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Last time

Mean value Property

UCa-sre.it)dt
.

tf a c- G
,
I [a. a) C- G

,
U (a) = ¥ |?

"

Maximum Principle

.

G → IR
,

U E ÉCG ) satisfes an ✓ Is
.

Assume

F a C- G
,
Ula) I UCz) it 2- c- G

.

Then u is constant.



Proof Let → = { 2- : zecz) =u / a) } C- G.

(e) 02 =/ § because a c- 52
.

(2) 52 is closed
,

since u is continuous
.

(3) or is
open .

Then G connected = > 52 = G =3 a constant
.

Proof of (3)

Let 2- • C- 52
.

Let I lzo.rs) E G
.

We • how (2- o ,r ) c- 52
.

Let WE A- 12-0 ,r ). ⇒ p =/W - Zo/. Write MUI
. for 2 (Zo ,p)

I [
"

u ( 2- • + yeitsdt .U (a) =U (Zo ) =

/

1- E⇐ Cu ( 2- ☐ + g-
it) - zila)) dt =o ⇒

2 'T



Let fct ) = Ula) - u Czo +ye
't
)
. By assumption , fct ) zo

since a is a maximum for U
.

Using the Lemma
,

we have f=o .

Since 1W - 2-☐ I =p, write

W = 2-☐
+ p
eit°

= > fcto ) = u Ca) - ucw) =o = > uca) =nCw)

⇒ W E R ⇒ (2-☐ , r ) c- 52 => 52 open .

Lemma f:[0,2K] → IR
, fzo and f continuous

1,2
't

fct) dt =o = , -1=-0 .

Proof If fct. ) > o . by continuity we can find 8>0

such that fct) >
fcto )

+ t e (to - S, to + 8) n [0,2% ].
a-

Assume to =/0,2T since the proof is similar in those cases
.

Then fzo gives

21T to -18

0 = |
,

fct ) alt z 1+0+8f-ctsdt >/go.g.tl?g-dt--Sfcto ) > 0
.

to - s

contradiction
.

Thus -1=-0
.



Notation 2
-
G = extended boundary in É = a v3-3

.

26 , G bounded

2- G =

ZG u } us} , G unbounded

+

1- stronger version MP

(1) u : G → IR
,

u satisfies Mri in G.
,
U continuous

(2) it a C- 2*6 : linn sup
2C 2- ) I 0

.

2- → a

Then either ze < ☐ in G or U = 0 in G.

Proof We will show U so in G. By the usual MI
,

U cannot have a rosa> smarm she G Unless u = constant. This

gives the statement we seek. Indeed
, if 7 a c- G with

U (a) = 0 = > a maximum
in G => 2=-0

- Else U (a) < 0 V-2 C- G
1

Thus U E o or U 40 In G.



To show u so
,
assume that For C- G with u Cx) > 0

.

Lef E = 2 (d) > 0
.

Let K = { 2- c- G : UC 2-) I E). Since ✗ c- K = > K f- §.

Ila , in K is compact .

Assuming this
,

U cont
. z U well achieve a maximum in K at

2-•
.

In particular uczo) 7- E. Outside of K
,
use

.

Thus 2-o

will achieve a maximum for in u in G.
This shows u constant

Condition (2) ensures u = constant £0
.

Proof of claims Let 2-n C- K
.

We show that
passing

to a subseg .

2-
n converges in K

.

Nok 2-n E CT
.

& É is compact . Thus WLOG

we

may
assume 2-

n → 2- c- I after
passing

to a subsequence .

Note zeczn ) IS .

IF 2- C- G ⇒ U 12-3 =/im ruczn ) I E. ⇒ 2- c- K
.

as needed
.

Else 2- C- 2 G
.

Then
is

him
sup UC 2-n ) I E which contradicts (2)

.

2-
n
→ 2-

Thus K is compact.



ToroMary G bounded
,
U : G-→ IR cont

.
.
nave

.

U I 0 on 2 G =3 U I 0 In G.

Proof we use ME
-1

.

We need to verify condition (a)
.

G bounded
,

2
-
G = 26

.

IF a c- OG
,
firm UC2- ) = Ufa ) = 0

,

2- → a 1

continuity in G-

Thus U < 0 In G or 2=-0 in G
.

I

Argue in the same way for - u
.

=3 either - n < o in G or

- U I 0 in G
.

Thus U = 0 In G.

Remark U
,
-0 : G- - IR continuous & harmonic in G

.

If& G bounded.

= > U = V. in G.
u/as =t/ac.

Thus ufgg → U in G. uniquely .



§2
.

Poisson Formula & Dirichlet Problem

-

Question I U : G- → IR continuous
,
harmonic in G

,

G bounded
.

U/zg
→ U uniquely in G.

Find a formula for U in G
,
from the values w/za .

We will solve this for G = A co
,
, )

.

or la
.
R)

.

→ Poisson Formula

^

Question 2 Given f: 26 → IR continuous
,

is there

ze : I → IR continuous and

U = U×× + U = 0

yy Dirichlet Problem{
u/• c. =f

c boundary value problem )



Harmonic Functions on the unit disc =D Cop)

Given U : I - R continuous
,

harmonic in D-
,

find a formula for Ula) in terms of u /z☐ .

Remark a = 0 Use MV E over the circle 12-1 -_ r
,
r < 1

.

This smaller circle is contained in ,

where U satisfies ^^ VI.

Then
2 IT

1
U lo ) = - /

,

u ( reif) alt
21T

Since U continuous over I
,

make r → 1
.

This yields

a ,
|?
"

uceit) dt
. ( To justify the limit~ Co ) =

1-

use that ucreit) → Uce
't
) uniformly since u is uniformly cont .

over Ñ ) .

Question Flow about the case a =/ o ?



General case

§=É- a

a-
0

/

Idea : Recenter ! § : → ☐
,
21 → 2 ☐

01-12-3 =2
, § Co) = a .

1 + a-2-

Then I = no § : I → IR continuous
,

harmonic in ( Problem 1
,
HWK 1)

Apply nave to ñ

21T

u (a) = Ñ to ) = 1- ñ leis) •Is =÷
, f?

"

u ( IT leis )) ds .

21T
/

☐

Since § Ceis) c- 2 this also shows Ufa) is
given explicitly in

terms of u/as .

Next time : We will work out a more explicit expression

⇒ Poisson Integral Formula

Slogan

an ✓ I + Aut
=> Poisson 's formula


