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Distribution Cgrowth ) of Zeroes§ 1
.

Assume f has Zeroes at

la
, / ≤ Iaa / ≤ . . .

≤ Ian / ≤ . . .
. an → is

, an =/ 0

Several quantities attached to growth of zeroes :

☐ rank =p

ÉThe smallest integer go such that
.

- = ,

÷p+ , < is

If such a p doesn't exist
, p = is

.

☒ critical exponent ( HWK 4 , #5)

✗ = inf{ t > o : [ 1- < •} may not be an integerlar.lt
.

p -11P
-00 • • •

t t

a 1
1

?divergent series convergent series

Thus by d-f-nihon
p ≤

a ≤p -11 .

If ✗ ¢ ≥ then ✗ determines
up uniquely .



N CR) = # Zeroes in cops) with multiplicity

☒

Fact ( we will not use /prove )

✗ = /im sup log NCR)
R → is

log R

*

Example Let an =n3
,
n > o .

then

NCR) = # {n : is < R} ~ R'↳ ⇒ log NCR)
→ ÷

log R

Note

[ ¥ < is ⇐ 3T > I <⇒ t >f- so ✗ = } .

harmonic

Series

Upshot We have defined the following quantities

measuring growth /distribution of zeroes

N (R)
,

d
, P .

Note NCR) determines a
,
a determines

go if
✗ ¢-21

.

Best for us : go for h to be defined next)
.



Small variation - Genus of an entire function

Let f has zeroes at an , ☐
2 . - - , an , - - - ,

a
q
=/ 0

.

v0

where { an } has rank p .

⇒ I 1-
/ an /

1- → ,
< is

n =3

Recall Weierstrass Factorization

N

m got>
ITf (2- ) = 2- e Ep(÷) -

n = 7

Recall

{
1- 2-

, p =D

E (2- ) =
P

P
(I - 2-)

exp (2- +
2-2
I

+ . - - + 2) . p > o

p

Define

max Cp, g) if g polynomial of degree g
h = genus (f) =\

• if g not polynomial or p = is
.

1

If the exponential es doesn't appear then h
=p .

In general psh .



Example ( Math 22013 )

sin 2- = 2-
IT/, - 2-2 factorization of sine .

or = ,
¥2)

Rewrite this as

sm£=£ (i - ÷
.
)e%÷ f. + ÷, )é%"N = I

=£
I E. (E) E. f-÷)
N = 7

⇒
g
doesn't

appear .
Thus

genus
h
=p .

The Zeroes are at hit
,
n e 21 . We want

1-E
n #☐

In,/
1- + '

< • ⇐ Pt ' > 1 ⇐ p > o .

Thus the

↳
harmonic series

smallest
p equals 1 .

The
genus of

2- → sin 2- equals 1
.



§ 2 .

☒existing the Main Question (now made
precise)

=stablish relationship between

{ Growth of f) → { Growth of zeroes}
T

-

measured by > measured by h =genus .

Answer Theorem (Hadamard)

h ≤ > ≤ h +1

Remarks ☐ IF 7¢ 2 then 2 determines h uniquely .

If eˢ doesn't appear then
h
=p

so in this case .

p ≤ i. ≤ p+ '

til we have
p ≤

h ≤ 2 so the order bounds

the
p

in the Weierstrass Factorization .

The statement that

we can take
p ≤ is called 7-lad amaral Factorization .



Remarks The theorem doesn't assume h
,
a finite

.

1

If one of them is infinite ⇒ so is the other
.

These ideas played an important role in

Hadamard 's
proof of Prime Number Theorem . (1896)

conclusion 7 connections ' between

log /og MCR)
• MCR ) and 7 by definition 7 = /imsup

R → is

log R

• N CR )
,
&

, p
as we saw above

• 7 and h = max Cp,g) via Hadamard h ≤ i. ≤ his



Jacques Hadamard (1865 - 1963)

Proved the Prime Number Theorem
.

1

Advisor : Emile Picard
.

Students : Maurice Fréchet
,

Andre
'

Wei/
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§ 3 ftp.p/icatrons - Picard 's Theorems (weak versions)

To illustrate the
power of this

result we show :

Application A Conway 3. 6)

f entire & not constant & finite order

⇒ f omits at most one value .

Remark Little Picard removes the assumption the order

is finite .

Proof Assume f omits a =/13 .

Define

fⁿ
"

=
f- ✗ omits 0 & 1

.

P - &

Since f
""

omits 0 = > fⁿw=e ? & f
new

omits I

⇒

g
omits 0 Since order Cfnew ) = order (f) < is

⇒ genus of f
" "

is finite by Hadamard. =>

g polynomial .

&
g
omits 0

,

⇒

g
= constant ⇒ f constant. False !



Easy observations ( used above)

☐ I ≥ o

/£ /
" + E

We have seen 17-12-31 ≤ e if 12-1 ≥R
,
last lecture

.

If I < ◦ ,
let E > 0 with a + E. < 0

.

Then / Fez ) / ≤ e'
£ /
°

= e

for 12-1 ≥ R and 'Fcz) / ≤ M for 12-1 ≤ R by continuity .

Thus

f bounded => f constant ( order 0) .
Thus 2>-0

El f & tf have the same order + • =/ ☐

{
HWK

Indeed 7 ( ✗ f) ± max ( Ita)
, Icf )) = max (0,2 CFD = > (f) by
[
the
previous line

similarly > (f) =3 ( ✗ f. £) I 7 (✗ f) .
Thus 71f) =D Iaf)

.



f & f- ✗ have the same order
☒

Same proof as in using
sums versus products

f & If have the same order * Is polynomial .

yifdegp > 0 .

We have f ≤ Pf if 12-1 > > o => 7 Cf) ≤ 7- (Pf) .

£
HWK ↳ FL

Also ] ( Pf ) ≤ max (> (P )
,
Icf)) = maxfo , > CFD = Dsf) .

Thus 7 (Pf) = Dcf)



Application B

f entire of finite order & 7¢21 ⇒ f assumes each of

its values infinitely many times .

Remark Great Picard strengthens this result .

Proof Let a be a value off. Define f-
new

= f- a. We

show f.
new

has is _ many zeroes .

Assume f
""

has

n

finitely many zeroes a , , . . . > an .

Let P = IT (2- - ab ) .

Then

Ta =3

f-
new

/I has no zeroes so it equals EJ. =>

=> f
""

= Is e ? Note by previous remarks we have

order f = order f
" "

= order e& < is . ⇒ genus
< is

=>

g polynomial & order (es ) =deg g E 21
.

=> order if] C- 2

contradiction
.


