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Last time We defined Riemann Surfaces & coordinate charts
.

Conversely
Let × be a topological space (Hausdorff, 2ⁿᵈ countable)

✗ = U Us Open cover .
Assume we are givena

homeomorphisms , G, ≤ & such that
• Ya : U

,
→ C-

&

•

Yp Yj
"

: Ya (uan up )
→ cfpluanup ) bi hot- morphism

These are called compatible coordinate charts

Then ✗ becomes a Riemann surface .

Issue Define the sheaf ①
× .

Note U open ⇔ U n Ux open ⇔ Ya (Unna) open in Ga
.

Declare f: U - Q to be a section of Ox provided .

f E Ox (U) ⇔ Fo yj
'

holomorphic in
ya (re nzea) . Ha .

Check G× is a sheaf & (×, ×) is a Riemann Surface .



Examples of Riemann surfaces

not compact

compact

Non - compact examples

II G ≤ a open subset
is a Riemann surface

II × ≤ id , ✗ = { (a.g) c- : fist,y)=o} ≤ e ?

Assume itPEX ,

fat Cp> =/ o or fycp ) -1-0 .

Claims is a Riemann surface

Proof We construct charts & show they are compatible .

Let pex .

• if fy Cps -1-0 ⇒ by implicit function theorem ,

F p
c- U E × open

such that

y = g (a) for la,]) C- U where
g : → e is holomorphic .



Then U → G
,

( A.y )
→ * has inverse

a- → ( a-
, g CA )) .

=3 U is a chart

-

• If f-* (p) =/ o ,
we similarly have

2- = hey) for ( a. g) C- Us h : H → ① holomorphic

Then U → H is a chart (*
, y) →y

with inverse

y → ( hey > •g) . ⇒ U is a chart

compatibility Charts of the first type are clearly compatible . Same

for charts of 2ⁿᵈ type .

We check compatibility between charts of different types .

WLOG we

may assume we are around a point go with

f* Cp ) =/ o & Fy Cp) -1-0 .



Then the change of coordinates is

a > G

T: G - H

T

a- →
y =gca)I 12

,y) s

NT- '

: H - GH

T y → a = hey)
y

Both T & T
-1
are holomorphic , as needed.

Compact Riemann Surfaces

II ✗ =É = ou } -3

We construct charts No
, Us ,

X = Uo U U is

∅.

No = } 2- : 2- ≠ is} - E
, 2- → 2-

is

ten = } 2- : 2- =/ o} - e
,

2- → 1-
2-

These two charts are compatible .

The transition map is

T = ∅
• ∅,

' "

: → , 2- →
'/
z
bi holomorphic

=) × Riemann surface



Projective curves

Let 1Pa
= { [ × : y : 2- ]

,
( ×

, y , 2) ≠ 10
, 0,0 ) , X, Y, 2- C- E)(

(×
, y ,

2- ) ~ (xx
, ay , 7£) if I c- ¢ ?

U
,
= { ✗ =/ ◦}

€
> 02 [× :y : ≥ ] → (÷ . :) .

¢2
u
,
= {y =/ o} - 02 [×

:y : £] → (g- . ;) .
∅}

a
,

= } 2- =/ 0} → [× : y :3] → (÷ , ¥) .

Let f homogeneous of degree d. in variables ×
, y, 2- .

(* ) if pep? fcp) =o then fx Cp ) =/ o or fycp ] =/ o or fz (p) =/ ° .

Then

✗ = { [a- : y : 2-] : f /a. g. 2-3=0} ↳ e '

is a Riemann Surface C check)
.



It torus : w
, , wa =/ o

,

w
'/w
,
& R

Let
.

A = { mw , + nwa : m.sn c- 2] ↳ a

Let × =
①In where A acts on ¢ by translations

Let it : a → ×

II. ✗ has the quotient topology ,
u ≤ × :

U open ⇔
it
- "

U open

☒ IT continuous &
open

U open ,
it (U ) open

since it
-
"

it U = U U +7 =

open .

I C- A

☒ coordinate charts
.

Let E < ÷ min /a / .

7- C-Nito}

Let 2- C- ✗
,
it (2) = 2- ,

2- c- ¢

-

Let it : ( 2-
,
E) → D = 'T (A 12,2 ))

.

2-
, E



Claim ☐
£
,
,
is a chart

IT surjective , injective , continuous, open hence a

homeomorphism

claim ne charts Dz
,
,
are compatible

% : ☐
£
, ,
,
→ (2-

, , E)

U =
"

Dz
,,q
^ ☐

2-2,2

42 : Dz
,,q
→ (2-2,2)

7=4245
'
is
given by 2- → 2- +7

.
on 4

, ( U ) .

Indeed I 1- (2) = IT 424
,

_ '

(z ) = IT 42 'T /2- ) = IT (2- )

= ,
1- (Z ) = 2- + 7

.

bi holomorphic

conclusion Give × the complex structure determined by

these charts
.

✗ is a Riemann surface
.


