = ÷ f?
"

log /Fceit ) / alt . ( o) .



By substitution ,
we find

k

log 11=1031 = log / fcosl - [ log lapel (2)
j=^

2T
21T

f. log /Fceit ) / alt = f. log if ceit)/ alt
0 Csee below)

Fe 2T

- E f log lyajeitsldt
j ⇒ o

° ( claim)

m

+ [ bj
log dt

j=n bj - e
't

= log lfceit )/ alt . (3)

Here we used yay . :3 ☐ → 2 ☐ so that

I
yaj (
eit)/ =L = > log /yajcéit)/ =o .

Jensen 's formula follows from (e)
,
(2)
,
(3)

.

cla.info
"

b

log
b- eit

dt
= 0 * 161=1

.



Proof of the cla.in Let b = e
"

? Then

s: eog /log
b

b - ait

elf
= g.

• i

-

e
"
- eit/alt

=L
"

"
J/÷.tn/dtdt-.t+a

=L
"

log 1- dt

17 - city

21T )

= - f
.
log Ii - eitldt

'

= 0
.

We not that

I 1 - eit/
"

= ( I - cost)2 + sin't = 2 - 2 cost = 4 sin
?I
2

'

We need to show

t = 2h

E log/2 sin 1--2/ alt =o ⇐ >

I

⇐> /
☐

log 12 since/ d u = 0

←→ f? log 2 du → fo
"

log s.nu du = 0

⇐ [ log sin u du = - it log 2 .



Calculation I? log sin u du = - it log 2 .

Convergence

u = 'T[logs .nu du ±[ log u du = u log u - u/
u= .

< is
.

This uses 1cm U log U = 0
.

U→ 0

Evaluation

U = 2T

2
I = [ log s.nu du =

Sin 2 V = 2 Sin → COS 11
.

= a f.
%

log • in art do
=
d

=L

= 2 J log 2 do + 2 / log sent dirt 2)
,

log

cosrdv.tk
"Ta

= it log 2 + 2|
,

logs involve + 2 f. log sin (Ig + a) dr

= 'T log 2 + 2[ log sin v. do

= IT log 2 + 2 I ⇒ I = - it log 2.



Johan Jensen (1859–1925) was a Danish mathematician. He pursued 
mathematics while worked as a telephone engineer. 

Jensen found his formula while unsuccessfully trying to prove the Riemann 
hypothesis. 

He is also known for Jensen’s inequality (about convex functions).

Acta Math 1899, volume 22



Outcome

k

log /fist + E log I = ÷
,
go
"

log lfcreitsldt .
j=^ lajl

Question tow about values not at the center ?

-



§2. Poisson - Jensen formula

We generalize both

- Jensen 's formula & Poisson 's formula

1

Theorem Let f: G → a holomorphic , Ñ_ lo
,
r) EG

,
2
,

C- JACO,r)
.

f (2-0) =/ 0 .
Let a , ,

- . . > an be the Zeroes off in Co,r) . Then

n 21T

log 1-712-011 + E log
"
- Tk "

+ £ .
=¥ f. Re

reit
- log lfcreitsldtk=s r ( 2-

o

- ar ) reit
- 2-

☐

-

c•n,om Poisson kernel

1 Lectures 3 & 4)Zeroes

Remark II. When 2-
•
= 0

,
we recover Jensen 's formula .

- If f has no zeroes , this becomes Poisson 's formula

for the function log 171. , which is harmonic in this case
.



Proof W LOG r = 1 .
Let = (0,1)

.

WTS

n 21T

log 1-712-011 + E log
/ - oik "

= ÷
, f. Re

eit
+ £0

. log lfceitsldtk=1 2-
o

- ab
e.
it
- 2-

☐

Idea of the proof Recenter 2-
☐
to o

using
Aut

.

☐

L
,
M : - D

L

>
•

• L (w ) =
W -120

o
-

-

2-
o

^^ 1 +WI

Ns (w) = W - Zo

l - WIO
Note L

, na are inverses & L Co ) = Wo
.

Let f-= -102 . Apply Jensen to §
.

Claims eroes of § in are Mla
,
)
, . . .

^^ Can )

~

Proof
"

(z) =o←→ f 212-3--0 ⇐ < (z) = aq

⇐> 2- = an L (2) = An lapel .



By Jensen for § :

21T
n

log Flo ) + [ log 1-
^^ can

= 2¥ |
,

log 1Fleiss / ds
k=1

n 2T
-

⇐> log ifCao )/ + [ log
1- ak2o I

=

I f. log / f(L(eisplds.lkk=n
az - 2-o

,

"

We change variables e
is
= ^^ (est)

.

Then

f CL leis)) = f Lnn (eit) = f ce
't
)
.

Furthermore
,

Is = Poisson kernel . It.

This was

proven
in Lecture 3

,

Main to/asim
.

21T

Thus RHS of (e) = ¥ f
,
log /fceit)/ . Poisson kernel . dt .

-

With this observation
,

Cn) yields Poisson - Jensen .


