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Last time

We defined Riemann surfaces (×, ×) as ringed spaces

In particular, we defined

☐ holomorphic functions on U C- ×
.

☒ holomorphic maps f: ✗ → Y of Riemann surfaces .

Recall F
open cover ✗ = Uua

, Ga C- ¢ and

∅
.
:( no

,
Ox/a.) → ( c-a. %)

isomorphism of ringed spaces .



In concrete terms Let × Riemann surface . 2 - t ✗ = UU
,

a

s
-

t
.
(Ua , Gx/na ) = (Ga, Gg

,
) via isomorphism Pa .

Ua up

nap

YpTpiyj Ya

Tpcuap )

Yatuap ✗pyj
'
>

Gp
Papp

"

62

Let Mags
= Ua nags .

Note 4p7j
"

: Ya lugs )
-

Yp (Uop) .

must be an isomorphism of ringed spaces .

Thus
ygg pj

'
is a bi Lo /◦morphism between

open
subsets of

.



Holomorphic functions

Let × be a Riemann surface , (Usn , Ga , Ya ) coordinate

charts
.

u

Ux

f

:
\

Ya

folk
Ga

→ ya
(Unna)

we showed last time that

f holomorphic iff f- yj
'

is holomorphic in % (un UN ta .



Remark We can also turn this discussion around
.

Let × be a topological space (Hausdorff, 2ⁿᵈ countable)

✗ = U Us Open cover .
Assume we are givena

homeomorphisms , G, ≤ & such that
• Ya : U

,
→ C-

a

- 7
•

Yp Ya : Ya (uan up )
- cfpluanup ) bi hot- morphism

These are called compatible coordinate charts

Then × becomes a Riemann surface .

Issue Define the sheaf ①
× .

Note U open ⇔ U n Ux open ⇔ Ya (un Usn) open in Ga
.

Declare f: U - Q to be a section of Ox provided .

f E Ox (U) ⇔ Fo yj
'

holomorphic 'n
ya (re nzea) . Ha .

Check G× is a sheaf & (×, ×) is a Riemann Surface .



Meromorphic functions

u

Ut

f

I

I

\

Yin

Ga

> 4, (unreal

Definition
l

f meromorphic in U provided fcpj
'

meromorphic in

% (unna)

F sheaf M of meromorphic functions
\

u → { meromorphic functions in U} .



Zeroes
, poles, order

we define the order of a pole or a zero for f to be

the order of a pole or a zero for f- 45
"

at palp) for g- c- Ux

Clavin is is independent of choice of & .

Suba /aim

Let
g
be mesomorphic in U

,

a EU .

Let T : ✓ → u be

a biholo morphism with 1- (b) = a
,

be v. Then

g has order m at a = > go
T has order m at b.

-1

We use this for g = f-% .
a = % (p)

=> got = fppi
"

.

-1

1- = % Yp s
b = Yp (p) .

The subclaim shows that the order thus defined is

independent of the choice of a.

#



Proof of the subcla.in

W LOG a = b = 0
,

else we can translate .

Write
g (2- ) = 2-

m

G (2- )
,
G (o ) =/ 0

.

Since 1- (o ) = 0 & T
'

lo) =/ o since T is biholomorgohism , we

have 1-(£) = 2- 5 (2)
,
Slo) =/ 0 .

Note got (z) = 1-(2)
m

C- (T/£))

= 2-
"

s (2)
m

G (T(2-))
.

Since S(2)
m

G ( 1-(z))/ = SCOT G ( o) =/ o ⇒
2- = o

=3 order
go T at

2=0 equals rn
.

as needed.

Remarks Essential singularities are defined similarly .



A- side Divisors on Riemann surfaces

Definition A divisor on a Riemann surface X is a formal sum

D= [ np [p]
with

np c- 21 such that

pens
= { p : np =/o} is locally finite .

=

examples

✗ =
É

,
D = 2 [o ] -13 [is] - 5[i] divisor on X

D is said to be effective if npzo * p c- ×

Divisors can be formally added & subtracted

D= Emp [p], E = Imp [p ]

=> D ± E = [ Cnp ± mp ) [p]
is a

divisor

III restrictions
,
u ≤ × open .

If

-

D = [ np [p ] ⇒ D/
a

= [ np
[
p]

pex
peu



II 7 sheaf of divisors ②iv.
+ \

U → { divisors in U}

WI degree .
If × is compact, any divisor is a finite sum

.

D= [ np [p ], mp C- 21
.
⇒ deg D := [ hp .

p

Principal divisors /f f meromorphic in X
, define

dir f = [ ord Cf, a) [a-]
2- C- ✗

= [ mutts (f) [2-] - [ mu ftp.lf) [p]
2- Zero ppole

☐ check : div cfg) = divf + divg .

Example -

E
, f =

# (2- - ai)
2=1

meromorphic functors in É
n

IT (2- - b;)
ai
,
bi C- 1C

.

i=n

M
n

dir f = [ [a;] - [ [ b;] + (n - m) [ is ]
2
"

= 1
2
"

= 7

m n

⇒ deg divf = [ 1 - [ I + Cn - m ) = 0
.

'
'

=1 i
= e


