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§ 1. Basic Results

☒ Identity Theorem

f. g
: X - Y holomorphic maps between Riemann Surf.

5 = { a- : f- (a) =glad} has a limit point in × .

Then f ≤g.

IBI Open Mapping theorem

f : X - Y holomorphic , non constant = > f is open

☒ Maximum Modulus

f : ✗ → a holomorphic & If/ has a maximum at PEX

=> f constant.

Corollary
-

: X - Q
,
X compact ⇒ f constant



Proof of Open Mapping Theorem

Let u ≤ i be
open .

We
may

consider f : U → Y

u

holomorphic & not constant ( because of the identity

theorem)
.

This
way ,
it suffices to

prove
the theorem

when U = ×
.

Thus we show f-(x) is open
in Y

.

Let ✗ = Uu
, ,
Y = U ud .

where Ua , UL are

&
a

coordinate charts
.

We
may

shrink U
,

to assume

flu , ) ≤ U, ! Let ∅, : u,
=

> Go
,

∅! : a'
•

Is a ' where
a

C-
a C- Q , GI ≤ 0.

Then

∅
,

'

f ∅}: Ga - Ga
'
is holomorphic & not

constant (else
,
we'd have f = constant on U

,
and it would

contradict identity principles . By OMT from usual

complex analysis, ∅
,

'

f $2
'

is
open

⇒ f is open
since

∅a
, ∅
,

'
are homeomorphisms .

=3 F (Uo ) is open in 4£

hence in Y => F (×) = U flux ) =
open

in Y
.

a



Proof of Maximum Principle

Let
go

c- Ua
.

Let
y, : U,

→ G
,

be a chart
.

Let

f o Yj
"

: G
,
→ E

, G,
≤ Q

.

Then /foyj
"

/ has a maximum

at ya Ip ) . By the usual maximum principle for G
,

-
I

= > f ° Y, = constant in ⇐
,
= > f = constant / is U

,
⇒

= , f = constant by the identity theorem
.

Rephrasing in terms of sheaves

- → ×
,
set +1° (×

,
F)÷ f-(x)

• × compact ⇒ 1-10 (×
,
@
×
) = e.



Proof of Identity Principle

or =/ a- c- ×
, f=g in a neighborhood of *}

Claims

I • =/ ∅

52
open

→
R = × = > f =g .

or closed

Proof of 1

Let s = } s : fcs ) =gcs )} ≤ × have a limit point

*
.

We show A C- 52
.

Let u be a chart near *
,
U
'
a chart in Y near

f (a) = g in ) = y . Shrinking if needed we

may
assume

f- (n ) E U
'

, g Cu) ≤ U
'

.

U connected
.



U
w
'

s^
'
'

'
'

• a fig •

Y
'

Y
G

G
'

>

F. g-•

plz)

Let
y : u → G

, y
'

: u
'
→ G

' be coordinate charts
,

-7

G. G
'

≤ e. Let -5 = y
'
-1 y ? § =p'gy .

Let

5 = { 5 c- G : f- (5) =g~ (5)}. Not 5 ≥ pls) so 5 has

a
limit point y (a) => f-= g- in a ⇒ f =g in u ⇒

⇒ * c- or ⇒ or ≠ ∅ .

Part is clear by definition .

Part is a

repetition of the above argument . 6 check it ! )



§ 2 .

Questions about functions on Riemann surfaces

rues ton s

every
divisor ☐ = [ rip

[
p]

Pex

the divisor of a meromorphic function ?

Answer depends on X
.

II non - compact × c- I open

If D ≥ 0
. np ≥o *p ,

the question is equivalent

to the Weierstrass Problem
.

In general write D= ☐
+
- D- , D.

+ , D- effective .

Write D+ = d. vf+ ,
D- = divf_ . f = f-+/f- .

Then

D= div f+ - dirf- = div ft/f- = divf.



☒ compact ×

Example = £
.

We need oleg D= 0 since we

already noted degdw -1=0 .

n n

Toonversely if deg D= 0 , D= [ ai - [ bi
5 = I 2=1

n

tf ai
,
bi c- so

,

let =

IT( 2- - a;)
i =,

= > olivf =D.

IT ( 2- - b;)
5=1

If one of the a
,
's or b

,
's equals is

,
use first a FLT

to reduce to the previous case
.
Thus

D principal ⇔ deg 0=0 if ✗ = £.



Question Given

• 2-
, . . _

2-
n

C- X
, P , _ . . pm

C- ×

• Me - - - Mn ≥ 0
, Un ,

_ . .
Um ≥ 0 integers

want f meromorphic in ✗

• f has zeroes at 2-; of order ≥
/
i

• f has poles at pi of order ≤ Vi

Other zeroes are allowed, but no otherpoles .

D= - [Let
if
:[£;] + [ Vi [pi]i

want dirt _ [
if
:[2-i ] + [ Vi [pi]

≥o
i

⇔ ☐ + divf ≥ o ( non - negative coefficients] .


