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April 25, 2022



§ o . Last time Conway ✗1.3
.

f : I → a entire of order , f ≠ 0
.

f- (2- ) = 2-me 91£) 1% Ep (÷) . yo
= rank of )

.

N = 1

genus
he = max Cp, deg g) if g polynomial or is otherwise

.

Hadamard 's Theorem 11893)

h ≤ a ≤ ʰ+ .

Plan for the Proof of Hadamard h ≤ I ≤ h + I

r

☐ I ≤ his c today ) .

I h ≤ > - p ≤ a c today ) .

oleg g ≤ a cnext time )
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§ 1
.

First half of Hadamard

WTS I ≤ h +1 (* )

WLOG L finite ,
else we're done

.

Key Lemma

log /Ep ( w ) / ≤ Cp 1W/
" + '

for some Cp > °
.

-

Proof of (* ) WTS I ≤ h -11
. .

ⁿeˢ ITRecall f- (2) = 2-

n

Ep (÷)

Recall order (ut) ≤ Max (order u
,
order or )

.

Recall order (2-
m

) = 0 ≤ h + I

order (es) = degg ≤ heh -11 .

We show order#Ep (In ) . ≤pit .

≤ h -11
-

n



Note

log IT Ep (In ) . = ? log Ep /÷)
n

Lemma ↓

≤ Cp § /In/
""

= k / £/
'"'

where K = Cp [
1-
/an /

Px,
< 8 .

Thus order ≤p -11 , as
needed

.

Remark (will not prove /use )

ITorder

n

Ep (÷n ) . = ✗ ( exercise in Conway ) .



Proof of Lemma

Recall
Ep (w ) = (i -w) exp (w + ʰ→ . . . +

UP

F)
.

We induct on p .

When p = 0
,

log 11 - w / ≤ log fi + Iwi) ≤ In/ so take co = 2
.

Inductive step

☐ When 1W/ ≥ 1- : Nole

P

Ep (w) = Ep _ , Cw) exp/%)

⇒ log /Eplw ) / = log / Ep -, to > I + log exp (YÉ)

≤ cp , , lw/
P

+ log exp ref,÷)

= Cp _ , /w/
P

+
Re (¥)

≤ Cp . . /WIP + /YI/ =/g.→ +f) 'wt
'

≤ 2 (cp _ ,
+¥) /WIP

"
since /w/ 7- 2- .



I. When /w/ ≤ £ .

Note

Ep (w) = (i - w ) exp (w + w÷ -1 . _ . + w¥)

W
P-1
'

w
p -12

=

exp /- - -

-

P→ ' p +2
- - - - )

using Taylor expansion

log G - w) = - w - WI- . . .
_

wk
g-
-

- - - for 1W/ < 1 .

Then

WP -12

log /Eplw ) / = log/exp /- w
'"
'

-
-

Fa
- - - - )1- → I

= Re W P
-1 '

p ,,

20
P-12

-
-

._ _ . . . )P -12

≤ _

WP "
'

w
p-12

- -

-
- . . .

Pt' p -12

≤ E / Tad/ = in, '" [ IWI
k
≥p+ , k ≥ o p -1k -11

≤ In/
" + '

[ /w/ ʰ ≤
k ≥o

≤ /w/
" +

'

E (G)
&
= 2 /wit?

R ≥o



Take
cp = max (2 , 2 (cp _ , +¥)) .

We obtain in both

cases

log / Ep (w)/ ≤ Cp /w/
P""

as needed.



§ 2 .

Second half of Hadamard

we show h ≤ 7
.

\

W LOG 7 finite & f (o ) = 1

Indeed
,
write fcz ) = C 2-

m

§ (z ) with [(o ) =1
.

Note

order I = order -1 &
genus I = genus f.

WTS If 2 is finite ,
then

☐ p ≤ a

g polynomial of degree ≤
a.

where f (z ) = e.

91£) %
Ep (En ) .

he = I



Proof of☐ By HWK ↳
,

Problem 5 :

a ≤ 2 and by Lecture lo , p ≤ ✗
.

Thus
p≤ 7

.

Preparations for the proof of

Let m ≤ a < m -11
.

9 (2)
Write -11£ ) = e E (£ ) where Pcz) = -11 Ep (In)

N

We will
prove

gym
-11

g
= 0 in € \ { an > aa . . - an - - . } .

This will show ☐
m+ '

9--0 in a
, say by identity

principle .
⇒ g polynomial of degree ± m

.

Here D = derivative = Zz



Aside - Logarithmic derivative

Issue : Taking derivatives ofproducts is
messy .

It is easier to

take logarithmic derivatives

h holomorphic = > h
'

z
= logarithmic derivative

= holomorphic away from Zero Ch )

Addition formula

h = fg ⇒
h
'

I
= ¥ + E.

g.

h
'

= f'g + fg
'
= ,

h
'

g-
=
f'g + fg

'

=
f
'

f-
+ I .

=g g

Inductively h = f, _ . _ fs ⇒ hat = f!I + ^ - - + -4%



We
prove

the same for infinite products .

-

Proposition Let fk : G - G holomorphic & assume

v0

h = TT Fy converges absolutely & locally uniformly .

TR =
.

Away from Zero ( h )
,
we have h÷ = £ Fr

'

k=, In

The RHS converges locally uniformly . on U \ Zero Ch )
.

This follows from applying the finite case to the

partial products .

f- u .

then Un
'

1- u
.

a
/

Key : un => a
- =

_w away from Zero Cu)
.

Un

1. u
Indeed

, by Weierstrass convergence thm ⇒ Un
'

→ u
'

.

Un 1. u . he
/

This gives ÷n ⇒ z away from
Zero /a) using

two basic results :

e. u
I e. u

.

☐ Un u then
_un→→ ÷ away Fom

Zero Iu)

I. u
. e. u .

e. u .II un =
,
u and un =. v then un Un =. no



Back to Hadamard _

Take logarithmic derivatives

f
'

f = e'I ⇒
g-

= g
' P

'

+

e-

Take m usual derivatives next to get

g
+ Dm
I
'

Dm¥ = Dm
-1 '

e-
.

We will show Dm¥ = Dm P
'

¥
= >

Dm
-1 '

g = 0 as needed
.


